HARMONIC ANALYSIS ON A LOCALLY COMPACT HYPERGROUP

A. A. KALYUZHNYI, G. B. PODKOLZIN, AND YU. A. CHAPOVSKY

ABSTRACT. We propose a new axiomatics for a locally compact hypergroup. On the
one hand, the new object generalizes a DJS-hypergroup and, on the other hand, it
allows to obtain results similar to those for a unimodular hypecomplex system with
continuous basis. We construct a harmonic analysis and, for a commutative locally
compact hypergroup, give an analogue of the Pontryagin duality theorem.

1. INTRODUCTION

An extensive study of generalized translation operators or, in other terms, a coalgebra
structure on a function algebra with a right counit has started in the work of J. Del-
sart [1] and B. Levitan [2], also see the more contemporary surveys of B. Litvinov [3]
and L. Vainerman [1]. Yu. M. Berezansky and S. G. Krein [5, 6] have introduced a
notion of a commutative hypercomplex system with a continual (compact or discrete)
basis, where, for the first time, apparently, an axiom of positivity of comultiplication
has been introduced, which gave a possibility to develop a rich harmonic analysis for
such systems. Starting in 1973, after a DJS-hypergroup was introduced independently
by C. Dunkl [7], R. Spector [8], and R. Jewett [9], there appeared a significant number of
works on the DJS-hypergroups, see e.g. the monograph [10] and the bibliography therein.
It turned out that compact and discrete commutative DJS-hypergroups make a subclass
of hypercomplex systems with compact and discrete bases, hence a number of the results
on such hypergroups have already been obtained in earlier works of Yu. M. Berezansky
and S. G. Krein. Moreover, the definition of a DJS-hypergroup imposes certain topo-
logical type conditions that are not used in the definition of a hypercomplex system of
Yu. M. Berezansky and S. G. Krein; also, these conditions do not yield a satisfactory
analogue of the Pontryagin duality in the case of a commutative DJS-hypergroup.

Unimodular locally compact hypercomplex systems, noncommutative in general, have
been studied by Yu. M. Berezansky and A. A. Kalyuzhnyi, see [11] and the bibliography
cited there. Such hypercomplex systems are more general than the unimodular locally
compact DJS-hypergroups, although the axiomatics of such hypercomplex systems is
rather cumbersome and can not be generalized to a nonunimodular case.

For this reason, in this paper, we introduce a locally compact hypergroup which gener-
alize a DJS-hypergroup, on the one hand, and generalize a normal hypercomplex system
with a basis unity to the nonunimodular case, on the other hand.

The definition of the locally compact hypergroup is given in terms of a comultiplica-
tion, which is the same as defining it via generalized translation operators (recall that
the comultiplication A and the generalized translation operators R, are connected by the
formula (R, f)(q) = (Af)(p,q), where p,q € Q, f is a continuous bounded function on
the hypergroup @). Moreover, as it is the case with locally compact quantum groups [12],
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the axiomatics of the locally compact hypergroup includes an axiom for existence of a
left Haar measure. This is justified, since existence of a left Haar measure has not been
proved even for a locally compact DJS-hypergroup (its existence was proved only for a
discrete, a compact, or a commutative DJS-hypergroup). On the other hand, postulating
existence of a Haar measure allows to simplify the axiomatics and to extend the class
of examples of locally compact hypergroups; there exists an example of a compact com-
mutative hypergroup related to the generalized Tchebycheff polynomials, which is not a
DJS-hypergroup [11].

Let us now describe the structure of the paper.

Section 2 gives a definition of a locally compact hypergroup and examples related to
groups and double cosets of a group and a subgroup.

In Section 3, we study convolution of measures. Let us mention that the convolution
of Dirac measures is given by the formula (¢, * ¢,)(f) = (Af)(p, ¢), where p,q € Q and
f is a continuous bounded function of the hypergroup Q.

In Section 4 we prove that the left and the right Haar measures are unique up to a
scalar. We also introduce a corresponding modulus function.

In Section 5, we prove that the space Li(Q,u) of functions on the hypergroup @,
which are absolutely integrable with respect to a left Haar measure pu, is an involutive
algebra with an approximate identity, with respect to naturally defined convolution and
involution.

It is shown in Section 6 that the space of continuous functions with compact support
form a left Hilbert algebra with respect to the corresponding convolution. We also study
modular properties of the obtained left Hilbert algebra.

Regular representations of the locally compact hypergroup are introduced in Section 7,
where we prove a theorem on a correspondence between bounded representation of the
hypergroup and x-representations of the involutive algebra L (Q, u).

Section 8 gives a study of positive definite functions on the locally compact hyper-
group, and contains a theorem on approximating, with respect to the topology of uniform
convergence on compact sets, a continuous function on the hypergroup with linear com-
binations of elementary positive definite functions.

In section 9, we prove that the von Neumann algebras generated by the left and right
regular representations are commutants of each other, which is similar to the group case.
Also we prove an analogue of the Plancherel theorem and an inversion formula.

Section 10 gives main theorems on harmonic analysis for commutative hypergroups,
including an analogue of the Pontryagin duality theorem.

2. DEFINITION OF A LOCALLY COMPACT HYPERGROUP. EXAMPLES.

Let @ be a locally compact second countable Hausdorff topological space.

The spaces of complex-valued functions that are continuous, continuous and bounded,
continuous with compact supports, continuous and equal to zero at infinity are denoted
by C(Q), Cv(Q), Cc(Q), Co(Q), respectively. For f € C.(Q), supp f denotes support of
the function f. The linear spaces Co(Q) and Cy(Q) have the structure of a C*-algebra
with respect to the pointwise multiplication and complex conjugation, endowed with the
norm ||| = supreq|/(r)| for f € C4(Q) or f € Ca(Q).

Everywhere in the sequel a measure will mean a Radon measure on @ [13]. The
integral of f, f € C.(Q), with respect to a measure p is denoted by u(f) = fQ f(p)du(p).
The Dirac measure at a point ¢ € @Q is denoted by ¢4, i.e., g4(f) = f(q), f € C(Q).
For a measure pu, its absolute value |p| and the norm |u|| are, respectively, |u|(f) =
SUPgec, (@), 1g1<s [W(g)] for f =0, and |ull = supsec, (@), <1 [H(f)]- We use M(Q),
Mp(Q), M.(Q) to denote, respectively, the set of measures on @, the set of bounded
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measures, the set of measures with compact supports. The linear space M,(Q) is a
Banach space with respect to the norm || - || [13].

Definition 2.1. Let @ be a locally compact space with an involutive homeomorphism
*x: () — @ and a point e € @), e* = e, and let the following conditions be satisfied.
(Hy1) There is a C-linear mapping A: Cp(Q) — Cp(Q x Q) such that
(a) A is coassociative, that is,
(1) (Axid)o A= (id x A) o A;

(b) A is positive, that is, Af > 0 for all f € C,(Q) such that f > 0;
(c) A preserves the identity, that is, (Al)(p,q) = 1, for all p,q € Q;
(d) for all £,g € Co(Q), we have (1 f) - (Ag) € Co(@ x Q) and (f©1) - (Ag) €

C.(@ % Q).
(H2) The homomorphism e: Cp(Q) — C defined on the C*-algebra Cp(Q) by €(f) =
f(e) satisfies the counit property, that is,

(2) (exid)o A= (id x €) 0o A =id,
in other words, (Af)(e,p) = (Af)(p,e) = f(p) for all p € Q.

Hs) The function f defined by f(q) = f(¢*) for f € Cy(Q) satisfies

(Af)p.a) = (Af)(a",p").
H,) There exists a positive measure 1 on @, supp p = @, such that

/ (Af)(p,q) 9(q) du(q) = / f(q) (Ag)(p™,q) di(q)
Q Q

for all f € Cp(Q) and g € Co(Q), or f € C.(Q) and g € Cp(Q), p € Q; such a

measure y will be called a left Haar measure on Q.

Then (Q, *,e, A, ), or simply @, is called a locally compact hypergroup.

Definition 2.2. Let @ be a locally compact hypergroup. A positive measure v on Q)
satisfying

(5) A@NMM@W@—ANMMWﬁWWﬁ

for all f, g asin (Hy), q € Q, is called a right Haar measure on Q.

Remark 2.3. Tt directly follows from axiom (H;) (d) that the integrands in (4) (resp., (5))
are compact functions of ¢ (resp., p) for a fixed p (resp., ¢), hence the integrals in (4)
and (5) are finite.

Example 2.4. Let @ be a locally compact group with multiplication -, unit e, and
inverse ~1. For f € Cy(Q), p,q € Q, define

take e to be the unit of @, and ¢* = ¢!, ¢ € Q, i the left Haar measure on ). Then Q
becomes a locally compact hypergroup.

Axiom (H1) (a) asserts that the multiplication in the group is associative, f((p~q) ~7’) =
f(p-(g-r)) forall f € Cp(Q). Axiom (Hy) (b), (Hy) (c) are clear. Axiom (H;) (d) requires
that f(p)g(p - q) have compact support for f,g € C.(Q), which is true. Since e is a unit
in @, we have (€ xid) o A(f)(p) = f(e-p) = f(p) and (id x €) o A(f)(p) = f(p-e) = f(p)
showing that (Hz) is verified. (H3) means that f((p-q)~") = f(¢™' - p~'), and, finally,
condition (H4) means that

/f(P'Q)g(CI)dM(Q):/ f@) g™ q)du(q),
Q Q



4 A. A. KALYUZHNYI, G. B. PODKOLZIN, AND YU. A. CHAPOVSKY

which is equivalent to that y is indeed a left Haar measure on the group Q.
Note that A is a C*-algebra homomorphism here, which needs not be the case in
general.

Example 2.5. Let G be a locally compact group with multiplication -, unit e, and
inverse ~!, and let pg be a left Haar measure on G. Let H be a compact subgroup
of G with a Haar measure py normalized by the condition fH dup(p) = 1. Let Q =
H\G/H ={HgH : g € G} be the set of double cosets endowed with the factor topology.
Define P: Cp(G) — Co(G) by

PUN@ = [ Fhagha) dus () (o)

Then Cp(Q) = P(Cy(G)) and Co(Q) = P(Co(G)), and it is easy to see that f € Im P if
and only if

(6) f(highs) = f(g)

for all hy,ho € H.
For p;, = Hg;H, g; € G, i = 1,2, and f € Cp(Q) viewed as a continuous bounded
function on G satisfying (6), let

Af(pr.pa) = [ 1(5his) dun(h),
H
where p; € p;, i =1,2, set e = H, ¢* = Hg~'H, and define 1 on Q by
[ f@duo = [ 1@ dnclo)
Q G
forq= HgH, g € G, f € C.(G) satisfying (6). All the axioms are easily verified.

3. CONVOLUTION OF MEASURES

Lemma 3.1. Consider Cy(Q) and Cp(Q*x Q) as C*-algebras. Then A: Cp(Q) — Cp(QxQ)
is continuous and ||A|| = 1.

Proof. Let f € Cy(Q), f > 0, be such that | f|| = sup,cq [f(¢)] = 1. Then 1 — f >0 in
Cp(Q) and, as follows from (H;) (b) and (Hy) (c),

hence, 0 < Af(p,q) < 1 for all p,q € Q. This means that |Af| < 1, and so ||A] < 1.
On the other hand, A(1) = 1, whence the claim. O

Definition 3.2. Let u, 1/ € M(Q) be such that the linear functional u * ', defined by

@ we)0) = [ AO@0dred @, f<C@)

is a measure. Then the measures p and p’ are called convolvable.

Lemma 3.3. If u, ' € Myp(Q), then the measures p and p’, as well as the measures p'
and p are convolvable. The same is true if (' € M (Q) and p € M(Q).

Proof. Let p,p' € Mp(Q) and f € C.(Q). Then |f(q)] < ||f|| for all ¢ € Q and, by
Lemma 3.1, |[Af(p,q)| < || f]| for any p,q € Q. Hence,

)DL = | [ (@0 dutr)in (@)

IN

| @n@.0ldpiw il
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< |l /Q dJu) (p) /Q a1 |(0),

which shows that p * ' is a Radon measure.
If now p € M(Q) and p' € M(Q), then let g € C.(Q) be such that g(q) = 1 for
g € suppp’. Then p' = gi’ and

)0 = | [ (A9)0.0) 00 dutr) i o)

IN

@000 50| i) a0

AN Claal > 11K,

where K C Q? is the support of the function (Af)(1 ® g), which is compact. This ends
the proof. |

IA

Since the Dirac measure €, p € @), has compact support, it is convolvable with any
measure, and any measure is convolvable with it.
Let p be an element of M(Q), My(Q) or M.(Q). Then a measure i defined by

(8) i (f) = /Q ) d ()

for f € C.(Q) belongs to M(Q), M(Q) or M.(Q), respectively. The same is true for a
measure p* defined by p* = i, that is,

(9) wr(f) = /Qf(p*) dp (p)

Proposition 3.4. The normed linear space My(Q) is an involutive Banach algebra with
respect to the convolution and involution defined by (7) and (9), correspondingly. The
measure €. s an identity.

Proof. Tt follows from Lemma 3.3 that pg * g € My(Q) for py, ua € Myp(Q). Moreover,
My(Q) is a Banach space with respect to the norm || - || [13]. Associativity of convolution
follows immediately from axiom (H1) (a). Indeed, for pq, us2, us € My(Q), f € Co(Q),

() )(5) = [ (AP dlos 12) () a1
= /3((A x id) o Af)(p, q,7) dpia (p) dp(q) dpus(r)
= [ (6080 A7)0,y s () o) i)

= /Qz Af(p,q) dpa(p) dpz * p3)(q)

(b1 # (p2 * a3)) ()

To see that p+— p* is an involution, we use (Hs),

G i) () = /Q ") d(ps # 12)(0)

- /Z(Af)(p, q) d1(p)dp2(q)

- /2(Af)(q*,p*)dul(p)duz(fJ)
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_ /Q B2 duala)dp ()

= (w3 *pu)(f)-
It is clear that (u*)* = p. For the norm ||p*||, we have

el = sup | (N)l= sup |u(H)l= sup |u(f)l=|ull-
fec.(Q), fece(Q), fec.(Q),
llriI<1 FlI<1 IFl<1
We immediately get that e, is an identity by using axiom (Hs). O

Remark 3.5. Definition 2.1 of a locally compact hypergroup generalizes that of a DJS-
hypergroup introduced independently by C. Dunkl [7], R. Jewett [9], and R. Spector [3].

4. UNIQUENESS OF THE HAAR MEASURE. THE MODULUS FUNCTION

Lemma 4.1. Let f € C.(Q). If p is a left Haar measure, then

A

(10) L anwain@= | s
for each fized p € Q. If v is a right Haar measure, then
() Lenwaire= [ e

for each fized p € Q.
Proof. By using (Hy) (c) and (4) with g = 1, we get

/Q<Af><p, /f (AL)(*,q) du (g /f )i (q

which proves (10). Identity (11) is proved similarly using (5). O

Lemma 4.2. If u is a left (resp., right) Haar measure on Q, then i defined by (8) is
a right (resp., left) Haar measure.

Proof. Let p be a left Haar measure. Using (H3) and (4) we have

/(Af)(p,q)g(p)dﬂ(p) = /(Af)(p*,Q)g(p*)du(p)
Q Q
- /me)(q 2)§(p) i (p)

/ F(p) (88 (g, p) dus (p)

/f (Ag)(p*,q") du (p)

/Q £(p) (Dg)(p, a") dis (7).

For a right Haar measure, the proof is similar. |

Proposition 4.3. Let p be a left Haar measure and v a measure satisfying (11). Then
U is proportional to w. If v is a right Haar measure and p is a measure satisfying (10),
then fi is proportional to v .
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Proof. The argument is standard [13]. Let u be a left Haar measure and v a measure
satisfying (11). Let f,g € C.(Q). Consider the product u (f)v (g) and use (11), (4) to

obtain
(| r@am@)([ o0 @)

- / du (q) f(q) / (Ag)(p, q) dv (p)
Q Q

p(fv ()

- / dv (p) / f(a) (Ag)(p, q) du(q)
Q Q

= [ o) [ A6 )9 dnta)
Q Q

- /du (q)g(q)/(Af)(p*7Q)dV (p)-
Q Q

Taking f such that u(f) # 0 and denoting

1

Ds@) =~ /Q (A" q) dv (p)

we obtain

v(9) = n(gDy)
for all g € C.(Q). This shows that D¢(q) does not depend on f, because taking f’ € C.(Q)
satisfying p(f’) # 0, we would have from the latter identity that

n(9(Dy = Dyr)) =0
for all g € C.(Q). Since p is positive on open sets and Dy is a continuous function of ¢,
we have Dy = Dy/. Denoting this function

1
= — A *
D(q) e /Q( H*,q)dv (p)
we have

1 . 1 . v (f)
= — A dv = — dv = .
D) = gy AW 0) = s | 1) av) = T

This shows that © is proportional to .

The other part is proved similarly. O

Corollary 4.4. A left (resp., right) Haar measure is unique up to a constant.

Proof. A right Haar measure v satisfies (11), hence any left Haar measure is proportional
to . 0O

Corollary 4.5. Let u be a measure satisfying (10) (resp., (11)). Then u is a left (resp.,
right) Haar measure. In other words, if p is such that e, u = p (resp., p*e, = p) for
all p € Q, then p is a left (resp., right) Haar measure.

Proof. If a measure p satisfies (10), which is the same as e, * p = p for all p € @, then
the measure /i satisfies (11). Indeed, for g € @,

/ (AF)(pr ) dji (p) = / (A" q) dia (p) = / (A" p) dia (p)
Q Q Q
= F d = * d == d” .
/Q F(p) dyt (p) /Q ") du (p) /Q £(p) dii (p)

This means that a left Haar measure is proportional to fi = .
The proof of the other part of the corollary is similar. O
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Lemma 4.1 and Proposition 3.4 show that if p is a left Haar measure and p € @, then
1 * €p is a left Haar measure. Since a left Haar measure is unique up to a constant,

(12) poxeps = 6(p)p

for a positive number §(p). This number does not depend on the left Haar measure p .

Definition 4.6. The function §: @ — C defined by (12) is called the modulus function
of the locally compact hypergroup Q.

Proposition 4.7. The modulus function § of Q is positive, continuous and satisfies the
following properties:

(i) 6(p)é(p*) =1 for every p € Q;
(il) @@ = op for a left Haar measure i ;
(ii)) (A(f9%))(p,q) = (Af)(p, q) 67 (p)d*(q) for every f € Ce(Q) and z € C.

Proof. For f € C.(Q), f > 0and f(p*) > 0, we have that Af > 0 and, since (Af)(e, p*) =
f(p*) > 0, we have that

(e )(f) = /Q (AF)(a ") dia(q) > 0,

which shows that §(p) > 0.
Let f € C.(Q) be such that u(f) # 0. Then consider

5(p)u(f)=/Qf(q)d(u*6p*)(Q)Z/Q(Af)(nq*)du(p)-

But Af € C(Q x Q) showing that § € C(Q).
Let us now prove (ii). For f,g € C.(Q), u(f) # 0, consider

w(Hilg) = /Q F(p) du (p) /Q (A9) (", @) du (0)

/ dp (q) /Q f(p)(Ag)(q*,p) du(p)

Q
dp (q)/ (Af)(q,p) g(p) du (p)
Q Q

_ / o(0) dit (p) / (Af)(gp) du(q)
Q Q

/Q 9(0) (1 ) () dps ()

/ 9(0)6(p") du (p) / £(@) du (@)
Q Q

= u(f)u(go)-
This proves (ii).
Considering (i) we have
p=fi=(6p) = bfr = 6op,
which gives (i).
Let us finally prove (iii). First consider the case z = 1. We need to show that
(A(f9)) (p.0)6 ™" (2)0 ™" (@) = (AS) (. q)

for f € C.(Q). Take arbitrary g1, g2 € C.(Q) and using property (ii) as well as (5), (4)
we get the following:



HARMONIC ANALYSIS ON A LOCALLY COMPACT HYPERGROUP 9
| [ aU9)0.00:0) 02005705 (@) s )i 0
QJQ
// (8)) (0.9) 01 () 92(a) di ()i (q)
—/ <>dn<>/( (79)) (9, @) 91 () dit ()
/ 02(a) dji (q / F(9)6(p) (Ag1)(p.0°) dii (p)
_ / £ () 8(p) dii (0) / (Ag1)(p.4°) 92(a) i (g)
Q Q
_ / £(p)8(0) di (p) /Q (801) (p.9) 2(g) ds (q)
/ o ») / (@) (Ag2) (" q) dp (q)
/91 ) du (g /f ) (Ad2) (0", ) dii (p)
- / 01(¢) i (q) / £ () (A=) (0 0) di (p)
Q Q

/ 01(g) dp () / £(p) (Do) (" p) dis ()

Q Q

=/91(Q) du(q)/(Af)(q,p)gz(p) du (p)
Q Q

- / / (AF)(p,q) 91(9) 92(q) dit (p)dp (g).
QJQ

This finishes the case z = 1. By induction, we immediately see that (iii) is true for z € N.
Next, consider a function ¢: C — C defined by

o(2) = (A(f6%))(p, 0)0*(p)d~*(q) — (AS)(p,q)

for fixed f € Co(Q), p,q € Q. This is an entire function, in particular, it is analytic in
D = {z € C: Rez > 0} and continuous on D, the closure of D. It follows from the above
that ¢(z) = 0 for z € N. Finally, it is easy to see that there exist M, a > 0 such that

|o(2)] < MeRe?
for all z € D. Now it follows from [14, p. 228] that ¢ = 0 on D and, hence, on C. O

5. INVOLUTIVE BANACH ALGEBRA STRUCTURE ON L1 (Q, 1)

Everywhere in this section, p denotes a fixed left Haar measure. As in the case of
locally compact groups [13], we make the following definition.

Definition 5.1. A convolution of functions f and g for f, g € C.(Q) is the function fx*g
defined by

(13) (fu)x(gu)=(f*g)n,

where the convolution of the measures in (13) is given by (7). The function f* defined
by

(14) (fu) =rfu

is called an involution of f, where the involution of a measure is given by (9).
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Lemma 5.2. Let f,g € C.(Q). Then f*g € C.(Q), f* € C.(Q), and
(15) Groe) = [ 10080070 du )

(16) ) = flg)da)
Proof. For ¢ € C.(Q), using (4) we have

((fr)*(gu))le) = /Q2(A<p)(p,q)f(p)g(Q)du(p)du(q)
— / F(p) du (p) / (A)(p,q) g(q) du (q)
Q Q
- / F(p)du (p) / e(q) (Ag)(p", q) dp(q)
Q Q
= [ c@du@) [ 103000 du ),
Q Q

This shows formula (15). It immediately follows from axiom (H;) (d) that fxg € C.(Q).
Consider (14). Let ¢ € C.(Q). Then by definition (9),

(fu)(e) = /Q () £(p) dis (p)

= /Qso(p*)f(p)du(p)
= /@(p)f(p*)dﬂ(p)
Q

/Qsa(p) F0")o(p") dp (p),
where we have used Proposition 4.7 (ii). It is immediate that f* € C.(Q). O

Corollary 5.3. It follows from Proposition 3./ that C.(Q) is an involutive algebra with
the multiplication and involution defined by (15) and (16), correspondingly.

Proposition 5.4. Let f,g € C.(Q) and, for o =1,2,00, || - ||« denote the norm in the
corresponding space Lo (Q, ). Then

(17) 1 glla < [Ifll1llglla
and
(18) 15l = [ fll1-

Proof. Let us first consider the case o = 1 for (17). Using (10) and that |Ag| < Alg| we
have

£ 2ol = || 101206 0],

- /Qdu <q>\/Qf<p> (89)(p" ) dos ()]

IN

/ i (q) / £ 1(A0) " )| dys (p)
Q Q

IN

/ e / F@)] (Alg) (" 0) du (p)
Q Q

/du(p)lf(p)l/(A\g\)(p*ﬂz)du(q)
0 Q
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Next, consider the case a =

/ dp D)) / 9()|du (@)
Q Q

11 gl
2. We will use the Cauchy—Bunyakovskii inequality, the

inequality |Ag|? < Alg|?, and (10),

520t = | [ 50 @007 dn )

2

2

= /du(q)/ f(p1) (Ag)(p1,q) f(p2) (Ag)(p3,q) dp (p1) dpe (p2)
Q Q2

— | o) du2) 1600 ) [ (89)070) BAGE @ o (0|
Q? Q

IN

IN

IN

= [ Ao o) 511502 (] b an) )

I£11% lg1l3-

/ du(pl)du(pz)lf(pl)IIf(pz)l(/(Ag)(p’{,q)(Ag)(p’é,q)du(tz)‘
Q2 Q

[ o) a2 700 ] ([ 189P 5 a0) di(a))
Q2 Q

1/2

(] 130 002 i (0)

[ o) a2 1001 162 ([ (@loP)05 ) (0)
Q2 Q

(i) 00) s )
1/2

([ 19P@) dna)) "
Q

Finally, let us consider that case where a = oo.

1S * glloo

since ||A]| = 1.
Consider now identity (18).

(Rl

- 228\/62 1) (B9) (0" @) dp (v) |

IA

/ F®)] sup |(Ag) (0", 9)] dis ()
Q qeQ

150 18g]1 du ()

<
< i 1Aglls
< Al llglloos

We have

= [ 1rwldut)
Q

/ £ 5") dis (p)
Q

/ @) 8(p) dii (o)
Q
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/Qf(p)lé(p) 6(p*) dp (p)

/ @) du (p)
Q

= |l
where we used (16) and Proposition 4.7 (ii). O

Corollary 5.5. Let f € L1(Q,un) and g € Lo(Q, 1), a« =1,2,00. Let fp, gn € Cc(Q) be
sequences of functions such that f, — f in L1(Q,p) and g, — g in Lo(Q,p) asn — oo.
Then

(i) limy,—oo(fr * gn) exists and is an element of Lo (Q, 1 );

(i) limy,— 00 [ exists and is an element of L1(Q, 1 ).

Proof. Tt follows from (17) that the sequence f, * g, is Cauchy and, since L,(Q, 1) is
complete, the sequence converges. O

Definition 5.6. Let f, f,, and g, g, be as in Corollary 5.5. Then the function lim,, oo (fr*
gn) is called convolution of f and g. The element f* is an involution of f.

Theorem 5.7. The space L1(Q, ) is an involutive Banach algebra with respect to the
convolution and involution defined by Definition 5.6 and formulas (15), (16).

Proof. The proof immediately follows from Definition 5.1, Proposition 3.4, Definition 5.6,
and Corollary 5.5. |

Theorem 5.8. The involutive Banach algebra L1(Q, ) has a two-sided approximate
identity (ey), that is, there exists a sequence of functions e, € L1(Q,p), n € N, such
that, for all n, e, > 0, e, = el almost everywhere, |le,|l1 =1 and |le, * f — f]1 — 0,

If*en— fll1 =0 asn— oo forany f € L1(Q, ).
Moreover, for any f € C(Q),

(19) Jm [ 50 en(r)du (1) = fle)
Proof. Without loss of generality, we can assume that f € C.(Q). Next, let V,,, n €
N, be a fundamental system of open relatively compact neighborhoods of e such that
Voo 2 Vi1, NnenVin = {e}. Let é, € C.(Q) be a sequence of functions such that €, > 0,
€r = &y, supp é, C V,, and, finally set e,, = é,/u (€,), having p (e,) =1 for all n.
Hence,
inf f0) < [ F0)ealr)du(r) < sup £(o).
qeVn Q qEVn
which immediately implies (19).
Now, consider f(p) — (e, * f)(p) and write it as

16) = s Do) = (1= [ enla)dn(@)

n

+ / en(a) (F(0) = (AS) (g p)) di (q)
V,

_ / en(q) (AF)(q",p) du ().
Q\Vn

The first term is zero by the definition of e,,. The third term is also zero, since supp e,, C
V... Hence,

If(p)—(en*f)(p)IS/ en(q) [f(p) = (AF)(q",p)| dp (q)-

n
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The function
(p:9) = enl@)(f(0) = (Af)(a",p))

is continuous, has compact support contained in F' x V,, C F' x Vj for all n € N, where
F is some compact subset of (). Thus consider the function

®: (p,q) — f(p) — (Af)(q",p)

on F x V3. We have that ®(p,e) = 0 for all p € F. Hence, for any £ > 0 there is a
neighborhood V; of e such that |®(p,q)| < € for all (p,q) € F x V.. Choosing N such
that Vy C V. we will have V,, C Vy C V. for all n > N and thus for such n,

|f(p) — (en * [)(D)] /V en(q) |f(p) — (Af)(q",p)| du(q)

IN

IN

en(Q)( sup  [®(p,q)|du(q)

Vn P,q)EF XV,

e

IN

for all p € F. Thus

If = (en* F)ln

/Q () = (en % )(p)] du (p)

/F () — (en * £)(0)| dus (9)

< E/qu(p)~

This proves that ||f — (en * f)]]1 — 0 as n — oo.
Let us now consider f — f xe,. First of all recalling that dji is a right Haar measure,
hence (5) holds, and we have

(fren)p) = /Q £(9) (Aen)(a*,p) du (q)

/Q F(a) (Dew)(a,p) dii (q)
- /Q en(q) (AF)(q,p") dji ()

/Q en(q®) (AF)(q",p7) dpi (q)

/Q en(q) (AS)(pyq) dpt (g).
This shows that

10) = (Fe)@) = (1= [ e@aut)

n

+ / en(@)(f(0) — (AF)(p,q) ds ()

—/ en(q) (AS)(p; @) dp (q)-
Q\Vn
Then we continue the reasoning as above. |

Remark 5.9. Everywhere in the sequel, we will assume that the approximate identity
(en) satisfies the following: supp e, C V;, where N,enV,, = {e}.
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6. A LEFT HILBERT ALGEBRA STRUCTURE ON C.(Q)

Recall [15] that a linear subspace 2 of a Hilbert space H is called a left Hilbert algebra
if 2 is an associative algebra with involution # and the following holds:

(i) the map #: A — A is a preclosed operator on H;
(ii) (fg,h)H = (g, fﬁh)H for f,g,h € A;
(iii) for every f € 2, the operator Ly: g — fg, g € 2, can be extended to a continuous
operator on H;
(iv) - is dense in H.

Proposition 6.1. Let QQ be a locally compact hypergroup. Consider the algebra A =
Ce(Q) with multiplication * defined by (15) and involution * defined by (16), with the
scalar product induced from the Hilbert space H = Lo(Q,p). Then (A, x,*) is a left
Hilbert algebra.

Proof. Tt follows from Corollary 5.3 that C.(Q) is an involutive algebra.
To see that the map *: C.(Q) — C.(Q) is preclosed in Lo (Q, i), let fr, € Co(Q), frn — 0
and fr — fin La(Q, p) for f € La(Q, ). Since

1= 72 = /Q 1£(@) — F@)| du(a)

2 dp (q7)

=/\fn(q*)5(q*)—f(q)!2du(q)=/!fn(q)5(q)—f(q*)

Q Q

:/Ifn(q)5(Q)*f(q*)|25(q*)du(q):/|fn(Q)*f(q*)5(q*)|25(Q)du(q)-
Q Q

This show that f, — f* = 0 almost everywhere, hence f = 0 in Ly(Q, ) and * is
preclosed in Lo (Q, p).
Consider now the left-hand side of the identity in (ii). We have
(01 = [ W0 G o@dnt@ = [ B (| 1008907 00 )) d )
The right-hand side of (ii) will be

(g, f* *h),, = /Q T+ )()9(q) dyt (a)

_ /Q ( /Q JH()AR(r*, ) dyi (r)) 9(a) dp (q)
:/Q</Q<S(r*)f(r*)Ah(r*,Q)dﬂ(’")) 9(q) du(q)
- /Q ( /Q f(r)AE(T,Q)dH(T)) 9(a)du (q)
= [ 50)( | SR 09@ (@) dn
_ /Q 7 /Q Ag(r*,q) ha) dp (a)) dia (r),

where we have used that the measure p is left-invariant. By comparing the above two
expressions, we see that (ii) holds.

Using inequality (17) with o = 2, we see that Ly can be extended to a continuous
operator with [|L¢|| < ||f|l1, hence (iii) is true.
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Consider (iv). For f € 2 and an approximate identity (e,,), using (17) we have

If = en* flloo < [ flloc + llen * flloo < I flloo + llenll1ll [[flloo = 2[flloo-
Since, for any g € 2,

||g||§:/Q|9((I)|2dM(Q) < llglls llgll,
we have that

1f = enx Fll2 < UIF = enx FINPIS = enx F12* < @S lloo) N1 = en * £IR,
showing that e, x f — f in Lo(Q, 1). This proves (iv), since e, € 2 for all n. |

1/2H

Proposition 6.2. Let S denote the closure of the antilinear operator * and S = JD/?
be its polar decomposition, where D is positive and J is an antilinear isometry. Then,

for any f € C.(Q),

(20) (D2 1)) =62 f(p),  (JHp) =) f(p").
Proof. For f, g € Co(Q), we have
(S£.9) /f )*/()f()()u()
/6 7)9(q / 1 (q)-
Hence, 5°(g)(p) = 5(p°) and (Df)(p) = (5*S£)(p) = (SF)(r*) = 6(p)(p). This proves

the first identity in (20).
To prove the second identity in (20), consider g = 6'/2f = D'/2f. We have

(J9)(p) = (JD2f)(p) = f*(p) = 6(p") f(p*) = 8(p" )6~ 2(p")g(p*) = 62 (")g(p")-

O
Corollary 6.3. For f € C.(Q), set
(21) fi(p) = F0").
Then (f1)T = f and
(22) (Fgxh)y = (Fxhlg)
Proof. Tt follows from Proposition 6.2 that the involution adjoint to * is T, hence we get
the result [15]. O

7. REPRESENTATIONS OF A LOCALLY COMPACT HYPERGROUP
Lemma 7.1. For eachp € Q, let L,: C.(Q) — Co(Q) and Ry, : C.(Q) — Cc(Q) be defined

by
(23) (Lpf)@) = (ANHEK"9),
(24) (Rpf)(@) = (Af)(q.p)d%(p).

Then ||Ly flla < |flla; @ € {1,2}, and |R, fll2 < ||fll2, where || - || is the norm in
Lo(Q,u), p is a left Haar measure.

Proof. Consider the case a = 1. Let p € @ be fixed. Since |Af| < A|f|, using (10) we
have

1Loflh = /Q Lo f1(r) dp () = /Q AF(* )] dia (r)
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< [ ARG dn )= | 111w dn ) = 151

Now consider the case o = 2. Since |Af|? < A|f]?, we have the following estimate for
a fixed p € Q:

1L, £113

/Q (Lo ) (@) du (a)
/ IAf(p*, q) dp (q)
Q

IN

/Q<Af2><p*,q)du<q>

[ 1710 @
Q

= IfII5.

Now, consider ||R, f||3 and use properties (ii), (iii) and (i) in Proposition 4.7,

IR 12 /Q (A F(a,p) 8% ()2 dps (g)

= 6(p)/Q’Af’2(q7p)dﬂ(q)

< 30) | (AP

= 00) [ (P b o)
— Sp)OY) /Q A(1F126)(a,p) dii )

O

Corollary 7.2. For p € @, the operator L,: L1(Q,pn) — L1(Q, ) and the operators
Ly, Ry: La(Q,1t) — Lo(Q, 1) have norms 1. Hence they can be extended by continuity
to the corresponding Banach and Hilbert spaces.

Definition 7.3. The extension of L, (resp. R,) by continuity to the Hilbert space
Lo(Q, 1) is called a generalized left (resp. right) translation operator. We will still
denote it by L, (resp. R,).

Definition 7.4. Let H be a Hilbert space, £L(H) the algebra of all bounded operators
on H. A weakly continuous mapping 7: Q — L(H) is called a representation of the
hypergroup @ if it satisfies the following preperties:

(i) m(e) = I, the identity operator on H;
(i) 7(p*) = 7(p)";
(iii) for every &,m € H,

(25) A(m()€m) 5 (0. q) = (7(p)7(9)E,m)

A representation 7 is called bounded if the function p +— ||7(p)|| is bounded on Q.
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Proposition 7.5. Let u be a left Haar measure on Q, and set H = Lo(Q, ). Then the
mappings

T p— Ly, Tr:p— R,
are bounded representations of Q. Moreover, they separate points, that is, if p # q, then
71 (p) # mL(q) and wr(p) # Tr(q)-

Proof. For f,g € C.(Q), we have

(Lpf’ 9)H

/Q AF (. q) g(a) du (q),

(Bof.9), = 04(p) /Q AF(a.p)3(a) du (a),

whence weak continuity of 77, and g follows, since Af(1®g) and A f(g®1) are functions
continuous on Q x @ and have compact support, and §2 € C(Q).

Property (i) for 7, (resp. mg) follows immediately from (Hs) and the definitions of
mr, (resp. TR).

Property (ii) for 7y, is equivalent to axiom (Hy). Indeed, let f, g € C.(Q). Then

(Lfo)y = [ Lh@s@dn ()

Q
=/, Af(p*,q) g(q) du(q).

On the other hand,

(filpg)y = /Qf(q)Lp*g(Q)du(q)

= [ 1@ 2500 dna)
Hence, the identity Ly = L,- is indeed equivalent to (H4). To see that (ii) holds for

R,, we will use positivity of §, Proposition 4.7 (i)—(iii), and that { is a right invariant
measure thus satisfying (5). Take f, g € C.(Q) and consider

(Rof.0), = /Q Af(q.p) 5% () 3(a) du (q)

Let us now consider (iii) in Definition 7.4. Let f,g € C.(Q) and p,q € Q.
Consider 77,. On the one hand,

(LP(qu)vg)H:/Q(L;D(qu))(r)g(r) dp (T)Z/QA(qu)(p*ﬂ“)g(r) dp (7)
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:/Q((idxA)oAf)(q D" )3 (r) dpa ().
On the other hand,

AL L0y = B[ (B NEI0 ) .0)

/Q AL, F)(p,q,r)3(r) dy (r)

/Q(<Axid> ( xid) o A £) (s q,r)g(r) du (r)

/Q((Axid)oAf)( ¢, p", )G (r) dp ().

This proves (iii) for mp,.
Consider now mr. Let f,g € C.(Q). The right-hand side of (25) becomes

(Ry(Rofog), = /Q Ry(Rof) (1) (r) dps (r)

/Q ARy f)(r, p)8% () 5(r) dp (1)

= [ (@ %0 800008 @5 0)50) s ()
For the left-hand side of (25), using Proposition 4.7 (iii) with z = 1/2, we have

AR S.0)y0) = A([f (R0 30 40 0)) )
= [ AR50V )

I
S
—
>
~
—
-
>,
[
SN—
)
=
i)
SN—
=
E
N~—
IS8
=
©
N~—

- /Q A(AS(r, ) (0 )6 (9)6% (0) () s (7).

This shows that wg satisfies (25).

Since ||L,|| <1 and |R,|| <1 for p € @ by Corollary 7.2, the representations 77, and
7r are bounded.

To show that 7y separates points, let p,qg € Q, p # g. Then there is a function
f € C.(Q) such that f(p) # f(¢"). Thus Ly(f)(e) = A(f)(p",¢) = f(p) and, similarly,
Ly(f)(e) = f(g*). This means that L,(f) # Lq(f) in L2(Q, it ), hence 71, (p) # mr.(q).

For 7R, the proof is similar.

O

Lemma 7.6. Let p € Q and f,g € C.(Q). Then
(26) Ly(f x9) = Ly(f) * g,
(27) (Lp(H))" * g =1+ (Lpr(9).

Proof. Let us first prove identity (26). For p,q € @Q, using the definition of L,,, coasso-
ciativity of A, right-invariance of i, property (Hs) we have

9@ =L [ 10806 ) dn ()@
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:i/f&)&buMoAgﬂﬁmﬂ@duﬁ)
/ Fr) (A x id) o A g)(r*,p*, q) dpu ()
/f ((A xid)o Ag)(r*,p*,q) dpu(r)
:/ F)((A x id) o Ag)(r,p*, q) dji (r)

/Afrp) Ag(r,q) dfi (r /Af *,p) - Ag(r*,q) dp (r)

- /Q AF(p*r) - Ag(r*, q) du (r).

On the other hand,

(Lo (f) * 9)(a) = /Q Ly(f)(r) - Ag(r*,q) dyu (v / AF(*,r) - Ag(r*,q) dyu (r),

which ends the proof of (26).
Consider now (27). The left-hand side equals

(@A) *9)@) = [ (La(9)" (1) Aglr" ) ()
Q
:/Lp(f)(r*)a( ) Ag(r*, q) dp (r /Af 1q) 0(r) dp ()
Q
Z/QAf(p*,T)Ag(nq)fS( r) dp (r /Afp r) Ag(r,q) dp (r)

/f ((A xid) o Ag)(p, 7, q)du(r),

where we have used Proposition 4.7 and left invariance of p .
Write out the right-hand side of (27) as

/f r*,q) dp (r)
= [ 7671007 (@ 8) 0 8 )7 ) )
- /Q F(r) ((id x A) o Ag) (p.7,q) 8(r) du ()

/f (id x A) o Ag)(p,r, q) dp (r).

Since A is coassociative, we see that both sides are equal.

19

O

Theorem 7.7. Let m: Q — L(H) be a bounded nondegenerate representation of the

hypergroup @ on a Hilbert space H. Then 7: L1(Q, ) — L(H) given by

(25) #(f) = /Q f@n@du(e),  feLi@u),
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defines a nondegenerate representation 7 of the Banach algebra L1(Q, ) on H, where
the integral is understood in the sense of Bochner [16].

Conversely, let 7: L1(Q, ) — L(H) be a nondegenerate representation of the Banach
algebra L1 (Q, 1), (en) an approzimate identity, p € Q, and Ly, is considered as a mapping
Li(Q,pn) — L1(Q, ). Then the limit

(29) w(p) = lim #(Ly(en))

exists in the strong operator topology, and the mapping 7: Q@ — L(H) defined by (29) is
a nondegenerate bounded representation of the hypergroup Q. Moreover,

(30) m(p) 7 (f) € =7 (Ly(f)) &,
where f € L1(Q,p), £ € H.

Proof. Let m be a representation of () on H and show that 7 is a representation of
L1(Q, ). We start by showing that 7(f) € L(H) for f € L1(Q, i ). Indeed,

|—||/ 0)dus (g |I</H7r 9)ll dus (q)

/Hﬂ ) (0) < sup (@) - | 170 @)
= sup (@) - 1711 < o0,
qeQ

since 7 is a bounded representation of Q.
Next, consider #(f*). We have

7Af(f*)=/Q7T(q)f*(q)du(q)=/Q77((1),7‘(q*)5(61*)du(q)
- / w(q") F(@)6(q) du (") = / 7(0)* F(@)5(a)5(¢") du (q)
Q Q
~ ([ @i @dut@) =70,
Q

where we have used the definition (16) of f* and Proposition 4.7.
Consider now

7(f1* fo) = L% fo | .q)d du (q).
(s )= [ st @ dn = [ ([ AL 0 ) o
For ¢,n € H, we have

(ﬁ'(fl*f2)§a77)H:/ q)&,m) /f1 r*,q) du (r) dp(q)

/ filr / D) €0) A2 (7, q) dis (g) dps ()
/ filr / m(+) &) ) (r,q) f2(q) dp (q) dpa ()
/f1 / (@) €.m) y Fola) dp () da (1)
/ A1) () 7(F2) €.1) y dis () = (*(F2) 7 (F) Em)

where we have used (iii) of Definition 7.4.
Consider now the converse and prove that the limit in (29) exists in the strong operator
topology. Since 7 is a representation of a Banach algebra, it is continuous and ||7(f)]] <
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[If]l1 for f € L1(Q, ). Since it is nondegenerate, the set #(A) H is dense in H. Hence,
consider a vector of the form #(f)¢ for some f € A, £ € H, fHH = 1. For n € N,
using (26) and Theorem 5.8 we have

(Lp(en)) 7(f) € = 7(Lp(N)) €y = 1T (Lplen) * f = Lu(f)) €]l
< N1 (Lp(en) x f = Lp(O) - [[€ll < ILp(en)  f = Lyp(f)ln
= [[Lp(en * f) = Lp(N)llh = [ Lp(en * £ = Flx

<llew* f— flli ——0,
n—oo

proving (30). To see that 7(p) is bounded on H, let £ € H, H{HH = 1. Then

|7 (@) &l =] lim #(Lp(en))8]| ;= lim [|7(Ly(en))E]|
< Ii =1 =1.
< tim [[Zyfen) [l = lim feal =1
This, in particular, shows that the map p — ||7(p)]|| is bounded.
Let us now prove that (29) defines a representation of ¢ on H.
Since Le(e,) = ey, and (e,) is an approximate identity, #(L.(e,)) — I strongly on H.
To prove that w(p)* = w(p*), take n = #(f)¢ € H, f € L1(Q,n), and using Theo-
rem 5.8 and (27) consider

T(Lp(en))™ n = 7(Lyp(en)") 7(f) € = 7}<Lp(en)* * f) 3
= (en Ly () € = 7 (en x Lp-(£) € 7= 7 (Lp+ () &,

where the limit is taken in H. This shows that lim,, .. 7(L,(e,))* exists on each vector
of a dense subset of H and is bounded. Hence, for n = #(f) &,

7(p) 0= (lim #(Ly(en)) n = lim (#(Lplen))"n) = 7 (L () €
On the other hand,

7AT(LP* (en)) n= 7AT(Lp* (en)) T(f) €= 7AT(LP* (en

~
*
~
~—
I

And this shows that 7(p)* = 7(p*).
To prove that (iii) in Definition 7.4 is satisfied, for p,q,r € @, consider

(AL, (MNP 9)(r) = (AL, ()P g,7) = (A xid) o ("xid) o A f)(p,q,7)
= (A xid) o A f)(q",p*,r) = (Lp(Lg([))) (7).
Hence, for ny = #(f) € € H, f € L1(Q, ), n2 € H, we have

(A(r()n1,m2) ) () = (A(R(LL () € m2) ) (P 0)
= (ﬁ(A(L- (f))(p’ q)) 57 772)H = (ﬁ—(LP(Lq(f))) Ea 772)]_1;

as follows from the preceding identity. On the other hand,

(m(p) 7(q) m,me2) = (w(p) (@) 7(F) & m2) o
= (ﬂ-(p)ﬁ-(LQ(f)) &, 772)H = (ﬁ'(Lp(Lq(f))) 3 772)Ha
which ends the proof of (iii), Definition 7.4.

It is clear that nondegenerate representations of L1 (Q, ) correspond to nondegenerate
representations of () and vice versa. O
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8. AN APPROXIMATION THEOREM

Definition 8.1. A continuous bounded function k on @ is called positive definite if for
anyn €N, ¢ €Q,i=1,...,n, the matrix

(Ak(a 41)) 1<,
is positive semi-definite [17].

Definition 8.2. For two positive definite functions k1, ko, we say that ki majorizes ks,
written by ki > ko, if k1 — ko is positive definite. A positive definite function k is called
elementary if any positive definite function majorized by k is of the form Ak, A € [0, 1].

Lemma 8.3. Let A denote the involutive Banach algebra Li(Q,p). A continuous
bounded function k on @ is positive definite if and only if the functional x: A — C
defined by

(31) xilf) = /Q k(@) () du (a)

is positive on A, that is,

(32) (5 ) = /Q K@)(* < £) dulq) = 0
for any f € A.

Proof. First of all, let us show that
(33) o f) = [ ARG 0)300) @) ) (),

Indeed,

/ k(@) (g™ * £)(a) du (q) = / k(q) dyt (q) / g* ()AL q) dyu ()
Q

Q Q

- / k(q) dys (q) / )5 )AL, ) dya (r)
Q Q

_ / g(r*)5(r) du (r) / KQAF(r, q) dp (g)
Q

Q

- / G0)00*) du(r) | Ak(r,q)f(q) da (q)
Q Q

= o Ak(r,q)g(r*) f(q)o(r™) du (r)du (q)

= ) Ak(r*,q)g(r) f(q) du (r)du (q).

Thus, for g = f, we have
Xe(f** f) = o Ak(r,q) f(r) f(q) du (r)dp (q).

So, let the functional x; on A be positive, i.e., (32) hold. Let ¢; € Q, i =1,...,n, be
given. Let € > 0 and, for each 4, choose a neighborhood U; about ¢; such that

‘Ak‘(rf,rj) — Akz(qi*,qj)’ <e Y (ri,r;) € Uy x Uj.
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and U; NU; = 0 if i # j. Let ¢; € C, ¢ = 1,...,n, be arbitrary complex numbers.
Denoting by f; the characteristic function of the set U;, set

n CZ‘

Then

n

s ) = [0 3 s 3. ity )0

B Z m ‘/l]iXUj Ak(r*, 9) dps (T)d,u (Q)

= WJ(U],)(M(QZ»%) + i) (Us) u (U;)

n

= Z EiCj (Ak(q:a q]) + Eij)’

ij=1
where |g;;| < . Hence, positivity of the functional y; implies that the matrix
(Ak(q;‘kv ;) + 5ij) 1<ij<n

is positive definite. Since ¢ is arbitrary, the matrix (Ak(qf,qj))
definite.

Let now k be positive definite and prove (32). Take f € C.(Q) with compact support
K. For arbitrary ¢; € K,i=1,...,n, we have

1<ij<n itself is positive

Z Ak(q;, q5) f(ai)f(g5) = 0.

ij=1

Hence,

/Kn ( Xn: Ak(q; s q5) f(%’)f(q]')) du (q1) - .- dp(gn)

i,j=1

— o ()" /K AR(g*,q) Fa)F(a) dpt ()

=K [ AR 000 di () 2 0

This means that
W) [ Ak o) F@f @ (@) + [ ARG 0)f0) (@) dn () (0) 2 0.
Q Q?

Making n — oo, we see that

o Ak(r*,q) f(r) f(q) du (r)dp (g) = 0,
which proves (32) for f with compact support and, hence, for any f € L1(Q, ).

U

Corollary 8.4. For continuous bounded positive definite ki, ks, we have k1 > ko if and
only if X, = Xks-
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Theorem 8.5. A continuous function k on @Q is bounded and positive definite if and
only if there is a Hilbert space Hy, a bounded representation my of Q on Hy, and a vector
&k € Hy, such that

(34) k(q) = (Wk(Q)fhfk)Hky q€Q.
The representation Ty, is irreducible if and only if k is elementary.

Proof. Let 7 be a bounded representation of @ on H, and k be defined by (34).
For ¢; € Q, ¢; € C,i=1,...,n, and using property (25) we have

D (Ak(gq))aic; = > (A(mk(+)€ks &) o, (PF2P5))Cics
i,j=1 i,5=1
(i (@) (@5)60 6) g, ics = D (Th(9))Eks Th(@0)Ek) y, Cic
ij=1 ij=1

Z(:ﬂrk q ék,Zcm G)k) . = Hzcm g)&[3, >0,

which means that the matrix (Ak(q;“, qj))
function k.

Conversely, let k& be a bounded positive definite function. This means that the func-
tional xx defined in (31) is positive and bounded on the involutive Banach algebra
A = L1(Q,p). Using the GNS-construction, see [18], we obtain a Hilbert space Hy,
a representation 7 of A and a cyclic vector & such that

Xe(f) = (T £)én &)y, fEA
By setting f = L,(e,) and making n — oo, see (30), we get

. is positive definite, hence such is the
1<i,j<n

(7 (0)Eks )y, = i xi(Lplen)) = lim xi(Ly(eh)) = lim [ k(r)Ly(e3)(r) dia ()

n—oo Q

= lim k(r) Aen(r*,p)du (r) = lim (k * e,)(p) = k(p).
n—oo Q n—oo
It is clear that 7: @ — L(H) is weakly continuous if and only if k is continuous, and =
is bounded if and only if k is bounded.
The representation 7y is irreducible if and only if yy is pure [18] and this is the case,
by Corollary 8.4, if and only if k£ is elementary.
O

Lemma 8.6. Let k be a continuous bounded positive definite function on Q and x the
associated positive functional defined by (31) on L1(Q, ). Then

(i) k(e) = lIxxll;

(i) [k(p)| < K(e) for any p € Q.

(i) k(p*) = k(p);

(iv) [k(p) — Ak(p,q)|* < 2k(e) Re (k(e) — k(q)) for all p,q € Q.

Proof. For the positive functional yj on the Banach involutive algebra A = L1(Q, ),
consider 7, Hy, &, which are the corresponding representation, the Hilbert space, and
the vector obtained via the GNS-construction. Then [18], since A has an approximate
identity by Theorem 5.8,

Ixell = [l * = k(e),

which proves (i).
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Consider (ii). Using Lemma 7.1 we have that | L,(en)|l1 < |len|l1 = 1. Hence,

k()] = | lim (e(Lp(en))Ei &) , | = | 1m0 xi(Zylen))]

< sup ()] =[xl = k(e),
11l <1

proving (ii).
Next, consider the corresponding representation of @ on Hi. We have

k(p*) = (7(p") &ks k) gy, = (& (D) &k) gy, = (7(P) En Ek) . = (D),
which gives (iii).
To prove (iv), consider

|k(p) — Ak(p. q)|” = | (7(p) &k &)y, — (D)) &) 1y, |
= |(n(p)(I - W(Q))§k7§k)Hk’2 = [((I = 7(@) &m(P") &)y,
< (1 = (@) &y, 17 (0") &3,

It follows from (ii) that —k(e) < k(p) < k(e) for all p € Q. Hence, —k(e) < Ak(p,q) <
k(e), that is, |Ak(p, q)| < k(e) for all p,q € Q. Thus, we have the following estimate for
the second factor:

70" [l = (T(@)7(P*) €x &), = Aki(p,p*) < k(e).
For the first factor, we have
17 = 7(@) &l = (I = 7(a) &, (I = 7(a) &) 1,
= |l&|l5, + 7@ &[5, — 2Re (7(a) &, &) 5y,

< 2k(e) — 2Re (7(q) 0, &x) ;. = 2Re (k(e) — k(0)),
which ends the proof. O

‘=

| 2

Corollary 8.7. For f € C.(Q), let f1 be defined by (21). Then f x f1 is a positive
definite function.

Proof. Indeed, for any g € C.(Q), using property (ii) in the definition of a left Hilbert
algebra and (22) we have

Ko (0" w0) = [ (14 S0 3)0) dn )
=(f*f19 %9 p=(ax g% )y =g*flIF 2 0.
Hence, x j.st is a positive functional, thus f * f1 is positive definite. (]

Lemma 8.8. For any f,g € C.(Q), f * g' is a weighted sum of four positive definite
functions, namely,

(35) Afxg' = (f+9)*(f+9) = (f—g)*(f—g) +i(f+ig)* (f+ig)T —i(f—ig)*(f—ig)T.

Proof. The proof is immediate. |
Lemma 8.9. Let f € L1(Q, ) be fized. Then the map L,(f): Q@ — L1(Q,p) defined
by

(36) Q3p— Lp(f) € Li(Q, 1)

18 continuous.
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Proof. Let py € Q and prove that the map (36) is continuous in the point py. Fix e > 0,
and let fo € C.(Q) be such that ||f — fo|l1 < e. Take a neighborhood U of py that has

compact closure, E = U. Let g € C.(Q) be such that g(p*) = 1 for p € E. Since the
function fj has compact support, (¢ ® 1)A fy also has compact support, which we denote
by K, K C Q@xQ. Let F be the image of K under the projection of @ x @ onto the second
factor. Thus F' is also compact. Finally, since A fj is continuous on the compact set K,
choose a neighborhood U; of the point py such that |A fo(p*,q) — Afo(ps, @) < e/p(F)
for all p € U; and all ¢ € F. Hence, for p € U N Uy, we have

1Lo(fo) = Lyo (fo) 1 = /Q A Sy 0) — Afolri )| du ()
= [ 18070 = Ao )ote) e o)

* * 9
= [ 1Ad(o".0) = Ao )| (@) < e (F) ==
F
Thus, for p € U N Uy, we have

1Ly (f) = Lpo (£) 11
S Lp(f) = Lp(fo)llr + [1Lp(fo) = Lo (fo)ll1 + [1Lpo (fo) = Lo (£ 2
= ILp(f = fo)llv + 1 Lp(fo) = Lo (fo)llx + [ Lpe (fo — )l
< If = Solls + 1 Lp(fo) = Lpo (fo)llx + [1fo = fllx < 3z,
which ends the proof. |

Corollary 8.10. Denote by o(L1(Q, 1), Loo(Q, 1)) the weak topology on L1(Q, ) in-
duced by the dual space Loo(Q, ). Then the map given by (36) is weakly continuous.

Proof. Indeed, for any g € Loo(Q, 1), f € L1(Q, 1), and p,pg € Q, we have

/Q (@) (Lo(F) — Lo () (@) dp (@) < 9]l || Zo(F) — Lo ()],

The continuity follows now from Lemma 8.9. ]

Lemma 8.11. Let f € Co(Q) and (e,,) be an approzimate identity. Then
f—f*e,—0, n — 0o,

uniformly on compact subsets of Q.

Proof. Let K be a compact subset of ). Denote by E,, the support of e,, and, for p € K,
consider

F@) — (F * en) )] = | F(0) - / £(@)Aen(q™p) di (0)]
Q
— /() - / F(@)Aen (0, q) du (g)]
Q
= en(q)d — Af(p,q)en(q)d
| /Q F(P)en(a) du (q) /Q 0 @)en(a) dn (0)]
=1 [ (3700 - A7) en(a) i 0)

n

< sup [Af(p.e) — Af(p.)| /E en(@) du (@) = sup |Af(p.e) — Af(p.g)|-

qEE, q€E,
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Since K and F,, are compact for all n, E, C E,, if n > ny, NpenE, = {e}, and Af is
continuous, for a given £ > 0 there is n; € N such that

[f(p) = (f *en)(p)| <&
for all n > n; and p € K. O
Proposition 8.12. Let P, be the set of continuous bounded positive definite functions

k on Q such that k(e) = 1. Then the weak o(L1(Q, 1), Loo(Q, pt))-topology and the
topology of uniform convergence on compact sets coincide on P;.

Proof. Tt is clear that if kg is a limit point of a set X, X C Py, in the topology of uniform
convergence on compact sets, then it is a limit point with respect to the weak topology.
Let us prove the converse.

Assume that kg is a limit point of X with respect to the weak topology. Fix a compact
set K C @, take an arbitrary k € P, and let (e,) be an approximate identity. Then we
have

(37)  [ko(p) — k(p)| < [(ko — ko * en)(p)| + (Ko — k) * en)(p)| + | (k * en — E)(p)].

Fix now ¢ > 0. Since ko is continuous and kg(e) = 1 because kg € Py, choose a
neighborhood V' of e such that |1 — ko(p)| < € for all p € V. By Lemma 8.11, the first
term in (37) approaches zero uniformly on K, hence there is n such that

(ko — ko * en)(p)] <€

for all p € K. Clearly, we can assume that V,, = suppe, C V.
Use Lemma 8.11 to find a o(L1(Q, ), Loo (Q, it ))-weak neighborhood U; of the point
ko such that
[((k = ko) xen)(p)| < &
for all k € U; and any p € K.
Finally, let Us be a o(L1(Q, 1), Lo (Q, pt))-weak neighborhood of the point k¢ such
that

‘/Q(ko — k) (q) en(q) dp (q)‘ e

for any k € Us and the e, found above.
Let k € Uy NU; N X and consider the third term in (37). Using (4), (iv) in Lemma 8.6,
and that ¢, = e, and |le, |1 = 1 we have

|k en)(p) — k(p)| = ’/ k(q)Aen (g, p) dp (q) — k(p)‘

’/ q)Aen(p, q) du(q) — k(p)’

‘/Ak:p, Q)en(q) du (g /k p)en(q du()‘
< / |Ak(p, 4) — k(p)|en(q) du (q)

1%
< ﬁ/ (Re (1 = k(@))) 2en(@)2en(@) /2 dyi (q)
1%
< V([ Re 1= ka)enta dn@) ([ entadnt@)
- \/§</VR e (1 —ko(q))en(q) dpu (q) + Re /V(k‘o —k)(g)en(q) du(q))l/2
< \/§</V|1 — ko(q)|en(q) du (q) + \/V(ko —k)(q)en(q) du (Q)‘)l/z
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< V(e + )2 = 2:1/2,

since |1 — ko(p)| < ¢ for p € V and because k € Us.
This shows that for any € > 0 there is k¥ € X such that

ko (p) — k(p)| < 2(c +&'/%)
for any p € K, and this ends the proof. O

Theorem 8.13. Every continuous function can be uniformly approximated on a compact
set with linear combinations of elementary positive definite functions.

Proof. Fix a compact subset K of Q and let f € C(Q). We can assume that f € Co(Q).
Using Lemma 8.11 we can approximate f with f % e, uniformly on K, where (e,) is an
approximate identity. Using identity (35) we can represent fxe,, as a weighted sum of four
positive definite functions f;, ¢ = 1,...,4, and due to Lemma 8.6 (ii) we can assume that
fi(e) = 1, that is f; € P;. The set Py of continuous positive definite functions k such that
k(e) < 1isa convex 0(Loo(Q, 1), L1(Q, 1v))-weakly compact subset of the locally convex
space Loo(Q, ). Since the extreme points of Py are precisely the elementary positive
definite functions, applying the Krein-Milman theorem, we approximate, with respect
to the 0(Loo(Q, 1), L1(Q, 1)) weak topology, each function f; with a finite weighted
sum of elementary positive definite functions. Application of Proposition 8.12 ends the
proof. O

9. A PLANCHEREL THEOREM AND INVERSION FORMULAS FOR A LOCALLY COMPACT
HYPERGROUP

In this section, 2 denotes the left Hilbert algebra considered in Section 6.

Theorem 9.1. Let £ (resp. R) denote the von Neumann algebra generated by the
operators Ly, (resp. Rp), p € Q, on H = Lo(Q, ). Then L' =R and R' = L.

Proof. 1t follows from Theorem 7.7 that the von Neumann algebra £ coincides with the
von Neumann algebra 7y, (2)” generated by the left regular representation of 20 on H, so

that £ = 77, (2A)". However, it follows from [15] that 77 ()" = (JWL(Ql)J)”. Whence, to
prove the theorem, it is sufficient to show that

JL,J =R,

on 2. Indeed, for f € 2, using (20) and Proposition 4.7 (iii) with z = 1/2 we have
(JLpJ £)(q) = 6% (q*) (Lpd f)(a*) = 62 (¢") AT F)(p*,q")

=35 (q")AGE f)(p*,q") = 6% (q")A(S

5% (¢")0% (¢)8% (p)Af(q,p) =

m\»-‘
Nl

(g, p)

5% (p)Af(q.p) = (R, f)(q)-
0

Let H = Ly(Q, 1) and denote by Ly = 7p(f), f € 2, the operator defined by (28)
for the left regular representation 7y, of @) defined in Proposition 7.5. Let £ be the von
Neumann algebra generated by Ly, f € 2, on H and ¢ the weight on £ corresponding
to the scalar product in H, i.e., it is defined by

(38) o(LgLy) = (f,9)y,  fge

Let H, be the Hilbert space obtained from £ and ¢ via the GNS-construction. The
central decomposition theorem for von Neumann algebras applied to £ gives

(&) D (&)
) Ho= [ HEde). L= [ L. o= [ e

N)\»—A
N)\»—A
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where Z is spectrum of the center of L.

Definition 9.2. The measure p on Z will be called a Plancherel measure. The Fourier
transform f of f € 2 is defined on Z by

(40) f(2) = Ly(2) = /Q F(@) Lo(2)dua), =€ 2.

Theorem 9.3. Let the Fourier transform be given by (40) and p a Plancherel measure.
Then

(41) (f.9), = / 0-(07(2)F (=) dp(2)
[ Loy i) dote),

and the Fourier transform” can be extended to a unitary operator Lo(Q, ) — H,.

(42) fa)

Proof. Identity (41) follows immediately from (38) that defines the weight ¢ and the
decomposition (39). Indeed, we have

(f.9),, = o(LiLy) = /Z oo (L) Ly (=) dp(z) = /Z 0= (57(2)F(2)) dp(2),

showing that the Fourier transform is an isometry. Since H, is the closure of the image
of the Fourier transform, we see that it is a unitary operator.
Let f € 2, with the Fourier image f and let

fi(g) = /Z o (L3(2) (=) dp(2).

Then, for any g € U, we have
(hs) = [ 00RC)antr) = [ (900) [ oo(B1F) doto)) d )
= [ o:( a0 an) F) dn(e) = [ o-(15:)1s()) )

=¢(LyLy) = (f,9) -
This shows that f — f; is orthogonal to any g € 2, hence it is zero. (]
Remark 9.4. The idea to use the central decomposition of the von Neumann algebra

generated by the left regular representation to obtain a Plancherel formula for generalized
translation operators is due to L. I. Vainerman and G. L. Litvinov [19].

10. HARMONIC ANALYSIS ON A COCOMMUTATIVE HYPERGROUP

The results in this section were obtained in [11] in the terminology of hypercomplex
systems. Here we give them for the sake of completeness. The proofs are easily adopted
from [11].

Definition 10.1. A hypergroup Q is called Hermitian if ¢* = ¢ for all ¢ € Q; it is called
cocommutative if

Af(p,q) = Af(q,p),
for all f € Cp(Q), p,q € Q.

Remark 10.2. It directly follows from (Hjs) that a Hermitian hypergroup is cocommuta-
tive.
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Definition 10.3. A function x € Cp(Q) is called a character of the hypergroup @ if
(Ax)(p,q) = x(p)x(q) for all p,q € Q. A character x is called Hermitian if x(p*) = x(p),
peq.

For the rest of this subsection, the hypergroup @ is assumed to be cocommutative.

Let X}, be the space of bounded Hermitian characters. For each character x € Xy, its
kernel is a maximal ideal. In what follows, we endow X with the topology of the space
of maximal ideals of the involutive Banach algebra L (Q, i ).

Theorem 10.4. FEvery continuous positive definite function k on @Q can be uniquely
represented as an integral,

(43) k(p) = /X x() dp(x).

with respect to some nonnegative finite Borel measure p on the space Xy. Conversely,
every function of the form (43) is continuous and positive definite.

Definition 10.5. For a function f € L1(Q, u ), the function f: X), — C defined by

(44) / £ (»),

is called the Fourier transform of f.

Theorem 10.6. The Fourier tmnsform given by (44) defines a umtary operator of the
space Lo(Q, 1) onto the space L2 (Q p), where the measure p on X, called a Plancherel
measure, is uniquely defined, Q = supp p, and the following inversion formula holds:

(45) f(p) = /Q Fo0x(®) dp(x)-

Remark 10.7. This theorem is now a simple corollary of Theorem 9.3. Let us remark
that the Fourier transform maps L1 (Q, i) into Co(Q) and the inverse Fourier transform,
given by formula (45), maps L1 (@, p) into Co(Q).

Theorems 10.4 and 10.6 give the following.

Corollary 10.8. A function k € L1(Q,p) NCy(Q) is positive definite if and only if
k(x) >0 for all h € Q.

The following lemma directly follows from Theorem 10.4.

Lemma 10.9. Let x1 - x2 be a positive definite function on Q for all x1,x2 € Q. Then
there exists a nonnegative finite reqular Borel measure py, v, on Xy such that

(46) 21 (0)x2(p) = /X X (D) dpxs xa ().

Theorem 10.10. Let Q be a cocommutative hypergroup satisfying the following proper-
ties:
(1) the character e defined in (Hy) belongs to Q;
(2) the product of two characters x1,x2 € Q is a positive definite functz’on, and the
support of the measure [y, X2 defined by (46) is contained in Q;
(3) the comultiplication A: Cy(Q) — Cp(Q x Q) defined by

(47) A(F) (1, xz) = /Qm) Qs (). F Q).

satisfies axiom (Hy) (d).
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Then Q 18 also a locally compact commutative hypergroup, a so-called dual hypergroup,

that satisfies the conditions of this theorem, and the hypergroup Q dual to Q coincides
with Q. The hypergroup dual to a compact hypergroup is a discrete hypergroup, the
hypergroup dual to a discrete hypergroup is a compact hypergroup.

Theorem 10.11. Let conditions of Theorem 10.10 be satisfied. Then

is a Banach algebra (an analogue of the Fourier algebra) with respect to the pointwise
multiplication and the norm || fllaq) = Ilfll1, @ .4)-
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