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1 | INTRODUCTION

This article studies two-person zero-sum games with possibly
noncompact decision sets and unbounded payoff functions,
which may not satisfy any convexity or concavity conditions.
The payoff functions may be bounded neither from below nor
from above. The players can use mixed strategies.

Since the payoff function is unbounded from above and
from below, the expected payoffs are uncertain for some pairs
of mixed strategies. This article provides sufficient conditions
for the existence of a solution or, in other words, for the exis-
tence of a pair of equilibrium strategies; see Theorem 3.9
below. Each strategy in an equilibrium pair satisfies the fol-
lowing property: if the corresponding player chooses this
strategy, then the expected finite or infinite payoff is defined
for every strategy played by the opponent. Strategies of each
player with this property are called sensible. Of course, if
the payoff functions are bounded from below or from above,
then every strategy is sensible. However, if the decision sets
for both players are noncompact, then natural mild continu-
ity conditions (see Assumption 2.6 (a2, b2) below) imply
that the payoff function is unbounded from below and from
above. This article also provides sufficient conditions for the
existence of values and solutions for each player.

The currently available general result on the existence of
solutions for infinite games, Mertens et al. (2015, Theorem
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This article provides sufficient conditions for the existence of solutions for
two-person zero-sum games with inf/sup-compact payoff functions and with possi-
bly noncompact decision sets for both players. Payoff functions may be unbounded,
and we do not assume any convexity/concavity-type conditions. For such games
expected payoff may not exist for some pairs of strategies. The results of this arti-
cle imply several classic facts. The article also provides sufficient conditions for
the existence of a value and solutions for each player. The results of this article are
illustrated with the number guessing game.
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1.2.4), assumes that both decision sets are compact and the
payoff function is bounded from below or above. Its proof in
Mertens et al. (2015) uses Sion’s minimax theorem for qua-
siconvex/quasiconcave functions applied to the sets of mixed
strategies of the original game. This method works only if
the payoff function is bounded from below or from above. If
the payoff function is bounded neither from below nor from
above, the expected payoffs are not defined for some pairs of
mixed strategies. Sion’s minimax theorem assumes that deci-
sion sets are subsets of linear topological spaces, and one of
them is compact. There are minimax theorems for more gen-
eral spaces, than linear topological spaces, see Khanh and
Quan (2010) and Park (2013), but they also assume that one
of decision sets is compact; see, for example, Khanh and
Quan (2010, Corollary 4.1).

Our proofs are based on the lopsided minimax equality
established in Feinberg et al. (2022, Theorem 18) for games
with two possibly noncompact decision sets; see Theorem 2.7
(a) below. The classic sufficient conditions for the validity
of such minimax equalities require that one of the decision
sets is compact; see Mertens et al. (2015, Propositions 1.1.9
and 1.2.2) and Alpern and Gal (1988). Theorem 2.7 leads
to Assumptions 2.8 and 3.5 introduced in Sections 2 and 3.
These assumptions are equivalent to the assumption that, if
one of the players chooses an unsensible strategy, another
player can respond with a strategy causing the infinite loss
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to the player who chose the unsensible strategy. The lop-
sided minimax equality in Feinberg et al. (2022, Theorem 18)
(see Theorem 2.7 (a) below) is used in Feinberg et al. (2022,
Theorem 20) to prove the existence of a solution if payoffs are
bounded from below.

Section 2 of this article provides main definitions and pre-
liminary results, some of which are taken from our previous
paper Feinberg et al. (2022). Section 3 provides main results.
In addition to Assumptions 2.8 and 3.5 mentioned above,
the existence of a solution is established in Theorem 3.9
under the conditions that the payoff function is lower/upper
semi-continuous in the corresponding variables, and the pay-
off function is inf/sup-compact in the decision variable cor-
responding to decisions of the player for at least one deci-
sion chosen by another player. The same conditions are
assumed for the payoff function in Aubin and Ekeland (1984,
Theorem 6.2.8) stating the existence of solutions within the
class of pure strategies for convex/concave payoff functions.
The results are illustrated in Section 4 in which the fol-
lowing game is considered. Two players choose nonnegative
numbers, and the payoff is a polynomial function of the
difference between these numbers. We completely classify
this game: in some cases there are no solutions, in some
cases solutions exist, an in some cases solutions exist, but
pure solutions do not exist. Some of the proofs are provided
in Section 5.

Our initial motivation for studying games with unbounded
payoffs in Feinberg et al. (2022) and in this article was
originated by the progress in the theory of Markov deci-
sion processes with possibly noncompact decision sets and
unbounded costs that led to the extension of Berge’s maxi-
mum theorem, see Berge (1963, p. 116), to possibly noncom-
pact decision sets; see Feinberg and Kasyanov (2015), Fein-
berg, Kasyanov, and Voorneveld (2014), Feinberg, Kasyanov,
and Zgurovsky (2014), and Feinberg et al. (2013, 2021).
These results were applied in Feinberg et al. (2022) to games
with perfect information and, as described above, some results
for games with simultaneous moves are also obtained in Fein-
berg et al. (2022). In particular, the existence of solutions is
established in Feinberg et al. (2022, Theorem 20) for payoffs
bounded below, and this and other assumptions imply com-
pactness of one of the decision sets. This article studies more
general models, when both decision sets may be noncompact.
These models have potential applications to stochastic games;
see Jaskiewicz and Nowak (2011, 2018), Mertens et al. (2015,
Chapter VII), and references therein for the literature on
stochastic games.

2 | DEFINITIONS AND PRELIMINARY
RESULTS

Let S be a metric space, and B(S) be the Borel o-field on S,
that is, the o-field is generated by all open sets of the metric
space S. For a nonempty Borel subset S C S, let 3(S) denote

the o-field whose elements are intersections of S with ele-
ments of 3(S). Observe that S is a metric space with the same
metric as on S. Therefore, B(S) is its Borel o-field. Let P(S)
be the set of probability measures on (S, 3(S)). We denote by
IPA(S) the set of all probability measures whose supports are
finite subsets of the set S. A sequence of probability measures
{u™} =10, .. from P(S) converges weakly to u € P(S) if for
each bounded continuous function f on S

/ F)u"(ds) — / f)u(ds)  as n— co.
S S

We endow P(S) with the topology of the weak convergence
of probability measures on S. If S is a separable metric space,
then IP(S) is separable metric space too and the set P*(S) is
dense in P(S); Parthasarathy (1967, Chapter 11, Theorems 6.2
and 6.3). Let R :=RuU {+o00}, where R is the set of real
numbers.

An integral /S f(s)u(ds) of a measurable R-valued func-
tion f on S over the measure y € P(S) is well-defined if
either —oo < [ f~(s)u(ds) or [of*(s)u(ds) < +oo, where
f~(s) = min{f(s),0}, ft(s) = max{f(s),0}, s € S. If the
integral is well-defined, then fS f(ulds) := fs fT(s)u(ds) +
Jof~()u(ds).

Definition 2.1. A two-person zero-sum game is
atriplet {A, B, ¢}, where

(1) A is the space of decisions for Player I,
which is a nonempty Borel subset of a
Polish space;

(i) B is the space of decisions for Player II,
which is a nonempty Borel subset of a
Polish space;

(iii) the payoff from Player I to Player II, —co <
c(a,b) < +o0, for choosing decisions a €
A and b € B, is a measurable function on
A x B;

(iv) for each b € B the function a — c(a, b) is
bounded from below on A;

(v) for each a € A the function b — c(a, b) is
bounded from above on B.

The game is played as follows:

e a decision-makers (Players I and II) choose
simultaneously respective decisions a € A
and b € B;

e the result (a, b) is announced to both of them;

o Player I pays Player II the amount c(a, b).

Everywhere in this article, except in some pathological situ-
ations described in Section 4, we assume that a game {A, B, c}
satisfies conditions (i—v) from Definition 2.1 and consider
only such games.

Strategies (sometimes called “mixed strategies”) for Play-
ers I and II are probability measures z* € P(A) and z® €
P(B) respectively. Moreover, 7* (z®) is called pure if the
probability measure 72(-) (#B( - )) is concentrated at one
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point. Note that P(A) is the set of strategies for Player I, and
P(B) is the set of strategies for Player II.

With a slight abuse of notation, we identify a pure strategy
with the decision it chooses. In particular, A and B are the
sets of pure strategies for Players I and II respectively. We
usually write a instead of 6(,) and b instead of 65, where 6,
and 65 are probability measures on (A, B(A)) and (B, B(B))
concentrated at the points a € A and b € B respectively.

Let

Bt 7B = / / ct(a, b)xB(db)x*(da), B, z)
A

B
= / / ¢ (a, b)z®(db)" (da),
AJB

for each (7%, z®) € P(A) x P(B). Then the expected payoff
from Player I to Player II is

e, 7B 1= B, ) + Bh, ©P), 2.1)

and it is well-defined, if either ¢B(z#, z®) < 400 or —o0 <
B2, 2B), where (z#, 7®) € P(A) x P(B). We notice that
it is possible that ¢8 # &* and ¢B # &~. Of course, when
the function ¢ is unbounded from below and from above, the
quantity &(z*, z®) is undefined for some (z*, z%) € P(A) x
P(B). Assumptions (iv) and (v) for the game {A, B, ¢} imply
that —co < ¢B(z%, b) for each z* € P(A) and b € B, and
¢B(a, 7%) < 40 foreach a € A and 7® € P(B) respectively.

The set of strategies for each player is partitioned into the
sets of sensible strategies PS(A) and P5(B) (strategies, for
which the expected payoff is well-defined for all strategies
played by another player) and unsensible strategies PY(A) and
PY(B):

WILEY— %5

According to Feinberg et al. (2022, Theorem 17 and
Lemma 6),

PP = inf e, 2% and Fxh)
ThEPS(A)
= sup &, x)), (2.4)
r2ePS(B)
the inequality
&P < ), (2.5)

holds for each 7% € P(A) and z® € P(B) such that &(z*, z®)
is well-defined, the functions ¢* and ¢° are convex on P(A)
and concave on P(IB) respectively, and the following level sets

PE(A) = (£ € PA) : (xb) < a),
P'(B) := {zB € PB) : &%) > a},

are convex for all @ € R.

In particular, &(x®, 7P) is well-defined for 7* € PS(A) and
7® € PS(B). Therefore, inequality (2.5) holds for 7% € PS(A)
and 7B € PS(B). It is not clear whether inequality (2.5) holds
for 7% € P(A) and #® € P(B) when &(z*, z®) is undefined.

The following definition introduces the lower and upper
values in a slightly more delicate way than it is usually done
when &(z*, z®) are always defined.

Definition 2.2 (Lower and upper values of the
game). The quantities
Vo= sup &%) and W= inf ), (2.6)
7ZBePS(B) rAEPS(A)
are the lower and upper values of the game
{A, B, ¢} respectively.

Since inequality (2.5) is valid for every pair of strategies
7* € PS(A) and z® € PS(B), the inequality v’ < v* holds.

PS(A) :={z" € P(A) : &(z*, D) is well-defined for each z% € P(B)},
PU(A) := {z* e P(A) : &(x*, zP) is undefined for some 7F € P(B)},
P5(B) := {z® e PB) : &2, zP) is well-defined for each 72 € P(A)},

PYB) := {z® € P(B)

Assumptions (iv) and (v) from Definition 2.1 imply that
P5(A) ¢ PS(A) and P5(B) c P5(B). Therefore, PS(A) is
dense in P(A) and PS(B) is dense in P(B).

Let us introduce the worst gain of Player II for choosing a
strategy 7° € PP(B) and worst loss of Player I for choosing a
strategy 7 € P(A) respectively:

Ab

&Py = inf 2(a, %) and Mzt :
ae

= sup &(z*, b).
beB
2.2)
These definitions and assumptions (iv,v) from Definition 2.1
of the game {A, B, ¢} imply

—00 < &(b) < cla, b) < & (a) < +o0, a€ A, beB,

(2.3)

: &(x2, #®) is undefined for some 72 € P(A)}.

In addition, —co < sup,ep &(b) < Sup,sepss & (x%) =V,

where the second inequality holds because every pure strat-
egy is sensible in view of assumptions (iv) and (v) from
Definition 2.1, and the first inequality follows from (2.3).
Similarly, W < +00. Therefore,

—00 <V <V < +o0. 2.7

Equalities (2.4) and (2.6) imply
b

V= sup inf &@x*, 2B and
BePS(B) rAEPS(A)
VW= inf sup &P, xP). (2.8)

rAEPS(A) 7BePS(B)

If &(z*, zB) is well-defined for each (7, z®) € P(A) x P(B),
as this takes place when c is bounded from below or above on
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A x B, then the upper and lower values of the game defined
in (2.6) coincide with their classic definition, that is,

VW= sup inf &, 7% and
2BeP(B) rAeP(A)
W= inf sup &(x*,7P). (2.9)

rAeP(A) BeP(B)
Definition 2.3 (Solution for a player). A strat-
egy 7 € PS(A) (B € PS(B)) is called a
solution for Player I (II) if

Aty = @) =), (2.10)

A solution z# (z®) for Player I (II) is called pure
if the respective strategy 7 (z®) is pure.

Definition 2.4
equality

(Value of a game). If the

W= A, (2.11)

holds, then we say that this common quantity is
the value of the game {A,B,c}. We denote the
value by v.

In view of this definition, if the value v exists, then it is
unique and, in view of (2.7), v is a real number. If a(m®, ®)
is well-defined for each (z*, z®) € P(A) x P(B), as this takes
place if and only if ¢ is bounded from below or above on A X
B, then the value defined in (2.11) coincides with its classic
definition, that is,

sup (2% = sup inf o(z*, 2B) =

V=V

7EeP(B) 2BeP(B) T4EP(A)
= inf &*#*) = inf sup &(x*,7P).
rAeP(A) rAeP(A) 7EeP(B)

Lemma 2.5. If the value v of a game {A,B, ¢}
exists, then

v= sup &(x®)= inf &h). (2.12)
2BEP(B) rAeP(A)

Proof. Note that
b

VvV = sup ) < sup &P <
7BePS(B) BeP(B)

inf &Mzt =4,

rAEPS(A)

(2.13)
where the equalities follow from the definitions
of lower and upper values (2.6), the first inequal-
ity follows from PS(B) c P(B), and the second
inequality follows from inequality (2.5) because
a(7®, 7B) is well-defined for each pair (=™, 7B e
PS(A) x P(B). Similarly,

V= sup &#P) < inf dxP)< inf P =

ZBePS(B) rAeP(A) rAePS(A)

(2.14)
Therefore, (2.12) follows from (2.13) and (2.14)
because v’ = ¥ =y, [

We recall that for a metric space S a function f : S —
R is called lower semi-continuous at s € S, if for each
sequence {s™ }n=12. ..., that converges to s in S, the inequal-

ity lim infy—of(s™) > f(s) holds. A function f : S —» R

is called upper semi-continuous at s € S, if —f is lower
semi-continuous at s € S. A function f S - R
is called lower/upper semi-continuous, if f is lower/upper
semi-continuous at each s € S. A functionf : S — R is
called inf-compact on S, if all the level sets {{s €S : f(s) <
A}}ier are compact in S. A functionf @ S — R is called
sup-compact on S if —f is inf-compact on S.

The following assumptions contains all the semi-continuity
assumptions on the payoff function ¢ used in this article.

Assumption 2.6. The payoff function ¢ : A X
B — R satisfies the following conditions:

(al) foreach b € B the function a — c(a, b) is
lower semi-continuous;

(a2) there exists by € B such that the function
a +— c(a, by) is inf-compact on A;

(bl) for each a € A the function b — c(a, b)
is upper semi-continuous;

(b2) there exists ay € A such that the function
b — c(ay, b) is sup-compact on B.

The following theorem, whose part (a) is taken from Fein-
berg et al. (2022, Subsection 5.4), provides sufficient condi-
tions for the existence of a value of the game {A, B, ¢} in the
sense of Definition 2.4.

Theorem 2.7.

(a) (Existence of a lopsided value; Feinberg
etal. (2022, Theorem 18 and Corollary 4)).
If a two-person zero-sum game {A,B,c}
satisfies Assumption 2.6 (al,a2), then

min &) = sup &P =1,
rAEP(A) ZEEPh(B)
(2.15)
and the set Pib (A) is a nonempty convex
compact subset of P(A).

(b) (Existence of the value). Under the
assumptions of statement (a), the value
v=1" =t of the game exists if and only if

Vo= inf &t (2.16)

rAEP(A)
Proof of Theorem 2.7(b). Let the assumptions
of Theorem 2.7 (a) hold. In view of (2.15), the
infimum in (2.16) can be replaced with the min-
imum. If v* = v*, then (2.15) implies (2.16). If
(2.16) holds, then (2.15) implies 1’ = v*. .

Theorem 2.7 (b) is useful for proving the existence of
the value. Observe that (2.16) holds under the following
condition:

Assumption 2.8. &#(z%) > * for all 7% €
PY(A).

This is true because P(A) = P5(A) u PY(A), and,
if Assumption 2.8 is correct, then (2.16) becomes the
definition of v* given in (2.6). Therefore, Assumption 2.8 and
Assumption 2.6 (al,a2) imply the existence of the value of
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the game. Moreover, if the value v exists and Assumption 2.8
holds, then
Pi(A) C PS(A). 2.17)
The similar observations are applicable to the lower value
v*, when condition (2.18) is replaced symmetrically with
condition (3.9) for Player II presented below.
Note that Assumption 2.8 holds if

) = 400 forall z* € PU(A). (2.18)

However, as Example 3 in Feinberg et al. (2022) demon-
strates, it is possible that &H(7™) < +o0 for some 7 € PU(A)
even under stronger conditions than Assumption 2.6 (al,a2).
We also note that statement (2.18) holds if and only if ]P’ﬁ(A) C
PS(A) for each a € R.

Remark 2.9. Assumption 2.6 (al,a2) are natu-
ral for the existence of a solution for Player I.
For example, they are assumed in Aubin and
Ekeland (1984, Theorem 6.2.7), where the exis-
tence of a solution for Player I is stated for
payoff functions c(a, b) being convex in a and
concave in b. In particular, if the decision set
of Player II is a singleton, that is, B = {bg},
then the game becomes an optimization problem.
For this optimization problem, inf-compactness
Assumption 2.6 (a2) is a natural sufficient con-
dition for the existence of a minimum, and this
minimum corresponds to the solution for Player I
and for the game. If the function ¢ is bounded
above, then Assumption 2.6 (a2) implies that the
set A is compact because A = {a € A
cla,by) < A} for some 4 € R. If the set A
is compact, then Assumption 2.6 (al) implies
Assumption 2.6 (a2).

Let us consider some corollaries from Theorem 2.7. We
recall that, as discussed in Section 2, the action sets A and B
can be identified with the sets of pure strategies.

Corollary 2.10. (a) For is a two-person game

{AQ ]E’C})
Faaty= sup e, P, ™ e P(A), (2.19)
rBeA'(B)
for all A'(B) c P(B) such that B ¢ A’'(B) C
PS(B).

(b) (Feinberg et al., 2022, Corollary 3). If
Assumption 2.6 (al,a2) hold, then
sup ¢ (Jl' )— m1n cﬁ(ﬂ ),
7BEA(B) AEP(A)
for all AB) C P(B) such that PF(B) ¢ A(B) C
PS(B).

Proof. Statement (a) follows from (2.2) and
(2.4). [

The following corollary states the classic minimax equal-
ity, which is well-known for a compact set A; see Mertens
et al. (2015, Proposition 1.1.9).

WILEY—%

Corollary 2.11 (Feinberg et al. (2022,
Corollary 5)). If for each b € B the function
a w c(a,b) is inf-compact, then

e, 7P = sup  min e, 7).

min sup
2BEPH(B) AeP(A)

7A€P(A) 1B cph (B)
(2.20)
Corollary 2.10 implies additional versions of equality
(2.20) with the set P#(B) in the left and right hand sides of
(2.20) replaced with arbitrary sets A’(B) and A(B) specified
in statements (a) and (b) of Corollary 2.10 respectively. In
addition, according to Feinberg et al. (2022, Theorem 17),
equality (2.19) holds when B ¢ A'(B) C PiA(B)’ where
IF’,S[ B) = {x2 € P@B) : &(x*, 2d) is well-defined}, 7 €
P(A). Therefore, in the left hand side of (2.20) the set P¥(B)
can be replaced with a set A’ such that B ¢ A’(B) C IE”fZ L(B).
Next we define solutions for a game with a payoff function
unbounded from above and from below.

Definition 2.12 (Solution for a game). A pair
of strategies (7%, z%) € PS(A) x PS(B) for Play-
ers I and II is called a solution (saddle point,
equilibrium) of the game {A,B, ¢} if

e(nt, 2%y < ez, 7B) < enl, 7, 2.21)

for all 72 € P(A) and 72 € P(B). A solution
(z*, zB) for the game {A,B, c} is called pure if
the strategies 7 and z® are pure.

If a solution (7%, 7z%) € PS(A) x PS(B) for the game
{A,B, ¢} exists, the real number v = &"(z%) = v = * =
& (xh) = e(x*, 2B) is the value of this game. Indeed, since
(7, 7®) € PS(A) x P5(B), inequalities (2.21) imply that
(7B = &(x*, 7B) = e¥(x*). Therefore,

V=P = e, 2®) = () =, (2.22)

where the first and the last equalities hold since @b(ﬂ'B) <
&) and & (2®) < &4 (x2) for all (2, 2B) € PS(A) X PS(B).
Moreover, (7%, z8) € PS(A) x P5(B) is the solution for
the game {A, B, ¢} if and only if there exists the value v, the
strategy 7* is a solution for Player I, and the strategy z®
a solution for Player II. Indeed, the necessary condition is
proved in the previous paragraph, and the sufficient condition
follows from &(z, zB) < e#(x™) = v = & (2B) < e(z?, 7%),
where the equality in the middle hold because z* and z® are
solutions for Players I and II respectively, and v is the value.
If a pure solution (a,b) € A X B for the game {A,B, ¢}
exists, then the number

y=2"b) =1 = = ¢%a) = c(a, b), (2.23)

is the value of this game. Moreover,

v =sup inf c(a*,b") = 1nf sup c(a*,b"),
breB @* €A ApeB
because, by the definitions of ¢’ and 671,
sup inf c(a*,b*) = supe’ (b*),
breB a*EA b*eB

inf sup c(a*,b*) = 1nf cn(a ),

a*€A p« B
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and, in view of (2.23),
inf ¢*(a*) < ¢*(a) = v = & (b) < sup@(b*) < inf &¥(a*),
a*eA b*eB a*eh
where the last inequality follows from (2.5) with Tt = Ofa)
and 7® = 6(»)- Therefore, the game {A, B, c} has a solution in
pure strategies (that is, the players can play only pure strate-
gies, and this game has a solution) if and only if there is a pure
solution for the game {A, B, ¢}.

Remark 2.13. Let {A,B,c} be a two-person
zero-sum game introduced in Definition 2.1.
Then the triplet {B,A,—c*~B}, where
cA°B(b,a) := c(a,b) foreacha € A and b € B,
is also a game satisfying conditions (i-v) from
Definition 2.1. If this construction is repeated, it
leads to the original game. The game {A,B, c}
has a value (solution for Player I, Player II, solu-
tion) if and only if the game {B, A, —c*“®} has
a value (solution for Player II, Player I, solution).

3 | MAIN RESULTS AND DISCUSSION

Since this article deals with symmetrically defined games,
each assumption or statement for Player I can be reformulated
as the corresponding assumption or statement for Player II.
In this article, we provide assumptions and statements that
involve both Players or only Player I. Symmetric assumptions
and statements for Player II are provided only if they are used
in explanations or in other statements.

To provide sufficient conditions for the validity of
Assumption 2.8, let us define

By 1= @B () = supeB (7, b), * e P(A).

beB G.1)

We also define the symmetric function for Player II,

B (B) 1= (68 (2B) = iggea(a, ), 7® e P(B).
(3.2)

The following theorem describes the sufficient conditions for
Assumption 2.8.

Theorem 3.1 (Sufficient
Assumption 2.8). Assumption 2.8 holds if at least
one of the following assumptions is satisfied:

conditions  for

(L) the function c is bounded below on A XB;

(U) the function c is bounded above on A xB;

(Al) there exist yy € (0,1), Ly > 0, and by €
B such that for each a € A

—Ly +ya8% (@) < ct(a,by);  (3.3)

(A2) there existy, € (0,1), Ly > 0, and n; €
PS(B) such that

—o < / min{0, &"(b)}zE(db), and
B
— Ly +ya%(a) < &B(a, zB), (3.4)

foreach a € A,

(A3) there exist y5 € (0,1) and My > 0 such
that for each 7 € P(A) and »® € P(B)

yalB(xh, 7B < Faty + My (3.5)

(A4) there exists a function ¥, R — R such
that Yp(s) < +o00, if s < +o0, and for
each 7® € P(A) and z® € P(B)

Bt %) <A@ (x™);  (3.6)

(A5) if H(z™) < +oo for 7* € P(A), then
Bz < +oo.
Moreover, Assumption (A5) is equivalent to
statement (2.18).

The proof of Theorem 3.1 is provided in Section 5.

The relations between assumptions (U), (A1)-(AS)
are described below in implications (5.2). Accord-
ing to Theorem 3.1, each of these assumption implies
Assumption 2.8. However, assumptions (U), (L), (A1)—(AS)
are simpler than Assumption 2.8 and useful for applications.

Assumptions (L), (U), (A1)-(AS) are formulated in terms
of the primitives of the model. For example, Assumption (AS)
means that for every probability 7* on the metric space A,
the inequality

sup{ / c*(a, b)r* (da) + / c_(a,b)frA(da)} < 400,
beB A A

implies

sup /c+(a, b)r*(da) < +o0.
beB JA

Simple Example 3.2, which we provide for illustrative pur-
poses, describes a two-person zero-sum game {A, B, ¢} with
noncompact decision sets and payoff function ¢ unbounded
from above and below. In this example, expected payoffs are
not defined for some pairs of strategies for Players I and II.
Currently available literature does not have results on the
existence of a value and a solution for such games. How-
ever, for this example it is intuitively clear that the value
is 0, and pure strategies a = 0 and b = 0 for Players
I and II respectively form a solution. This game satisfies
assumption (A1) and, therefore, it satisfies Assumption 2.8.
It also satisfies Assumption 2.6 (al,a2,bl,b2) and, as follows
from Theorem 3.7 (B1), it satisfies Assumption 3.5, which is
symmetric to Assumption 2.8. In view of Theorems 2.7 (ii)
and 3.9, this game has a value and a solution. In addition, the
value is 0, and pure strategies a = 0 and b = 0 are the unique
solutions for Player I and II respectively.

Example 3.2. Let A = B = R, c¢(a,b) = a° —
b?%, (a,b) € R?. Then the game {A,B, ¢} satis-
fies assumption (A1) and, therefore, it satisfies
Assumption 2.8. Indeed, if we consider arbitrary
bo €R,yy, €(0,1)andset Ly := b(z), then

—La +ya2%a) = yad® — b2 < @® — b} = c(a, by) < c*(a, by),

for each a € R because ¢*(a) = a? for each
a e R.
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The following Theorem 3.3 provides sufficient conditions
for the existence of a value and a solution for a one of the
Players for a two-person zero-sum game with possibly non-
compact decision sets and unbounded payoffs. This theorem
and Corollary 3.4 also describe the properties of the solu-
tion sets under these conditions. In general, an infinite game
may not have a value; see Yanovskaya (1974, p. 527) and
the references to counterexamples by Ville, by Wald, and by
Sion and Wolfe cited there. Therefore, some additional con-
ditions for the existence of a value and solutions are needed.
The results available in the literature require among other
assumptions that either at least one of the decision sets is
compact (Alpern and Gal, 1988; Mertens et al., 2015, Propo-
sitions 1.1.9 and 1.2.2; Prokopovych and Yannelis, 2014;
Tian, 1992) or the payoff function is convex/concave-like
(Ansari et al., 2000; Aubin and Ekeland, 1984, Theorem
6.2.7; Nessah and Tian, 2016; Perchet and Vigeral, 2015;
Zeng et al., 2006). Theorems 3.3 and 3.9 of this article
require neither compactness of one of the decision sets nor
convexity/concavity-like properties of the payoff function.
Baye et al. (1993), Nessah and Tian (2013), and Tian (2015)
provide sufficient conditions for the existence of pure solu-
tions for games with possibly noncompact decision sets and
without convexity-like assumptions. However, under the
assumptions of Theorems 3.3 and 3.9, a game may have nei-
ther value nor solution when only pure strategies are played;
see Proposition 4.4(a). Therefore, the results of this article do
not follow from the references mentioned in this paragraph.
Moreover, in games studied in this article payoffs may not
be defined for some strategies chosen by players because
payoff functions can be unbounded. In most of the references
mentioned in this paragraph, including in Baye et al. (1993),
Nessah and Tian (2013), and Tian (2015), payoffs or prefer-
ence relations are defined for all strategies players can choose
in the game. Note that some of these references provide
significant advances to the theory of nonzero-sum games
and consider relaxed versions of semi-continuity assump-
tions on payoff functions such as transfer lower and upper
semi-continuity. However, the results are currently available
either for compact decision sets or for convex/concave-like
payoff functions or games with solutions in pure
strategies.

Theorem 3.3 (Existence of a value and solution
for Player I). Let a two-person zero-sum game
{A,B, ¢} satisfy Assumption 2.6 (al,a2) and

™y =V forall 7 e PYA). (3.7)

Then the game {A, B, c} has the value v, that is,
equality (2.11) and, therefore, equalities (2.12)
hold. Moreover, if Assumption 2.8 holds, then the
set ]P’g(A), which is a subset of PS(A), is the set of
solutions for Player I, and ]P’g(A) is a nonempty
convex compact subset of P(A).

The proof of Theorem 3.3 is provided in Section 5.

WILEY—

Corollary 3.4  (Compactness of the set
IP’z(IBB)). Let the assumptions of Theorem 3.3
and Assumption 2.6 (bl, b2) hold. Then, in
addition to the conclusions of Theorem 3.3,
the set P°(B) is a nonempty convex compact

subset of P(B).

Proof. Since all the conditions of Theorem 3.3
are also assumed in the corollary, the con-
clusions of Theorem 3.3 hold. In particular,
the game has the value. The additional
conclusions follow from Theorem 2.7 (a)
applied to the game {B, A, —c*~®} introduced
in Remark 2.13. n

The following assumption is symmetric to Assumption 2.8,
and Corollary 3.6 from Theorem 3.3 is symmetric to
Theorem 3.3.

Assumption 3.5. @(zB) < * for all 2B €
PUY(B).

Corollary 3.6 (Existence of a value and solu-
tion for Player II). Let a two-person zero-sum
game {A,B,c} satisfy Assumption 2.6 (bl,b2)
and

PPy <V forall z® € PU(B). (3.8)

Then the game {A,B, c} has the value v. More-
over, if Assumption 3.5 holds, then the set P°(B),
which is a subset of PS(B), is the set of solutions
for Player 11, and P°(B) is a nonempty convex
compact subset of P(B).

Proof. The corollary follows from Theorems 3.3

applied to the game {B, A, —c*<B}. (]
The following statement
&%) = —o0 forall 7% € PY(B), (3.9)

is similar and symmetric to statement (2.18). Note that state-
ment (3.9) holds if and only if IP’?,(IB%) c PS@®) for each
a € R. The following theorem is similar and symmetric to
Theorem 3.1.

Theorem 3.7 (Sufficient  conditions  for
Assumption 3.5). Assumption 3.5 holds if at least

one of the following assumptions is satisfied:

(C) either assumption (L) or assumption (U)
holds;
(B1) there exist yg € (0,1), Ly > 0, and ay €
A such that for each b € B

¢ (ag,b) <y () + Lg;  (3.10)

(B2) there exist yg € (0,1), Ly > 0, and } €
P(A) such that
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/ max{0, ¢*(a)}zf (da) < +oo, and
A

B, b) < ype’(b) + Lg, (3.11)

for each b € B;
(B3) there exist yg € (0,1) and My > 0 such
that for each 7* € P(A) and z® € P(B)

) < ypeBrt, 2B + My;  (3.12)

(B4) there exists a function ¥y : R — R such
that Wg(s) > —oo, if s > —oo, and for
each 7 € P(A) and =® € P(B)

Y@ (%) < B, 2%, (3.13)

(B5) if &(z®) > —oo for 2% € P(B), then
B (28) > —oo.
Moreover, Assumption (B5) is equivalent to
statement (3.9).

The proof of Theorem 3.7 is provided in Section 5.

Remark 3.8. Assumptions (C), (B1)-(B5) are
useful for applications. A two-person zero-sum
game {A,B,c} satisfies Assumption (L)
(Assumptions 3.5, (U), (C), (B1), (B2), (B3),
(B4), (BS) respectively) if and only if the game
{B, A, —c*~®} introduced in Remark 2.13 sat-
isfies Assumptions (U) (Assumptions 2.8, (L),
(C), (A1), (A2), (A3), (A4), (AS) respectively).

The following theorem describes sufficient conditions for
the existence of a solution for a game and the structure of the
solution set.

Theorem 3.9 (Existence of a solution for
a game). Let a two-person zero-sum game
{A,B, ¢} satisfy Assumptions 2.6 (al,a2,bl,b2)
and 2.8, 3.5. Then:

(i) the game {A,B, c} has a value v € R and
a solution (z*, 7B) € ]P’ﬁ(A) X ]P’E(IB%);

(ii) the sets IF’&(A) and P°(B) are nonempty
convex compact subsets of P(A) and P(B)
respectively; moreover, IP’e(A) c PS(A)
and P(B) c P5(B);

(iii) a pair of strategies (z*,z®) € PS(A) X
PS(B) is a solution for the game {A, B, c}
ifand only if o € IP’&(A) and 7® € P’(B).

The proof of Theorem 3.9 is provided in Section 5.

Remark 3.10. As explained in Remark 2.9,
inf-compactness in a of the function c(a, b) stated
in Assumption 2.6 (a2) is close to the neces-
sary condition for the existence of a solution for
Player I. If the function ¢ is bounded above on
A X B, then the set A is compact. The similar
observation takes place for sup-compactness in b
of the function c(a, b) stated in Assumption 2.6

(b2), the existence of a solution for Player II, and
compactness of the set B. We observe that the
expected payoff &(z*, z®) is well-defined for all
pairs of strategies (z*,7%) € P(A) x P(B) if
and only if the function c(a, b) is bounded either
from above or from below on A X B. In these
two cases, the sets A and B are compact respec-
tively. If the function ¢ is bounded on A x B,
then under Assumption 2.6 (a2,b2) both deci-
sion sets are compact. So, for a problem with two
noncompact decision sets A and B, under natu-
ral inf/sup-compactness Assumption 2.6 (a2,b2)
the payoff function is unbounded from above and
from below on A X B, and there exist pairs of
strategies (7, 7%) € P(A)xP(B) with undefined
values of &(z?, 7B).

If the function c¢ is bounded above or below on A X B,
then Assumptions 2.8 and 3.5 hold; see Theorems 3.1 and
3.7. As follows from these observations and Remark 2.9,
Theorems 3.3,3.9 and Corollary 3.4 imply several known
results for games with two compact decision sets and with at
least one compact decision set. In particular, Theorems 3.3
and Corollary 3.6 imply Glicksberg’s theorem: for a game
with two compact decision sets the value exists if the payoff
function is upper (or lower) semi-continuous. If A and B are
subsets of Polish spaces, then Theorem 3.9 implies Mertens
et al. (2015, Theorem 1.2.4) stating that the game has a solu-
tion if A and B are compact sets, ¢ is a real-valued function
bounded from below or from above, and Assumption 2.6
(al,bl) hold (that is, for each b € B the function a — c(a, b)
is lower semi-continuous, and for each a € A the function
b + c(a,b) is upper semi-continuous). Indeed, if ¢ is a
real-valued function bounded from below or bounded from
above, then, in view of Theorems 3.1 (L, U) and 3.7(C),
Assumptions 2.8 and 3.5 hold, and, if the sets A and B are
compact, then Assumption 2.6 (al) implies Assumption 2.6
(a2), and Assumption 2.6 (bl) implies Assumption 2.6
(b2). We also remark that Mertens et al. (2015, Theorem
[.2.4) is a more general statement that the version of von
Neumann’s theorem for mixed strategies, which states
the existence of a solution, if the decision sets are com-
pact and the payoff function is continuous; Owen (1982,
Theorem 1IV.6.1) or Petrosyan and Zenkevich (2016,
Theorem 2.4.4).

The following corollary from Theorem 3.9 generalizes
Feinberg et al. (2022, Theorem 20).

Corollary 3.11 (Existence of a solution for
a game). Let a two-person zero-sum game
{A,B,c} satisfy Assumption 2.6 (al,a2,bl,b2).
If, in addition, the payoff function c is bounded
either below or above on A X B, then the conclu-
sions of Theorem 3.9 hold.

The proof of Corollary 3.11 is provided in Section 5.
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As explained in Remark 2.9, if the function c¢ is
bounded above (below) in Corollary 3.11, then the set A
(B) is compact. The following example demonstrates that
Assumption 2.6 (b2) is essential in Corollary 3.11 when the
function ¢ is bounded below on A x B. Of course, this is also
true for Assumption 2.6 (a2) when the function c is bounded
above on A x B.

Example 3.12. This example describes a
two-person zero-sum game {A,B,c} with the
payoff function ¢ bounded from below on A X B
and satisfying Assumption 2.6 (al,a2,b1l). How-
ever, the function b — c¢(a, b) is not sup-compact
on B for each a € A, and Pz(IB) = @J. Therefore,
this game has no solution.
Let A=B :=R, and

exp(b)
~ 1+exp(h)’
Note that the function c takes positive values and
it is continuous on RZ. Moreover, the function
a — c(a,b) is obviously inf-compact on R for
each b € R. However, for each a € R the func-
tion b — c(a, b) is not sup-compact on R because
for every a € R the set {b € R cla,b) >
0} = R is not compact.
The set P’(B) is empty. Indeed, direct calcula-
tions imply that v* = v* = 0 and &(z®) = 1 —
0®)_ 2 B(gp) for each 7% € P(R). Therefore,

R 1+exp(b)
b _ ;. B . exp(b)
P.(B) = {z" € PR) : /]R —1 T+ expd)

cla,b) :=1+d> a,b e R.

7%db) =1} = 0,

where the last equality holds because 7B(R) =

1 and =222 < | for each b € R. The game
1+exp(b)

{A,B, ¢} has no solution since the set IP’@(IBS) is
empty.

4 | NUMBER GUESSING GAME

In this section, we consider the following game to illustrate the
results of this article. Two players select nonnegative numbers
a and b, and Player I pays the amount of c(a,b) = @(a — b)
to Player II. For example, if the player, who selects the larger
number wins, that is, @(a — b) = I(a > b), this game does
not have a value; see for example, Yanovskaya (1974). We
apply the results of our article to such games. In particular,
for a polynomial function ¢, Proposition 4.4 completely char-
acterizes all the situations when the games have values and
solutions.

Since both decision sets A = B := R, = [0,+00)
are not compact, the only previously available result on
the existence of the solution is Aubin and Ekeland (1984,
Theorem 6.2.7), which assumes Assumption 2.6 (al,a2),
the concavity of c(a,b) in a and convexity of c(a,b) in b.
Under these conditions, there exists a pure solution for the

WILEY—

game. Another simple sufficient condition, under which a
two-person zero-sum game {A, B, c} has a pure solution, is
A =B := R, and the function c¢(a, b) is nondecreasing in
a and nonincreasing in b. In this case it is optimal for each
player to select the decision 0. These arguments are applicable
to Example 3.2.

The examples provided in this section may satisfy neither of
the two described sufficient conditions. In addition, according
to Proposition 4.4, solutions in pure strategies may not exist
for the provided examples.

Example 4.1. Let A =B := R, and c¢(a,b) :=
@(a — b) foreach a,b € R, where ¢ : R > R
is a continuous function. To be consistent with
assumptions (iv, v) in Definition 2.1, assume that

—00 < liyr_1)1+i°r<1)f(p(s) and lim sup@(s) < +o0. 4.1
The triple {A,B,c} is a two-person zero-sum
game introduced in Definition 2.1 because the
function a — c¢(a, b) is bounded below on A for
each b € B, if the first inequality in (4.1) holds,
and the function b — c(a, b) is bounded above
on B for each a € A, if the second inequality in
(4.1) holds.

Proposition 4.2. Consider the two-person
zero-sum game defined in Example 4.1. Then:

(a) if p(s) — +4+oco0 as s — oo, then
Assumption 2.6 (al,a2) and therefore the
conclusions of Theorem 2.7 hold;

(b) if p(s) = +oo0o ass — +oo and @(s) =
@1(8) + @2(s) for each s € R, where @ :
R — R is increasing and ¢, : R —
R is bounded, then the assumptions and
therefore the conclusions of Theorem 3.3
hold;

(c) if p(s) > +o0 ass = +o0, P(s) > —oo
as s - —oo, and @(s) = @1(s) + @a(s) for
each s € R, where ¢ : R - Ris increas-
ing and @, : R — R is bounded, then the
assumptions and therefore the conclusions
of Theorem 3.9 hold.

The proof of Proposition 4.2 is provided in Section 5.

Example 4.3. Consider Example 4.1 with the
function ¢ being a polynomial of a degree M =
1,2, ..., thatis, g(s) = Yo yaus", s € R, where
a, €ER,n=0, ... ,M,and ay # 0.

Proposition 4.4. Consider the two-person
zero-sum game defined in Example 4.3.

(a) If the integer M is odd and ay > O,
then this game satisfies the assumptions
of Theorem 3.9, and therefore the conclu-
sions of Theorem 3.9 hold for this game.
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Furthermore, if M > 3 and a; < 0, then
there is no pure solution for this game.

(b) Iftheinteger M is even or ayy < 0, then this
game does not satisfy either assumption
(iv) or assumption (v) from Definition 2.1,
and there is no finite value because either
V'] = 400 or V]| = +c0.

The proof of Proposition 4.4 is provided in Section 5.

We note that in the two-person zero-sum game from
Proposition 4.4 (a) action O for each Player strongly domi-
nates any other action large enough and after elimination of
these actions we have a compact game. On the other hand,
let us consider the two-person zero-sum game defined in
Example 4.1. If the assumptions of Proposition 4.2 (c) hold,
and for each s* € R\ {0}

limgnf((p(s) — (s +5))

< 0 < lim sup(g(s) — @(s + s™)), 4.2)

s—+00

then an any action of each player does not dominates any other
his/her action because, according to (4.2), for each a.,a* €
R,, a, # a*, there exist b,, b* € R, such that

c(ay, by) —c(a*,b,) = pla, — b,) — pa* —b,) <0
< @la, —b*) — @(a* —b") = c(a,, b*) — c(a”, b"),

and, symmetrically, for each b,, b* € R, b, # b*, there exist
a.,a* € R, such that

C(a*’ b.) — c(as, b)) = (P(a* —b.)—@la. —b.,)
<0< ¢@la, —b,) — @la, —b*) = cla., b)) — c(a., b¥).

The example of such function is ¢ = @; + @, with @ (s) =
sgn (s)In(|s| + 1) and @,(s) = sin(s) + sin(\/zs), s € R.
Indeed, the assumptions of Proposition 4.2 (c) are trivial,
inequalities (4.2) hold because @1(s) — @i(s + s*) — 0 as
s — 00, and ¢, satisfies (4.2) for each s* € R\ {0} since
the functions s — sin(s) and s (\/Es) have commensurable
prime periods.

We notice that Aubin and Ekeland (1984, Theorem 6.2.7)
cannot be applied in most cases to the examples considered in
this section because it assumes concavity of c¢(a, b) in a and
convexity of c(a, b) in b. For example, assume that the func-
tion @ is twice differentiable, as this holds in Example 4.3.
Then 02(’;(52_b) = ’)2(’;(22_}3). Therefore, the convexity/concavity
assumption implies that these derivatives are equal to 0, and
@(a—b) =M(a—b)+ C. For M > 0 this game is covered by
Proposition 4.4(a), and a = b = 0 is the solution. For M < 0
this game is covered by Proposition 4.4 (ii), and there is no
solution.

We also remark that the last claim of Proposition 4.4 (a),
which states nonexistence of a pure solution, in some sense
complements the result by Dreshen, Karlin, and Shapley (see
Parrilo, 2006, Theorem 2.2) that states that, for a game with
A = B = [0, 1] and with a polynomial payoff function c,
there exists a solution (z*, %) with 7 and #® having finite

supports. In the case of a polynomial function ¢ defined in
Example 4.3, each of these finite supports consists of no more
than (M + 1) points.

5 | PROOFS

This section consists of four subsections. Section 5.1 provides
the proofs of Theorems 3.1,3.3, and 3.7, Section 5.2 provides
the proofs of Theorem 3.9 and Corollary 3.11, and Section 5.3
provides the proofs of Propositions 4.2 and 4.4.

5.1 | Proofs of Theorems 3.1, 3.3, and 3.7
The proof of Theorem 3.1 is based on Lemmas 5.1-5.3.

Lemma 5.1. Consider a two-person zero-sum
game {A,B,c}. If * € PS5(A), then either
B (72) < 400 or infpep (7, b) > —c0.

Proof. On the contrary, let ¢B#(z*) = 400 and
inf,ep ¢B(7®,b) = —oo for a strategy 7 €
PS(A). Then foreachn = 1,2, ... there exist two
points ", b? € B such that éB(z?,p") > 27
and ¢B(zA, bﬁ,z) ) < —2". Let us consider the prob-
ability measures z*(B) = Y2 27"I{b} € B}
for B € B(B), i = 1,2. We define #® = 2(x} +
72). Then, by Fubini’s theorem, ¢8(z4, z}*) =
> 2aBeBrA by > ¥ 27" = 4o
Therefore, ¢8 (74, 75]13) = +o0o0, and ¢B(zA, 7B) =
%GEE(EA,ﬂ']F) + %GE(ﬂA,ﬂ§) = +oo. Similarly,
eB(xh, H;B) = —oo which implies ¢B(z*, zB) =
—o0. Thus, 74 ¢ PS(A). n

Lemma 5.2. Assumption (AS5) of Theorem 3.1 is
equivalent to statement (2.18).

Proof. Statement (2.18) is equivalent to its con-
trapositive statement

if ¢*(x?) < +o0 for z* € P(A), then z* € P5(A).

5.1
Let Assumption (A5) hold. Suppose 7* € P(A)
satisfies the inequality ¢*(z%) < +c0. Observe
that 72 € PS(A). Indeed, since ¢*(7%) < +o0,
then Assumption (AS) implies ¢B(z*, 7) < + o0
for each 7% € P(B), that is, 7% € PS(A). Thus,
statement (5.1) holds.

Now let statement (5.1) hold. We consider an
arbitrary 7 € P(A) satisfying the inequality
6‘ﬁ(7rA) < +o0. Then, in view of (5.1), 7® €
PS(A). Lemma 5.1 implies that either ¢B#(z4) <
400 or infyep é8(x*, b) > —o0. To complete the
proof of the validity of Assumption (A5), it is suf-
ficient to show that the latter inequality implies
the former one. Indeed, let inf,cp éB(zA,b) >
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—co. Therefore, ¢B#(z%) = sup,cp{e(z®,b) —
eB(r, b)) < &) — infpep eB(72, b) < +o0m

Lemma 5.3. For a two-person zero-sum game
{A,B, c}, the following implications hold for the
assumptions introduced in Theorem 3.1:

U) = (A]) = (A2) = (A3) = (44) = (45).  (5.2)

Proof. “(U) = (A1)”: If the function c is
bounded above on A X B, then inequality (3.3)
takes place for Ly = max{0, sup{c(a,b) : a €
A,b € B}} € [0,+00), for all y, € (0, 1), and
for all by € B.

“(Al) = (A2)”: assumption (Al) implies
assumption (A2) with 75 = &(s,) since (3.3)
becomes the second inequality in (3.4), and the
first one becomes &”(by) > —oo, which is true in
view of (2.3).

“(A2) = (A3)”: Let us fix arbitrary z* &
P(A), #B € P(B) and prove that

a8, 1) < x®) + Ly — / min{0, &(b)} 72 (db).
(5.3)

Note that
supct(a, b) = max{éﬂ(a), 0}, a€A. 5.4
beB

Indeed, if &*(a) < 0, then ¢(a, b) < 0 foreach b €

B, and both sides of (5.4) equal 0. If E’ﬁ(a) > 0,

then the set Bt(a) :={b € B : c(a,b) >0} =

{beB c¢t(a,b) > 0} is nonempty, and for
eacha € A
supct(a,b) = sup c*(a,b)= sup c(a,b)
beB bEB*(a) beB*(a)
= sup c(a, b) = &*(a) = max{&*(a),0};
beB

these equalities follow from the basic properties
of suprema and the definition of B*(a).

Equality (5.4) implies that for all 7% € P(A)
and for all z® € P(B)

B, 7P = / / c*(a, b))z (db)7r" (da)
AJB
< / / max{¢*(a), 0} 7B (db) ™ (da)
AJB

= / max{¢*(a), 0} (da). (5.5)
A
The second inequality in (3.4) implies
YA max{&ﬁ(a),O} < B(q, 7r0) + Ly, aeA. (5.6)

The integration of both sides of (5.6) in 7% €
P(A) leads to

va / max{¢4(a), 0}z (da) < 8B(x*, ) + La

= ozt mp) — Bt 1)) + La. (5.7)

Observe that

—00 < /mln{O & (b)) me (db)

/ / min{0, &’ (b)} 22 (db)n™ (da) < ¢B(x*, 7P),
(5.8)

where the first inequality in (5.8) is the first
inequality in (3.4), the equality follows from inte-
grating the constant in 7*, and the last inequality
follows from the second inequality in (2.3).
Inequalities (5.7) and (5.8) imply that

a / max{¢*(a), 0}z (da) < &(z*, 72)
A
+ L, — / min{0, & (b)} zE (db). (5.9)
B

Observe that —co < &(z#, 7f) < ¢#(x*) because
of (5.8) and the definition of &*(z*). Therefore,
inequalities (5.5) and (5.9) imply (5.3).

Let us choose y5 € (0,1) and My :=
max{Ly — /IB min{0, C“b(b)}zrg?’(db), 1} > 0. Note
that the first inequality in (3.4) implies My <
+00. Thus (3.5) follows from (5.3).

“(A3) = (A4)”: Inequality (3.6) follows from
(3.5) if we set Wu(s) := i(s + M) for each
seR.

“(A4) = (AS)”: Inequality (3.6) implies that
B (A < W (EH(nh)) < +o0 if H(nh) < +oom

Proof of Theorem 3.1. The equivalence state-
ment follows from Lemma 5.2.

“(L) = (A3)”: assumption (L), stating bound-
edness below of the function ¢, means that there
exists a real number y > 0 such that c(x,a) >
—y > —oo for all (a,b) € A x B. This inequal-
ity implies that c(a,b) + y > c*(a,b) for all
(a,b) € A x B. By integrating both sides of
the last inequality in z* € P(A) and taking the
supremum in b € B, we have &*(z%) + y >
eBHzA) for all z4 € P(A). Therefore, for an
arbitrary fixed y5 € (0,1) and M, :=y we have
that y,¢B (x4, 7B) < &4 (x2) + M, for each 72 €
P(A) and 7B € P(B), that is, assumption (A3)
holds.

The remaining statements of Theorem 3.1 fol-
low from Lemma 5.3. [

Proof of Theorem 3.3. Condition (3.7) directly
implies formula (2.16). In view of Theorem 2.7,
the value of the game v exists and the set Pﬁ(A)
is nonempty and convex. Therefore according to
Assumption 2.8 and (2.17), P! S(A) C ]P’S(A) As
follows from Definitions 2.3 and 2.4, ]P’V(A) is the
set of solutions for Player 1. L]
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The following corollary follows from Lemma 5.3.

Corollary 5.4. For a two-person zero-sum game
{A,B,c},

(L) = (Bl) = (B2) = (B3) = (B4) = (B5).  (5.10)

Proofs of Theorem 3.7 and Corol-
lary 5.4. According to Remark 3.8, Theorem 3.7,
and Corollary 5.4 follow respectively from
Theorem 3.1 and Lemma 5.3 applied to the game
{B, A, —c*B} introduced in Remark 2.13. n

5.2 | Proofs of Theorem 3.9 and Corollary 3.11

Proof of Theorem 3.9. Theorem 3.3 states the
existence of the value. It also states that ]P’ﬁ(A)
is the set of the solutions for Player I, IP’&(A) C
PS(A), and ]PQ(A) is a nonempty convex compact
subset of P(A). Corollary 3.6 states that P’(B)
is the set of the solutions for Player II, P(B)
PS(B), and P’(B) is a nonempty convex compact
subset of P(B). As explained in the paragraph fol-
lowing formula (2.22), Pg(A) XIP";(IBB) is the set of
all solutions for the game. [

Proof of Corollary 3.11. The corollary directly
follows from Theorems 3.1, 3.7, and 3.9. Indeed,
Theorems 3.1 and 3.7 imply that Assump-
tions 2.8 and 3.5 hold. Therefore, all assump-
tions of Theorem 3.9 hold because, in addi-
tion, the game {A,B, ¢} satisfy Assumption 2.6
(al,a2,b1,b2). n

5.3 | Proofs of Propositions 4.2 and 4.4

We start this subsection with some definitions and auxiliary
lemmas. We recall that for metric spaces X and Y a function
f i XXY - Ris called K-inf-compact on X XY, if for every
compact set K C X this function is inf-compact on K X Y;
see Feinberg et al. (2013, Definition 1.1, 2022, Definition 1).
A function f : X XY — R is called K-sup-compact on
X x Y, if the function —f is K-inf-compact on X X Y; see
Feinberg et al. (2022, Definition 2). We would like to clar-
ify that in this article we consider K-inf-compactness and
K-sup-compactness on the set X X Y, which the the graph of
the set-value mapping ® : X — 2¥ with ®(x) = Y for all
x € X, while in Feinberg et al. (2013, 2022) these definitions
were considered for the graph of an arbitrary multifunction
®, where @ : X — 2Y\ {#} in Feinberg et al. (2013) and
X:®—2Yin Feinberg et al. (2022). We observe that, if a
functionf : X XY — Ris K-inf-compact (K-sup-compact)
on X X Y, then for each x € X the function y — f(x,y)
is inf-compact on Y. This follows from the observation that
every singleton K = {x}, x € X, is compact.

Lemma 5.5 (Feinberg et al., 2022). The func-
tionf : XXY — R is K-inf-compact on XX Y if
and only if the following two assumptions hold:

(i) f: XXY > R is lower semi-continuous;

(ii) if a sequence {x(”)}nzl,z,_” with values in
X converges in X and its limit x belongs to
X, then each sequence {y™},=15... C Y
satisfying the condition that the sequence
{F (™, ¥}y 2. is bounded above, has
a limit pointy € Y.

The following lemma is the main technical fact in this
subsection.

Lemma 5.6. Let A = B := R, and c(a,b) :=
@(a — b) for each a,b € R, where ¢ : R -
R is a continuous function. Then the following
statements hold.:

(i) if p(s) > +o0 as s — +o0, then the func-
tion (b,a) — c(a,b) is K-inf-compact on
BxA;

(ii) if p(s) > —o0 as s - —oo, then the func-
tion (a,b) — c(a,b) is K-sup-compact on
AxB;

(iii) if ¢(s) = @1(5) + @a(s) for each s € R,
where @1 : R — Ris increasing and ¢,
R — R is bounded, then assumptions (Al)
and (B1) from Theorems 3.1 and 3.7 hold;

(iv) if there exist s, < 0 < s* such that p(s.) >
@(s%), then the game { A, B, ¢} has no pure
solution.

Proof.

(1) We verify the conditions of Lemma 5.5
to prove K-inf-compactness of the func-
tion c(a,b) = @(a — b). This func-
tion is continuous, and therefore it is
lower semi-continuous. Consider a sequence
{p™},5 that converges to b € B and
a sequence {a®™},>; C A such that
{@(a™ — b™)},> is bounded above. Since
the sequence {b™},>; C R, converges, it
is bounded. Since the sequence {@(a™ —
b™)},»1 is bounded above, then the continu-
ity of the function ¢ : R — R on R and
the property @(s) = +o00 as s — +oo imply
that the sequence {a™ — b™},-; is bounded
above. Thus, the sequence {a™},>; C R, is
bounded above and therefore it is bounded.
Therefore, the sequence {a™},>; has an
accumulation point @ € A. Thus, the
assumptions of Lemma 5.5 are verified, and
the function c is K-inf-compact.

(i) This statement follows from (i) applied to the
game {BB, A, —cAcBY,
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(iii) First, we prove that assumption (B1) holds.
Let the function ¢ be the sum of the func-
tions @; and ¢, described in the statement.
Then for each b > 0

¢ (b) = inf{@1(a = b) + a(a - b)}

\%

inf @i(a — b) + inf @, (a — b)
a0 a>0
= @1(=b) +inf @y(a —b) = ¢(0,5)

+ 1r>1£ ®2(a—b) 2 ¢(0,b) - B,

where B > 0 is a constant such that | @, (s)| <
B for each s € R. We note that the sec-
ond equality holds because the function ¢
is increasing. Therefore, for each b > 0

_ 1 1, B
0,b) < ¢ (0,b) < =" (b) + =.
¢ (0,b) 26( ) 2C()+2

This implies that assumption (B1) holds.
Second, assumption (A1) holds because it is
equivalent to assumption (B1) for the game
{B, A, —c*~B}, which holds because the
real function ¢; is increasing if and only if
the real function s — —¢1(—s) is increasing,
and the function ¢, is bounded if and only if
the function s — —@,(—s) is bounded.

(iv) There exist s, s* € R such that s, < 0 < s*
and @(s.) > @(s*). Then for each a,b > 0

Fb) = inf p(a" = b) < p(s"),

(@) = sup p(a —b*) > @(s..).
b*>0

Therefore,

supcb(b) < o(s™) < p(sy) < infcﬁ(a),
b0 a20
that is, the game {A, B, ¢} has no pure solu-
tion. n

Proof of Proposition 4.2.. (a) In view of
Lemma 5.6 (i), the function (b,a) +— c(a,b)
is K-inf-compact on B x A. This implies
Assumption 2.6 (al,a2). Statement (b) follows
from Lemma 5.6 (i,iii). Statement (c) follows
from Lemma 5.6 (i-iii). [

Proof of Proposition 44. (a) This state-
ment follows from Proposition 4.2 (a) and
Lemma 5.6 (iv).

(b) Let us consider three cases (c1-c3).

(cl) Let M be even and ay; > 0. Then condi-
tion (v) from Definition 2.1 does not hold because
the function b — ¢(a, b) is not bounded above on
R for each a > 0. Since the function ¢ is bounded
below on R, the value &(z*, zB) is well-defined

WILEY— L

for all (z#, z®) € P(A) x P(B) and

sup inf e(x*, 2% = inf sup &, 7P) = +o0.
IIEGP(B) JZ'A*G]P)(A) IZAGP(A) II'BEP(B)
(5.11)
Indeed, if we set zB(B) := % Is 1Jr%db for each
B € B(B), then for alla € A

&a, 7)) = 2/ Mdb = +o0.
¥/ R, 1 +b2

Therefore, &*(2%) = infyacpn) (2% =
inf 50 &(a, 7%) = 400, and
+o0<&@EP) < sup PP)= sup  inf et P)
2BeP(B) #BeP(B) 7 EP(A)

< inf  sup o™, 7B).
TAEP(A) 4B p(B)
Thus equalities (5.11) hold.

(c2) If M is even and ay; < O, then con-
dition (iv) from Definition 2.1 does not hold
because the function a — c(a, b) is not bounded
below on R for each b > 0. Since the function
@ is bounded above on R, the value &(z?, z®)
is well-defined for all (7, z®) € P(A) x P(B).
Moreover, by the symmetric reasonings, which
follow from case (cl),

sup inf &(#*,2B)= inf sup &, 2®) = —c0.
7ZBEP(B) rAEP(A) rAeEP(A) ZBeP(B)
(c3) If M is odd and ay; < O, then condi-
tions (iv,v) from Definition 2.1 do not hold.
Moreover, the lower value for this game in pure
strategies equals —oo, and the upper value for this
game in pure strategies equals +oco. L
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