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�áâã¯

�¨áæ¨¯«÷  «�¨áªà¥â  ¬ â¥¬ â¨ª » õ ®¤÷õî § ®á®¢¨å äã¤ ¬¥-
â «ì¨å ¤¨áæ¨¯«÷ ã § £ «ì® ãª®¢÷© ¯÷¤£®â®¢æ÷ áâã¤¥â÷¢ §  á¯¥æ÷ «ì-
®áâï¬¨ 7.080203 «�¨áâ¥¬¨©   «÷§ ÷ ã¯à ¢«÷ï», 7.080204 «�®æ÷ «ì 
÷ä®à¬ â¨ª » â  7.080404 «öâ¥«¥ªâã «ì÷ á¨áâ¥¬¨ ¯à¨©ïââï à÷è¥ì».
�ãàá ¤¨áªà¥â®ù ¬ â¥¬ â¨ª¨ ¡ §®¢¨© ¤«ï â ª¨å ¤¨áæ¨¯«÷, ïª «�¥®à÷ï
©¬®¢÷à®áâ¥© â  ¬ â¥¬ â¨ç  áâ â¨áâ¨ª », «�¯¥æ÷ «÷§®¢ ÷ ¬®¢¨ ¯à®£à -
¬ã¢ ï», «�ªá¯¥àâ÷ á¨áâ¥¬¨» â  ÷. �÷¤ ç á ¢¨¢ç¥ï ªãàáã ¢¨ª®à¨áâ®-
¢ãîâì ®á®¢÷ ¢¨§ ç¥ï â  â¥®à¥¬¨ ¤¨áæ¨¯«÷ «� â¥¬ â¨ç¨©   «÷§»
â  «�÷÷©   «£¥¡à ».

�  ¢ç «ì®¬ã ¯®á÷¡¨ªã ¯®¤ ® â¥®à¥â¨ç¨© ¬ â¥à÷ « §  à®§¤÷« ¬¨:
«�«£¥¡à  ¢¨á«®¢«¥ì», «�¥®à÷ï ¬®¦¨», «�¥®à÷ï ¢÷¤®è¥ì», «�«¥¬¥-
â¨ ª®¬¡÷ â®à¨ª¨», «�¥®à÷ï £à ä÷¢», «�«¥¬¥â¨ â¥®à÷ù £àã¯», «�«¥¬¥â¨
â¥®à÷ù ª÷«¥æì». � â¥à÷ « §£÷¤® § à®¡®ç®î ¯à®£à ¬®î ¤¨áæ¨¯«÷¨ «�¨áª-
à¥â  ¬ â¥¬ â¨ª » à®§à å®¢ ®   ¢¨ª« ¤ ï ¯à®âï£®¬ ¤¢ ¤æïâ¨ ®¤÷õù
«¥ªæ÷ù.

�§ ç¥ï â  â¥®à¥¬¨ ¯à®÷«îáâà®¢ ® ¯à¨ª« ¤ ¬¨. �®¢¥¤¥ï «¥¬ ÷
â¥®à¥¬  ¢¥¤¥® ¢ áâ¨á«®¬ã ¢¨£«ï¤÷. �à®áâ÷ â¢¥à¤¦¥ï â  â¢¥à¤¦¥ï,
é® ¬®¦ãâì ¡ãâ¨ ¤®¢¥¤¥÷ §    «®£÷õî, § ¯à®¯®®¢ ® ïª ¢¯à ¢¨ ¤«ï
á ¬®áâ÷©®ù à®¡®â¨.

�®àï¤®ª ÷ áâ¨«ì ¯®¤ ï ¬ â¥à÷ «ã ¯®¢÷áâî ¢÷¤¯®¢÷¤ õ à®¡®ç÷© ¯à®£-
à ¬÷ ¤¨áæ¨¯«÷¨ «�¨áªà¥â  ¬ â¥¬ â¨ª » â  § ¤®¢®«ìïõ ¯®âà¥¡¨ áã-
¬÷¦¨å ¬ â¥¬ â¨ç¨å ÷ ¯à¨ª« ¤¨å ¤¨áæ¨¯«÷.
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�®§¤÷« 1

�«£¥¡à  ¢¨á«®¢«¥ì

1.1. �á®¢÷ ¯®ïââï  «£¥¡à¨ ¢¨á«®¢«¥ì

� æì®¬ã ¯÷¤à®§¤÷«÷  ¢¥¤¥¬® ®á®¢÷ ®§ ç¥ï â  ä ªâ¨, é® áâ®áã-
îâìáï  «£¥¡à¨ ¢¨á«®¢«¥ì.

�§ ç¥ï 1.1. �¨á«®¢«¥ï¬  §¨¢ îâì à®§¯®¢÷¤¥ à¥ç¥ï, áâ®-
á®¢® ïª®£® ¢ ¤ ®¬ã ª®â¥ªáâ÷ ¬®¦  ¢¨§ ç¨â¨, õ ¢®® ¯à ¢¤¨¢¨¬ ç¨
¥¯à ¢¤¨¢¨¬.

�à¨ª« ¤ 1.1. �¥ç¥ï «�÷£ { ¡÷«¨©» õ ¢¨á«®¢«¥ï¬, ®áª÷«ìª¨ ¯à¨
ä÷ªá®¢ ®¬ã ª®â¥ªáâ÷ ¬®¦  ¢¨§ ç¨â¨ ©®£® ¯à ¢¤¨¢÷áâì ç¨ ¥¯à ¢¤¨-
¢÷áâì. �à¨ ¯à¨à®¤®¬ã ª®â¥ªáâ÷ (®à¬ «ì¨©  â¬®áä¥à¨© â¨áª, ¢÷¤-
®á® ç¨áâ¥ ¯®¢÷âàï â®é®) ¤ ¥ ¢¨á«®¢«¥ï õ ¯à ¢¤¨¢¨¬. �«÷¤ § § -
ç¨â¨, é® ä÷ªá æ÷ï ª®â¥ªáâã õ ¥®¡å÷¤®î ¯¥à¥¤ã¬®¢®î ¤«ï ¢¨§ ç¥ï
¯à ¢¤¨¢®áâ÷ ¤ ®£® à¥ç¥ï, ®áª÷«ìª¨ ¢ ¥ª®«®£÷ç® § ¡àã¤¥÷© ¬÷áæ¥¢®á-
â÷ á÷£ ¬®¦¥ ¥ ¡ãâ¨ ¡÷«¨¬ (ã ¬¥¦ å ª®â¥ªáâã á«÷¤ â ª®¦ ¢¨§ ç¨â¨ á ¬÷
¯®ïââï «á÷£» â  «¡÷«¨© ª®«÷à»).

� ã¢ ¦¥ï 1.1. � ¯à¨ª«. 1.1 ¯¥à¥¤  ¬¨ ¯®áâ «  ¯à®¡«¥¬  ä®à¬ -
«÷§ æ÷ù ¯à¨à®¤®ù ¬®¢¨. �®à¬ «ì¥ ¢¨§ ç¥ï â¥à¬÷÷¢ «á÷£» â  «¡÷«¨©
ª®«÷à» ¥ õ ¯à®áâ¨¬,   ¢ ¬¥¦ å ä®à¬ «ì®ù «®£÷ª¨ ÷ ¥¬®¦«¨¢¨¬ (§ 
á¯à®¡¨ ¤ â¨ ¢÷¤¯®¢÷¤÷ ®§ ç¥ï ¡ã¤ãâì §'ï¢«ïâ¨áï ¢á¥ ®¢÷ â  ®¢÷ â¥à-
¬÷¨). � ª  ¯à®¡«¥¬  â¨¯®¢  ¯÷¤ ç á à®§£«ï¤ã «â¥ªáâ®¢¨å» § ¤ ç.
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�®§¤÷« 1. �«£¥¡à  ¢¨á«®¢«¥ì

�à¨ª« ¤ 1.2. �¥ç¥ï «�à®ª®¤¨«¨ «÷â îâì» õ ¢¨á«®¢«¥ï¬, ¥-
¯à ¢¤¨¢¨¬ ¯à¨ ¯à¨à®¤®¬ã ª®â¥ªáâ÷ (¢ ¦ª® áª®áâàãî¢ â¨ ª®â¥ªáâ,
§  ïª¨¬ ¤ ¥ ¢¨á«®¢«¥ï ¯à ¢¤¨¢¥, ¯à®â¥ â¥®à¥â¨ç® â ª  ¬®¦«¨¢÷áâì
¥ ¢¨ª«îç¥ ).

�à¨ª« ¤ 1.3. �®§¯®¢÷¤¥ à¥ç¥ï «�¥ à¥ç¥ï õ ¥¯à ¢¤¨¢¨¬» ¥
õ ¢¨á«®¢«¥ï¬, ®áª÷«ìª¨, ïª «¥£ª® ¯¥à¥¢÷à¨â¨, ¯à¨ ¦®¤®¬ã ª®â¥ªáâ÷
¥¬®¦«¨¢® ¢¨§ ç¨â¨ ©®£® ¯à ¢¤¨¢÷áâì ç¨ ¥¯à ¢¤¨¢÷áâì.

� ã¢ ¦¥ï 1.2. �à¨ª« ¤ 1.3 õ ®¤¨¬ § â ª §¢ ¨å ««®£÷ç¨å ¯ à -
¤®ªá÷¢». �à® ¯à¨à®¤ã â  § á®¡¨ ¡®à®âì¡¨ § ¯ à ¤®ªá ¬¨ ¤¨¢. [1, 2].

� ¤ «÷ ¤®¬®¢¨¬®áì ¯®§ ç â¨ ¢¨á«®¢«¥ï ¢¥«¨ª¨¬¨ «÷â¥à ¬¨  £-
«÷©áìª®£®  «ä ¢÷âã § ÷¤¥ªá ¬¨ ç¨ ¡¥§: A, B3, X2,13 (â ª §¢ ÷ ¯à®¯®§¨-
æ÷©÷ «÷â¥à¨). �ªé® ¢¨á«®¢«¥ï A ¯à¨ ä÷ªá®¢ ®¬ã ª®â¥ªáâ÷ ¯à ¢¤¨¢¥
(¥¯à ¢¤¨¢¥), ¡ã¤¥¬® ¯¨á â¨: |A| = 1 (¢÷¤¯®¢÷¤® |A| = 0).

1.1.1. �á®¢÷ ®¯¥à æ÷ù  ¤ ¢¨á«®¢«¥ï¬¨

�§ ç¥ï 1.2. �¨§'îªæ÷õî («®£÷ç®î áã¬®î) ¢¨á«®¢«¥ì A â  B
 §¨¢ îâì ¢¨á«®¢«¥ï A ∨ B, ïª¥ õ ¯à ¢¤¨¢¨¬ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨
¯à ¢¤¨¢¥ å®ç  ¡ ®¤¥ § ¢¨á«®¢«¥ì A ç¨ B.

�§ ç¥ï 1.3. �®'îªæ÷õî («®£÷ç¨¬ ¤®¡ãâª®¬) ¢¨á«®¢«¥ì A â 
B  §¨¢ îâì ¢¨á«®¢«¥ï A∧B, ïª¥ õ ¯à ¢¤¨¢¨¬ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨
¯à ¢¤¨¢÷ ®¡¨¤¢  ¢¨á«®¢«¥ï A â  B.

�§ ç¥ï 1.4. � ¯¥à¥ç¥ï¬ ¢¨á«®¢«¥ï A  §¨¢ îâì ¢¨á«®¢«¥-
ï ¬A, ïª¥ õ ¯à ¢¤¨¢¨¬ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ¢¨á«®¢«¥ï A ¥¯à ¢-
¤¨¢¥.

�§ ç¥ï 1.5. ö¬¯«÷ª æ÷õî ¢¨á«®¢«¥ì A â  B  §¨¢ îâì ¢¨á«®¢-
«¥ï A → B, ïª¥ õ ¯à ¢¤¨¢¨¬ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ § ¯à ¢¤¨¢®áâ÷
¢¨á«®¢«¥ï A ¢¨¯«¨¢ õ ¯à ¢¤¨¢÷áâì B. �¨á«®¢«¥ï A ç áâ®  §¨¢ îâì
¯®á¨«ª®î  ¡® £÷¯®â¥§®î ÷¬¯«÷ª æ÷ù A → B, ¢¨á«®¢«¥ï B {  á«÷¤ª®¬.

� ã¢ ¦¥ï 1.3. �¨á«®¢«¥ï A → B õ ¯à ¢¤¨¢¨¬ â®¤÷ ÷ â÷«ìª¨
â®¤÷, ª®«¨  á«÷¤®ª B ¯à ¢¤¨¢¨©  ¡® ¯®á¨«ª  A ¥¯à ¢¤¨¢ , â®¡â®:
A → B = (¬A) ∨B.
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1.1. �á®¢÷ ¯®ïââï  «£¥¡à¨ ¢¨á«®¢«¥ì

�§ ç¥ï 1.6. �ª¢÷¢ «¥æ÷õî (¯®¤¢÷©®î ÷¬¯«÷ª æ÷õî) ¢¨á«®¢«¥ì
A â  B  §¨¢ îâì ¢¨á«®¢«¥ï A ↔ B, ïª¥ õ ¯à ¢¤¨¢¨¬ â®¤÷ ÷ â÷«ìª¨ â®¤÷,
ª®«¨ ®¡¨¤¢  ¢¨á«®¢«¥ï A â  B õ ¢®¤®ç á ¯à ¢¤¨¢¨¬¨  ¡® ¢®¤®ç á
¥¯à ¢¤¨¢¨¬¨ ( ¡ã¢ îâì ®¤ ª®¢¨å § ç¥ì).

� ã¢ ¦¥ï 1.4. �¨á«®¢«¥ï A ↔ B õ ¯à ¢¤¨¢¨¬ â®¤÷ i â÷«ìª¨ â®-
¤÷, ª®«¨ ¢®¤®ç á ¯à ¢¤¨¢÷ ®¡¨¤¢÷ ÷¬¯«÷ª æ÷ù A → B â  B → A, â®¡â®:
A ↔ B = (A → B) ∧ (B → A).

�§ ç¥ï 1.7. �ã¬®î §  ¬®¤ã«¥¬ 2 (¢¨ª«îç®î «®£÷ç®î áã¬®î)
¢¨á«®¢«¥ì A â  B  §¨¢ îâì ¢¨á«®¢«¥ï A⊕B, ïª¥ õ ¯à ¢¤¨¢¨¬ â®¤÷
÷ â÷«ìª¨ â®¤÷, ª®«¨ à÷¢® ®¤¥ § ¢¨á«®¢«¥ì A ç¨ B õ ¯à ¢¤¨¢¨¬ (¢¨á«®-
¢«¥ï A â  B  ¡ã¢ îâì à÷§¨å § ç¥ì).

� ã¢ ¦¥ï 1.5. �¨á«®¢«¥ï A ⊕ B õ ¯à ¢¤¨¢¨¬ â®¤÷ i â÷«ìª¨ â®¤÷,
ª®«¨ ¥ª¢÷¢ «¥æ÷ï A ↔ B õ ¥¯à ¢¤¨¢®î: A⊕B = ¬(A ↔ B).

1.1.2. �¥ªãàá¨¢¥ ¢¨§ ç¥ï ä®à¬ã«¨
 «£¥¡à¨ ¢¨á«®¢«¥ì

� § ç¨¬®, é® ¯®ïââï ä®à¬ã«¨  «£¥¡à¨ ¢¨á«®¢«¥ì õ ÷âãùâ¨¢® §à®-
§ã¬÷«¨¬, ¯à®â¥ ä®à¬ «÷§ æ÷ï ¯®âà¥¡ãõ ç÷âª¨å ¢¨§ ç¥ì.

�§ ç¥ï 1.8. �®¦¨  ä®à¬ã« ¢¨§ ç õâìáï â ª¨¬¨ âàì®¬ 
ã¬®¢ ¬¨:

• ¯à®¯®§¨æ÷©  «÷â¥à  õ ä®à¬ã«®î;
• ïªé® A â  B { ä®à¬ã«¨, â® (A∨B), (A∧B), (¬A) { â ª®¦ ä®à¬ã«¨;
• ÷è¨å ä®à¬ã« ¥¬ õ.

�à¨ª« ¤¨ ä®à¬ã«  «£¥¡à¨ ¢¨á«®¢«¥ì: (A∨(¬B)), (A∧(B∨C)). � ¯¨á
A ∨B ∧ C, §£÷¤® § ®§ ç¥ï¬ 1.8, ¥ õ ä®à¬ã«®î  «£¥¡à¨ ¢¨á«®¢«¥ì.

� ¤ «÷ ¢¨à § A → B ¢¢ ¦ â¨¬¥¬® áª®à®ç¥ï¬ ¤«ï (¬A)∨B, ¢¨à §
A ↔ B { áª®à®ç¥ï¬ ¤«ï (A → B) ∧ (B → A) (¤¨¢. § ã¢. 1.3 â  1.4).

� ¬¥â®î á¯à®é¥ï § ¯¨áã,  ¤ «÷ ã ä®à¬ã« å ®¯ãáª â¨¬¥¬® §®¢÷è-
÷ ¤ã¦ª¨, é® ¥ ¥áãâì ¢ á®¡÷ ¤®¤ âª®¢®ù ÷ä®à¬ æ÷ù, ¯à®â¥ ¥¬¨ãç¥
§'ï¢«ïîâìáï, ïªé® ä®à¬ã«  ¬÷áâ¨âì å®ç  ¡ ®¤ã «®£÷çã ®¯¥à æ÷î. � ª,
§ ¬÷áâì (A ∨B) ¡ã¤¥¬® ¯¨á â¨ A ∨B.
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�®§¤÷« 1. �«£¥¡à  ¢¨á«®¢«¥ì

� ¤ «÷ ¢¢ ¦ â¨¬¥¬®, é® ¡÷ à÷ ®¯¥à æ÷ù «∨», «∧», «→», «↔» â  «⊕»
¬ îâì ¬¥è¨© ¯à÷®à¨â¥â, ÷¦ ã à  ®¯¥à æ÷ï «¬». � ¯¨áãîç¨ ä®à¬ã-
«¨  «£¥¡à¨ ¢¨á«®¢«¥ì, ¡ã¤¥¬® ®¯ãáª â¨ ¤ã¦ª¨,  ï¢÷áâì ïª¨å ¢áâ ®-
¢«îõâìáï § ¬÷àªã¢ ì ¯à÷®à¨â¥â®áâ÷ ®¯¥à æ÷©. � ª, § ¬÷áâì A∨ (¬B) â 
(¬A) → B ¯¨á â¨¬¥¬® ¢÷¤¯®¢÷¤® A ∨ ¬B â  ¬A → B.

1.2. öâ¥à¯à¥â æ÷ù ä®à¬ã«  «£¥¡à¨
¢¨á«®¢«¥ì. � ¡«¨æ÷ ¯à ¢¤¨¢®áâ÷

�§ ç¥ï 1.9. öâ¥à¯à¥â æ÷õî ä®à¬ã«¨  «£¥¡à¨ ¢¨á«®¢«¥ì  -
§¨¢ õâìáï §÷áâ ¢«¥ï ª®¦÷© ¯à®¯®§¨æ÷©÷© «÷â¥à÷, é® ¬÷áâ¨âìáï ã ä®à-
¬ã«÷, § ç¥ï «¯à ¢¤ » (1) ç¨ «¥¯à ¢¤ » (0).

�®¦¨ã ¢á÷å ÷â¥à¯à¥â æ÷© ¤ ®ù ä®à¬ã«¨ §àãç® §¢®¤¨â¨ ¢ â ª §¢ -
ã â ¡«¨æî ¯à ¢¤¨¢®áâ÷. �¥å © ä®à¬ã«  A ¬÷áâ¨âì n ¯à®¯®§¨æ÷©¨å «÷-
â¥à: A1, A2, . . . , An. � ¡«¨æï ¯à ¢¤¨¢®áâ÷ ä®à¬ã«¨ A ¡ã¤ãõâìáï ïª â ¡«¨-
æï, é® ¬÷áâ¨âì n+1 áâ®¢¯æ÷¢ â  2n àï¤ª÷¢. �à¨ æì®¬ã ¢ ¯¥àè¨å n áâ®¢¯æïå
§¢®¤ïâìáï «®£÷ç÷ § ç¥ï, ïª÷ §÷áâ ¢«ïîâìáï n ¯à®¯®§¨æ÷©¨¬ «÷â¥à ¬,
(n + 1)-© áâ®¢¯¥æì ¬÷áâ¨âì ¢÷¤¯®¢÷¤¥ § ç¥ï á ¬®ù ä®à¬ã«¨ A. �â¦¥,
ª®¦¥ § àï¤ª÷¢ ¢÷¤¯®¢÷¤ õ ®¤÷© ÷â¥à¯à¥â æ÷ù.

�à¨ª« ¤ 1.4. � ¢¥¤¥¬® â ¡«¨æ÷ ¯à ¢¤¨¢®áâ÷ ¤«ï ä®à¬ã«  «£¥¡à¨
¢¨á«®¢«¥ì ¬A â  A1 ∨ ¬A2:

A ¬A
0 1
1 0

A1 A2 A1 ∨ ¬A2

0 0 1
0 1 0
1 0 1
1 1 1

� áâ® ¢ ®¤ã â ¡«¨æî ¯à ¢¤¨¢®áâ÷ §¢®¤ïâì ÷â¥à¯à¥â æ÷ù ¤¥ª÷«ìª®å
ä®à¬ã«, é® ¬÷áâïâì á¯÷«ì÷ ¯à®¯®§¨æ÷©÷ «÷â¥à¨.

�à¨ª« ¤ 1.5. �¢¥¤¥¬® ¢ ®¤ã â ¡«¨æî ¯à ¢¤¨¢®áâ÷ ÷â¥à¯à¥â æ÷ù ¤«ï
¡÷ à¨å «®£÷ç¨å ®¯¥à æ÷© «∨», «∧», «→», «↔» â  «⊕»:
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1.2. öâ¥à¯à¥â æ÷ù ä®à¬ã«  «£¥¡à¨ ¢¨á«®¢«¥ì. � ¡«¨æ÷ ¯à ¢¤¨¢®áâ÷

A B A ∨B A ∧B A → B A ↔ B A⊕B
0 0 0 0 1 1 0
0 1 1 0 1 0 1
1 0 1 0 0 0 1
1 1 1 1 1 1 0

�ã¤ãîç¨ â ¡«¨æ÷ ¯à ¢¤¨¢®áâ÷ áª« ¤¨å ä®à¬ã« ÷®¤÷ ¤®æ÷«ì® ¢¨¢¥-
áâ¨ § ç¥ï ¯à®¬÷¦¨å áª« ¤®¢¨å ç áâ¨ ¢¨å÷¤®ù ä®à¬ã«¨.

�à¨ª« ¤ 1.6. �®¡ã¤ãõ¬® â ¡«¨æî ¯à ¢¤¨¢®áâ÷ ¤«ï ä®à¬ã«¨  «£¥¡à¨
¢¨á«®¢«¥ì (A ∨B) ↔ (A ∧B):

A B A ∨B A ∧B (A ∨B) ↔ (A ∧B)
0 0 0 0 1
0 1 1 0 0
1 0 1 0 0
1 1 1 1 1

�§ ç¥ï 1.10. �®à¬ã«¨ A1 â  A2  §¨¢ îâì «®£÷ç® ¥ª¢÷¢ «¥â-
¨¬¨  ¡® â®â®¦¨¬¨, ïªé®   ª®¦÷© ÷â¥à¯à¥â æ÷ù ¢®¨  ¡ã¢ îâì ®¤-
 ª®¢¨å § ç¥ì (¢®¤®ç á ¯à ¢¤¨¢÷  ¡® ¢®¤®ç á ¥¯à ¢¤¨¢÷).

� ªâ «®£÷ç®ù ¥ª¢÷¢ «¥â®áâ÷ (â®â®¦®áâ÷) ä®à¬ã« A1 â  A2 ¯®§ -
ç â¨¬¥¬® ïª A1 ⇔ A2  ¡® A1 = A2.

�à¨ª« ¤ 1.7. �ç¥¢¨¤®, é® A ∨ B = B ∨ A, A ∧ B = B ∧ A, ¯à®â¥
A ∧B 6= A ∨B.

�«ï ¤®¢¥¤¥ï â®â®¦®áâ÷ ä®à¬ã«  «£¥¡à¨ ¢¨á«®¢«¥ì, é® ¬÷áâïâì
¥¢¥«¨ªã ª÷«ìª÷áâì ¯à®¯®§¨æ÷©¨å «÷â¥à, §àãç® ¢¨ª®à¨áâ®¢ã¢ â¨ â ¡«¨-
æ÷ ¯à ¢¤¨¢®áâ÷.

�à¨ª« ¤ 1.8. �®¢¥¤¥¬® § ª® ¤¨áâà¨¡ãâ¨¢®áâ÷ ¤¨§'îªæ÷ù ¢÷¤®á®
ª®'îªæ÷ù: A ∨ (B ∧ C) = (A ∨B) ∧ (A ∨ C).
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�®§¤÷« 1. �«£¥¡à  ¢¨á«®¢«¥ì

A B C B ∧ C A ∨ (B ∧C) A ∨B A ∨ C (A ∨B) ∧ (A ∨C)
0 0 0 0 0 0 0 0
0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0
0 1 1 1 1 1 1 1
1 0 0 0 1 1 1 1
1 0 1 0 1 1 1 1
1 1 0 0 1 1 1 1
1 1 1 1 1 1 1 1

�§ ç¥ï 1.11. �®à¬ã«ã A  §¨¢ îâì «®£÷ç® § £ «ì®§ çãé®î
 ¡® â ¢â®«®£÷õî, ïªé® A  ¡ã¢ õ § ç¥ï 1   ¢á÷å ÷â¥à¯à¥â æ÷ïå. �®à-
¬ã«ã A  §¨¢ îâì «®£÷ç®î áã¯¥à¥ç÷áâî  ¡® ¯à®áâ® áã¯¥à¥ç÷áâî, ïª-
é® A  ¡ã¢ õ § ç¥ï 0   ¢á÷å ÷â¥à¯à¥â æ÷ïå. �®à¬ã«ã A  §¨¢ îâì
â ª®î, é® ¢¨ª®ãõâìáï, ïªé® A  ¡ã¢ õ § ç¥ï 1 å®ç  ¡   ®¤÷© ÷-
â¥à¯à¥â æ÷ù.

�«ï â ¢â®«®£÷ù â  áã¯¥à¥ç®áâ÷ §¡¥à¥¦¥¬® ¯®§ ç¥ï 1 ÷ 0 ¢÷¤¯®¢÷¤®.

�à¨ª« ¤ 1.9. �®à¬ã«  A = A1 ∨ ¬A1 õ â ¢â®«®£÷õî, ®áª÷«ìª¨
A1 ∨ ¬A1 = 1. �®à¬ã«  A = A1 ∧ ¬A1 õ áã¯¥à¥ç÷áâî, ®áª÷«ìª¨
A1 ∧ ¬A1 = 0. �®à¬ã«  A = A1 ∧ ¬A2 õ â ª®î, é® ¢¨ª®ãõâìáï, ¯à®-
â¥, ïª ¢¨¤® § ¢÷¤¯®¢÷¤®ù â ¡«¨æ÷ ¯à ¢¤¨¢®áâ÷ (¤¨¢. ¯à¨ª«. 1.4), ¥ õ
â ¢â®«®£÷õî.

1.3. �®â®¦®áâ÷  «£¥¡à¨ ¢¨á«®¢«¥ì
1.3.1. �á®¢÷ â®â®¦®áâ÷  «£¥¡à¨ ¢¨á«®¢«¥ì

� ¢¥¤¥¬® ç®â¨à¨ ¯ à¨ § ª®÷¢  «£¥¡à¨ ¢¨á«®¢«¥ì, ïª÷  ¤ «÷ ¢¨¤÷-
«ïâ¨¬¥¬® ïª ®á®¢÷.

�¥å © A, B, C { ¤®¢÷«ì÷ ä®à¬ã«¨  «£¥¡à¨ ¢¨á«®¢«¥ì.
1. �®¬ãâ â¨¢÷áâì (¯¥à¥áâ ¢¨© § ª®): A ∨B = B ∨ A,

A ∧B = B ∧ A.
2. �¨áâà¨¡ãâ¨¢÷áâì (à®§¯®¤÷«ì¨© § ª®):

A ∨ (B ∧ C) = (A ∨B) ∧ (A ∨ C),
A ∧ (B ∨ C) = (A ∧B) ∨ (A ∧ C).
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1.3. �®â®¦®áâ÷  «£¥¡à¨ ¢¨á«®¢«¥ì

3. �¥©âà «ì÷áâì: A ∨ 0 = A,
A ∧ 1 = A.

4. �®¯®¢¥÷áâì: A ∨ ¬A = 1,
A ∧ ¬A = 0.

�¯à ¢  1.1. �¨¢¥áâ¨  ¢¥¤¥÷ ®á®¢÷ § ª®¨ §  ¤®¯®¬®£®î â ¡«¨æì
¯à ¢¤¨¢®áâ÷.

� ¢¥¤¥¨å ¢®áì¬¨ (ç®â¨à¨ ¯ à¨) ®á®¢¨å § ª®÷¢ ¤®áâ âì® ¤«ï ¢¨-
¢¥¤¥ï ¡ã¤ì-ïª®ù â®â®¦®áâ÷  «£¥¡à¨ ¢¨á«®¢«¥ì ¡¥§ ¢¨ª®à¨áâ ï â ¡-
«¨æì ¯à ¢¤¨¢®áâ÷ (æ¥© ä ªâ ¥£ ©® ¢¨¯«¨¢ õ § ¬®¦«¨¢®áâ÷ §®¡à ¦¥ï
¤®¢÷«ì®ù ä®à¬ã«¨ ã ¢¨£«ï¤÷ â ª §¢ ®ù ¤®áª® «®ù ¤¨§'îªâ¨¢®ù ®à-
¬ «ì®ù ä®à¬¨; â¥®à÷ï ¤¨§'îªâ¨¢¨å ÷ ª®'îªâ¨¢¨å ä®à¬ à®§£«ï¤ -
õâìáï,  ¯à¨ª« ¤, ã [3]).

� § ç¨¬®, é® ¦®¤ã ¯ àã  ¢¥¤¥¨å ®á®¢¨å § ª®÷¢ ¥ ¬®¦  ¢¨-
¢¥áâ¨ § âàì®å ÷è¨å ¯ à, é® § «¨è îâìáï. �à®â¥, ®¤  (¡ã¤ì-ïª ) § â®-
â®¦®áâ¥© ¥©âà «ì®áâ÷ ¬®¦¥ ¡ãâ¨ ¢¨¢¥¤¥  § á¥¬¨ § ª®÷¢, é® § «¨-
è îâìáï. �¯à ¢¤÷, ¢¨¢¥¤¥¬® â®â®¦÷áâì A ∨ 0 = A. �«ï æì®£® á¯®ç âªã
¢¨¢¥¤¥¬® â ª §¢ ã â®â®¦÷áâì ã÷¢¥àá «ì¨å ¬¥¦ A ∨ 1 = 1 ( £ ¤ -
õ¬®, é® A { ¤®¢÷«ì  ä®à¬ã« ),   ¯®â÷¬ ¤®¢¥¤¥¬® ¯®âà÷¡ã â®â®¦÷áâì
¥©âà «ì®áâ÷ A ∨ 0 = A.

A ∨ 1 = (A ∨ 1) ∧ 1 = (A ∨ 1) ∧ (A ∨ ¬A) = A ∨ (1 ∧ ¬A) = A ∨ ¬A = 1;

A ∨ 0 = A ∨ (A ∧ ¬A) = (A ∧ 1) ∨ (A ∧ ¬A) = A ∧ (1 ∨ ¬A) = A ∧ 1 = A.

�¨áâ¥¬  § á¥¬¨ § ª®÷¢, é® § «¨è îâìáï ¯÷á«ï ¢¨ª«îç¥ï ®¤÷õù § â®-
â®¦®áâ¥© ¥©âà «ì®áâ÷, ¢¨ï¢«ïõâìáï ¥§ «¥¦®î (¤¨¢. [3]).

1.3.2. öè÷ § ª®¨  «£¥¡à¨ ¢¨á«®¢«¥ì
� ¢¥¤¥¬® ¤¥ïª÷ ÷è÷ § ª®¨  «£¥¡à¨ ¢¨á«®¢«¥ì, é® ¡ã¤ãâì ç áâ® ¢¨-

ª®à¨áâ®¢ã¢ â¨áì  ¤ «÷.
5. �÷¢¥àá «ì÷ ¬¥¦÷: A ∨ 1 = 1,

A ∧ 0 = 0.

6. �¡á®à¡æ÷ï (¯®£«¨ ï): A ∨ (A ∧B) = A,
A ∧ (A ∨B) = A.

7. ö¤¥¬¯®â¥â÷áâì: A ∨ A = A,
A ∧ A = A.
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�®§¤÷« 1. �«£¥¡à  ¢¨á«®¢«¥ì

8. �á®æ÷ â¨¢÷áâì (á¯®«ãç¨© § ª®): A ∨ (B ∨ C) = (A ∨B) ∨ C,
A ∧ (B ∧ C) = (A ∧B) ∧ C.

9. ô¤¨÷áâì § ¯¥à¥ç¥ï: á¨áâ¥¬  à÷¢ïì
{

A ∨X = 1,

A ∧X = 0
¢÷¤®á® X

¬ õ õ¤¨¨© à®§¢'ï§®ª X = ¬A (â®¡â® ïªé® A ∨X = 1 â  A ∧X = 0, â®
X = ¬A).

10. ö¢®«îâ¨¢÷áâì (¯®¤¢÷©¥ § ¯¥à¥ç¥ï): ¬(¬A) = A .
11. � ª® (¯à ¢¨«®) ¤¥ �®à£  : ¬(A ∨B) = ¬A ∧ ¬B,

¬(A ∧B) = ¬A ∨ ¬B.
� £ ¤ õ¬®, é®  ¢¥¤¥÷ â®â®¦®áâ÷ (ïª ÷ ¡ã¤ì-ïª÷ ÷è÷ â®â®¦®áâ÷  «-

£¥¡à¨ ¢¨á«®¢«¥ì) ¬®¦ãâì ¡ãâ¨ ¢¨¢¥¤¥÷ § ç®â¨àì®å ¯ à ®á®¢¨å § ª®÷¢
¡¥§ ¢¨ª®à¨áâ ï â ¡«¨æì ¯à ¢¤¨¢®áâ÷.

�®§£«ïã¢è¨  ¢¥¤¥÷ § ª®¨  «£¥¡à¨ ¢¨á«®¢«¥ì, ¥¢ ¦ª® ¯®¬÷â¨-
â¨ ¯¥¢ã á¨¬¥âà÷î { ãá÷ ®á®¢÷ § ª®¨ §£àã¯®¢ ÷ ¢ â ª §¢ ÷ «¤ã «ì÷
¯ à¨». �ï á¨¬¥âà÷ï õ ®á®¢®î ¤«ï ¯à¨æ¨¯ã ¤ã «ì®áâ÷ { ¯®âã¦®£®
§ á®¡ã ¤®¢¥¤¥ï â®â®¦®áâ¥© ¢  «£¥¡à÷ ¢¨á«®¢«¥ì â  ÷è¨å ¯®¤÷¡¨å
áâàãªâãà å.

1.4. �à¨æ¨¯ ¤ã «ì®áâ÷. �§ £ «ì¥¥
¯à ¢¨«® ¤¥ �®à£  

1.4.1. �à¨æ¨¯ ¤ã «ì®áâ÷
�§ ç¥ï 1.12. �®à¬ã«ã A∗  §¨¢ îâì ¤ã «ì®î ¤® ä®à¬ã«¨ A,

ïªé® A∗ ®âà¨¬ãõâìáï § A § ¬÷®î ¢á÷å ¢å®¤¦¥ì «∨»   «∧», ¢á÷å ¢å®-
¤¦¥ì «∧»   «∨», ¢á÷å ¢å®¤¦¥ì «0»   «1» â  ¢á÷å ¢å®¤¦¥ì «1»   «0».

�à¨ª« ¤ 1.10. (A∨¬B)∗ = A∧¬B, (A∧¬(B ∨ 1))∗ = A∨¬(B ∧ 0).
� § ç¨¬® ®ç¥¢¨¤¨© ä ªâ ÷¢®«îâ¨¢®áâ÷ ®¯¥à æ÷ù ¢§ïââï ¤ã «ì®ù

ä®à¬ã«¨: A∗∗ = A.
� áâã¯  â¥®à¥¬  ä®à¬ã«îõ â ª §¢ ¨© ¯à¨æ¨¯ ¤ã «ì®áâ÷ ¤«ï  «-

£¥¡à¨ ¢¨á«®¢«¥ì.
�¥®à¥¬  1.1. �¥å © ä®à¬ã«¨  «£¥¡à¨ ¢¨á«®¢«¥ì A â  B ¥ª¢÷¢ -

«¥â÷, â®¡â® ¬ õ ¬÷áæ¥ â®â®¦÷áâì A = B. �®¤÷ ¬ õ ¬÷áæ¥ â®â®¦-
÷áâì ¤ã «ì¨å ä®à¬ã«: A∗ = B∗.
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1.4. �à¨æ¨¯ ¤ã «ì®áâ÷. �§ £ «ì¥¥ ¯à ¢¨«® ¤¥ �®à£  

�®¢¥¤¥ï. �¥å © ¬ õ ¬÷áæ¥ â®â®¦÷áâì A = B. �®¤÷ ¬ õ ÷áã¢ â¨
¢¨¢¥¤¥ï § § ç¥®ù â®â®¦®áâ÷ § ®á®¢¨å ä®à¬ã«  «£¥¡à¨ ¢¨á«®¢«¥ì:

A = A1 = A2 = · · · = An = B, (1.1)

¤¥   ª®¦®¬ã ªà®æ÷ § áâ®á®¢ãõâìáï ®¤¨ ÷§ § ª®÷¢  «£¥¡à¨ ¢¨á«®¢«¥ì.
�«¥ â®¤÷, ®áª÷«ìª¨ ¢á÷ ®á®¢÷ § ª®¨  «£¥¡à¨ ¢¨á«®¢«¥ì §£àã¯®¢ ÷ ¢
ç®â¨à¨ «¤ã «ì÷ ¯ à¨», ¬®¦¥¬® ¯®¡ã¤ã¢ â¨ ¢¨¢¥¤¥ï, ¤ã «ì¥ ¤® (1.1):

A∗ = A∗
1 = A∗

2 = · · · = A∗
n = B∗,

¤¥   ª®¦®¬ã ªà®æ÷ ¢¨ª®à¨áâ®¢ãõâìáï ®á®¢¨© § ª®, ¤ã «ì¨© ¤® â®-
â®¦®áâ÷, é® ¢¨ª®à¨áâ®¢ã¢ « áì   ¢÷¤¯®¢÷¤®¬ã ªà®æ÷ ã ¢¨¢¥¤¥÷ (1.1).

�à¨ª« ¤ 1.11. �à®¤¥¬®áâàãõ¬®, ïª ¯à æîõ ¯à¨æ¨¯ ¤ã «ì®áâ÷,
  ¯à¨ª« ¤÷ ¢¨¢¥¤¥ï § ª®ã ã÷¢¥àá «ì¨å ¬¥¦:

A ∨ 1 = (A ∨ 1) ∧ 1 = (A ∨ 1) ∧ (A ∨ ¬A) = A ∨ (1 ∧ ¬A) = A ∨ ¬A = 1;

A ∧ 0 = (A ∧ 0) ∨ 0 = (A ∧ 0) ∨ (A ∧ ¬A) = A ∧ (0 ∨ ¬A) = A ∧ ¬A = 0.

�¯à ¢  1.2. �¨¢¥áâ¨ § ª®¨  «£¥¡à¨ ¢¨á«®¢«¥ì 6 { 11 § ®á®¢¨å
§ ª®÷¢, ¥ ª®à¨áâãîç¨áì §¬÷áâ®¢¨¬¨ ¢¨§ ç¥ï¬¨ ®¯¥à æ÷© (§®ªà¥¬ ,
¥ ª®à¨áâãîç¨áì â ¡«¨æï¬¨ ¯à ¢¤¨¢®áâ÷).

�ª §÷¢ª . �®â®¦®áâ÷ §àãç® ¤®¢®¤¨â¨ ¢ â®¬ã ¦ ¯®àï¤ªã, ¢ ïª®¬ã
¢®¨  ¢¥¤¥÷ ¢¨é¥. �à÷¬ â®£®, § ¢¤ïª¨ ¯à¨æ¨¯ã ¤ã «ì®áâ÷, ¤®á¨âì
¤®¢¥áâ¨ «¨è¥ ®¤ã â®â®¦÷áâì § ª®¦®ù ¤ã «ì®ù ¯ à¨.

1.4.2. �§ £ «ì¥¥ ¯à ¢¨«® ¤¥ �®à£  
�« á¨ç¥ ¯à ¢¨«® ¤¥ �®à£   à §®¬ ÷§ § ª®®¬ ÷¢®«îâ¨¢®áâ÷ (§ -

ª®¨ 11 â  10   á. 14) §àãç® ¢¨ª®à¨áâ®¢ã¢ â¨ ¤«ï «¯à®¥á¥ï»
§®¢÷èì®ù ®¯¥à æ÷ù «®£÷ç®£® § ¯¥à¥ç¥ï ¯÷¤ ®¯¥à æ÷ù ¤¨§'îªæ÷ù â 
ª®'îªæ÷ù.

�à¨ª« ¤ 1.12.

¬(A∨ (B ∧¬C)) = ¬A∧¬(B ∧¬C) = ¬A∧ (¬B ∨¬¬C) = ¬A∧ (¬B ∨C).
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�®§¤÷« 1. �«£¥¡à  ¢¨á«®¢«¥ì

�¦¥ §  ¢¥¤¥®£® ¯à¨ª« ¤ã ¢¨¤®, é® ®¯¥à æ÷ï «¯à®¥á¥ï § ¯¥à¥-
ç¥ï» â÷á® ¯®¢'ï§   § ¤ã «ì÷áâî ä®à¬ã«, ÷ ¯à ¢¨«® ¤¥ �®à£   ¬®¦-
  ¯à¨à®¤¨¬ ç¨®¬ ã§ £ «ì¨â¨   ¢¨¯ ¤®ª ¤®¢÷«ì¨å ä®à¬ã«  «£¥¡à¨
¢¨á«®¢«¥ì.

�¥®à¥¬  1.2 (ã§ £ «ì¥¥ ¯à ¢¨«® ¤¥ �®à£  ). �¥å © A { ¤®-
¢÷«ì  ä®à¬ã«   «£¥¡à¨ ¢¨á«®¢«¥ì, ä®à¬ã«  A~ ®âà¨¬ãõâìáï § ä®à-
¬ã«¨ A∗ § ¬÷®î ¢á÷å ¯à®¯®§¨æ÷©¨å «÷â¥à   ùå § ¯¥à¥ç¥ï. �®¤÷ ¬ õ
¬÷áæ¥ â®â®¦÷áâì:

A~ = ¬A.

�«ï ¤®¢¥¤¥ï â¥®à¥¬¨  ¬ § ¤®¡¨âìáï  áâã¯  «¥¬ .

�¥¬  1.1. �«ï ¤®¢÷«ì¨å ä®à¬ã« A â  B ¢¨ª®ãîâìáï â ª÷ â®-
â®¦®áâ÷:

(A ∧ B)~ = A~ ∨ B~; (A ∨ B)~ = A~ ∧ B~; (¬A)~ = ¬ (A~)
.

�¢¥à¤¦¥ï «¥¬¨ ¥£ ©® ¢¨¯«¨¢ õ § ®§ ç¥ï ¤«ï A~ â  B~.

�®¢¥¤¥ï â¥®à¥¬¨ 1.2. � áâ®áãõ¬® ¬¥â®¤ ¬ â¥¬ â¨ç®ù ÷¤ãªæ÷ù § 
ª÷«ìª÷áâî «®£÷ç¨å ®¯¥à æ÷© («∨», «∧», «¬») ã ¢¨å÷¤÷© ä®à¬ã«÷ A.

1. � §  ÷¤ãªæ÷ù. �¥å © ä®à¬ã«  A ¬÷áâ¨âì 0 ®¯¥à æ÷©. �¥ ®§ ç õ, é®
A õ ¯à®¯®§¨æ÷©®î «÷â¥à®î: A = A. �®¤÷ â¢¥à¤¦¥ï â¥®à¥¬¨, ®ç¥¢¨¤®,
¢¨ª®ãõâìáï:

A~ = A~ = ¬A = ¬A.

2. �à¨¯ãé¥ï ÷¤ãªæ÷ù. �¥å © â¢¥à¤¦¥ï â¥®à¥¬¨ ¢¨ª®ãõâìáï ¤«ï
¡ã¤ì-ïª®ù ä®à¬ã«¨ A, é® ¬÷áâ¨âì ¥ ¡÷«ìè ïª n «®£÷ç¨å ®¯¥à æ÷©.

3. �à®ª ÷¤ãªæ÷ù. �®¢¥¤¥¬® â¢¥à¤¦¥ï â¥®à¥¬¨ ¤«ï ä®à¬ã«¨ A, é®
¬÷áâ¨âì n + 1 «®£÷çã ®¯¥à æ÷î.

3.1. �¥å © §®¢÷èï ®¯¥à æ÷ï õ ¤¨§'îªæ÷ï, â®¡â® A = A1 ∨ A2. �ç¥-
¢¨¤®, é® ä®à¬ã«¨ A1 â  A2 ¬÷áâïâì ¥ ¡÷«ìè ïª n ®¯¥à æ÷©. �®¤÷  
¯÷¤áâ ¢÷ «¥¬¨ 1.1, ª« á¨ç®£® ¯à ¢¨«  ¤¥ �®à£   â  ¯à¨¯ãé¥ï ÷¤ãª-
æ÷ù ¬ õ¬®:

A~ = (A1 ∨ A2)
~ = A~

1 ∧ A~
2 = ¬A1 ∧ ¬A2 = ¬(A1 ∨ A2) = ¬A.

3.2. �¥å © §®¢÷èï ®¯¥à æ÷ï { ª®'îªæ÷ï, â®¡â® A = A1 ∧A2. �®¢¥-
¤¥ï ¯à®¢®¤¨âìáï   «®£÷ç® ¢¨¯ ¤ªã 3.1.
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1.5. �®£÷ç¨©  á«÷¤®ª ÷ «®£÷ç  ¥ª¢÷¢ «¥â÷áâì

3.3. �¥å © §®¢÷èï ®¯¥à æ÷ï { § ¯¥à¥ç¥ï, â®¡â® A = ¬A1. �ç¥-
¢¨¤®, é® ä®à¬ã«  A1 ¬÷áâ¨âì n ®¯¥à æ÷©. �®¤÷   ¯÷¤áâ ¢÷ «¥¬¨ 1.1 â 
¯à¨¯ãé¥ï ÷¤ãªæ÷ù ¬ õ¬®:

A~ = (¬A1)
~ = ¬ (A~

1

)
= ¬¬A1 = ¬A.

�â¦¥, â¥®à¥¬ã ¯®¢÷áâî ¤®¢¥¤¥®.

�à¨ª« ¤ 1.13. � áâ®áãõ¬® ã§ £ «ì¥¥ ¯à ¢¨«® ¤¥ �®à£   ¤® ä®à-
¬ã«¨ § ¯à¨ª«. 1.12:

¬(A ∨ (B ∧ ¬C)) = (A ∨ (B ∧ ¬C))~ = ¬A ∧ (¬B ∨ C).

1.5. �®£÷ç¨©  á«÷¤®ª
÷ «®£÷ç  ¥ª¢÷¢ «¥â÷áâì

�§ ç¥ï 1.13. �®à¬ã«  B «®£÷ç® ¢¨¯«¨¢ õ § ä®à¬ã« A1, A2, . . . ,
An (ä®à¬ã«¨ A1, A2, . . . , An «®£÷ç® âï£ãâì ä®à¬ã«ã B), ïªé® ä®à¬ã-
«  B õ ¯à ¢¤¨¢®î   ¢á÷å ÷â¥à¯à¥â æ÷ïå,   ïª¨å ¢®¤®ç á ¯à ¢¤¨¢÷
ä®à¬ã«¨ A1, A2, . . . , An.

�®à¬ã«¨ A1, A2, . . . , An  §¨¢ îâì £÷¯®â¥§ ¬¨, ä®à¬ã«ã B {  á«÷¤-
ª®¬. �«ï ä ªâã «®£÷ç®£®  á«÷¤ªã ¢¨ª®à¨áâ®¢ã¢ â¨¬¥¬® ¯®§ ç¥ï:
A1, A2, . . . , An |= B. �ªé® n = 1 (®¤  £÷¯®â¥§  A), ¢¨ª®à¨áâ®¢ãõâìáï
â ª®¦ ¯®§ ç¥ï A ⇒ B.

�ªé® n = 0, ä®à¬ã«  B õ  á«÷¤ª®¬ ¯®à®¦ì®ù ¬®¦¨¨ £÷¯®â¥§, â®¡-
â®  ¡ã¢ õ § ç¥ï 1   ¢á÷å ÷â¥à¯à¥â æ÷ïå, ¡¥§ ¤®¤ âª®¢¨å ¯à¨¯ãé¥ì
é®¤® ¯à ¢¤¨¢®áâ÷ £÷¯®â¥§ (B õ â ¢â®«®£÷õî). � æì®¬ã à §÷ ¢¨ª®à¨áâ®¢ãõ-
âìáï ¯®§ ç¥ï |= B.

�ç¥¢¨¤®, ¥ª¢÷¢ «¥â÷áâì ä®à¬ã« A â  B ¬ õ ¬÷áæ¥ â®¤÷ ÷ â÷«ìª¨ â®¤÷,
ª®«¨ A ⇒ B â  B ⇒ A.

�¥®à¥¬  1.3 (â¥®à¥¬  ¤¥¤ãªæ÷ù).
1. �®à¬ã«  B «®£÷ç® ¢¨¯«¨¢ õ § ä®à¬ã« A1, . . . , An â®¤÷ i â÷«ìª¨

â®¤÷, ª®«¨ ä®à¬ã«  (A1 ∧ A2 ∧ · · · ∧ An) → B õ â ¢â®«®£÷õî.
2. �®à¬ã«¨ A â  B «®£÷ç® ¥ª¢÷¢ «¥â÷ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨

ä®à¬ã«  A ↔ B õ â ¢â®«®£÷õî.
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�®§¤÷« 1. �«£¥¡à  ¢¨á«®¢«¥ì

�¢¥à¤¦¥ï â¥®à¥¬¨ õ ¡¥§¯®á¥à¥¤÷¬  á«÷¤ª®¬ ®§ ç¥ì «®£÷ç®£®
 á«÷¤ªã, «®£÷ç®ù ¥ª¢÷¢ «¥â®áâ÷ â  ®§ ç¥ì «®£÷ç¨å ®¯¥à æ÷© ÷¬¯«÷-
ª æ÷ù i ¥ª¢÷¢ «¥æ÷ù.

1.5.1. �à¨ª« ¤¨ § ¤ ç   «®£÷ç¨©  á«÷¤®ª
1. �®¢¥áâ¨ «¯à ¢¨«® ¢¨¡®àã» (Modus Ponens1, MP): A,A → B |= B.
�¥å ©   ¤¥ïª÷© ä÷ªá®¢ ÷© ÷â¥à¯à¥â æ÷ù |A| = 1 â  |A → B| = 1.

�®¤÷, ïª ¢¨¯«¨¢ õ § ®§ ç¥ï ÷¬¯«÷ª æ÷ù,   ¤ ÷© ÷â¥à¯à¥â æ÷ù |B| = 1.
� ¢¤ïª¨ ¤®¢÷«ì®áâ÷ ä÷ªá®¢ ®ù ÷â¥à¯à¥â æ÷ù, ¯à ¢¨«® MP ¤®¢¥¤¥®.

�âà¨¬ ¥ ¤®¢¥¤¥ï ç áâ® § ¯¨áãîâì ã ª®¬¯ ªâ®¬ã ¢¨£«ï¤÷:

1. |A| = 1 (�÷¯®â¥§  1, �1)
2. |A → B| = 1 (�2)
3. |B| = 1 (1,2)

2. �®¢¥áâ¨ ¯à ¢¨«® á¨«®£÷§¬ã: A → B,B → C |= A → C.
�®£÷ç¨©  á«÷¤®ª ¤®¢®¤¨â¨¬¥¬® §¢¥¤¥ï¬ ¤®  ¡áãà¤ã. �à¨¯ãáâ÷¬®,

é®   ¤¥ïª÷© ÷â¥à¯à¥â æ÷ù £÷¯®â¥§¨ ¯à ¢¤¨¢÷ â   á«÷¤®ª ¥¯à ¢¤¨¢¨©,
¯÷á«ï ç®£® ®âà¨¬ãõ¬® áã¯¥à¥ç÷áâì.

1. |A → B| = 1 (�1)
2. |B → C| = 1 (�2)
3. |A → C| = 0 (¯à¨¯ãé¥ï)
4. |A| = 1 (3)
5. |C| = 0 (3)
6. |B| = 1 (MP(4,1))
7. |C| = 1 (MP(6,2))

�ãªâ¨ 5 â  7 ¤ îâì áã¯¥à¥ç÷áâì.
�¥â «ì÷è÷ ¢÷¤®¬®áâ÷ § ¬ â¥¬ â¨ç®ù «®£÷ª¨  ¢¥¤¥®, §®ªà¥¬ , ¢ à®-

¡®â å [1{4].

1�àï¬¨© ¯¥à¥ª« ¤ § « â¨áìª®ù: ¯à ¢¨«® ¯®§¨æ÷®ã¢ ï.
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�®§¤÷« 2

�¥®à÷ï ¬®¦¨

2.1. �á®¢÷ ¯®ïââï â¥®à÷ù ¬®¦¨
�§ ç¥ï 2.1 (« ù¢¥» ¢¨§ ç¥ï ¬®¦¨¨). �®¢÷«ì¨©  -

¡÷à ®¡'õªâ÷¢, é® ¯®¯ à® à®§à÷§ïîâìáï,  §¨¢ îâì ¬®¦¨®î.

�÷¤®¬® (¤¨¢.,  ¯à¨ª« ¤,[1]), é®,  ¢¥¤¥¥ ¢¨§ ç¥ï ¬®¦¨¨ ( -
«¥¦¨âì ÷¬¥æìª®¬ã ¢ç¥®¬ã �¥®à£ã � â®àã) ¯à¨§¢®¤¨âì ¤® ¯ à ¤®ªá÷¢.
�¨÷ ÷áãîâì  ªá÷®¬ â¨ç÷ â¥®à÷ù ¬®¦¨ ( ªá÷®¬ â¨ª¨ �¥à¬¥«® { �à¥-
ª¥«ï, �¥¤¥«ï { �¥à ©á  â®é®; ¤¨¢., §®ªà¥¬ , [1]), é® ¢÷«ì÷ ¢÷¤ ¯ à ¤®ª-
á÷¢, ïª÷ ¢« áâ¨¢÷ « ù¢÷©» â¥®à÷ù � â®à . �à®â¥ « ù¢ » â¥®à÷ï ¬®¦¨
æ÷«ª®¬ ¯à¨¤ â  ¤«ï à®§¢'ï§ ï è¨à®ª®£® ª« áã ¯à¨ª« ¤¨å ¯à®¡«¥¬.

�®¦¨¨ ¯®§ ç â¨¬¥¬®, ïª ¯à ¢¨«®, ¢¥«¨ª¨¬¨ «÷â¥à ¬¨  £«÷©áì-
ª®£®  «ä ¢÷âã § ÷¤¥ªá ¬¨ ç¨ ¡¥§: A, B1, X1,42. �«ï ¯®§ ç¥ï ä ªâã  -
«¥¦®áâ÷ ¥«¥¬¥â  x ¬®¦¨÷ A ¢¨ª®à¨áâ®¢ã¢ â¨¬¥¬® ¯®§ ç¥ï x ∈ A,
¤«ï ¯®§ ç¥ï ä ªâã ¥ «¥¦®áâ÷ x ¬®¦¨÷ A { ¯®§ ç¥ï x /∈ A.

�«ï ¬®¦¨  âãà «ì¨å, æ÷«¨å, à æ÷® «ì¨å, ¤÷©á¨å â  ª®¬¯«¥ª-
á¨å ç¨á¥« ¢¨ª®à¨áâ®¢ã¢ â¨¬¥¬® «ª« á¨ç÷» ¯®§ ç¥ï: N, Z, Q, R, C.
�¢ ¦ â¨¬¥¬®, é® ¬®¦¨  N ¬÷áâ¨âì æ÷«÷ ¤®¤ â÷ ç¨á«  (0 /∈ N). �«ï
¬®¦¨¨, é® ¥ ¬÷áâ¨âì ¦®¤®£® ¥«¥¬¥â  (¯®à®¦ì®ù ¬®¦¨¨) ¡ã¤¥-
¬® ¢¨ª®à¨áâ®¢ã¢ â¨ ¯®§ ç¥ï ∅.

�§ ç¥ï 2.2. �®¦¨¨ A â  B  §¨¢ îâì ¥ª¢÷¢ «¥â¨¬¨  ¡®
à÷¢¨¬¨ (A = B), ïªé® ¢®¨ ¬÷áâïâì ®¤÷ © â÷ á ¬÷ ¥«¥¬¥â¨:

(A = B) ⇔ ((x ∈ A) ↔ (x ∈ B)).
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�®§¤÷« 2. �¥®à÷ï ¬®¦¨

�§ ç¥ï 2.3. �®¦¨ã B  §¨¢ îâì ¯÷¤¬®¦¨®î ¬®¦¨¨ A
(¯®§ ç¥ï B ⊂ A),   ¬®¦¨ã A {  ¤¬®¦¨®î ¬®¦¨¨ B (A ⊃ B),
ïªé® ª®¦¥ ¥«¥¬¥â ¬®¦¨¨ B  «¥¦¨âì ¬®¦¨÷ A:

(B ⊂ A) ⇔ (A ⊃ B) ⇔ ((x ∈ B) → (x ∈ A)).

�ç¥¢¨¤®, é® ∅ ⊂ A â  A ⊂ A ¤«ï ¤®¢÷«ì®ù ¬®¦¨¨ A. �®¦¨ã
B ⊂ A, â ªã, é® B 6= ∅, B 6= A, ÷®¤÷  §¨¢ îâì ¢« á®î ¯÷¤¬®¦¨®î
¬®¦¨¨ A.

� ã¢ ¦¥ï 2.1. � «÷â¥à âãà÷ ¤«ï ¯®§ ç¥ï ä ªâã «¬®¦¨  A õ
¯÷¤¬®¦¨®î ¬®¦¨¨ B» ÷®¤÷ ¢¨ª®à¨áâ®¢ãîâì ¯®§ ç¥ï A ⊆ B (¯÷¤-
ªà¥á«îîç¨ ¬®¦«¨¢÷áâì A = B), ¯®§ ç¥ï ¦ A ⊂ B ã â ª®¬ã à §÷ ¢¨ª®-
à¨áâ®¢ãîâì ¤«ï ¢¨¯ ¤ªã A 6= B. � æì®¬ã ¯®á÷¡¨ªã ¢¨ª®à¨áâ®¢ã¢ â¨¬¥-
¬® áâ¨«ì ¯®§ ç¥ì, ¢¢¥¤¥¨© ¢ ®§ ç¥÷ 2.3: ¢¢ ¦ îç¨, é® ¯®§ ç¥ï
A ⊂ B ¯à¨¯ãáª õ A = B, ¯®§ ç¥ï A ⊆ B ¢§ £ «÷ ¥ ¢¨ª®à¨áâ®¢ã¢ -
â¨¬¥¬®.

2.1.1. �¯®á®¡¨ § ¤ ï ¬®¦¨

1. �¥§¯®á¥à¥¤õ ¯¥à¥«÷ç¥ï ¥«¥¬¥â÷¢ ¬®¦¨¨: A = {1, 2, 3, 4, 5, 6},
B = {� è , �¥âà®, � á¨«ì}, C = {�à®ª®¤¨«}.

� ã¢ ¦¥ï 2.2. �ã¦¥ ç áâ® ¢¨ª®à¨áâ®¢ãîâìáï ¯®§ ç¥ï ¢¨£«ï-
¤ã {1, 2, . . . , n} (¬®¦¨   âãà «ì¨å ç¨á¥«, ¥ ¡÷«ìè¨å §  n) â 
{1, 2, . . . , n, . . . } (¬®¦¨  ¢á÷å  âãà «ì¨å ç¨á¥«). � ¢¥¤¥÷ ¯®§ ç¥ï
¥ õ  ¡á®«îâ® ª®à¥ªâ¨¬¨, ®áª÷«ìª¨ á¨¬¢®« «. . . » ¬®¦¥ âà ªâã¢ â¨áì
¥®¤®§ ç®. �à®â¥ á¥á â ª¨å ¯®§ ç¥ì æ÷«ª®¬ §à®§ã¬÷«¨© § ª®â¥ª-
áâã, ÷ ¬¨ ùå ¢¨ª®à¨áâ®¢ã¢ â¨¬¥¬® ¤«ï ¡÷«ìè  ®ç®£® § ¯¨áã.

2. � ¤ ï ¬®¦¨¨ ç¥à¥§ å à ªâ¥à¨áâ¨çã ¢« áâ¨¢÷áâì (å à ªâ¥à¨á-
â¨ç¨© ¯à¥¤¨ª â): A = {x : P (x)}, ¤¥ P (x) { ¤¥ïª¥ ¢¨á«®¢«¥ï, é®
 ¡ã¢ õ § ç¥ï 1 «¨è¥ ¤«ï ¥«¥¬¥â÷¢ x ¬®¦¨¨ A (P  §¨¢ îâì å -
à ªâ¥à¨áâ¨ç®î ¢« áâ¨¢÷áâî ¬®¦¨¨ A). �â¦¥, A ¢¨§ ç õâìáï ïª
¬®¦¨ , é® ¬÷áâ¨âì â÷ ÷ â÷«ìª¨ â÷ ¥«¥¬¥â¨ x, ¤«ï ïª¨å ¯à ¢¤¨¢¥ ¢¨-
á«®¢«¥ï P (x). � áâ® ¢¨ª®à¨áâ®¢ãîâì ¯®§ ç¥ï A = {x ∈ U : P (x)}
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2.1. �á®¢÷ ¯®ïââï â¥®à÷ù ¬®¦¨

{ ¬®¦¨  A ¬÷áâ¨âì â÷ ÷ â÷«ìª¨ â÷ ¥«¥¬¥â¨ x, é®  «¥¦ âì ¬®¦¨÷ U
â  ¤«ï ïª¨å ¯à ¢¤¨¢¥ ¢¨á«®¢«¥ï P (x).

{x ∈ N : x = 1 (mod 3)} = {1, 4, 7, . . . , 3n + 1, . . . }
{x : x { ¢¥«¨ª÷ «÷â¥à¨ ãªà ùáìª®£®  «ä ¢÷âã} = {�,�,. . . ,�,�}.

3. � ¤ ï ¬®¦¨¨ § ¢¨ª®à¨áâ ï¬ ä®à¬ã«, ïª÷ ¬÷áâïâì ®¯¥à æ÷ù
 ¤ ¢÷¤®¬¨¬¨ ¬®¦¨ ¬¨ (®¯¥à æ÷ù  ¤ ¬®¦¨ ¬¨ { ®¡'õ¤ ï, ¯¥à¥-
à÷§, ¤®¯®¢¥ï â®é® { ¢¨§ ç îâìáï ¨¦ç¥ ¢ æì®¬ã ¯÷¤à®§¤÷«÷).

2.1.2. �¯¥à æ÷ù  ¤ ¬®¦¨ ¬¨
�§ ç¥ï 2.4. �¡'õ¤ ï¬ ¬®¦¨ A â  B  §¨¢ îâì ¬®¦¨ã

A ∪B = {x : (x ∈ A) ∨ (x ∈ B)}.

�§ ç¥ï 2.5. �¥à¥à÷§®¬ ¬®¦¨ A â  B  §¨¢ îâì ¬®¦¨ã

A ∩B = {x : (x ∈ A) ∧ (x ∈ B)}.

�ªé® A ∩B = ∅, ª ¦ãâì, é® ¬®¦¨¨ A â  B ¥ ¯¥à¥à÷§ îâìáï.
� ã¢ ¦¥ï 2.3. �¨§ ç¥ï ®¯¥à æ÷© ®¡'õ¤ ï â  ¯¥à¥à÷§ã ¯à¨à®¤-

¨¬ ç¨®¬ ¯¥à¥®áïâìáï   ¥áª÷ç¥ã ª÷«ìª÷áâì ¬®¦¨:
⋂
a∈I

Aa = {x : ∀a ∈ I : x ∈ Aa},
⋃
a∈I

Aa = {x : ∃a ∈ I : x ∈ Aa },

¤¥ I { ¤®¢÷«ì  ¬®¦¨  ÷¤¥ªá÷¢.

�§ ç¥ï 2.6. �÷§¨æ¥î ¬®¦¨ A â  B  §¨¢ îâì ¬®¦¨ã

A \B = {x : (x ∈ A) ∧ (x /∈ B)}.

�§ ç¥ï 2.7. �¨¬¥âà¨ç®î à÷§¨æ¥î ¬®¦¨ A â  B  §¨¢ îâì
¬®¦¨ã

A M B = {x : (x ∈ A)⊕ (x ∈ B)}.
�ç¥¢¨¤®, é® A M B = (A \B) ∪ (B \ A).
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�®§¤÷« 2. �¥®à÷ï ¬®¦¨

�à¨ª« ¤ 2.1.

{1, 2, 3} \ {3, 4} = {1, 2}, {1, 2, 3} M {3, 4} = {1, 2, 4}.
� ¤ «÷ ¢¢ ¦ â¨¬¥¬®, é® ¢ ¬¥¦ å ¤ ®£® ª®â¥ªáâã ¢¨§ ç¥  â ª

§¢   ã÷¢¥àá «ì  ¬®¦¨  U , é® ¬÷áâ¨âì ¢á÷ ¥«¥¬¥â¨, ïª÷ à®§£«ï¤ -
îâìáï ¢ § ¤ ®¬ã ª®â¥ªáâ÷.

�§ ç¥ï 2.8. �®¯®¢¥ï¬ ¤® ¬®¦¨¨ A (¢÷¤®á® ã÷¢¥àá «ì-
®ù ¬®¦¨¨ U)  §¨¢ îâì ¬®¦¨ã Ac = {x ∈ U : (x /∈ A)}.

�¥£ª® ¯®¡ ç¨â¨, é® Ac = U \ A, A \B = A ∩Bc.
� ã¢ ¦¥ï 2.4. �÷¤ªà¥á«¨¬®, é® à¥§ã«ìâ â ®¯¥à æ÷ù ¤®¯®¢¥ï áãâ-

âõ¢® § «¥¦¨âì ¢÷¤ ¢¨¡®àã ã÷¢¥àá «ì®ù ¬®¦¨¨:

U = R, [0; 1]c = (−∞; 0) ∪ (1; +∞); U = [0; +∞), [0; 1]c = (1; +∞).

� § ç¨¬®, é® ®¯¥à æ÷ù ®¡'õ¤ ï, ¯¥à¥à÷§ã, à÷§¨æ÷ â  á¨¬¥âà¨ç®ù
à÷§¨æ÷ ¡ã«¨ ¢¢¥¤¥÷ ¡¥§ ä÷ªá®¢ ®ù ã÷¢¥àá «ì®ù ¬®¦¨¨. �à®â¥, § 
¢¨§ ç¥®ù ã÷¢¥àá «ì®ù ¬®¦¨¨ (÷, ïª  á«÷¤®ª, §  ¢¨§ ç¥®ù ®¯¥à -
æ÷ù ¤®¯®¢¥ï), à÷§¨æï â  á¨¬¥âà¨ç  à÷§¨æï ¬®¦¨ ¬®¦ãâì ¡ãâ¨
¢¨§ ç¥÷ ç¥à¥§ ®¯¥à æ÷ù ®¡'õ¤ ï, ¯¥à¥à÷§ã â  ¤®¯®¢¥ï (¤¨¢. ¢¨é¥
ã æì®¬ã ¯÷¤à®§¤.).

�¯à ¢  2.1. �    «®£÷õî §  «£¥¡à®î ¢¨á«®¢«¥ì  ¢¥áâ¨ à¥ªãàá¨¢¥
®§ ç¥ï ä®à¬ã«¨  «£¥¡à¨ ¬®¦¨ (§  ®á®¢÷ ®¯¥à æ÷ù ¢§ïâ¨ ®¡'õ¤ -
ï, ¯¥à¥à÷§ â  ¤®¯®¢¥ï).

2.2. �®â®¦®áâ÷  «£¥¡à¨ ¬®¦¨
� ª®¨  «£¥¡à¨ ¬®¦¨ æ÷«ª®¬   «®£÷ç÷ § ª® ¬  «£¥¡à¨ ¢¨á«®¢-

«¥ì: ®¯¥à æ÷ï¬ ¤¨§'îªæ÷ù, ª®'îªæ÷ù â  § ¯¥à¥ç¥ï ¢  «£¥¡à÷ ¢¨á«®¢-
«¥ì ¢÷¤¯®¢÷¤ îâì ®¡'õ¤ ï, ¯¥à¥à÷§ â  ¤®¯®¢¥ï  ¤ ¬®¦¨ ¬¨.

2.2.1. �á®¢÷ â®â®¦®áâ÷  «£¥¡à¨ ¬®¦¨
� ¢¥¤¥¬® ç®â¨à¨ ¯ à¨ § ª®÷¢  «£¥¡à¨ ¬®¦¨, ïª÷  ¤ «÷ ¢¨¤÷«ïâ¨-

¬¥¬® ïª ®á®¢÷.
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2.2. �®â®¦®áâ÷  «£¥¡à¨ ¬®¦¨

�¥å © A, B, C { ¤®¢÷«ì÷ ä®à¬ã«¨  «£¥¡à¨ ¬®¦¨.
1. �®¬ãâ â¨¢÷áâì (¯¥à¥áâ ¢¨© § ª®): A ∪B = B ∪ A,

A ∩B = B ∩ A.
2. �¨áâà¨¡ãâ¨¢÷áâì (à®§¯®¤÷«ì¨© § ª®):

A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C),
A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C).

3. �¥©âà «ì÷áâì: A ∪∅ = A,
A ∩ U = A.

4. �®¯®¢¥÷áâì: A ∪ Ac = U,
A ∩ Ac = ∅.

�¯à ¢  2.2. �¨¢¥áâ¨  ¢¥¤¥÷ ®á®¢÷ § ª®¨, ª®à¨áâãîç¨áì ¢¨§ -
ç¥ï¬¨ ®¯¥à æ÷©  ¤ ¬®¦¨ ¬¨.

�ª ÷ ã ¢¨¯ ¤ªã  «£¥¡à¨ ¢¨á«®¢«¥ì,  ¢¥¤¥¨å ç®â¨àì®å ¯ à ®á®¢¨å
§ ª®÷¢ ¤®áâ âì® ¤«ï ¢¨¢¥¤¥ï ¡ã¤ì-ïª®ù â®â®¦®áâ÷, é® § ¯¨á   §
¢¨ª®à¨áâ ï¬ ®¯¥à æ÷© ®¡'õ¤ ï, ¯¥à¥à÷§ã â  ¤®¯®¢¥ï.

2.2.2. öè÷ § ª®¨  «£¥¡à¨ ¬®¦¨
� ¢¥¤¥¬® ¤¥ïª÷ ÷è÷ § ª®¨  «£¥¡à¨ ¬®¦¨, ïª÷ ç áâ® ¢¨ª®à¨áâ®¢ã-

¢ â¨¬¥¬® ¤ «÷.
5. �÷¢¥àá «ì÷ ¬¥¦÷: A ∪ U = U,

A ∩∅ = ∅.

6. �¡á®à¡æ÷ï (¯®£«¨ ï ): A ∪ (A ∩B) = A,
A ∩ (A ∪B) = A.

7. ö¤¥¬¯®â¥â÷áâì: A ∪ A = A,
A ∩ A = A.

8. �á®æ÷ â¨¢÷áâì (á¯®«ãç¨© § ª®): A ∪ (B ∪ C) = (A ∪B) ∪ C,
A ∩ (B ∩ C) = (A ∩B) ∩ C.

9. ô¤¨÷áâì ¤®¯®¢¥ï: á¨áâ¥¬  à÷¢ïì
{

A ∪X = U,

A ∩X = ∅
¢÷¤®á® X

¬ õ õ¤¨¨© à®§¢'ï§®ª X = Ac (â®¡â® ïªé® A ∪X = U â  A ∩X = ∅, â®
X = Ac).

10. ö¢®«îâ¨¢÷áâì: (Ac)c = A.
11. � ª® (¯à ¢¨«®) ¤¥ �®à£  : (A ∪B)c = Ac ∩Bc,

(A ∩B)c = Ac ∪Bc.
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�®§¤÷« 2. �¥®à÷ï ¬®¦¨

� £ ¤ õ¬®, é®  ¢¥¤¥÷ â®â®¦®áâ÷ (ïª ÷ ¡ã¤ì-ïª÷ ÷è÷ â®â®¦®áâ÷  «-
£¥¡à¨ ¬®¦¨, § ¯¨á ÷ § ¢¨ª®à¨áâ ï¬ ®¯¥à æ÷© ®¡'õ¤ ï, ¯¥à¥à÷§ã
â  ¤®¯®¢¥ï) ¬®¦ãâì ¡ãâ¨ ¢¨¢¥¤¥÷ § ç®â¨àì®å ¯ à ®á®¢¨å § ª®÷¢.

�¯à ¢  2.3. �ä®à¬ã«î¢ â¨ â  ¤®¢¥áâ¨ ¯à¨æ¨¯ ¤ã «ì®áâ÷ â  ã§ -
£ «ì¥¥ ¯à ¢¨«® ¤¥ �®à£   ¤«ï  «£¥¡à¨ ¬®¦¨.

2.2.3. �÷ £à ¬¨ �¥ 
�÷ £à ¬¨ �¥  (÷è   §¢  { ªàã£¨ �©«¥à ) ¤®¯®¬ £ îâì  ®ç®

¯à®÷«îáâàã¢ â¨ à¥§ã«ìâ â¨ ¢¨ª® ï ®¯¥à æ÷© ¢  «£¥¡à÷ ¬®¦¨,   â -
ª®¦ «¢£ ¤ â¨» ( «¥ ¥ ¤®¢¥áâ¨!) ¤¥ïª÷ ¥áª« ¤÷ â®â®¦®áâ÷.

�  ¤÷ £à ¬÷ �¥  ã÷¢¥àá «ìã ¬®¦¨ã §®¡à ¦ãîâì ã ¢¨£«ï¤÷ ¯àï-
¬®ªãâ¨ª , ª®¦ã ÷èã ¬®¦¨ã { ã ¢¨£«ï¤÷ ªàã£  ( ¡® ÷è®ù ä÷£ãà¨).
�ªé® ¢÷¤®¬®, é® ¬®¦¨¨ ¥ ¯¥à¥à÷§ îâìáï, ¢÷¤¯®¢÷¤÷ ªàã£¨ §®¡à ¦ã-
îâì â ª¨¬¨, é® ¥ ¯¥à¥à÷§ îâìáï. �ªé® ¢÷¤®¬®, é® A ⊂ B, ªàã£ ¬®-
¦¨¨ A §®¡à ¦ãîâì ¢á¥à¥¤¨÷ ªàã£  ¬®¦¨¨ B. �ªé®  ¯à÷®à÷ ÷ç®£®
¥ ¢÷¤®¬® ¯à® ¢§ õ¬¥ ¯®«®¦¥ï ¬®¦¨, ¢÷¤¯®¢÷¤÷ ªàã£¨ §®¡à ¦ãîâì
â ª¨¬¨, é® ¯¥à¥à÷§ îâìáï, â  ¦®¤¥ ªàã£ ¥ «¥¦¨âì æ÷«ª®¬ ¢á¥à¥¤¨÷
÷è®£®.

�à¨ª« ¤ 2.2. �®¡à §¨¬®   ¤÷ £à ¬÷ �¥  á¨¬¥âà¨çã à÷§¨æî
¬®¦¨ A M B (à¨á. 2.1).

U
A B

�¨á. 2.1

�  ¢¥¤¥®£® à¨áãª  «¥£ª® «¢£ ¤ãõâìáï» â®â®¦÷áâì

A M B = (A ∪B) \ (A ∩B),

®¤ ª æï â®â®¦÷áâì ¯®âà¥¡ãõ  ªãà â®£® ¤®¢¥¤¥ï.
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2.3. �®¢¥¤¥ï § ª®÷¢  «£¥¡à¨ ¬®¦¨

2.3. �®¢¥¤¥ï § ª®÷¢  «£¥¡à¨ ¬®¦¨
2.3.1. �®¤¥«ì¥ ¤®¢¥¤¥ï

�®¤¥«ì¨© ¬¥â®¤ ¤®¢¥¤¥ï ¡ §ãõâìáï   ¢¨§ ç¥÷ ¥ª¢÷¢ «¥â®áâ÷
(à÷¢®áâ÷) ¬®¦¨ â  ¢¨§ ç¥÷ ¯÷¤¬®¦¨¨:

(A = B) ⇔ ((x ∈ A) ↔ (x ∈ B)) ⇔ (A ⊂ B) ∧ (B ⊂ A);

(A ⊂ B) ⇔ (B ⊃ A) ⇔ ((x ∈ A) → (x ∈ B)).

�à¨ª« ¤ 2.3. �®¢¥¤¥¬® â®â®¦÷áâì ¯®£«¨ ï: A ∪ (A ∩B) = A.

(x ∈ (A ∪ (A ∩B))) ⇔ (x ∈ A) ∨ (x ∈ (A ∩B)) ⇔
(x ∈ A) ∨ ((x ∈ A) ∧ (x ∈ B)) ⇔ (x ∈ A)

(  ®áâ ì®¬ã «®£÷ç®¬ã ¯¥à¥å®¤÷ ¢¨ª®à¨áâ ® § ª® ¯®£«¨ ï ¤«ï
 «£¥¡à¨ ¢¨á«®¢«¥ì).

�à¨ª« ¤ 2.4. �®¢¥¤¥¬® ¥ª¢÷¢ «¥â÷áâì: A ⊂ B ⇔ A ∪B = B.
1. �¥å © A ⊂ B, â®¡â® (x ∈ A) ⇒ (x ∈ B). �®âà÷¡® ¤®¢¥áâ¨:

A ∪B = B, â®¡â® (x ∈ A ∪B) ⇔ (x ∈ B).
(x ∈ A ∪B) ⇔ (x ∈ A) ∨ (x ∈ B) ⇔ (x ∈ B),

®áª÷«ìª¨ (x ∈ A) ⇒ (x ∈ B).
2. �¥å © A ∪ B = B. �®¤÷, § ®§ ç¥ï ®¯¥à æ÷ù ®¡'õ¤ ï ¬®¦¨,

(x ∈ A) ⇒ (x ∈ B), â®¡â® A ⊂ B.
�à¨ª« ¤ 2.5. �®¢¥¤¥¬® § ª® ¬®¤ã«ïà®áâ÷:

A ⊂ B ⇒ A ∪ (B ∩ C) = (A ∪ C) ∩B.

�¥å © A ⊂ B. �®¢¥¤¥¬®, é® A ∪ (B ∩ C) ⊂ (A ∪ C) ∩B.

(x ∈ A ∪ (B ∩ C)) ⇒ (x ∈ A) ∨ ((x ∈ B) ∧ (x ∈ C)) ⇒
⇒ ((x ∈ A) ∨ (x ∈ B)) ∧ ((x ∈ A) ∨ (x ∈ C)) ⇒

⇒ ((x ∈ A) ∨ (x ∈ C)) ∧ (x ∈ B) ⇒ x ∈ (A ∪ C) ∩B.

�®¢¥¤¥¬®, é® A ∪ (B ∩ C) ⊃ (A ∪ C) ∩B.

x ∈ (A ∪ C) ∩B ⇒ ((x ∈ A) ∨ (x ∈ C)) ∧ (x ∈ B) ⇒
⇒ ((x ∈ A) ∧ (x ∈ B)) ∨ ((x ∈ C) ∧ (x ∈ B)) ⇒

⇒ (x ∈ A) ∨ ((x ∈ B) ∧ (x ∈ C)) ⇒ x ∈ A ∪ (B ∩ C).
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�®§¤÷« 2. �¥®à÷ï ¬®¦¨

2.3.2. �ªá÷®¬ â¨ç¥ ¤®¢¥¤¥ï
�ªá÷®¬ â¨ç¥ ¤®¢¥¤¥ï, ïª ÷ ¢ ¢¨¯ ¤ªã  «£¥¡à¨ ¢¨á«®¢«¥ì, ¯¥à¥¤¡ -

ç õ § áâ®áã¢ ï ç®â¨àì®å ¯ à ®á®¢¨å § ª®÷¢ (ª®¬ãâ â¨¢÷áâì, ¤¨á-
âà¨¡ãâ¨¢÷áâì, ¥©âà «ì÷áâì â  ¤®¯®¢¥÷áâì), ¡¥§ ãà åã¢ ï §¬÷áâã
®¯¥à æ÷©  ¤ ¬®¦¨ ¬¨.

�à¨ª« ¤ 2.6. �®¢¥¤¥¬® § ª® áª«¥î¢ ï: (A ∩B) ∪ (A ∩Bc) = A.

(A ∩B) ∪ (A ∩Bc) = A ∩ (B ∪Bc) = A ∩ U = A.

�à¨ª« ¤ 2.7. �®¢¥¤¥¬® ¥ª¢÷¢ «¥â÷áâì A ∪B = B ⇔ A ∩B = A.
1. �¥å © A ∪B = B. �®¤÷ (A ∪B) ∩ A = B ∩ A, â  A = B ∩ A.
2. �¥å © A ∩B = A. �®¤÷ (A ∩B) ∪B = A ∪B, â  B = A ∪B.

�¯à ¢  2.4. �®¢¥áâ¨  ªá÷®¬ â¨ç¨¬ ¬¥â®¤®¬ « æî¦®ª ¥ª¢÷¢ «¥â-
®áâ¥©: A ∪B = B ⇔ A ∩B = A ⇔ A ∩Bc = ∅⇔ Ac ∪B = U .

�¥§ã«ìâ â ¯à¨ª«. 2.4 ¤®§¢®«ïõ ¢¢¥áâ¨  ªá÷®¬ â¨ç¥ (ç¥à¥§ ®¯¥à æ÷ù
¯¥à¥à÷§ã, ®¡'õ¤ ï â  ¤®¯®¢¥ï) ¢¨§ ç¥ï ¯÷¤¬®¦¨¨:

A ⊂ B ⇔ (§  ¢¨§ ç¥ï¬) A ∪B = B.

�¥ ¢¨§ ç¥ï, à §®¬ § à¥§ã«ìâ â®¬ ¢¯à ¢¨ 2.4, ¤®§¢®«ïõ  ªá÷®¬ â¨ç®
¤®¢®¤¨â¨ ä ªâ¨ ¢ª«îç¥ï ¬®¦¨.

�à¨ª« ¤ 2.8. �®¢¥¤¥¬® «®£÷ç¨©  á«÷¤®ª: A ⊂ B ⇒ Bc ⊂ Ac.
�¥å © A ⊂ B. �®¤÷, §  ¢¨§ ç¥ï¬, A∪B = B. �¥àãç¨ ¢÷¤ ®¡®å ç á-

â¨ à÷¢®áâ÷ ¤®¯®¢¥ï, §  § ª®®¬ ¤¥ �®à£   ®âà¨¬ãõ¬®: Ac∩Bc = Bc,
§¢÷¤ª¨, §  « æî¦ª®¬ ¥ª¢÷¢ «¥â®áâ¥© ¢¯à ¢¨ 2.4, ¤÷áâ ¥¬®: Bc ⊂ Ac.

2.4. �ª÷ç¥÷ ¬®¦¨¨. �®âã¦÷áâì
áª÷ç¥®ù ¬®¦¨¨

� æì®¬ã ¯÷¤à®§¤÷«÷ à®§£«ï¤ â¨¬¥¬® áª÷ç¥÷ ¬®¦¨¨, â®¡â® ¬®-
¦¨¨, é® ¬÷áâïâì áª÷ç¥ã ª÷«ìª÷áâì ¥«¥¬¥â÷¢.

�§ ç¥ï 2.9. �®âã¦÷áâì áª÷ç¥®ù ¬®¦¨¨ A ¢¨§ ç õâìáï ïª
ª÷«ìª÷áâì ¥«¥¬¥â÷¢, é®  «¥¦ âì ¬®¦¨÷ A.
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2.4. �ª÷ç¥÷ ¬®¦¨¨. �®âã¦÷áâì áª÷ç¥®ù ¬®¦¨¨

�®âã¦÷áâì áª÷ç¥®ù ¬®¦¨¨ A ¯®§ ç â¨¬® ïª n(A)  ¡® card(A).

�à¨ª« ¤ 2.9. n({1, 2, 18}) = 3, n(∅) = 0, n({∅}) = 1.

� áâã¯¥ â¢¥à¤¦¥ï ¥£ ©® ¢¨¯«¨¢ õ § ®§ ç¥ï ¯®âã¦®áâ÷.

�¥®à¥¬  2.1. �¥å © A, B { áª÷ç¥÷ ¬®¦¨¨, é® ¥ ¯¥à¥à÷§ îâì-
áï, â®¡â® A ∩B = ∅. �®¤÷ n(A ∪B) = n(A) + n(B).

�¥§ã«ìâ â â¥®à¥¬¨ 2.1 ¬¥â®¤®¬ ¬ â¥¬ â¨ç®ù ÷¤ãªæ÷ù ã§ £ «ìîõâìáï
  ¤®¢÷«ìã áª÷ç¥ã ª÷«ìª÷áâì ¬®¦¨, é® ¯®¯ à® ¥ ¯¥à¥à÷§ îâìáï.

� á«÷¤®ª. �¥å © Ak (k = 1, 2, . . . , n) { áª÷ç¥÷ ¬®¦¨¨, é® ¯®-
¯ à® ¥ ¯¥à¥à÷§ îâìáï. �®¤÷ n(A1 ∪ A2 ∪ · · · ∪ An) =

n∑
k=1

n(Ak).

� ¢¥¤¥¬® ã§ £ «ì¥ï â¥®à¥¬¨ 2.1   ¢¨¯ ¤®ª ¬®¦¨, é® ¯¥à¥à÷-
§ îâìáï.

�¥®à¥¬  2.2. �¥å © A â  B { ¤®¢÷«ì÷ áª÷ç¥÷ ¬®¦¨¨. �®¤÷
n(A ∪B) = n(A) + n(B)− n(A ∩B).

�®¢¥¤¥ï. �¥§¯®á¥à¥¤ì® ¯¥à¥¢÷àïõâìáï, é® ¬®¦¨¨ A1 = A \ B,
A2 = B \ A, A3 = A ∩ B ¯®¯ à® ¥ ¯¥à¥à÷§ îâìáï, â  A = A1 ∪ A3,
B = A2 ∪A3, A ∪B = A1 ∪A2 ∪A3, �®¤÷,   ¯÷¤áâ ¢÷ â¥®à¥¬¨ 2.1, ¬ õ¬®:

n(A ∪B) = (n(A1) + n(A3)) + (n(A2) + n(A3))− n(A3) =

= n(A) + n(B)− n(A ∩B).

�¯à ¢  2.5. �¨¢¥áâ¨ ä®à¬ã«ã ¤«ï ¯®âã¦®áâ÷ ®¡'õ¤ ï âàì®å
áª÷ç¥¨å ¬®¦¨:

n(A ∪B ∪ C) = n(A) + n(B) + n(C)−
− n(A ∩B)− n(B ∩ C)− n(A ∩ C) + n(A ∩B ∩ C).

�à®¤ã¬ â¨ ã§ £ «ì¥ï ¤«ï ¤®¢÷«ì®ù áª÷ç¥®ù ª÷«ìª®áâ÷ áª÷ç¥¨å
¬®¦¨.
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�®§¤÷« 2. �¥®à÷ï ¬®¦¨

2.5. �¥ª àâ÷¢ ¤®¡ãâ®ª ¬®¦¨
�§ ç¥ï 2.10. �¥ª àâ®¢¨¬ ¤®¡ãâª®¬ ¤®¢÷«ì¨å ¬®¦¨ A â  B

 §¨¢ îâì ¬®¦¨ã A×B, é® áª« ¤ õâìáï § ã¯®àï¤ª®¢ ¨å ¯ à ¢¨£«ï¤ã
(a, b), ¤¥ a ∈ A, b ∈ B:

A×B = {(a, b) : a ∈ A, b ∈ B}.

�«ï ¢¨¯ ¤ªã A = B («¤¥ª àâ÷¢ ª¢ ¤à â») ç áâ® ¢¨ª®à¨áâ®¢ãîâì ¯®-
§ ç¥ï A× A = A×2 = A2.

�à¨ª« ¤ 2.10. �¥å © A = {1, 2, 3}, B = {a, b}. �®¤÷

A×B = {(1, a), (1, b), (2, a), (2, b), (3, a), (3, b)}.

� ã¢ ¦¥ï 2.5. �¥ª àâ÷¢ ¤®¡ãâ®ª ¥ª®¬ãâ â¨¢¨©. � ª, ¤«ï ¬®¦¨
§ ¯à¨ª«. 2.10,

B × A = {(a, 1), (b, 1), (a, 2), (b, 2), (a, 3), (b, 3)} 6= A×B.

�áª÷«ìª¨ ¥«¥¬¥â¨ ¬®¦¨ A â  B ¢ ¤¥ª àâ®¢®¬ã ¤®¡ãâªã A×B ¬®-
¦ãâì ¡ãâ¨ à÷§®ù ¯à¨à®¤¨, ¤®æ÷«ì® ¢¢®¤¨â¨ à÷§÷ ã÷¢¥àá «ì÷ ¬®¦¨¨
¤«ï ¯¥àè®ù ÷ ¤àã£®ù ª®¬¯®¥â ¤¥ª àâ®¢®£® ¤®¡ãâªã: A ⊂ U1, B ⊂ U2.
�÷¢¥àá «ì®î ¬®¦¨®î ¤«ï ¤¥ª àâ®¢®£® ¤®¡ãâªã ¢ æì®¬ã à §÷ ¢¢ ¦ -
â¨¬¥¬® U = U1 × U2.

�¥®à¥¬  2.3. �¥å © A â  B { áª÷ç¥÷ ¬®¦¨¨. �®¤÷

n(A×B) = n(A) · n(B).

�®¢¥¤¥ï. �¥å © A = {a1, a2, . . . , an}, B = {b1, b2, . . . , bm}. �«ï ¤®¢¥-
¤¥ï ¤®áâ âì® à®§¬÷áâ¨â¨ ¥«¥¬¥â¨ ¬®¦¨¨ A × B ã ¢¨£«ï¤÷ â ¡«¨-
æ÷, àï¤ª¨ ïª®ù ¢÷¤¯®¢÷¤ îâì ¥«¥¬¥â ¬ ¬®¦¨¨ A, áâ®¢¯æ÷ { ¥«¥¬¥â ¬
¬®¦¨¨ B:

b1 b2 . . . bm

a1 (a1, b1) (a1, b2) . . . (a1, bm)
a2 (a2, b1) (a2, b2) . . . (a2, bm)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
an (an, b1) (an, b2) . . . (an, bm)
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2.5. �¥ª àâ÷¢ ¤®¡ãâ®ª ¬®¦¨

�ç¥¢¨¤®, é® â ¡«¨æï ¬÷áâ¨âì nm ¥«¥¬¥â÷¢, é® ¤®¢®¤¨âì â¥®à¥¬ã.

�§ ç¥ï 2.10 ã§ £ «ìîõâìáï   ¢¨¯ ¤®ª ¤®¢÷«ì®ù áª÷ç¥®ù ª÷«ì-
ª®áâ÷ ¬®¦¨.

�§ ç¥ï 2.11. �¥ª àâ®¢¨¬ ¤®¡ãâª®¬ ¬®¦¨ A1, A2, . . . , An  -
§¨¢ îâì ¬®¦¨ã A1 × A2 × · · · × An, é® áª« ¤ õâìáï § ã¯®àï¤ª®¢ ¨å
n-®ª ¢¨£«ï¤ã (a1, a2, . . . , an), ¤¥ a1 ∈ A1, a2 ∈ A2, . . . , an ∈ An:

A1 × A2 × · · · × An = {(a1, a2, . . . , an) : a1 ∈ A1, a2 ∈ A2, . . . , an ∈ An}.
�«ï ¢¨¯ ¤ªã A1 = A2 = · · · = An = A («¤¥ª àâ÷¢ áâ¥¯÷ì») ç áâ®

¢¨ª®à¨áâ®¢ãîâì ¯®§ ç¥ï A×n = An.
�¯à ¢  2.6. �®à¨áâãîç¨áì ¬¥â®¤®¬ ¬ â¥¬ â¨ç®ù ÷¤ãªæ÷ù, ¤®¢¥áâ¨

  «®£ â¥®à¥¬¨ 2.3 ¤«ï ¤¥ª àâ®¢®£® ¤®¡ãâªã ¤®¢÷«ì®ù áª÷ç¥®ù ª÷«ì-
ª®áâ÷ ¬®¦¨:

n(A1 × A2 × · · · × An) = n(A1) · n(A2) · · ·n(An).

2.5.1. �®¢¥¤¥ï â®â®¦®áâ¥©, é® ¬÷áâïâì
¤¥ª àâ÷¢ ¤®¡ãâ®ª

�«ï ¤®¢¥¤¥ï â®â®¦®áâ¥©, é® ¬÷áâïâì ¤¥ª àâ÷¢ ¤®¡ãâ®ª, §àãç®
¢¨ª®à¨áâ®¢ã¢ â¨ ¬®¤¥«ì¨© ¬¥â®¤.

�à¨ª« ¤ 2.11. �®¢¥¤¥¬® â®â®¦÷áâì A×(B∪C) = (A×B)∪(A×C).

(x, y) ∈ A× (B ∪ C) ⇔ (x ∈ A) ∧ (y ∈ (B ∪ C)) ⇔
⇔ (x ∈ A) ∧ ((y ∈ B) ∨ (y ∈ C)).

(x, y) ∈ (A×B) ∪ (A× C) ⇔ ((x, y) ∈ (A×B)) ∨ ((x, y) ∈ (A× C)) ⇔
⇔ ((x ∈ A)∧(y ∈ B))∨((x ∈ A)∧(y ∈ C)) ⇔ (x ∈ A)∧((y ∈ B)∨(y ∈ C)).

�÷¤ ç á   «÷§ã ¥áª« ¤¨å â®â®¦®áâ¥©, é® ¬÷áâïâì ¤¥ª àâ÷¢ ¤®¡ã-
â®ª, §àãç® ¢¨ª®à¨áâ®¢ã¢ â¨   «®£ ¤÷ £à ¬ �¥ . �®¦¨¨, é® ¢÷¤-
¯®¢÷¤ îâì ¯¥àè÷© ª®¬¯®¥â÷ ¤¥ª àâ®¢®£® ¤®¡ãâªã, à®§¬÷éãîâì ¯® ®á÷ X,
¤àã£÷© ª®¬¯®¥â÷ { ¯® ®á÷ Y . � £ ¤ õ¬®, é® ¤÷ £à ¬¨ �¥  ¤®§¢®«ïîâì
«¢£ ¤ â¨» â®â®¦÷áâì,  «¥ «¢£ ¤  » â®â®¦÷áâì ¯®âà¥¡ãõ ¤®¢¥¤¥ï.
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�®§¤÷« 2. �¥®à÷ï ¬®¦¨

�à¨ª« ¤ 2.12. �®¡à §¨¬®   ¤÷ £à ¬÷ �¥  ¬®¦¨ã (A × B)c

(à¨á. 2.2). � £ ¤ õ¬®, é® (A×B)c = U \ (A×B), ¤¥ U = U1 × U2.

{} } }
U1

U=U U1 2
´

U2

A
B

A´B

X

Y

�¨á. 2.2

�  ¢¥¤¥®£® à¨áãª  «¥£ª® «¢£ ¤ãõâìáï» â®â®¦÷áâì

(A×B)c = (U1 ×Bc) ∪ (Ac × U2).

�¯à ¢  2.7. �®¢¥áâ¨ â®â®¦÷áâì (A × B)c = (U1 × Bc) ∪ (Ac × U2)
¬®¤¥«ì¨¬ ¬¥â®¤®¬.

2.6. �«£¥¡à  ¬®¦¨ ïª  «£¥¡à¨ç 
áâàãªâãà . �÷«ìæ¥ ¬®¦¨

2.6.1. �«£¥¡à  ¬®¦¨
�§ ç¥ï 2.12. �¥¯®à®¦î áãªã¯÷áâì ¬®¦¨ S, § ¬ª¥ã ¢÷¤-

®á® ®¯¥à æ÷© ®¡'õ¤ ï, ¯¥à¥à÷§ã â  ¤®¯®¢¥ï, â®¡â® â ªã, é®

(A ∈ S) ∧ (B ∈ S) ⇒ (A ∪B ∈ S) ∧ (A ∩B ∈ S) ∧ (Ac ∈ S),

 §¨¢ îâì  «£¥¡à®î ¬®¦¨.
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2.6. �«£¥¡à  ¬®¦¨ ïª  «£¥¡à¨ç  áâàãªâãà . �÷«ìæ¥ ¬®¦¨

� ®§ ç¥ï 2.12 ¥£ ©® ¢¨¯«¨¢ õ § ¬ª¥÷áâì  «£¥¡à¨ ¬®¦¨ ¢÷¤-
®á® ®¯¥à æ÷© à÷§¨æ÷ â  á¨¬¥âà¨ç®ù à÷§¨æ÷, ®áª÷«ìª¨ æ÷ ®¯¥à æ÷ù ¬®¦-
  ¢¨à §¨â¨ ç¥à¥§ ®¡'õ¤ ï, ¯¥à¥à÷§ â  ¤®¯®¢¥ï. � § ç¨¬®, é® ¢¨-
¬®£  ®§ ç¥ï 2.12 ¬®¦¥ ¡ãâ¨ ¯®á« ¡«¥ , ®áª÷«ìª¨, § ¢¤ïª¨ § ª®ã ¤¥
�®à£  , ®¯¥à æ÷î ®¡'õ¤ ï (¯¥à¥à÷§) ¬®¦  ¢¨à §¨â¨ ç¥à¥§ ¯¥à¥à÷§
(®¡'õ¤ ï) â  ¤®¯®¢¥ï.

�¯à ¢  2.8. �®¢¥áâ¨, é®  «£¥¡à  ¬®¦¨ § ¢¦¤¨ ¬÷áâ¨âì ¯®à®¦î
¬®¦¨ã: ∅ ∈ S.

�à¨ª« ¤ 2.13. �¥å © U { ¤®¢÷«ì  ¥¯®à®¦ï ¬®¦¨ , ïªã ¢¢ -
¦ â¨¬¥¬® ã÷¢¥àá «ì®î ¬®¦¨®î.

1. S1 = {U,∅} {  «£¥¡à  ¬®¦¨.
2. S2 = {U,∅, A, Ac} (A ⊂ U) {  «£¥¡à  ¬®¦¨.
3. �¥å © U = A1 ∪ A2 ∪ · · · ∪ An, ¯à¨ç®¬ã ¬®¦¨¨ Ak (k = 1, . . . , n)

¯®¯ à® ¥ ¯¥à¥à÷§ îâìáï. �®§£«ï¥¬® áãªã¯÷áâì ¬®¦¨

Sn = {Aj1 ∪ Aj2 ∪ · · · ∪ Ajm : m = 0, . . . , n},
é® ¬÷áâ¨âì ¢á÷ ¬®¦«¨¢÷ ®¡'õ¤ ï ¬®¦¨ Ak (k = 1, . . . , n), ¢¨¯ ¤®ª
m = 0 ¢÷¤¯®¢÷¤ õ ¯®à®¦÷© ¬®¦¨÷. �¥¢ ¦ª® ¤®¢¥áâ¨, é® Sn {  «£¥¡à 
¬®¦¨. � § ç¨¬®, é® S0 â  S1 { ®ªà¥¬÷ ¢¨¯ ¤ª¨  «£¥¡à¨ Sn ¯à¨ n = 0
â  n = 1 ¢÷¤¯®¢÷¤®. �¥£ª® ¯¥à¥¢÷à¨â¨, é®  «£¥¡à  Sn ¬÷áâ¨âì 2n ¬®¦¨.

� ã¢ ¦¥ï 2.6. �÷¤®¬® (¤¨¢.,  ¯à¨ª« ¤, [3]), é® ¡ã¤ì-ïª  áª÷ç¥ 
 «£¥¡à  ¬®¦¨ § ¢¦¤¨ ¬÷áâ¨âì 2n ¥«¥¬¥â÷¢, ¤¥ n { ¤¥ïª¥  âãà «ì¥
ç¨á«®. �÷«ìè¥ â®£®, ¤®¢÷«ì  áª÷ç¥   «£¥¡à  ¬®¦¨ ¬®¦¥ ¡ãâ¨ §®¡-
à ¦¥  ã ¢¨£«ï¤÷ Sn.

� ¢¥¤¥¬® ¯à¨ª« ¤ ¥áª÷ç¥®ù  «£¥¡à¨ ¬®¦¨.

�à¨ª« ¤ 2.14. �¥å © U = [0, 1). �®§£«ï¥¬® áãªã¯÷áâì ¬®¦¨

A = {[a1, b1) ∪ [a2, b2) ∪ · · · ∪ [am, bm) : 0 ≤ aj < bj ≤ 1, m ≥ 0},
é® ¬÷áâ¨âì ¢á÷ ¬®¦«¨¢÷ áª÷ç¥÷ ®¡'õ¤ ï  ¯÷¢¢÷¤ªà¨â¨å ÷â¥à¢ «÷¢
¢¨£«ï¤ã [a, b) ⊂ [0, 1); ¢¨¯ ¤®ª m = 0 ¢÷¤¯®¢÷¤ õ ¯®à®¦÷© ¬®¦¨÷. �¥-
¢ ¦ª® ¤®¢¥áâ¨, é® A {  «£¥¡à  ¬®¦¨. �«£¥¡àã A = A([0, 1))  §¨¢ îâì
¡®à¥«÷¢áìª®î  «£¥¡à®î   [0, 1), ¢®  ¢÷¤÷£à õ ª«îç®¢ã à®«ì ¢ â¥®à÷ù ¬÷à¨
â  ÷â¥£à « .
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2.6.2. �®ïââï ¯à® ª÷«ìæ¥ ¬®¦¨
�§ ç¥ï 2.13. �÷«ìæ¥¬ ¬®¦¨  §¨¢ îâì ¥¯®à®¦î áãªã¯-

÷áâì ¬®¦¨ S, § ¬ª¥ã ¢÷¤®á® ®¯¥à æ÷© ¯¥à¥à÷§ã â  á¨¬¥âà¨ç®ù
à÷§¨æ÷, â®¡â® â ªã, é®

(A ∈ S) ∧ (B ∈ S) ⇒ (A ∩B ∈ S) ∧ (A M B ∈ S).

� ®§ ç¥ï 2.13 ¢¨¯«¨¢ õ § ¬ª¥÷áâì ª÷«ìæï ¢÷¤®á® ®¯¥à æ÷©
®¡'õ¤ ï â  à÷§¨æ÷, ®áª÷«ìª¨

A ∪B = (A M B) M (A ∩B), A \B = (A ∪B) M B.

�¯à ¢  2.9. �®¢¥áâ¨, é® ª÷«ìæ¥ ¬®¦¨ § ¢¦¤¨ ¬÷áâ¨âì ¯®à®¦î
¬®¦¨ã: ∅ ∈ R.

�¯à ¢  2.10. �®¢¥áâ¨, é® ¥¯®à®¦ï áãªã¯÷áâì ¬®¦¨ R õ ª÷«ì-
æ¥¬ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ R § ¬ª¥¥ ¢÷¤®á® ®¯¥à æ÷© ®¡'õ¤ ï â 
à÷§¨æ÷.

�à¨ª« ¤ 2.15. �®¢÷«ì   «£¥¡à  ¬®¦¨ S õ ª÷«ìæ¥¬.
�¯à ¢  2.11. �®¢¥áâ¨, é® ª÷«ìæ¥ ¬®¦¨ õ  «£¥¡à®î â®¤÷ ÷ â÷«ìª¨

â®¤÷, ª®«¨ ¢®® ¬÷áâ¨âì ã÷¢¥àá «ìã ¬®¦¨ã.
�à¨ª« ¤ 2.16. �¥å © U { ã÷¢¥àá «ì  ¬®¦¨ .
1. �¥å © A ⊂ U . �®¤÷ R = {∅, A} { ª÷«ìæ¥ ¬®¦¨. � § ç¨¬®, é®

¯à¨ A 6= U ª÷«ìæ¥ R ¥ ¬÷áâ¨âì ã÷¢¥àá «ìã ¬®¦¨ã (U /∈ R).
2. �¥å © A ⊂ U , B ⊂ U , A∩B = ∅. �®¤÷ R = {∅, A, B,A∪B} { ª÷«ìæ¥

¬®¦¨.
3. �¥å © U = R. �®§£«ï¥¬® áãªã¯÷áâì ¬®¦¨

R = {[a1, b1) ∪ [a2, b2) ∪ · · · ∪ [am, bm) : aj < bj, m ≥ 0},
é® ¬÷áâ¨âì ¢á÷ ¬®¦«¨¢÷ áª÷ç¥÷ ®¡'õ¤ ï  ¯÷¢¢÷¤ªà¨â¨å ÷â¥à¢ «÷¢
¢¨£«ï¤ã [a, b) ⊂ R; ¢¨¯ ¤®ª m = 0 ¢÷¤¯®¢÷¤ õ ¯®à®¦÷© ¬®¦¨÷. �¥¢ ¦-
ª® ¤®¢¥áâ¨, é® R { ª÷«ìæ¥ ¬®¦¨. �÷«ìæ¥ R  §¨¢ îâì ¡®à¥«÷¢áìª¨¬
ª÷«ìæ¥¬ (  R), ¢®® ¢÷¤÷£à õ ¢ ¦«¨¢ã à®«ì ¢ â¥®à÷ù ¬÷à¨ â  ÷â¥£à « .

�¥â «ì÷ ¢÷¤®¬®áâ÷ ¯à®  «£¥¡àã â  ª÷«ìæï ¬®¦¨ (  â ª®¦ ¯à® ÷è÷
á¨áâ¥¬¨ ¬®¦¨) ¬®¦  § ©â¨,  ¯à¨ª« ¤, ¢ [5].

� £ «ì÷ ¯¨â ï â¥®à÷ù ¬®¦¨ ¤¥â «ì® ¢¨á¢÷â«¥÷, §®ªà¥¬ , ¢ [6].
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�®§¤÷« 3

�¥®à÷ï ¢÷¤®è¥ì

3.1. �á®¢÷ ¯®ïââï â¥®à÷ù ¢÷¤®è¥ì
�§ ç¥ï 3.1. �¥å © A1, A2, . . . , An { ¤®¢÷«ì÷ ¬®¦¨¨. �÷¤®-

è¥ï¬ R, é® § ¤ ¥   ¬®¦¨ å A1, . . . , An,  §¨¢ îâì ¤®¢÷«ìã ¯÷¤-
¬®¦¨ã ¤¥ª àâ®¢®£® ¤®¡ãâªã A1 × A2 × · · · × An:

R ⊂ A1 × A2 × · · · × An.

�ªé® A1 = A2 = · · · = An = A, â® ª ¦ãâì, é® R § ¤ ¥   ¬®¦¨÷ A.
�÷¤®è¥ï R = ∅  §¨¢ îâì ¯®à®¦÷¬, ¢÷¤®è¥ï R = A1×· · ·×An

{ ¯®¢¨¬.
�ªé® n = 1, ¢÷¤®è¥ï  §¨¢ îâì ã à¨¬, ïªé® n = 2 { ¡÷ à¨¬,

ïªé® n = 3 { â¥à à¨¬ (  «®£÷ç÷  §¢¨ ¤«ï ¡÷«ìè¨å § ç¥ì n ¬®¦-
  ãâ¢®àî¢ â¨ ¢÷¤ « â¨áìª¨å ¯®àï¤ª®¢¨å ç¨á«÷¢¨ª÷¢,  «¥   ¯à ªâ¨æ÷
¢®¨ ¬ ©¦¥ ¥ ¢¨ª®à¨áâ®¢ãîâìáï).

�à¨ª« ¤ 3.1. 1. �  ¬®¦¨÷ A1 = N ¬®¦  § ¤ â¨ ã à¥ ¢÷¤®-
è¥ï

R = {n : n { ¯ à¥}.
2. �¥å © A1 { ¬®¦¨  ªã«ì, A2 { ¬®¦¨  ª®«ì®à÷¢. �  ¬®¦¨ å

A1, A2 ¬®¦  § ¤ â¨ ¡÷ à¥ ¢÷¤®è¥ï

R = {(a1, a2) : ªã«ï a1 ¬ õ ª®«÷à a2}.
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3. �¥å © A1 { ¬®¦¨  ¢á÷å ç®«®¢÷ª÷¢, A2 { ¬®¦¨  ¦÷®ª, A3 {
¬®¦¨  ¢á÷å «î¤¥©. �  ¬®¦¨ å A1, A2, A3 ¬®¦  § ¤ â¨ â¥à à¥
¢÷¤®è¥ï

R = {(a1, a2, a3) : a1 â  a2 õ ¡ âìª ¬¨ a3}.
� ¤ «÷ ®á®¢ã ã¢ £ã ¯à¨¤÷«ïâ¨¬¥¬® ¡÷ à¨¬ ¢÷¤®è¥ï¬, ïª÷ è¨-

à®ª® § áâ®á®¢ãîâì ã à÷§¨å £ «ã§ïå ¬ â¥¬ â¨ª¨.
�÷¤ ç á   «÷§ã ¡÷ à¨å ¢÷¤®è¥ì §àãç® ¢¨ª®à¨áâ®¢ã¢ â¨ ¯®§ -

ç¥ï:
• R :: A → B § ¬÷áâì R ⊂ A×B;
• xRy § ¬÷áâì (x, y) ∈ R;
• x6Ry § ¬÷áâì ¬((x, y) ∈ R).

�à¨ª« ¤ 3.2. �¥å © R : R→ R. � ¤ ¬® ¢÷¤®è¥ï R ç¥à¥§ «®£÷çã
¥ª¢÷¢ «¥â÷áâì xRy ⇔ x ≤ y. �ç¥¢¨¤®, R = {(x, y) : x ≤ y}.

�à¨ª« ¤ 3.3. �¥å © R : U → 2U , ¤¥ U { ¤®¢÷«ì  ¬®¦¨ , 2U

{ ¬®¦¨  ¢á÷å ¯÷¤¬®¦¨ U , â®¡â® 2U = {A : A ⊂ U}. � ¤ ¬® ¢÷¤-
®è¥ï R ç¥à¥§ «®£÷çã ¥ª¢÷¢ «¥â÷áâì aRA ⇔ a ∈ A. �ç¥¢¨¤®,
R = {(a,A) : a ∈ A}.

� «÷, ïªé® ¥ ¢ª § ® ÷è¥, ¢á÷ ¢÷¤®è¥ï ¢¢ ¦ â¨¬¥¬® ¡÷ à¨¬¨.

�§ ç¥ï 3.2. �®â®¦¨¬ ¢÷¤®è¥ï¬   ¬®¦¨÷ A  §¨¢ îâì
¢÷¤®è¥ï IA, ¢¨§ ç¥¥ «®£÷ç®î ¥ª¢÷¢ «¥â÷áâî xIAy ⇔ x = y, â®¡â®

IA = {(x, x) : x ∈ A}.

3.2. �¯®á®¡¨ § ¤ ï ¡÷ à¨å ¢÷¤®è¥ì

1. �®¢÷«ì¥ (¥ ®¡®¢'ï§ª®¢® ¡÷ à¥) ¢÷¤®è¥ï ¬®¦  § ¤ â¨ ïª
¬®¦¨ã. �à® á¯®á®¡¨ § ¤ ï ¬®¦¨ ¤¨¢. ¯÷¤à®§¤. 2.1.

2. �®®à¤¨ â¨© á¯®á÷¡: § áâ®á®¢ãõâìáï ¤«ï ¡÷ à®£® ¢÷¤®è¥ï
R : A → B ã ¢¨¯ ¤ªã, ª®«¨ ¥«¥¬¥â ¬ ¬®¦¨ A â  B ¬®¦  ¯à¨à®¤®
§÷áâ ¢¨â¨ â®çª¨   ç¨á«®¢÷© ®á÷. �®¤÷ ¬®¦¨  A § ¤ õâìáï ïª ¯÷¤¬®-
¦¨  ®á÷ X, ¬®¦¨  B { ïª ¯÷¤¬®¦¨  ®á÷ Y , ¥«¥¬¥â ¬ ¢÷¤®è¥ï
R §÷áâ ¢«ïîâìáï â®çª¨   ª®®à¤¨ â÷© ¯«®é¨÷.
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3.2. �¯®á®¡¨ § ¤ ï ¡÷ à¨å ¢÷¤®è¥ì

�à¨ª« ¤ 3.4. �¥å © R : A → B. �  à¨á. 3.1  ¢¥¤¥® ¢÷¤®è¥ï

R = {(x, y) : x2 + y2 = 1}, A = B = R

(®¤¨¨ç¥ ª®«® § æ¥âà®¬ ã ¯®ç âªã ª®®à¤¨ â).
�  à¨á. 3.2  ¢¥¤¥® ¢÷¤®è¥ï

R = {(1, x), (2, y), (3, y)}, A = {1, 2, 3}, B = {x, y}

(âà¨ â®çª¨   ª®®à¤¨ â÷© ¯«®é¨÷).

X

Y

0

1

1

–1

–1

�¨á. 3.1

X

Y

1

x

y

2 3

(1, )x

(2, )y (3, )y

0

�¨á. 3.2

3. �âà÷«ª®¢÷ ¤÷ £à ¬¨: § áâ®á®¢ãîâìáï ¤«ï ¢÷¤®è¥ï R : A → B
ã ¢¨¯ ¤ªã áª÷ç¥¨å ¬®¦¨ A â  B. �¥å © A = (a1, a2, . . . , an),
B = (b1, b2, . . . , bm). �«¥¬¥â¨ ¬®¦¨ A â  B §®¡à ¦ãîâì ã ¢¨£«ï¤÷
¢÷¤®ªà¥¬«¥¨å ®¤  ¢÷¤ ®¤®ù â®ç®ª   ¯«®é¨÷; ïªé® aRb,   à¨áãªã
¢÷¤ â®çª¨ a ¤® â®çª¨ b ¯à®¢®¤ïâì áâà÷«ªã.

�à¨ª« ¤ 3.5. �¥å © R : A → B. �  à¨á. 3.3  ¢¥¤¥® ¢÷¤®è¥ï

R = {(a1, b1), (a2, b2), (a3, b1)}, A = {a1, a2, a3}, B = {b1, b2}

(âà¨ áâà÷«ª¨   ¤÷ £à ¬÷).
�  à¨á. 3.4  ¢¥¤¥® ¯®¢¥ ¢÷¤®è¥ï

R = A×B, A = B = {a, b, c}

(¤¥¢'ïâì áâà÷«®ª   ¤÷ £à ¬÷).

35



�®§¤÷« 3. �¥®à÷ï ¢÷¤®è¥ì

a2

b2

a3

a1

b1

A B

�¨á. 3.3

b b

c c

a
a

A B

�¨á. 3.4

�ª ¢¨¤® §  ¢¥¤¥¨å à¨áãª÷¢, áâà÷«ª®¢÷ ¤÷ £à ¬¨ ¤®æ÷«ì® § áâ®-
á®¢ã¢ â¨ ¤«ï §®¡à ¦¥ï ¢÷¤®è¥ì, é® ¬÷áâïâì ¥¢¥«¨ªã ª÷«ìª÷áâì ¯ à
¥«¥¬¥â÷¢ (¤«ï §®¡à ¦¥ï ¯®¢®£® ¢÷¤®è¥ï áâà÷«ª®¢  ¤÷ £à ¬  { ¥
 ©ªà é¨© ¢¨¡÷à).

4. � âà¨ç¨© á¯®á÷¡: § áâ®á®¢ãõâìáï ¤«ï ¢÷¤®è¥ï R : A → B
ã ¢¨¯ ¤ªã áª÷ç¥¨å ¬®¦¨ A â  B. �¥å © A = (a1, a2, . . . , an),
B = (b1, b2, . . . , bm). �÷¤®è¥ï R § ¤ õâìáï ã ¢¨£«ï¤÷ ¬ âà¨æ÷ MR à®§-
¬÷à®¬ n × m (â ¡«¨æï § n àï¤ª÷¢ â  m áâ®¢¯æ÷¢); àï¤ª¨ ¬ âà¨æ÷ MR

ã¬¥àãîâìáï ¥«¥¬¥â ¬¨ ¬®¦¨¨ A, áâ®¢¯æ÷ { ¥«¥¬¥â ¬¨ ¬®¦¨¨ B.
� âà¨æï § ¯®¢îõâìáï «®£÷ç¨¬¨ ¥«¥¬¥â ¬¨ 0 â  1: ¥«¥¬¥â ai,j ( 
¯¥à¥â¨÷ àï¤ª  i â  áâ®¢¯æï j) ¤®à÷¢îõ 1 â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ aiRbj.

�à¨ª« ¤ 3.6. �¥å © A = {a1, a2, a3}, B = {b1, b2}. �®¦®¬ã
¥«¥¬¥âã ai §÷áâ ¢¨¬® i-© àï¤®ª (i = 1, 2, 3) ¬ âà¨æ÷, ª®¦®¬ã ¥«¥-
¬¥âã bj §÷áâ ¢¨¬® j-© áâ®¢¯¥æì (j = 1, 2). �®¤÷ ¤«ï ¢÷¤®è¥ï
R = {(a1, b1), (a2, b2), (a3, b1)},   â ª®¦ ¤«ï ¯®¢®£® â  ¯®à®¦ì®£® ¢÷¤-
®è¥ì   A×B ÷ ¤«ï â®â®¦®£® ¢÷¤®è¥ï IB, ¤÷áâ ¥¬®:

MR =




1 0
0 1
1 0


 ; MA×B =




1 1
1 1
1 1


 ; M∅ =




0 0
0 0
0 0


 ; MIB

=

(
1 0
0 1

)
.

5. �à÷õâ®¢ ÷ £à ä¨: § áâ®á®¢ãîâìáï ¤«ï ¢÷¤®è¥ï R : A → A
ã ¢¨¯ ¤ªã áª÷ç¥®ù ¬®¦¨¨ A. �÷¤®è¥ï R § ¤ õâìáï ã ¢¨£«ï¤÷
®à÷õâ®¢ ®£® £à äã: ª®¦®¬ã ¥«¥¬¥âã a ∈ A §÷áâ ¢«ïõâìáï ¤¥ïª  â®çª 
  ¯«®é¨÷ (¢¥àè¨  £à äã); ïªé® aRb, ¢¥àè¨¨ a â  b §'õ¤ãîâìáï
®à÷õâ®¢ ¨¬ à¥¡à®¬, é® ¢¥¤¥ ¢÷¤ a ¤® b. �¨¯ ¤ªã aRa   £à ä÷ ¢÷¤¯®¢÷¤ õ
«§ ¬ª¥¥» à¥¡à® (¯¥â«ï)   ¢¥àè¨÷ a.
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3.3. �¯¥à æ÷ù  ¤ ¡÷ à¨¬¨ ¢÷¤®è¥ï¬¨

�à¨ª« ¤ 3.7. �¥å © A = {a, b, c}.
�  à¨á. 3.5  ¢¥¤¥® ¢÷¤®è¥ï

R = {(a, b), (b, c), (c, c)}

(£à ä § âàì®¬  à¥¡à ¬¨, ®¤¥ § ïª¨å {
¯¥â«ï).

b

ca

�¨á. 3.5

3.3. �¯¥à æ÷ù  ¤ ¡÷ à¨¬¨ ¢÷¤®è¥ï¬¨

1. �¡'õ¤ ï ¢÷¤®è¥ì: § áâ®á®¢ãõâìáï ¤® ¤®¢÷«ì¨å (¥ ®¡®¢'ï§ª®-
¢® ¡÷ à¨å) ¢÷¤®è¥ì R,S ⊂ A1 × A2 × · · · × An ÷ ¢¨§ ç õâìáï ïª
®¡'õ¤ ï ¬®¦¨ R ∪ S. � ¢¨¯ ¤ªã ¡÷ à¨å ¢÷¤®è¥ì R, S : A → B
  áª÷ç¥¨å A â  B ¬ âà¨æï ®¡'õ¤ ï MR∪S ®¡ç¨á«îõâìáï ïª ¯®¥«¥-
¬¥â  ¤¨§'îªæ÷ï ¬ âà¨æì MR â  MS:

(MR∪S)i,j = (MR)i,j ∨ (MS)i,j , 1 ≤ i ≤ n(A), 1 ≤ j ≤ n(B).

�à¨ª« ¤ 3.8. �¥å ©
A = {a1, a2, a3}, B = {b1, b2},

R = {(a1, b1), (a2, b2), (a3, b1)}, S = {(a1, b1), (a1, b2)}.
� áâ®á®¢ãîç¨ ¯à¨à®¤ã ã¬¥à æ÷î àï¤ª÷¢ â  áâ®¢¯æ÷¢ ¬ âà¨æì MR

â  MS (¥«¥¬¥âã ai §÷áâ ¢¨¬® i-© àï¤®ª, ¥«¥¬¥âã bj { j-© áâ®¢¯¥æì),
®âà¨¬ãõ¬®:

MR =




1 0
0 1
1 0


 , MS =




1 1
0 0
0 0


 , MR∪S =




1 1
0 1
1 0


 ,

â®¡â® R ∪ S = {(a1, b1), (a2, b2), (a3, b1), (a1, b2)}.
2. �¥à¥à÷§ ¢÷¤®è¥ì: § áâ®á®¢ãõâìáï ¤® ¤®¢÷«ì¨å (¥ ®¡®¢'ï§ª®¢®

¡÷ à¨å) ¢÷¤®è¥ì R, S ⊂ A1×A2× · · · ×An ÷ ¢¨§ ç õâìáï ïª ¯¥à¥à÷§
¬®¦¨ R∩S. � ¢¨¯ ¤ªã ¡÷ à¨å ¢÷¤®è¥ì R, S : A → B   áª÷ç¥¨å
A â  B ¬ âà¨æï ¯¥à¥à÷§ã MR∩S ®¡ç¨á«îõâìáï ïª ¯®¥«¥¬¥â  ª®'îªæ÷ï
¬ âà¨æì MR â  MS:

(MR∩S)i,j = (MR)i,j ∧ (MS)i,j , 1 ≤ i ≤ n(A), 1 ≤ j ≤ n(B).
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�®§¤÷« 3. �¥®à÷ï ¢÷¤®è¥ì

�à¨ª« ¤ 3.9. �¥å ©

A = {a1, a2, a3}, B = {b1, b2},
R = {(a1, b1), (a2, b2), (a3, b1)}, S = {(a1, b1), (a1, b2)}.

� áâ®á®¢ãîç¨ ¯à¨à®¤ã ã¬¥à æ÷î àï¤ª÷¢ â  áâ®¢¯æ÷¢ ¬ âà¨æì MR â 
MS, ®¤¥à¦¨¬®:

MR =




1 0
0 1
1 0


 , MS =




1 1
0 0
0 0


 , MR∩S =




1 0
0 0
0 0


 ,

â®¡â® R ∩ S = {(a1, b1)}.

3. �®¯®¢ï«ì¥ ¢÷¤®è¥ï: ¢¨§ ç¥® ¤«ï ¤®¢÷«ì®£® (¥ ®¡®¢'ï§ª®-
¢® ¡÷ à®£®) ¢÷¤®è¥ï R ⊂ A1 × A2 × · · · × An ïª ¤®¯®¢¥ï Rc

¬®¦¨¨ R ¢÷¤®á® ã÷¢¥àá «ì®ù ¬®¦¨¨ U = A1 × · · · × An, â®¡â®

Rc = (A1 × A2 × · · · × An) \R.

� ¢¨¯ ¤ªã ¡÷ à®£® ¢÷¤®è¥ï R : A → B   áª÷ç¥¨å A â  B ¬ â-
à¨æï ¤®¯®¢¥ï MRc ®¡ç¨á«îõâìáï ïª ¯®¥«¥¬¥â¥ «®£÷ç¥ § ¯¥à¥ç¥ï
¬ âà¨æ÷ MR:

(MRc)i,j = ¬ (MR)i,j , 1 ≤ i ≤ n(A), 1 ≤ j ≤ n(B).

�à¨ª« ¤ 3.10. �¥å ©

A = {a1, a2, a3}, B = {b1, b2}, R = {(a1, b1), (a2, b2), (a3, b1)}.

� áâ®á®¢ãîç¨ ¯à¨à®¤ã ã¬¥à æ÷î àï¤ª÷¢ â  áâ®¢¯æ÷¢, ¤÷áâ ¥¬®:

MR =




1 0
0 1
1 0


 , MRc =




0 1
1 0
0 1


 ,

â®¡â® Rc = {(a1, b2), (a2, b1), (a3, b2)}.
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3.3. �¯¥à æ÷ù  ¤ ¡÷ à¨¬¨ ¢÷¤®è¥ï¬¨

4. ö¢¥àá¥ (®¡¥à¥¥) ¢÷¤®è¥ï: ¢¨§ ç õâìáï ¤«ï ¡÷ à®£® ¢÷¤®-
è¥ï R : A → B ïª ¢÷¤®è¥ï R−1 : B → A, â ª¥, é®:

yR−1x ⇔ xRy (x ∈ A, y ∈ B).

� ¢¨¯ ¤ªã ¡÷ à®£® ¢÷¤®è¥ï R : A → B   áª÷ç¥¨å A â  B ¬ -
âà¨æï ÷¢¥àá®£® ¢÷¤®è¥ï MR−1 ®¡ç¨á«îõâìáï ïª âà á¯®®¢   ¤®
¬ âà¨æ÷ MR: MR−1 = (MR)T , â®¡â®

(MR−1)j,i = (MR)i,j , 1 ≤ i ≤ n(A), 1 ≤ j ≤ n(B).

�à¨ª« ¤ 3.11. �¥å ©

A = {a1, a2, a3}, B = {b1, b2}, R = {(a1, b1), (a2, b2), (a3, b1)}.

� áâ®á®¢ãîç¨ ¯à¨à®¤ã ã¬¥à æ÷î àï¤ª÷¢ â  áâ®¢¯æ÷¢, ®âà¨¬ãõ¬®:

MR =




1 0
0 1
1 0


 , MR−1 =

(
1 0 1
0 1 0

)
,

â®¡â® R−1 = {(b1, a1), (b2, a2), (b1, a3)}.

5. �®¬¯®§¨æ÷ï ¢÷¤®è¥ì: ¢¨§ ç õâìáï ¤«ï ¢÷¤®è¥ì R : A → B â 
S : B → C ïª ¢÷¤®è¥ï R ◦ S : A → C, â ª¥, é®:

a(R ◦ S)c ⇔ ∃b ∈ B : aRb ∧ bSc.

� ã¢ ¦¥ï 3.1. �«ï § ¯¨áã ª®¬¯®§¨æ÷ù äãªæ÷© §àãç¨¬ â  § £ «ì-
®¯à¨©ïâ¨¬ õ §¢®à®â¨© § ¯¨á ((g ◦ f)(x) = g(f(x))), ®¤ ª ¤«ï ª®¬¯®-
§¨æ÷ù ¢÷¤®è¥ì ç áâ® ¢¨ª®à¨áâ®¢ãîâì ïª ¯àï¬¨©, â ª ÷ §¢®à®â¨© § ¯¨á.
� æì®¬ã ¯®á÷¡¨ªã ¤«ï ª®¬¯®§¨æ÷ù ¢÷¤®è¥ì ¢¨ª®à¨áâ®¢ã¢ â¨¬¥¬® ¯àï-
¬¨© § ¯¨á, ïª¨© §àãç÷è¨© ¤«ï  è¨å ¯®âà¥¡.

�«ï áª÷ç¥¨å ¬®¦¨ A, B â  C § ¥¢¥«¨ª®î ª÷«ìª÷áâî ¥«¥¬¥-
â÷¢ ª®¬¯®§¨æ÷î ¢÷¤®è¥ì §àãç® ®¡ç¨á«î¢ â¨ §  ¤®¯®¬®£®î áâà÷«ª®¢¨å
¤÷ £à ¬.
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�®§¤÷« 3. �¥®à÷ï ¢÷¤®è¥ì

�à¨ª« ¤ 3.12. �¥å © A = {a1, a2, a3}, B = {b1, b2, b3}, C = {c1, c2}.
�®§£«ï¥¬® ¢÷¤®è¥ï

R : A → B, R = {(a1, b2), (a2, b1), (a2, b3), (a3, b2)};
S : B → C, S = {(b1, c1), (b3, c1), (b3, c2)}.

�¡ç¨á«¨¬® ª®¬¯®§¨æ÷î R ◦ S.

a2 b2

c2

b3a3

a1 b1
c1

A B C

R S

�¨á. 3.6

�ª ¢¨¤® § à¨á. 3.6,

R ◦ S = {(a2, c1), (a2, c2)}.

�®¬¯®§¨æ÷ï ¢÷¤®è¥ì   áª÷ç¥¨å ¬®¦¨ å â÷á® ¯®¢'ï§   § ¤®-
¡ãâª®¬ ¬ âà¨æì ¢÷¤®è¥ì.

�§ ç¥ï 3.3. �¥å ©

A = {a1, . . . , an}, B = {b1, . . . , bm}, C = {c1, . . . , ck},
R : A → B, S : B → C.

�®¤÷ MRMS ¢¨§ ç õâìáï ïª ¬ âà¨æï à®§¬÷à®¬ n× k, â ª , é®

(MRMS)i,j =
m∨

p=1

(MR)i,p ∧ (MS)p,j =

{
1, ∃p : (MR)i,p = (MS)p,j = 1,

0, ∀p : (MR)i,p ∧ (MS)p,j = 0.

� § ç¨¬®, é® ¤®¡ãâ®ª ¬ âà¨æì ¢÷¤®è¥ì MRMS ¢¨§ ç õâìáï   -
«®£÷ç® ª« á¨ç®¬ã ¤®¡ãâªã ¬ âà¨æì, ¢÷¤®¬®¬ã § ªãàáã «÷÷©®ù  «£¥¡à¨,
 «¥ § ¬÷áâì  à¨ä¬¥â¨ç¨å ®¯¥à æ÷© ¤®¡ãâªã â  áã¬¨ ¢¨ª®à¨áâ®¢ãîâìáï
«®£÷ç÷ ®¯¥à æ÷ù ª®'îªæ÷ù â  ¤¨§'îªæ÷ù ¢÷¤¯®¢÷¤®.
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3.4. �« áâ¨¢®áâ÷ ¡÷ à¨å ¢÷¤®è¥ì

�¯à ¢  3.1. �®¢¥áâ¨, é® MR◦S = MRMS.
�à¨ª« ¤ 3.13. �¡ç¨á«¨¬® ª®¬¯®§¨æ÷î ¢÷¤®è¥ì § ¯à¨ª« ¤ã 3.12.

�  ¯à¨à®¤®ù ã¬¥à æ÷ù àï¤ª÷¢ â  áâ®¢¯æ÷¢ ¬ âà¨æì ®âà¨¬ãõ¬®:

MR◦S = MRMS =




0 1 0
1 0 1
0 1 0







1 0
0 0
1 1


 =




0 0
1 1
0 0


 .

�â¦¥, R ◦ S = {(a2, c1), (a2, c2)}.
�¥®à¥¬  3.1. �¯¥à æ÷ï ª®¬¯®§¨æ÷ù  á®æ÷ â¨¢ , â®¡â®

R ◦ (S ◦ T ) = (R ◦ S) ◦ T, ¤¥ R : A → B, S : B → C, T : C → D.

�®¢¥¤¥ï. �®¢¥¤¥ï ¡ã¤¥¬® ¯à®¢®¤¨â¨ ¬®¤¥«ì¨¬ á¯®á®¡®¬.

1) a(R ◦ (S ◦ T ))d ⇔ ∃b : aRb ∧ b(S ◦ T )d ⇔
⇔ ∃b : aRb ∧ (∃c : bSc ∧ cTd) ⇔ ∃b∃c : aRb ∧ bSc ∧ cTd;

2) a((R ◦ S) ◦ T )d ⇔ ∃c : a(R ◦ S)c ∧ cTd ⇔
⇔ ∃c : (∃b : aRb ∧ bSc) ∧ cTd ⇔ ∃b∃c : aRb ∧ bSc ∧ cTd.

3.4. �« áâ¨¢®áâ÷ ¡÷ à¨å ¢÷¤®è¥ì
�  ¯à ªâ¨æ÷ ç áâ® §ãáâà÷ç îâìáï ÷ ¢¨ª®à¨áâ®¢ãîâìáï ¡÷ à÷ ¢÷¤®-

è¥ï   ¬®¦¨÷ A, é® ¬ îâì ¯¥¢÷ ¤®¤ âª®¢÷ ¢« áâ¨¢®áâ÷. �¥ïª÷ §
â ª¨å ¢« áâ¨¢®áâ¥© à®§£«ï¥¬® ¢ æì®¬ã ¯÷¤à®§¤÷«÷. � ¤ «÷ ¢ æì®¬ã ¯÷¤-
à®§¤÷«÷ à®§£«ï¤ õâìáï ¢÷¤®è¥ï R : A → A.

1. �÷¤®è¥ï R  §¨¢ îâì à¥ä«¥ªá¨¢¨¬, ïªé® ∀a : aRa.
� ®§ ç¥ï ¢¨¯«¨¢ õ, é® ã ¢¨¯ ¤ªã áª÷ç¥®ù ¬®¦¨¨ A

(R { à¥ä«¥ªá¨¢¥) ⇔ (∀i : (MR)ii = 1).

�¯à ¢  3.2. �®¢¥áâ¨, é®

(R { à¥ä«¥ªá¨¢¥) ⇔ (R ⊃ IA).

�à¨ª« ¤ 3.14. 1) �¥ä«¥ªá¨¢¨¬¨ õ â®â®¦¥ ¢÷¤®è¥ï IA â  ¯®¢¥
¢÷¤®è¥ï A2 ¤«ï ¤®¢÷«ì®ù ¬®¦¨¨ A;

2) ¥å © A = R. �®¤÷ ¢÷¤®è¥ï «=», «≤», «≥» à¥ä«¥ªá¨¢÷.
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2. �÷¤®è¥ï R  §¨¢ îâì  â¨à¥ä«¥ªá¨¢¨¬, ïªé® ∀a : a6Ra.
� ®§ ç¥ï ¢¨¯«¨¢ õ, é® ã ¢¨¯ ¤ªã áª÷ç¥®ù ¬®¦¨¨ A

(R {  â¨à¥ä«¥ªá¨¢¥) ⇔ (∀i : (MR)ii = 0).

�¯à ¢  3.3. �®¢¥áâ¨, é®

(R {  â¨à¥ä«¥ªá¨¢¥) ⇔ (R ∩ IA = ∅).

�à¨ª« ¤ 3.15. 1) �â¨à¥ä«¥ªá¨¢¨¬ õ ¯®à®¦õ ¢÷¤®è¥ï ∅;
2) ¥å © A = R. �®¤÷ ¢÷¤®è¥ï «<>», «<», «>»  â¨à¥ä«¥ªá¨¢÷.

3. �÷¤®è¥ï R  §¨¢ îâì á¨¬¥âà¨ç¨¬, ïªé® aRb ⇔ bRa.
� ®§ ç¥ï ¢¨¯«¨¢ õ, é® ã ¢¨¯ ¤ªã áª÷ç¥®ù ¬®¦¨¨ A

(R { á¨¬¥âà¨ç¥) ⇔ (MR = (MR)T ).

�¯à ¢  3.4. �®¢¥áâ¨, é®

(R { á¨¬¥âà¨ç¥) ⇔ (R = R−1).

�à¨ª« ¤ 3.16. 1) �¨¬¥âà¨ç¨¬¨ õ ¯®à®¦õ, ¯®¢¥ â  â®â®¦¥ ¢÷¤-
®è¥ï   ¤®¢÷«ì÷© ¬®¦¨÷ A;

2) ¥å © A = R. �®¤÷ ¢÷¤®è¥ï «<>» â  «=» á¨¬¥âà¨ç÷.

4. �÷¤®è¥ï R  §¨¢ îâì  â¨á¨¬¥âà¨ç¨¬, ïªé®

(aRb ∧ bRa) ⇒ (a = b).

�¯à ¢  3.5. �®¢¥áâ¨, é®

(R {  â¨á¨¬¥âà¨ç¥) ⇔ (R ∩R−1 ⊂ IA).

�à¨ª« ¤ 3.17. 1) �â¨á¨¬¥âà¨ç¨¬¨ õ ¯®à®¦õ â  â®â®¦¥ ¢÷¤®-
è¥ï   ¤®¢÷«ì÷© ¬®¦¨÷ A;

2) ¥å © A = R. �®¤÷ ¢÷¤®è¥ï «≤»,«≥», «<», «>»  â¨á¨¬¥âà¨ç÷.

� ã¢ ¦¥ï 3.2. �« áâ¨¢®áâ÷ á¨¬¥âà¨ç®áâ÷ â   â¨á¨¬¥âà¨ç®áâ÷ ¥
õ ¢§ õ¬®¢¨ª«îç¨¬¨. � ª, ¯®à®¦õ â  â®â®¦¥ ¢÷¤®è¥ï ¢®¤®ç á á¨-
¬¥âà¨ç÷ â   â¨á¨¬¥âà¨ç÷.
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�¯à ¢  3.6. � ¢¥áâ¨ ¯à¨ª« ¤¨ ¢÷¤®è¥ì, ïª÷:
1) ¥ õ  ÷ á¨¬¥âà¨ç¨¬¨,  ÷  â¨á¨¬¥âà¨ç¨¬¨;
2) ¥ õ  ÷ à¥ä«¥ªá¨¢¨¬¨,  ÷  â¨à¥ä«¥ªá¨¢¨¬¨;
3) õ á¨¬¥âà¨ç¨¬¨ ÷  â¨á¨¬¥âà¨ç¨¬¨ ®¤®ç á®.
5. �÷¤®è¥ï R  §¨¢ îâì âà §¨â¨¢¨¬, ïªé®

(aRb ∧ bRc) ⇒ (aRc).

�¯à ¢  3.7. �®¢¥áâ¨, é®
(R { âà §¨â¨¢¥) ⇔ (R ◦R ⊂ R).

�à¨ª« ¤ 3.18. 1) �à §¨â¨¢¨¬¨ õ ¯®à®¦õ, ¯®¢¥ â  â®â®¦¥ ¢÷¤-
®è¥ï   ¤®¢÷«ì÷© ¬®¦¨÷ A;

2) ¥å © A = R. �®¤÷ ¢÷¤®è¥ï «=», «≤», «≥», «<», «>» âà §¨â¨¢÷.

3.4.1. �à §¨â¨¢¥ § ¬¨ª ï
�§ ç¥ï 3.4. �à §¨â¨¢¨¬ § ¬¨ª ï¬ ¢÷¤®è¥ï R : A → A

 §¨¢ îâì â ª¥ ¢÷¤®è¥ï Rtr : A → A, é®:
• Rtr { âà §¨â¨¢¥;
• Rtr ⊃ R;
• ïªé® ¢÷¤®è¥ï S : A → A âà §¨â¨¢¥ â  S ⊃ R, â® S ⊃ Rtr.
ö ªè¥ ª ¦ãç¨, âà §¨â¨¢¨¬ § ¬¨ª ï¬ ¢÷¤®è¥ï R õ  ©¬¥-

è¥ §  ¢ª«îç¥ï¬ («⊂») âà §¨â¨¢¥ ¢÷¤®è¥ï Rtr, é® ¬÷áâ¨âì ¢÷¤-
®è¥ï R ïª ¯÷¤¬®¦¨ã (Rtr {  ©¬¥è¥ âà §¨â¨¢¥ à®§è¨à¥ï
¢÷¤®è¥ï R).

�ç¥¢¨¤®, é® âà §¨â¨¢¥ § ¬¨ª ï ¢¨§ ç¥¥ ®¤®§ ç®. �¯à ¢-
¤÷, ïªé® ã¬®¢¨ ®§ ç¥ï 3.4 § ¤®¢®«ìïîâì ¤¢  ¢÷¤®è¥ï Rtr,1 â 
Rtr,2, § ®§ ç¥ï 3.4 ¥£ ©® ®âà¨¬ãõ¬®:

(Rtr,1 ⊂ Rtr,2) ∧ (Rtr,2 ⊂ Rtr,1) ⇒ Rtr,1 = Rtr,2.

�¯à ¢  3.8. �®¢¥áâ¨ â ªã ä®à¬ã«ã ¤«ï ®¡ç¨á«¥ï Rtr:

Rtr =
∞⋃

n=1

Rn = R ∪R2 ∪ · · · ∪Rn ∪ . . . , (3.1)

¤¥ R1 = R, Rn = R ◦ · · · ◦R︸ ︷︷ ︸
n

.
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�®à¬ã«  (3.1) ¬÷áâ¨âì ®¡'õ¤ ï ¥áª÷ç¥®ù ª÷«ìª®áâ÷ «ª®¬¯®§¨-
æ÷©¨å áâ¥¯¥÷¢» Rn, ¯à®â¥ ã ¢¨¯ ¤ªã áª÷ç¥®ù ¬®¦¨¨ A ¤«ï ®¡-
ç¨á«¥ï Rtr ¯à®æ¥á ®¡ç¨á«¥ï «áâ ¡÷«÷§ãõâìáï» §  áª÷ç¥ã ª÷«ìª÷áâì
ªà®ª÷¢. �ä®à¬ã«îõ¬® æ¥© ä ªâ ã ¢¨£«ï¤÷ â¥®à¥¬¨.

�¥®à¥¬  3.2. �¥å © n(A) = N . �®¤÷

Rtr =
N⋃

n=1

Rn = R ∪R2 ∪ · · · ∪RN .

�¥®à¥¬ã 3.2 ¡ã¤¥ ¤®¢¥¤¥® ¤ «÷, § ¢¨ª®à¨áâ ï¬ â¥å÷ª¨ ®à÷õâ®¢ -
¨å £à ä÷¢ (¤¨¢. ¯÷¤à®§¤. 5.8).

�à¨ª« ¤ 3.19. 1. �¥å © A = {a, b}, R = {(a, b), (b, a)}. �®¤÷

R2 = {(a, a), (b, b)}, Rtr = R ∪R2 = {(a, a), (a, b), (b, a), (b, b)}.

�÷ª ¢® § § ç¨â¨, é® ª®¬¯®§¨æ÷©÷ áâ¥¯¥÷ Rk ¢ æì®¬ã ¯à¨ª« ¤÷ ¥ áâ -
¡÷«÷§ãîâìáï:

R2k = {(a, a), (b, b)}, R2k+1 = R, k ∈ N.

2. �®§£«ï¥¬® ¢¨¯ ¤®ª ¢÷¤®è¥ï   ¥áª÷ç¥÷© ¬®¦¨÷. �¥å ©
A = N, R = {(n, n + 1): n ∈ N}. �¥â®¤®¬ ¬ â¥¬ â¨ç®ù ÷¤ãªæ÷ù ¥¢ ¦ª®
¤®¢¥áâ¨, é® Rk = {(n, n + k)}, (k ≥ 1), §¢÷¤ª¨ ¬ õ¬®:

Rtr =
∞⋃

k=1

Rk = {(n, n + k) : n ∈ N, k ∈ N} = {(n,m) : n < m}.

�â¦¥, ¢÷¤®è¥ï R §¡÷£ õâìáï § ¢÷¤®è¥ï¬ «<»   ¬®¦¨÷  âã-
à «ì¨å ç¨á¥«:

nRm ⇔ n < m, n, m ∈ N.

� à®¡®â÷ [7]  ¢¥¤¥® ¥ä¥ªâ¨¢¨© ª®¬¯'îâ¥à®-®à÷õâ®¢ ¨©  «£®-
à¨â¬ ®¡ç¨á«¥ï âà §¨â¨¢®£® § ¬¨ª ï ¤«ï ¢÷¤®è¥ì   áª÷ç¥¨å
¬®¦¨ å.
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3.5. �÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷
â  ¢÷¤®è¥ï ¯®àï¤ªã

3.5.1. �÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷
�§ ç¥ï 3.5. �÷¤®è¥ï R : A → A  §¨¢ îâì ¢÷¤®è¥ï¬

¥ª¢÷¢ «¥â®áâ÷ ( ¡® ¥ª¢÷¢ «¥â÷áâî), ïªé® R õ ¢®¤®ç á à¥ä«¥ªá¨¢¨¬,
á¨¬¥âà¨ç¨¬ â  âà §¨â¨¢¨¬.

� à §÷  ¡áâà ªâ®£® ¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷ R ¤«ï ¢¨á«®¢«¥ï
xRy § £ «ì®¯à¨©ïâ¨¬ õ ¯®§ ç¥ï x ∼ y (x ¥ª¢÷¢ «¥â¥ y).

�¯à ¢  3.9. �¥à¥¢÷à¨â¨, ç¨ õ ¯®¢¥ ¢÷¤®è¥ï ¢÷¤®è¥ï¬ ¥ª¢÷-
¢ «¥â®áâ÷.

�¯à ¢  3.10. �¥à¥¢÷à¨â¨, ç¨ õ ¯®à®¦õ ¢÷¤®è¥ï ¢÷¤®è¥ï¬
¥ª¢÷¢ «¥â®áâ÷.

�à¨ª« ¤ 3.20. 1. �¥å © A { ¤®¢÷«ì  ¬®¦¨ . �®â®¦¥ ¢÷¤®è¥ï
IA õ ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷.

2. �¥å © A = Z. �÷ à¥ ¢÷¤®è¥ï

(x ∼ y) ⇔ ((x− y) { ¯ à¥)

õ ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷. � ªã ¥ª¢÷¢ «¥â÷áâì  §¨¢ îâì ¥ª¢÷¢ -
«¥â÷áâî §  ¬®¤ã«¥¬ 2 â  ¯®§ ç îâì ç¥à¥§ x = y (mod 2). �ª «¥£ª®
¯®¡ ç¨â¨, ¤¢  ç¨á«  x â  y ¥ª¢÷¢ «¥â÷ §  ¬®¤ã«¥¬ 2 â®¤÷ ÷ â÷«ìª¨ â®¤÷,
ª®«¨ ¢®¨ ¬ îâì ®¤ ª®¢ã ¯ à÷áâì (®¡¨¤¢  ¯ à÷  ¡® ®¡¨¤¢  ¥¯ à÷).
� ª, 2 ∼ 0 ∼ 4 ∼ −2 ∼ 18, 1 ∼ 3 ∼ −13,  «¥ 1 6∼ 4.

3. �®§£«ï¥¬® ã§ £ «ì¥ï ¯à¨ª« ¤ã § ¯ãªâã 2. �¥å © p ∈ N, A = Z.
�¥à¥§ x mod p (x ∈ Z) ¡ã¤¥¬® ¯®§ ç â¨ ®áâ çã ¢÷¤ ¤÷«¥ï x/p, â®¡â®
x = pk + (x mod p) ¤«ï ¤¥ïª®£® k ∈ Z. �¥£ª® ¯¥à¥¢÷à¨â¨, é® ¡÷ à¥
¢÷¤®è¥ï

(x ∼ y) ⇔ (x− y) mod p = 0

õ ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷. � ªã ¥ª¢÷¢ «¥â÷áâì  §¨¢ îâì ¥ª¢÷¢ -
«¥â÷áâî §  ¬®¤ã«¥¬ p â  ¯®§ ç îâì x = y (mod p). �ª «¥£ª® ¡ ç¨â¨,
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¤¢  ç¨á«  x â  y ¥ª¢÷¢ «¥â÷ §  ¬®¤ã«¥¬ p â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ¢®-
¨ ¤ îâì ®¤ ª®¢ã ®áâ çã ¢÷¤ ¤÷«¥ï   p. � ª, ¯à¨ p = 2 ®¤¥à¦¨¬®
¢÷¤®è¥ï § ¯ãªâã 2.

4. �¥å © A = R2. �®§£«ï¥¬® ¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷
((x1, x2) ∼ (y1, y2)) ⇔ (x1 = y1).

�ª ¡ ç¨¬®, ¤¢  ¢¥ªâ®à¨ x = (x1, x2), y = (y1, y2) ®£®«®èãîâìáï ¥ª¢÷¢ -
«¥â¨¬¨ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ¢®¨ ¬ îâì ®¤ ª®¢÷ ¯¥àè÷ ª®®à¤¨ â¨,
â®¡â® x1 = y1.

5. � ¢¥¤¥¬® ¤¥é® èâãç¨© ¯à¨ª« ¤. �¥å © A = {1, 2, 3, 4, 5, 6}. �®§-
£«ï¥¬® â ª¥ ¢÷¤®è¥ï:

R = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6),

(1, 2), (2, 1), (3, 4), (4, 3), (3, 5), (5, 3), (4, 5), (5, 4)}.
�¥£ª® ¯¥à¥¢÷à¨â¨, é® R { ¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷:

1 ∼ 2, 3 ∼ 4 ∼ 5, 1 6∼ 3, 1 6∼ 6, 3 6∼ 6.

�÷¤®è¥ï R ¬ õ  ®ç÷è¥ §®¡à ¦¥ï ã ¢¨£«ï¤÷ ®à÷õâ®¢ ®£® £à -
äã â  ¬ âà¨æ÷ (à¨á. 3.7, §  ¯à¨à®¤®ù ã¬¥à æ÷ù àï¤ª÷¢ â  áâ®¢¯æ÷¢).

1

2

3

4

5

6

M∼ =




1 1 0 0 0 0
1 1 0 0 0 0
0 0 1 1 1 0
0 0 1 1 1 0
0 0 1 1 1 0
0 0 0 0 0 1




�¨á. 3.7

46



3.5. �÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷ â  ¢÷¤®è¥ï ¯®àï¤ªã

� § ç¨¬®, é® «¡«®ª®¢ » áâàãªâãà  ¬ âà¨æ÷ M∼ ¥ õ ¢¨¯ ¤ª®¢÷áâî
{ ¤®áâ âì® ¯®à÷¢ïâ¨ áâàãªâãàã ¬ âà¨æ÷ §÷ áâàãªâãà®î ®à÷õâ®¢ ®£®
£à äã. �÷«ìè¥ â®£®, ¬ âà¨æï ¤®¢÷«ì®£® ¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷  
áª÷ç¥÷© ¬®¦¨÷ ¬ â¨¬¥   «®£÷çã ¡«®ª®¢ã áâàãªâãàã §   «¥¦®ù
ã¬¥à æ÷ù àï¤ª÷¢ â  áâ®¢¯æ÷¢ (¯®¢¥à÷¬®áì ¤® æì®£® ¯¨â ï, ª®«¨ à®§-
£«ï¤ â¨¬¥¬® ä ªâ®à-¬®¦¨¨).

�¯à ¢  3.11. �®¢¥áâ¨, é® ¢á÷ ¢÷¤®è¥ï § ¯à¨ª«. 3.20 õ ¢÷¤®è¥-
ï¬¨ ¥ª¢÷¢ «¥â®áâ÷.

�à¨ª« ¤ 3.21. �¥å © A { ¬®¦¨  ç®«®¢÷ª÷¢. �®§£«ï¥¬® â ª¥ ¢÷¤-
®è¥ï   A:

(xRy) ⇔ (y { ¡à â x (§  ®¡®¬  ¡ âìª ¬¨)).

�ç¥¢¨¤®, ¢÷¤®è¥ï R á¨¬¥âà¨ç¥. �à®â¥ à¥ä«¥ªá¨¢¨¬ â  âà §¨-
â¨¢¨¬ æ¥ ¢÷¤®è¥ï ¡ã¤¥ «¨è¥ â®¤÷, ïªé® ¤®¬®¢¨â¨áì, é® ª®¦¥ ç®-
«®¢÷ª { ¡à â á ¬®¬ã á®¡÷.

3.5.2. �÷¤®è¥ï ¯®àï¤ªã
�§ ç¥ï 3.6. �÷¤®è¥ï R : A → A  §¨¢ îâì ¢÷¤®è¥ï¬

¯®àï¤ªã (¯®àï¤ª®¬, ¥áâà®£¨¬ ç áâª®¢¨¬ ¯®àï¤ª®¬), ïªé® R õ ¢®¤®ç á
à¥ä«¥ªá¨¢¨¬,  â¨á¨¬¥âà¨ç¨¬ â  âà §¨â¨¢¨¬. �®¦¨ã A,   ïª÷©
§ ¤ ¥ ¢÷¤®è¥ï ¯®àï¤ªã «R»,  §¨¢ îâì ç áâª®¢® ¢¯®àï¤ª®¢ ®î.
�«ï ç áâª®¢® ¢¯®àï¤ª®¢ ®ù ¬®¦¨¨ A § ¢÷¤®è¥ï¬ ¯®àï¤ªã «R»
¢¨ª®à¨áâ®¢ã¢ â¨¬¥¬® ¯®§ ç¥ï 〈A,R〉.

�÷¤ ç á à®¡®â¨ §  ¡áâà ªâ¨¬ ¢÷¤®è¥ï¬ ¯®àï¤ªã R ¤«ï ¢¨á«®-
¢«¥ï xRy ¯à¨©ïâ® ¯®§ ç¥ï x ¹ y (x ¯¥à¥¤ãõ y, y á«÷¤ãõ §  x).
� ¤ «÷ ¡ã¤¥¬® â ª®¦ ¢¨ª®à¨áâ®¢ã¢ â¨ â ª÷ ¯®§ ç¥ï:

• (x º y) ⇔ (y ¹ x);
• (x ≺ y) ⇔ ((x ¹ y) ∧ (x 6= y));
• (x Â y) ⇔ (y ≺ x).

�à¨ª« ¤ 3.22. 1. �¥å © A { ¤®¢÷«ì  ¬®¦¨ . �®â®¦¥ ¢÷¤®è¥ï
IA õ ¢÷¤®è¥ï¬ ¯®àï¤ªã   A.

2. �¥å © A = R. �÷¤®è¥ï «≤» â  «≥» { ¢÷¤®è¥ï ¯®àï¤ªã   R,

47



�®§¤÷« 3. �¥®à÷ï ¢÷¤®è¥ì

®¤ ª ¢÷¤®è¥ï «<» â  «>» ¥ õ ¢÷¤®è¥ï¬¨ ¯®àï¤ªã (¥ ¢¨ª®ãõ-
âìáï ¢¨¬®£  à¥ä«¥ªá¨¢®áâ÷).

3. �¥å © A { ¬®¦¨  ç®«®¢÷ª÷¢. �®§£«ï¥¬® â ª¥ ¢÷¤®è¥ï   A:

(x ¹ y) ⇔ (y { ¯à¥¤®ª ¤«ï x).

�ªé® ¢¢ ¦ â¨ «î¤¨ã ¯à¥¤ª®¬ á ¬®ù á¥¡¥, ¢¢¥¤¥¥ ¢÷¤®è¥ï õ ¢÷¤®-
è¥ï¬ ¯®àï¤ªã.

�¯à ¢  3.12. �®¢¥áâ¨, é® ¢á÷ ¢÷¤®è¥ï § ¯à¨ª«. 3.22, §  ¢¨ïâª®¬
«<» â  «>»   R, õ ¢÷¤®è¥ï¬¨ ¯®àï¤ªã.

�§ ç¥ï 3.7. �¥å © 〈A,¹〉 { ç áâª®¢® ¢¯®àï¤ª®¢   ¬®¦¨ .
�«¥¬¥â¨ x, y ∈ A  §¨¢ îâì ¯®à÷¢ï¨¬¨, ïªé® (x ¹ y) ∨ (y ¹ x).
�ªé® ¡ã¤ì-ïª÷ ¥«¥¬¥â¨ x, y ∈ A õ ¯®à÷¢ï¨¬¨, ¢÷¤®è¥ï «¹»  §¨-
¢ îâì ¢÷¤®è¥ï¬ «÷÷©®£® ¯®àï¤ªã («÷÷©¨¬ ¯®àï¤ª®¬),   ¬®¦¨ã
A { «÷÷©® ¢¯®àï¤ª®¢ ®î.

�à¨ª« ¤ 3.23. 1. �¥£ª® ¯¥à¥¢÷à¨â¨, é® ç áâª®¢® ¢¯®àï¤ª®¢ ÷ ¬®-
¦¨¨ 〈R,≤〉 â  〈R,≥〉 õ «÷÷©® ¢¯®àï¤ª®¢ ¨¬¨.

2. �¥å © U { ¤®¢÷«ì  ¬®¦¨ . �¥£ª® ¯¥à¥¢÷à¨â¨, é® 〈2U ,⊂〉 õ ç áâ-
ª®¢® ¢¯®àï¤ª®¢ ®î ¬®¦¨®î. �à®â¥, ¢ § £ «ì®¬ã ¢¨¯ ¤ªã, ¢÷¤®-
è¥ï «⊂» ¥ õ «÷÷©¨¬ ¯®àï¤ª®¬. � ª, ¯à¨ U = {a, b, c}, ¥«¥¬¥â¨
{a, b}, {b, c} ∈ 2U ¥ õ ¯®à÷¢ï¨¬¨.

3. �  ¬®¦¨÷ R2 à®§£«ï¥¬® ¢÷¤®è¥ï ç áâª®¢®£® ( «¥ ¥ «÷÷©®-
£®) ¯®àï¤ªã:

((x1, x2) ¹ (y1, y2)) ⇔ ((x1 ≤ y1) ∧ (x2 ≤ y2)).

� ª,  ¯à¨ª« ¤, (0, 1) ¹ (1, 1) ¹ (2, 1). �¥£ª® ¯¥à¥¢÷à¨â¨, é® ¢¢¥¤¥¥
¢÷¤®è¥ï õ ç áâª®¢¨¬ ¯®àï¤ª®¬,  «¥, §à®§ã¬÷«®, ¢ R2 ÷áãîâì ¥¯®à÷¢-
ï÷ ¥«¥¬¥â¨ ( ¯à¨ª« ¤, (1, 0) â  (0, 1)).

4. �  ¬®¦¨÷ R2 à®§£«ï¥¬® ¢÷¤®è¥ï «÷÷©®£® ¯®àï¤ªã

((x1, x2) ¹ (y1, y2)) ⇔ ((x1 < y1) ∨ ((x1 = y1) ∧ (x2 ≤ y2))).

� ª,  ¯à¨ª« ¤, (0, 1) ¹ (1, 0). �¢¥¤¥¥ ¢÷¤®è¥ï  §¨¢ îâì «¥ªá¨ª®-
£à ä÷ç¨¬ ã¯®àï¤ªã¢ ï¬ (¯®à÷¢ï©â¥ § ã¯®àï¤ªã¢ ï¬ ¤¢®«÷â¥à¨å
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3.6. �®§¡¨ââï ¬®¦¨¨. � ªâ®à-¬®¦¨ 

á«÷¢ ã á«®¢¨ªã: á¯®ç âªã ¯®à÷¢îîâìáï ¯¥àè÷ «÷â¥à¨, ÷ ïªé® ¯¥àè÷ «÷-
â¥à¨ §¡÷£ îâìáï, ¯®à÷¢îîâìáï ¤àã£÷ «÷â¥à¨).

5. �÷¤®è¥ï «¥ªá¨ª®£à ä÷ç®£® ¢¯®àï¤ªã¢ ï ¯à¨à®¤® ¯®è¨àî-
õâìáï   Rn ¤«ï ¤®¢÷«ì®£® n ∈ N:

(x1, . . . , xn) ¹ (y1, . . . , yn) ⇔
⇔ (∃k : (xk < yk) ∧ (∀j < k : xj = yj)) ∨ (∀j ≤ n : xj = yj).

�â¦¥, «£®«®¢®î» ®£®«®èãõâìáï ¯¥àè  ª®®à¤¨ â : ïªé® x1 < y1,
â®, §  ¢¨§ ç¥ï¬, x ¹ y (¡÷«ìè¥ â®£®, x ≺ y); ïªé® ¯¥àè÷ ª®®à¤¨ â¨
¢¥ªâ®à÷¢ ®¤ ª®¢÷, ¯®à÷¢îîâìáï ¤àã£÷ ª®®à¤¨ â¨; ïªé® ÷ ¤àã£÷ ª®®à¤¨-
 â¨ ®¤ ª®¢÷, ¯®à÷¢îîâìáï âà¥â÷ ª®®à¤¨ â¨ ÷ â. ¤. �¥£ª® §à®§ã¬÷â¨,
é® ¡ã¤ì-ïª÷ ¤¢  ¢¥ªâ®à¨ § Rn ¬®¦  ¯®à÷¢ïâ¨.

�¨§ ç¥¥ ¢ æì®¬ã ¯÷¤à®§¤÷«÷ ¢÷¤®è¥ï ¯®àï¤ªã ç áâ®  §¨¢ îâì
¢÷¤®è¥ï¬ ¥áâà®£®£® ¯®àï¤ªã (§¢ ¦ îç¨   à¥ä«¥ªá¨¢÷áâì). �®¤®-
ç á, ç áâ® à®§£«ï¤ îâì ¢÷¤®è¥ï áâà®£®£® ¯®àï¤ªã, é® ¢¨§ ç õâìáï
ç¥à¥§ ¢¨¬®£¨  â¨à¥ä«¥ªá¨¢®áâ÷,  â¨á¨¬¥âà¨ç®áâ÷ â  âà §¨â¨¢®áâ÷.
� ª, ¢÷¤®è¥ï «<» â  «>»   R { ¢÷¤®è¥ï áâà®£®£® ¯®àï¤ªã.

�¯à ¢  3.13. �®¢¥áâ¨, é®  â¨á¨¬¥âà¨ç÷áâì ¡÷ à®£® ¢÷¤®è¥ï
¢¨¯«¨¢ õ §  â¨à¥ä«¥ªá¨¢®áâ÷ â  âà §¨â¨¢®áâ÷.

3.6. �®§¡¨ââï ¬®¦¨¨. � ªâ®à-¬®¦¨ 
3.6.1. �®§¡¨ââï ¬®¦¨¨

�§ ç¥ï 3.8. �¥å © U 6= ∅. �ãªã¯÷áâì ¬®¦¨ {Aa : a ∈ I}, ¤¥
I{¤®¢÷«ì  ¬®¦¨  ÷¤¥ªá÷¢,  §¨¢ îâì à®§¡¨ââï¬ ¬®¦¨¨ U , ïªé®:

• Aa 6= ∅ (a ∈ I);
• U =

⋃
a∈I

Aa;
• Aa1 ∩ Aa2 = ∅ (a1 6= a2).
�à¨ª« ¤ 3.24. 1. �¥å © U { ¤®¢÷«ì  ¥¯®à®¦ï ¬®¦¨ , A ⊂ U ,

A 6= U . �¥£ª® ¯¥à¥¢÷à¨â¨, é® {A, Ac} { à®§¡¨ââï ¬®¦¨¨ U .
2. {1, 2, 3, 4, 5} = {1, 2} ∪ {3, 5} ∪ {4}. �â¦¥, {{1, 2}, {3, 5}, {4}} { à®§-

¡¨ââï ¬®¦¨¨ {1, 2, 3, 4, 5}.
3. �¥å © U = R2, Ay = {(x, y) : x ∈ R} (y ∈ R). �¥£ª® §à®§ã¬÷â¨, é®

{Ay : y ∈ R} õ à®§¡¨ââï¬ ¬®¦¨¨ R2.
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X

Y

1

10

0,5 A0,5

A0

A1

A–1
–1

–1

�¨á. 3.8

�ª ¢¨¤® § à¨á. 3.8, ª®¦ 
¬®¦¨  Ay   ª®®à¤¨ â-
÷© ¯«®é¨÷ õ ¯àï¬®î, é® ¯ -
à «¥«ì  ®á÷ OX. �â¦¥, ¢áï
ª®®à¤¨ â  ¯«®é¨  R2 õ
®¡'õ¤ ï¬ ¥¯®à®¦÷å ¬®-
¦¨ Ay (y ∈ R), é® ¯®¯ à®
¥ ¯¥à¥à÷§ îâìáï.

4. �¥å © U = R2, Ar = {(x, y) : x2 + y2 = r2} (r ≥ 0). �¥£ª® §à®§ã¬÷â¨,
é® {Ar : r ≥ 0} õ à®§¡¨ââï¬ ¬®¦¨¨ R2.

X

Y

1

1

2

A2

A1

A0={(0, 0)}

�¨á. 3.9

�ª ¢¨¤® § à¨á. 3.9, ª®¦-
  ¬®¦¨  Ar   ª®®à¤¨-
 â÷© ¯«®é¨÷ õ ª®«®¬ §
æ¥âà®¬ ¢ ¯®ç âªã ª®®à¤¨-
 â ÷ à ¤÷ãá®¬ r ¯à¨ r > 0
â  ®¤®â®çª®¢®î ¬®¦¨®î
{(0, 0)} ¯à¨ r = 0. �â¦¥, ¢áï
ª®®à¤¨ â  ¯«®é¨  R2 {
®¡'õ¤ ï ¥¯®à®¦÷å ¬®-
¦¨ Ar (r ≥ 0), é® ¯®¯ à®
¥ ¯¥à¥à÷§ îâìáï.

3.6.2. � ªâ®à-¬®¦¨ 
�¥å © A { ¤¥ïª  ¥¯®à®¦ï ¬®¦¨ ,   ïª÷© § ¤ ¥ ¢÷¤®è¥ï

¥ª¢÷¢ «¥â®áâ÷ «∼».
�§ ç¥ï 3.9. �¥å © a ∈ A. �« á®¬ ¥ª¢÷¢ «¥â®áâ÷, ¯®à®¤¦¥¨¬

¥«¥¬¥â®¬ a,  §¨¢ îâì ¬®¦¨ã [a], é® áª« ¤ õâìáï § ¥«¥¬¥â÷¢, ¥ª¢÷-
¢ «¥â¨å ¥«¥¬¥âã a:

[a] = {x ∈ A : x ∼ a}.
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3.6. �®§¡¨ââï ¬®¦¨¨. � ªâ®à-¬®¦¨ 

�¥®à¥¬  3.3. �« á¨ ¥ª¢÷¢ «¥â®áâ÷  ¡® ¥ ¯¥à¥à÷§ îâìáï,  ¡® §¡÷-
£ îâìáï:

∀a1, a2 ∈ A : ([a1] ∩ [a2] = ∅) ∨ ([a1] = [a2]).

�®¢¥¤¥ï. �¥å © b ∈ [a1] ∩ [a2], â®¡â® [a1] ∩ [a2] 6= ∅. �«ï ¤®¢¥¤¥ï
â¥®à¥¬¨ ¤®áâ âì® ¤®¢¥áâ¨ à÷¢÷áâì [a1] = [a2].
(b ∈ [a1]) ⇒ (b ∼ a1); (b ∈ [a2]) ⇒ (b ∼ a2); (a1 ∼ b)∧(b ∼ a2) ⇒ (a1 ∼ a2).

�â¦¥, a1 ∼ a2. �¥¯¥à ¤«ï ¤®¢¥¤¥ï à÷¢®áâ÷ [a1] = [a2] áª®à¨áâ õ¬®áì
¬®¤¥«ì¨¬ á¯®á®¡®¬:

(x ∈ [a1]) ⇔ (x ∼ a1) ⇔ (x ∼ a2) ⇔ (x ∈ [a2]).

�â¦¥, [a1] = [a2], é® § ¢¥àèãõ ¤®¢¥¤¥ï â¥®à¥¬¨.
�§ ç¥ï 3.10. � ªâ®à-¬®¦¨®î ¬®¦¨¨ A §  ¢÷¤®è¥ï¬

¥ª¢÷¢ «¥â®áâ÷ «∼»  §¨¢ îâì ¬®¦¨ã A
/
∼ ¢á÷å ª« á÷¢ ¥ª¢÷¢ «¥â-

®áâ÷:
A

/
∼ = {[a] : a ∈ A}.

�¯¥à æ÷î ®¡ç¨á«¥ï ä ªâ®à-¬®¦¨¨  §¨¢ îâì ä ªâ®à¨§ æ÷õî ¬®-
¦¨¨ §  ¤ ®î ¥ª¢÷¢ «¥â÷áâî.

� § ç¨¬®, é® ã ä ªâ®à-¬®¦¨÷ {[a] : a ∈ A} ¤¥ïª÷ § ª« á÷¢ ¥ª¢÷¢ -
«¥â®áâ÷, é® ¯®à®¤¦¥÷ à÷§¨¬¨ ¥«¥¬¥â ¬¨, ¬®¦ãâì §¡÷£ â¨áï (¡÷«ìè¥
â®£®, ïªé® ¢÷¤®è¥ï «∼» ¥ õ â®â®¦¨¬, ÷áãîâì a1, a2 ∈ A, â ª÷ é®
[a1] = [a2]). �¤ ª ã § ¯¨áã {[a] : a ∈ A} ®¤ ª®¢÷ ª« á¨ ¥ à®§à÷§ïîâìáï:
ª« á¨ [a1] = [a2] ¢¢ ¦ îâìáï ®¤¨¬ ¥«¥¬¥â®¬ ä ªâ®à-¬®¦¨¨.

� «÷ § § ç¨¬®, é® ¦®¤¥ ÷§ ª« á÷¢ ¥ª¢÷¢ «¥â®áâ÷ ¥ õ ¯®à®¦ì®î
¬®¦¨®î: ¯à¨ ©¬÷ a ∈ [a].

�â¦¥, ¢à å®¢ãîç¨ â¢¥à¤¦¥ï â¥®à¥¬¨ 3.3 ¬®¦¥¬® §à®¡¨â¨ ¢¨á®-
¢®ª, é® (¯®¯ à® à÷§÷) ª« á¨ ¥ª¢÷¢ «¥â®áâ÷ ãâ¢®àîîâì à®§¡¨ââï ¬®-
¦¨¨ A. �à®â¥ ¬ õ ¬÷áæ¥ ÷ §¢®à®â¥ â¢¥à¤¦¥ï: ª®¦¥ à®§¡¨ââï ¬®-
¦¨¨ A ¯®à®¤¦¥¥ ¤¥ïª¨¬ ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷.

�¯à ¢  3.14. �¥å © {Aa : a ∈ I} { à®§¡¨ââï ¬®¦¨¨ A. �¢¥¤¥¬®
â ª¥ ¡÷ à¥ ¢÷¤®è¥ï «∼»:

(a1 ∼ a2) ⇔ (∃a ∈ I : a1, a2 ∈ Aa),

â®¡â® a1 ∼ a2 â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ a1 â  a2  «¥¦ âì ®¤÷© ÷ â÷© á ¬÷©
¬®¦¨÷ Aa. �®¢¥áâ¨:
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• ¢¢¥¤¥¥ ¢÷¤®è¥ï «∼» õ ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷   A;
• ä ªâ®à-¬®¦¨  §  ¢÷¤®è¥ï¬ «∼» §¡÷£ õâìáï § ¢¨å÷¤¨¬ à®§-

¡¨ââï¬:
A

/
∼ = {Aa : a ∈ I}.

�à¨ª« ¤ 3.25. 1. �¥å © A { ¤®¢÷«ì  ¥¯®à®¦ï ¬®¦¨ . �à®ä ª-
â®à¨§ãõ¬® A §  â®â®¦¨¬ ¢÷¤®è¥ï¬ IA («=»). �ç¥¢¨¤®, ¢á÷ ª« á¨
¥ª¢÷¢ «¥â®áâ÷ { ®¤®¥«¥¬¥â÷ ¬®¦¨¨:

[a] = {a} (a ∈ A), A
/

=
= {{a} : a ∈ A}.

2. �à®ä ªâ®à¨§ãõ¬® ¬®¦¨ã A = {1, 2, 3, 4, 5, 6} §  â ª¨¬ ¢÷¤®è¥-
ï¬ ¥ª¢÷¢ «¥â®áâ÷:

1 ∼ 2, 3 ∼ 4 ∼ 5, 1 6∼ 3, 1 6∼ 6, 3 6∼ 6

(¤¨¢. ¯à¨ª«. 3.20, ¯ãªâ 5). �ç¥¢¨¤®, ä ªâ®à-¬®¦¨  ¬÷áâ¨âì âà¨ ª« -
á¨ ¥ª¢÷¢ «¥â®áâ÷:

A
/
∼ = {{1, 2}, {3, 4, 5}, {6}}.

�®à÷¢îîç¨ A
/
∼ § £à ä®¬ â  ¬ âà¨æ¥î ¢÷¤®è¥ï «∼», «¥£ª® ¯®¡ ç¨-

â¨, é® ª®¦¥ ª« á ¥ª¢÷¢ «¥â®áâ÷ ®¤®§ ç® ¢÷¤¯®¢÷¤ õ ¤¥ïª÷© ®¡« áâ÷
§¢'ï§®áâ÷ £à äã â  ¤¥ïª®¬ã «®¤¨¨ç®¬ã ¡«®ªã» ¬ âà¨æ÷ M∼ (£à ä â 
¬ âà¨æï M∼  ¢¥¤¥÷ ¢ ¯à¨ª«. 3.20, ¯ãªâ 3). �à®§ã¬÷«®, é® ¬ âà¨æï
¤®¢÷«ì®£® ¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷ § ¢¦¤¨ ¬ â¨¬¥ ¡«®ª®¢ã áâàãªâã-
àã, ïªé® ¥«¥¬¥â¨ ¬®¦¨¨ A ¤«ï §÷áâ ¢«¥ï àï¤ª ¬ â  áâ®¢¯æï¬ ¬ -
âà¨æ÷ ã¬¥àã¢ â¨ §  ª« á ¬¨ ¥ª¢÷¢ «¥â®áâ÷: á¯®ç âªã ¯à®ã¬¥àã¢ â¨
¥«¥¬¥â¨ ®¤®£® ¤®¢÷«ì®£® ª« áã [a1], ¯®â÷¬ { ¥«¥¬¥â¨ ª« áã [a2] 6= [a1],
÷ â. ¤. �à®§ã¬÷«®, é® §  ÷è®ù ã¬¥à æ÷ù àï¤ª÷¢ â  áâ®¢¯æ÷¢ ¡«®ª®¢  áâàãª-
âãà  ¬ âà¨æ÷ ¬®¦¥ ¯®àãè¨â¨áì.

�¯à ¢  3.15. �®¡ã¤ã¢ â¨ ¬ âà¨æî  ¢¥¤¥®£® ¢÷¤®è¥ï «∼», ¢¨-
ª®à¨áâ®¢ãîç¨ â ªã ã¬¥à æ÷î àï¤ª÷¢ â  áâ®¢¯æ÷¢: ¯¥àè¨© àï¤®ª â 
áâ®¢¯¥æì ¬ âà¨æ÷ ¢÷¤¯®¢÷¤ îâì ¥«¥¬¥âã 1, ¤àã£¨© àï¤®ª â  áâ®¢¯¥æì
{ ¥«¥¬¥âã 3, âà¥â÷© àï¤®ª â  áâ®¢¯¥æì { ¥«¥¬¥âã 6, ç¥â¢¥àâ¨© àï¤®ª â 
áâ®¢¯¥æì { ¥«¥¬¥âã 2, ¯'ïâ¨© àï¤®ª â  áâ®¢¯¥æì { ¥«¥¬¥âã 4, è®áâ¨©
àï¤®ª â  áâ®¢¯¥æì { ¥«¥¬¥âã 5. �¥à¥ª® â¨áï, é® ¡«®ª®¢  áâàãªâãà 
¬ âà¨æ÷ ¯®àãè¥ .
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3. �à®ä ªâ®à¨§ãõ¬® Z §  ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷ «( mod p)», ¤¥
p ∈ N. �ç¥¢¨¤®, ª®¦¥ ª« á ¥ª¢÷¢ «¥â®áâ÷ ¬÷áâ¨âì ¥«¥¬¥â¨ n ∈ Z §
ä÷ªá®¢ ¨¬ § ç¥ï¬ ®áâ ç÷ ¢÷¤ ¤÷«¥ï   p. �â¦¥, ¬ õ¬® p à÷§¨å
ª« á÷¢ ¥ª¢÷¢ «¥â®áâ÷:

Ak = [k] = {k + jp : j ∈ Z}, (0 ≤ k ≤ p− 1),

A
/

( mod p)
= {Ak : 0 ≤ k ≤ p− 1}.

� ª, ¯à¨ p = 2 ä ªâ®à-¬®¦¨  A
/

( mod p)
¡ã¤¥ ¤¢®¥«¥¬¥â®î:

A
/

( mod 2)
= {{n ∈ Z : n { ¯ à¥}, {n ∈ Z : n { ¥¯ à¥}}.

4. �à®ä ªâ®à¨§ãõ¬® R2 §  â ª¨¬ ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷:
((x1, x2) ∼ (y1, y2)) ⇔ (x2

1 + x2
2 = y2

1 + y2
2).

� ¢¨§ ç¥ï ¤ ®£® ¢÷¤®è¥ï «∼» ¢¨¯«¨¢ õ, é® ª®¦¥ ª« á ¥ª¢÷¢ -
«¥â®áâ÷ ¬÷áâ¨âì ¥«¥¬¥â¨ (x1, x2) ∈ R2 § ä÷ªá®¢ ¨¬ § ç¥ï¬ x2

1 +x2
2:

Ar = {(x1, x2) : x2
1 + x2

2 = r2}, (r ≥ 0), A
/
∼ = {Ar : r ≥ 0}.

�â¦¥, ä ªâ®à-¬®¦¨  A
/
∼ õ à®§¡¨ââï¬ ª®®à¤¨ â®ù ¯«®é¨¨ R2

  ª®æ¥âà¨ç÷ ª®«  § æ¥âà ¬¨ ã ¯®ç âªã ª®®à¤¨ â ÷ à ¤÷ãá ¬¨
r ≥ 0 (¢¨¯ ¤ªã r = 0 ¢÷¤¯®¢÷¤ õ ®¤®â®çª®¢¨© ª« á ¥ª¢÷¢ «¥â®áâ÷
[(0, 0)] = {(0, 0)}). � § ç¨¬®, é® ¤ ¥ à®§¡¨ââï R2 ¬¨ à®§£«ï¤ «¨ ¢
¯à¨ª«. 3.24 (¯ãªâ 4), ¤¥ ¡ã«®  ¢¥¤¥® ¢÷¤¯®¢÷¤¨© à¨áã®ª.

3.7. �ãªæ÷ï ïª ®ªà¥¬¨© ¢¨¯ ¤®ª
¢÷¤®è¥ï

� æì®¬ã ¯÷¤à®§¤÷«÷ ¢¨¢ç â¨¬¥¬® §¢'ï§®ª, é® ÷áãõ ¬÷¦ ¡÷ à¨¬¨ ¢÷¤-
®è¥ï¬¨ â  ª« á¨ç¨¬ ¯®ïââï¬ äãªæ÷ù, ïª¥ ¢÷¤®¬¥ § ªãàáã ¬ â¥¬ -
â¨ç®£®   «÷§ã (â  §÷ èª÷«ì®£® ªãàáã ¬ â¥¬ â¨ª¨).

�§ ç¥ï 3.11. �¡« áâî ¢¨§ ç¥ï ¢÷¤®è¥ï R : A → B  §¨-
¢ îâì ¬®¦¨ã

DR = {x ∈ A : ∃y ∈ B : xRy}.
�¡« áâî § ç¥ì (®¡à §®¬) ¢÷¤®è¥ï R : A → B  §¨¢ îâì ¬®¦¨ã

ImR = {y ∈ B : ∃x ∈ A : xRy}.
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�¯à ¢  3.16. �®¢¥áâ¨: DR = ImR−1 .

�§ ç¥ï 3.12. �÷ à¥ ¢÷¤®è¥ï R : A → B  §¨¢ îâì áîà'õª-
â¨¢¨¬, ïªé®

∀y ∈ B ∃x ∈ A : xRy.

�¯à ¢  3.17. �®¢¥áâ¨: (R { áîà'õªâ¨¢¥) ⇔ (ImR = B).

�§ ç¥ï 3.13. �÷ à¥ ¢÷¤®è¥ï R : A → B  §¨¢ îâì ÷'õªâ¨-
¢¨¬, ïªé®

((x1Ry) ∧ (x2Ry)) ⇒ (x1 = x2).

�÷ à¥ ¢÷¤®è¥ï R : A → B  §¨¢ îâì äãªæ÷® «ì¨¬, ïªé®

((xRy1) ∧ (xRy2)) ⇒ (y1 = y2).

�¯à ¢  3.18. �®¢¥áâ¨: (R { ÷'õªâ¨¢¥) ⇔ (R−1 { äãªæ÷® «ì¥).

� «÷ ¢¢ ¦ â¨¬¥¬®, é® äãªæ÷® «ì®¬ã ¢÷¤®è¥î Rf : A → B
¢÷¤¯®¢÷¤ õ äãªæ÷ï f : A → B (Rf ¿ f), â ª , é®:

Df = DRf
, (f(x) = y) ⇔ (xRfy).

�à¨ª« ¤ 3.26. �®§£«ï¥¬® ¢÷¤®è¥ï R : R→ R, (xRy) ⇔(y = x2).
�¥§¯®á¥à¥¤ì® ¯¥à¥¢÷àïõâìáï, é® R { äãªæ÷® «ì¥ ¢÷¤®è¥ï, ïª®¬ã
¢÷¤¯®¢÷¤ õ äãªæ÷ï f(x) = x2. �à®â¥ ®¡¥à¥¥ ¢÷¤®è¥ï R−1 ¥ õ äãª-
æ÷® «ì¨¬, ®áª÷«ìª¨ R ¥ ÷'õªâ¨¢¥ (1R1, (−1)R1,  «¥ 1 6= −1).

� ¢¨§ ç¥ì ¥£ ©® ¢¨¯«¨¢ õ, é® ª®¬¯®§¨æ÷ù ¢÷¤®è¥ì ¢÷¤¯®¢÷¤ õ
ª®¬¯®§¨æ÷ï äãªæ÷©, ®¡¥à¥®¬ã ÷'õªâ¨¢®¬ã ¢÷¤®è¥î { ®¡¥à¥ 
äãªæ÷ï:

(Rf ◦Rg) ¿ (g ◦ f), (Rf : A → B, Rg : B → C { äãªæ÷® «ì÷);
(Rf )

−1 ¿ f−1, (Rf { ÷'õªâ¨¢¥ â  äãªæ÷® «ì¥).

� ã¢ ¦¥ï 3.3. �¥ à § §¢¥à÷¬® ã¢ £ã   â¥, é® ¤«ï § ¯¨áã ª®¬-
¯®§¨æ÷ù ¢÷¤®è¥ì ¯à¨©ïâ® ¯àï¬¨© ¯®àï¤®ª § ¯¨áã,   ¤«ï ª®¬¯®§¨æ÷ù
äãªæ÷© { §¢®à®â¨© (¤¨¢. § ã¢. 3.1).
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3.7. �ãªæ÷ï ïª ®ªà¥¬¨© ¢¨¯ ¤®ª ¢÷¤®è¥ï

�¥®à¥¬  3.4. �®¬¯®§¨æ÷ï áîà'õªâ¨¢¨å ¢÷¤®è¥ì õ áîà'õªâ¨¢¨¬
¢÷¤®è¥ï¬, ª®¬¯®§¨æ÷ï ÷'õªâ¨¢¨å ¢÷¤®è¥ì õ ÷'õªâ¨¢¨¬ ¢÷¤®-
è¥ï¬, ª®¬¯®§¨æ÷ï äãªæ÷® «ì¨å ¢÷¤®è¥ì õ äãªæ÷® «ì¨¬ ¢÷¤-
®è¥ï¬.

�®¢¥¤¥ï. �¥å © R : A → B, S : B → C. �®¤÷ ¢¨§ ç¥  ª®¬¯®§¨æ÷ï
R ◦ S : A → C.

1. �¥å © R, S { áîà'õªâ¨¢÷. �®¢¥¤¥¬® áîà'õªâ¨¢÷áâì R ◦ S.
�¥å © z ∈ C. � ¢¤ïª¨ áîà'õªâ¨¢®áâ÷ S § ©¤¥âìáï y ∈ B, â ª¨©, é®

ySz. � «÷, § ¢¤ïª¨ áîà'õªâ¨¢®áâ÷ R § ©¤¥âìáï x ∈ A, â ª¨©, é® xRy.
�â¦¥, x(R ◦ S)z.

2. �¥å © R, S { ÷'õªâ¨¢÷. �®¢¥¤¥¬® ÷'õªâ¨¢÷áâì R ◦ S.
�¥å © x1(R ◦ S)z, x2(R ◦ S)z. �®¤÷, §  ¢¨§ ç¥ï¬ ª®¬¯®§¨æ÷ù, § ©-

¤ãâìáï y1, y2 ∈ B, â ª÷, é® x1Ry1, x2Ry2, y1Sz â  y2Sz. � «÷, § ¢¤ïª¨
÷'õªâ¨¢®áâ÷ S, y1 = y2 = y. �â¦¥, x1Ry â  x2Ry, §¢÷¤ª¨, § ¢¤ïª¨ ÷'õª-
â¨¢®áâ÷ R, ¬ õ¬®: x1 = x2.

3. �¥å © R, S { äãªæ÷® «ì÷. �®¢¥¤¥ï äãªæ÷® «ì®áâ÷ R ◦ S
§ «¨è õ¬® ïª ¢¯à ¢ã.

�¯à ¢  3.19. �®¢¥áâ¨ äãªæ÷® «ì÷áâì R ◦ S á ¬®áâ÷©®.
�ª §÷¢ª . �®¢¥¤¥ï §¢®¤¨âìáï ¤® ¯ãªâã 2 § ¢¨ª®à¨áâ ï¬ à¥§ã«ì-

â âã ¢¯à ¢¨ 3.18, ïªé® á¯®ç âªã ¤®¢¥áâ¨ ¯à®áâã â®â®¦÷áâì:

(R ◦ S)−1 = S−1 ◦R−1.

� «÷, ïªé® ¥ ¢¨¨ª õ ¥¯®à®§ã¬÷ì, ¡ã¤¥¬® ®â®â®¦î¢ â¨ äãªæ÷-
® «ì¥ ¢÷¤®è¥ï Rf â  ¢÷¤¯®¢÷¤ã äãªæ÷î f .

�§ ç¥ï 3.14. �ãªæ÷î f : A → B  §¨¢ îâì ¢÷¤®¡à ¦¥ï¬,
ïªé® ¢®  ¢¨§ ç¥  ¤«ï ¢á÷å x ∈ A, â®¡â® Df = A.

�¯à ¢  3.20. �¥å © Rf { äãªæ÷® «ì¥ ¢÷¤®è¥ï. �®¢¥áâ¨:

(f { ¢÷¤®¡à ¦¥ï) ⇔ ((Rf )
−1 { áîà'õªâ¨¢¥).

�÷¤ªà¥á«¨¬®, é® ¢÷¤®è¥ï (Rf )
−1 ¬®¦¥ ¥ ¡ãâ¨ äãªæ÷® «ì¨¬.

�¯à ¢  3.21. �®¢¥áâ¨, é® ª®¬¯®§¨æ÷ï ¢÷¤®¡à ¦¥ì õ ¢÷¤®¡à ¦¥ï¬.
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�®§¤÷« 3. �¥®à÷ï ¢÷¤®è¥ì

� ã¢ ¦¥ï 3.4. � «÷â¥à âãà÷ §ãáâà÷ç îâìáï à÷§÷ ¢¨§ ç¥ï ¤«ï ¯®-
ïâì äãªæ÷ù â  ¢÷¤®¡à ¦¥ï:  ©ç áâ÷è¥ æ÷ ¯®ïââï ¢¨§ ç îâì â ª
á ¬®, ïª ÷ ¢ æì®¬ã ¯®á÷¡¨ªã, ¯à®â¥ ÷®¤÷ ù¬  ¤ îâì ¤¥é® ÷è®£® á¥áã
(â ª, ÷ª®«¨ ¯®ïââï äãªæ÷ù â  ¢÷¤®¡à ¦¥ï ®â®â®¦îîâì). �¯à æì®-
¢ãîç¨ «÷â¥à âãàã § æ÷õù â¥¬¨ á«÷¤ §¢¥àâ â¨ ã¢ £ã, ïª á ¬¥  ¢â®à ¢¨§ ç õ
äãªæ÷î â  ¢÷¤®¡à ¦¥ï.

�§ ç¥ï 3.15. ö'õªæ÷õî  §¨¢ îâì ¢÷¤®¡à ¦¥ï, é® ¢÷¤¯®¢÷¤ õ
÷'õªâ¨¢®¬ã äãªæ÷® «ì®¬ã ¢÷¤®è¥î; áîà'õªæ÷õî  §¨¢ îâì ¢÷¤®-
¡à ¦¥ï, é® ¢÷¤¯®¢÷¤ õ áîà'õªâ¨¢®¬ã äãªæ÷® «ì®¬ã ¢÷¤®è¥î;
¡÷õªæ÷õî (¢§ õ¬® ®¤®§ ç¨¬ ¢÷¤®¡à ¦¥ï¬)  §¨¢ îâì ¢÷¤®¡à ¦¥-
ï, ïª¥ õ ¢®¤®ç á ÷'õªæ÷õî â  áîà'õªæ÷õî.

�¯à ¢  3.22. �®¢¥áâ¨:
• ïªé® äãªæ÷® «ì¥ ¢÷¤®è¥ï Rf ¢¨§ ç õ ¡÷õªæ÷î f , â® ®¡¥à-

¥¥ ¢÷¤®è¥ï (Rf )
−1 â ª®¦ õ äãªæ÷® «ì¨¬ ÷ ¢¨§ ç õ ¡÷õª-

æ÷î f−1;
• ª®¬¯®§¨æ÷ï ¡÷õªæ÷© õ ¡÷õªæ÷õî.

�à¨ª« ¤ 3.27. 1. f : R → R, f(x) = x2. �÷¤®¡à ¦¥ï f ¥ õ  ÷
÷'õªæ÷õî (f(1) = f(−1)),  ÷ áîà'õªæ÷õî (f(x) ≥ 0).

2. f : R → [0,∞), f(x) = x2. �÷¤®¡à ¦¥ï f õ áîà'õªæ÷õî,  «¥ ¥ õ
÷'õªæ÷õî.

3. f : [0,∞) → R, f(x) = x2. �÷¤®¡à ¦¥ï f õ ÷'õªæ÷õî,  «¥ ¥ õ
áîà'õªæ÷õî.

4. f : [0,∞) → [0,∞), f(x) = x2. �÷¤®¡à ¦¥ï f õ ¡÷õªæ÷õî.
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�®§¤÷« 4

�«¥¬¥â¨ ª®¬¡÷ â®à¨ª¨

4.1. �á®¢÷ ¯à¨æ¨¯¨ ª®¬¡÷ â®à¨ª¨.
� £ «ì¥ ¢¨§ ç¥ï ¢¨¡÷àª¨

�¡'õªâ ¢¨¢ç¥ï ª®¬¡÷ â®à¨ª¨ { æ¥ ¢¨¡÷à ¥«¥¬¥â÷¢ ÷§ áª÷ç¥®ù
¬®¦¨¨ §£÷¤® ÷§ § ¤ ¨¬¨ ¯à ¢¨« ¬¨.

4.1.1. �á®¢÷ ¯à¨æ¨¯¨ ª®¬¡÷ â®à¨ª¨

1. �à¨æ¨¯ ¤®¡ãâªã. �¥å © ¤¥ïªã ¤÷î ¬®¦  à®§¡¨â¨   n ¯®á«÷-
¤®¢¨å ¥§ «¥¦¨å ¯÷¤¤÷©, ¯à¨ç®¬ã ª®¦ã ¯÷¤¤÷î j ¬®¦  ¢¨ª® â¨ kj

á¯®á®¡ ¬¨ (j = 1, . . . , n). �®¤÷ ¢¨å÷¤ã ¤÷î ¬®¦  ¢¨ª® â¨ k1k2 . . . kn

á¯®á®¡ ¬¨.
�¡óàãâã¢ ï ¯à¨æ¨¯ã ¤®¡ãâªã §¢®¤¨âìáï ¤® ¯÷¤à åãªã ¯®âã¦-

®áâ÷ ¤¥ª àâ®¢®£® ¤®¡ãâªã áª÷ç¥®ù ª÷«ìª®áâ÷ áª÷ç¥¨å ¬®¦¨. �÷¤-
ªà¥á«¨¬®, é® ¯¥à¥¤ã¬®¢®î ª®à¥ªâ®£® § áâ®áã¢ ï ¯à¨æ¨¯ã ¤®¡ãâªã
õ ¥§ «¥¦÷áâì kj ¢÷¤ â®£®, ïª¨¬ á ¬¥ á¯®á®¡®¬ ¡ã«¨ ¢¨ª® ÷ ¯®¯¥à¥¤÷
j − 1 ¯÷¤¤÷©.

�à¨ª« ¤ 4.1. �®§£«ï¥¬® ¤®¡à¥ ¢÷¤®¬ã ¬®¤¥«ì, áâ ¤ àâã ¤«ï ¡ -
£ âì®å ª®¬¡÷ â®à¨å ®¡'õªâ÷¢.

�¥å © ¢ ãà÷ ¬÷áâïâìáï n ¡÷«¨å â  m ç®à¨å ã¬¥à®¢ ¨å ªã«ì,
n,m ≥ 2. �ª÷«ìª®¬  á¯®á®¡ ¬¨ ¬®¦  ¯®á«÷¤®¢® ¢¨âï£â¨ 2 ªã«÷ â ª,
é®¡ ¯¥àè  ¢¨âï£ãâ  ªã«ï ¢¨ï¢¨« áï ¡÷«®î,   ¤àã£  { ç®à®î?
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�¨å÷¤  ¤÷ï (¢¨âï£ã¢ ï ¤¢®å ªã«ì) à®§¯ ¤ õâìáï   ¤¢÷ ¯®á«÷¤®¢÷
¥§ «¥¦÷ ¯÷¤¤÷ù { ¢¨âï£ã¢ ï ¡÷«®ù ªã«÷ â  ¢¨âï£ã¢ ï ç®à®ù ªã«÷.
�¥àè  ¯÷¤¤÷ï ¬®¦¥ ¡ãâ¨ ¢¨ª®   n á¯®á®¡ ¬¨, ¤àã£  (¥§ «¥¦® ¢÷¤
á¯®á®¡ã ¢¨ª® ï ¯¥àè®ù ¯÷¤¤÷ù, â®¡â® ¢÷¤ â®£®, ïªã á ¬¥ ¡÷«ã ªã«î
¡ã«® ¢¨âï£ãâ® ¯¥àè®î ¯÷¤¤÷õî) { m á¯®á®¡ ¬¨. �â¦¥, ïª ¢¨¯«¨¢ õ §
¯à¨æ¨¯ã ¤®¡ãâªã, ¢¨å÷¤  ¤÷ï ¬®¦¥ ¡ãâ¨ ¢¨ª®   nm á¯®á®¡ ¬¨.

2. �à¨æ¨¯ áã¬¨. �¥å © ¬®¦¨ã á¯®á®¡÷¢ ¢¨ª® ï ¤¥ïª®ù ¤÷ù ¬®¦-
  à®§¡¨â¨   k ¯÷¤¬®¦¨, é® ¯®¯ à® ¥ ¯¥à¥à÷§ îâìáï, ¯à¨ç®¬ã ¢
ª®¦÷© j-© ¬®¦¨÷ ¬÷áâ¨âìáï nj ¥«¥¬¥â÷¢ (á¯®á®¡÷¢). �®¤÷ ¢¨å÷¤ã ¤÷î
¬®¦  ¢¨ª® â¨ n1 + n2 + · · ·+ nk á¯®á®¡ ¬¨.

�¡óàãâã¢ ï ¯à¨æ¨¯ã áã¬¨ §¢®¤¨âìáï ¤® ¯÷¤à åãªã ¥«¥¬¥â÷¢ ¢
®¡'õ¤ ÷ áª÷ç¥®ù ª÷«ìª®áâ÷ áª÷ç¥¨å ¬®¦¨, é® ¯®¯ à® ¥ ¯¥à¥-
à÷§ îâìáï.

�à¨ª« ¤ 4.2. �¥å © ¢ ãà÷ ¬÷áâïâìáï n ¡÷«¨å, m ç®à¨å â  k ç¥à-
¢®¨å ã¬¥à®¢ ¨å ªã«ì, n,m, k ≥ 2. �ª÷«ìª®¬  á¯®á®¡ ¬¨ ¬®¦  ¯®á«÷-
¤®¢® ¢¨âï£â¨ 2 ªã«÷ â ª, é®¡ ¯¥àè  ÷ â÷«ìª¨ ¯¥àè  ¢¨âï£ãâ  ªã«ï ¡ã« 
¡÷«®î?

�®¦¨ã á¯®á®¡÷¢ ¢¨ª® ï ¢¨å÷¤®ù ¤÷ù ¬®¦  à®§¡¨â¨   ¤¢÷ ¯÷¤-
¬®¦¨¨, é® ¥ ¯¥à¥à÷§ îâìáï { ¯÷¤¬®¦¨  á¯®á®¡÷¢, ª®«¨ ¤àã£  ªã«ï
¡ã¤¥ ç®à®î, â  ¯÷¤¬®¦¨ , ª®«¨ ¤àã£  ªã«ï õ ç¥à¢®®î. �¥àè  ¯÷¤¬®-
¦¨ , §  ¯à¨æ¨¯®¬ ¤®¡ãâªã, ¬÷áâ¨âì nm ¥«¥¬¥â÷¢, ¤àã£  { nk ¥«¥¬¥-
â÷¢. �â¦¥, ïª ¢¨¯«¨¢ õ § ¯à¨æ¨¯ã áã¬¨, ¢¨å÷¤ã ¤÷î ¬®¦  ¢¨ª® â¨
nm + nk á¯®á®¡ ¬¨.

3. �à¨æ¨¯ �÷à÷å«¥. �¥å © ¥«¥¬¥â¨ ¬®¦¨¨ A = {a1, a2, . . . , an}
¯®âà÷¡® à®§¬÷áâ¨â¨ ¯® m ª®¬÷àª å, ¯à¨ç®¬ã n > m. �®¤÷ ¯à¨ ©¬÷
®¤  § ª®¬÷à®ª ¡ã¤¥ ¬÷áâ¨â¨ ¡÷«ìè¥ ®¤®£® ¥«¥¬¥â .

�à¨ª« ¤ 4.3. 1. �¥å © 5 áâã¤¥â÷¢ áª« ¤ îâì ÷á¯¨â §  áâ ¤ àâ®î
ç®â¨à¨¡ «ì®î á¨áâ¥¬®î («¢÷¤¬÷®», «¤®¡à¥», «§ ¤®¢÷«ì®», «¥§ ¤®¢÷-
«ì®»). �®¤÷ §  ¯à¨æ¨¯®¬ �÷à÷å«¥ ¯à¨ ©¬÷ ¤¢  áâã¤¥â¨ ®âà¨¬ îâì
®¤ ª®¢÷ ®æ÷ª¨.

2. �£÷¤® § ¯à¨æ¨¯®¬ �÷à÷å«¥ ¢ ¬÷áâ÷ �¨õ¢÷ 2004 à®ªã ¬¥èª «¨ ¯à¨-
 ©¬÷ ¤¢÷ «î¤¨¨ § ®¤ ª®¢®î ª÷«ìª÷áâî ¢®«®á¨   £®«®¢÷ (®áª÷«ìª¨
  2004 à÷ª  á¥«¥ï �¨õ¢  ¯¥à¥¢¨éã¢ «® ¬®¦«¨¢ã ª÷«ìª÷áâì ¢®«®á¨
  £®«®¢÷ «î¤¨¨).
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4.1. �á®¢÷ ¯à¨æ¨¯¨ ª®¬¡÷ â®à¨ª¨. � £ «ì¥ ¢¨§ ç¥ï ¢¨¡÷àª¨

4.1.2. � £ «ì¥ ¢¨§ ç¥ï ¢¨¡÷àª¨.
�¨¡÷àª¨ ¢¯®àï¤ª®¢ ÷ â  ¥¢¯®àï¤ª®¢ ÷,
§ ¯®¢â®à¥ï¬¨ â  ¡¥§ ¯®¢â®à¥ì

�§ ç¥ï 4.1. �¨¡÷àª®î § ¬®¦¨¨ A = {a1, a2, . . . , an} ¤®¢¦¨®î
(®¡'õ¬®¬) k  §¨¢ îâì ¤®¢÷«ì¨©  ¡÷à ¥«¥¬¥â÷¢ aj1 , aj2 , . . . , ajk

, ¯à¨ç®¬ã
¥«¥¬¥â¨ ¢¨¡÷àª¨ ¢ § £ «ì®¬ã ¢¨¯ ¤ªã ¬®¦ãâì ¯®¢â®àî¢ â¨áì.

�ªé® ¢á÷ ¥«¥¬¥â¨ ¢¨¡÷àª¨ ¯®¯ à® à÷§÷ (ajp 6= ajq ¯à¨ p 6= q), ¢¨¡÷àªã
 §¨¢ îâì ¢¨¡÷àª®î ¡¥§ ¯®¢â®à¥ì. �ªé® ¯®¢â®à¥ï ¤®§¢®«ïîâìáï ( «¥
¥ ¢¨¬ £ îâìáï), ¢¨¡÷àªã  §¨¢ îâì ¢¨¡÷àª®î § ¯®¢â®à¥ï¬¨.

�ªé®   ¢¨¡÷àæ÷ § ¤ ® ¢÷¤®è¥ï «÷÷©®£® ¯®àï¤ªã, ¢¨¡÷àªã  -
§¨¢ îâì ã¯®àï¤ª®¢ ®î ¢¨¡÷àª®î,  ¡® à®§¬÷é¥ï¬. �ªé® ¢÷¤®è¥ï
¯®àï¤ªã ¥ § ¤ ¥ (¯®àï¤®ª ¥«¥¬¥â÷¢ ¢¨¡÷àª¨ ¥ ¢à å®¢ãõâìáï), ¢¨¡÷àªã
 §¨¢ îâì ¥¢¯®àï¤ª®¢ ®î ¢¨¡÷àª®î,  ¡® ª®¬¡÷ æ÷õî.

�®§¬÷é¥ï ¡¥§ ¯®¢â®à¥ì ¯à¨ n = k  §¨¢ îâì ¯¥à¥áâ ¢«¥ï¬ ¬®-
¦¨¨ A.

�áª÷«ìª¨ ¤«ï   «÷§ã ¢« áâ¨¢®áâ¥© ¢¨¡÷à®ª ¯à¨à®¤  ¥«¥¬¥â÷¢ aj ¥
¬ õ § ç¥ï, ¢¨¡÷àªã ¤®¢¦¨®î k § ¬®¦¨¨ A ¯®âã¦÷áâî n  §¨¢ -
îâì ¢¨¡÷àª®î § n §  k.

�à¨ª« ¤ 4.4. �¥å © ¢ ãà÷ ¬÷áâïâìáï 3 ã¬¥à®¢ ÷ ªã«÷ (ª1, ª2, ª3).
�®âà÷¡® ¯÷¤à åã¢ â¨, áª÷«ìª®¬  á¯®á®¡ ¬¨ ¬®¦  ¢¨âï£â¨ 2 ªã«÷ §  â -
ª¨å ã¬®¢:

1. �¨âï£ãâ  ªã«ï ¥ ¯®¢¥àâ õâìáï ¤® ãà¨; ¯®àï¤®ª ¢¨âï£ã¢ ï ¥
¢à å®¢ãõâìáï, â®¡â® ¢¨¡÷àª¨ â¨¯ã ªi, ªj â  ªj, ªi ¢¢ ¦ îâì ®¤÷õî ¢¨¡÷à-
ª®î. �ç¥¢¨¤®, ¬®¦«¨¢÷ â ª÷ ¢ à÷ â¨:

ª1, ª2; ª1, ª3; ª2, ª3.

2. �¨âï£ãâ  ªã«ï ¥ ¯®¢¥àâ õâìáï ¤® ãà¨; ¯®àï¤®ª ¢¨âï£ã¢ ï ¢à -
å®¢ãõâìáï, â®¡â® ¢¨¡÷àª¨ â¨¯ã ªi, ªj â  ªj, ªi ¢¢ ¦ îâì à÷§¨¬¨ ¢¨¡÷àª -
¬¨. �ç¥¢¨¤®, ¬®¦«¨¢÷ â ª÷ ¢ à÷ â¨:

ª1, ª2; ª1, ª3; ª2, ª3;

ª2, ª1; ª3, ª1; ª3, ª2.

3. �¨âï£ãâ  ªã«ï ¯®¢¥àâ õâìáï ¤® ãà¨ ÷ ¬®¦¥ ¡ãâ¨ ¢¨âï£ãâ  §®¢ã;
¯®àï¤®ª ¢¨âï£ã¢ ï ¥ ¢à å®¢ãõâìáï. �ç¥¢¨¤®, ¬®¦«¨¢÷ â ª÷ ¢ à÷ â¨:

ª1, ª2; ª1, ª3; ª2, ª3; ª1, ª1; ª2, ª2; ª3, ª3.
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4. �¨âï£ãâ  ªã«ï ¯®¢¥àâ õâìáï ¤® ãà¨ ÷ ¬®¦¥ ¡ãâ¨ ¢¨âï£ãâ  §®¢ã;
¯®àï¤®ª ¢¨âï£ã¢ ï ¢à å®¢ãõâìáï. �ç¥¢¨¤®, ¬®¦«¨¢÷ â ª÷ ¢ à÷ â¨:

ª1, ª2; ª1, ª3; ª2, ª3; ª2, ª1; ª3, ª1; ª3, ª2.

ª1, ª1; ª2, ª2; ª3, ª3.

�ç¥¢¨¤®, é® ç®â¨à¨ à®§£«ïãâ÷ á¨âã æ÷ù ¢÷¤¯®¢÷¤ îâì ¢¨¡÷àª ¬ § 3
§  2 § ¯®¢â®à¥ï¬¨ (ªã«÷ ¯®¢¥àâ îâìáï ÷ ¬®¦ãâì ¡ãâ¨ ¢¨âï£ãâ÷ §®¢ã)
â  ¡¥§ ¯®¢â®à¥ì (ªã«÷ ¥ ¯®¢¥àâ îâìáï), ¢¯®àï¤ª®¢ ¨¬ (§ ãà åã¢ ï¬
¯®àï¤ªã) â  ¥¢¯®àï¤ª®¢ ¨¬ (¡¥§ ãà åã¢ ï ¯®àï¤ªã).

�®§¢'ï§ ï ç®â¨àì®å ¯à®¡«¥¬ ¯à¨ª«. 4.4 ¢ § £ «ì®¬ã ¢¨¯ ¤ªã (¢
ãà÷ n ã¬¥à®¢ ¨å ªã«ì, ¢¨âï£ãõâìáï k ªã«ì) §¢®¤¨âìáï ¤® ¯÷¤à åã-
ªã § £ «ì®ù ª÷«ìª®áâ÷ à®§¬÷é¥ì â  ª®¬¡÷ æ÷© § ¯®¢â®à¥ï¬¨ â  ¡¥§
¯®¢â®à¥ì § n §  k.

4.2. �®§¬÷é¥ï § ¯®¢â®à¥ï¬¨
â  ¡¥§ ¯®¢â®à¥ì

� æì®¬ã ¯÷¤à®§¤÷«÷ ¯÷¤à åãõ¬® ª÷«ìª÷áâì à®§¬÷é¥ì § ¯®¢â®à¥ï¬¨
â  ¡¥§ ¯®¢â®à¥ì § n §  k.

4.2.1. �®§¬÷é¥ï ¡¥§ ¯®¢â®à¥ì
�÷«ìª÷áâì à®§¬÷é¥ì ¡¥§ ¯®¢â®à¥ì § n §  k ¯®§ ç îâì ç¥à¥§ P k

n  ¡®
Ak

n. �÷«ìª÷áâì ¯¥à¥áâ ¢«¥ì (¢¨¯ ¤®ª n = k) ¯®§ ç â¨¬¥¬® ç¥à¥§ Pn.
�¥®à¥¬  4.1. P k

n = n(n− 1) · · · (n− k + 1) = n!
(n−k)!

.

�®¢¥¤¥ï. �¥å © A = {a1, a2, . . . , an}. �®à¬ã¢ ï à®§¬÷é¥ï ¡¥§
¯®¢â®à¥ï § n §  k, â®¡â® ¢¯®àï¤ª®¢ ®ù ¢¨¡÷àª¨ ¯®¯ à® à÷§¨å ¥«¥-
¬¥â÷¢ aj1 , aj2 , . . . , ajk

, ¬®¦  à®§¡¨â¨   k ¯®á«÷¤®¢¨å ¯÷¤¤÷© { ¢¨¡÷à
¥«¥¬¥â  aj1 , ¢¨¡÷à ¥«¥¬¥â  aj2 , . . . , ¢¨¡÷à ¥«¥¬¥â  ajk

. �¥àè¨© ¥«¥-
¬¥â (aj1) ¬®¦¥¬® ¢¨¡à â¨ n á¯®á®¡ ¬¨, ¤àã£¨© (aj2) { n− 1 á¯®á®¡ ¬¨,
®áª÷«ìª¨ aj2 6= aj1 ÷ â. ¤. �¥¯¥à â¢¥à¤¦¥ï â¥®à¥¬¨ ¢¨¯«¨¢ õ § ¯à¨æ¨¯ã
¤®¡ãâªã.

� á«÷¤®ª 4.1.1. Pn = n!.
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4.3. �®¬¡÷ æ÷ù § ¯®¢â®à¥ï¬¨ â  ¡¥§ ¯®¢â®à¥ì

4.2.2. �®§¬÷é¥ï § ¯®¢â®à¥ï¬¨
�÷«ìª÷áâì à®§¬÷é¥ì § ¯®¢â®à¥ï¬¨ § n §  k ¯®§ ç â¨¬¥¬® ç¥à¥§ P̃ k

n .

�¥®à¥¬  4.2. P̃ k
n = nk.

�®¢¥¤¥ï. �¥å © A = {a1, a2, . . . , an}. �®à¬ã¢ ï à®§¬÷é¥ï §
¯®¢â®à¥ï¬¨ § n §  k, â®¡â® ¢¯®àï¤ª®¢ ®ù ¢¨¡÷àª¨ ¥ ®¡®¢'ï§ª®¢® à÷§-
¨å ¥«¥¬¥â÷¢ aj1 , aj2 , . . . , ajk

, ¬®¦  à®§¡¨â¨   k ¯®á«÷¤®¢¨å ¯÷¤¤÷© {
¢¨¡÷à ¥«¥¬¥â  aj1 , ¢¨¡÷à ¥«¥¬¥â  aj2 , . . . , ¢¨¡÷à ¥«¥¬¥â  ajk

. �¥àè¨©
¥«¥¬¥â (aj1) ¬®¦¥¬® ¢¨¡à â¨ n á¯®á®¡ ¬¨, ¤àã£¨© (aj2) { â ª®¦ n á¯®á®-
¡ ¬¨, ¢à å®¢ãîç¨ ¬®¦«¨¢¨© ¢¨¯ ¤®ª aj2 = aj1 ÷ â. ¤. �¥¯¥à â¢¥à¤¦¥ï
â¥®à¥¬¨ ¢¨¯«¨¢ õ § ¯à¨æ¨¯ã ¤®¡ãâªã.

4.3. �®¬¡÷ æ÷ù § ¯®¢â®à¥ï¬¨
â  ¡¥§ ¯®¢â®à¥ì

� æì®¬ã ¯÷¤à®§¤÷«÷ ¯÷¤à åãõ¬® ª÷«ìª÷áâì ª®¬¡÷ æ÷© § ¯®¢â®à¥ï¬¨ â 
¡¥§ ¯®¢â®à¥ì § n §  k.

4.3.1. �®¬¡÷ æ÷ù ¡¥§ ¯®¢â®à¥ì
�÷«ìª÷áâì ª®¬¡÷ æ÷© ¡¥§ ¯®¢â®à¥ì § n §  k ¯®§ ç îâì ç¥à¥§ Ck

n

 ¡®
(

n
k

)
. � æì®¬ã ¯®á÷¡¨ªã ¢¨ª®à¨áâ®¢ã¢ â¨¬¥¬® ¯¥àè¥ ¯®§ ç¥ï, ïª¥

¯à¨©ïâ® ã ¢÷âç¨§ï÷© «÷â¥à âãà÷.

�¥®à¥¬  4.3. Ck
n = n(n−1)...(n−k+1)

k!
= n!

(n−k)!k!
.

�®¢¥¤¥ï. �¥å © A = {a1, a2, . . . , an}. �  ¬®¦¨÷ ¢á÷å à®§¬÷é¥ì
¡¥§ ¯®¢â®à¥ì § n §  k ¢¢¥¤¥¬® ¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷:

((ai1 , . . . , aik) ∼ (aj1 , . . . , ajk
)) ⇔ ({ai1 , . . . , aik} = {aj1 , . . . , ajk

}),
â®¡â® ¥ª¢÷¢ «¥â¨¬¨ ¢¢ ¦ õ¬® â÷ ÷ â÷«ìª¨ â÷ à®§¬÷é¥ï, ïª÷ ¢÷¤à÷§-
ïîâìáï «¨è¥ ¯®àï¤ª®¬ ¥«¥¬¥â÷¢ (÷ §¡÷£ îâìáï ïª ¬®¦¨¨). �®¦¥
ª« á ¥ª¢÷¢ «¥â®áâ÷ [(ai1 , . . . , aik)] §  ¢¨§ ç¥ï¬ ¬÷áâ¨âì à®§¬÷é¥ï,
é® áª« ¤ îâìáï § ®¤¨å ÷ â¨å á ¬¨å ¥«¥¬¥â÷¢ ai1 , . . . , aik ÷ ¢÷¤à÷§ïîâì-
áï «¨è¥ ¯®àï¤ª®¬. �â¦¥, ª®¦®¬ã ª« áã ¥ª¢÷¢ «¥â®áâ÷ [(ai1 , . . . , aik)]
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�®§¤÷« 4. �«¥¬¥â¨ ª®¬¡÷ â®à¨ª¨

®¤®§ ç® ¢÷¤¯®¢÷¤ õ ª®¬¡÷ æ÷ï ¡¥§ ¯®¢â®à¥ì {ai1 , . . . , aik}. � ª¥ §÷-
áâ ¢«¥ï õ ¢§ õ¬® ®¤®§ ç¨¬, ®áª÷«ìª¨ ª®¦¥ ª« á ¥ª¢÷¢ «¥â®áâ÷
¢¨§ ç õ à÷¢® ®¤ã ª®¬¡÷ æ÷î (¥¢¯®àï¤ª®¢ ã ¯÷¤¬®¦¨ã), ÷ ª®¦ 
ª®¬¡÷ æ÷ï ¢÷¤¯®¢÷¤ õ ®¤®¬ã ª« áã ¥ª¢÷¢ «¥â®áâ÷.

� ª¨¬ ç¨®¬, ª÷«ìª÷áâì ª« á÷¢ ¥ª¢÷¢ «¥â®áâ÷ (¢÷¤®á® ¢¢¥¤¥®£®
¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷   ¬®¦¨÷ à®§¬÷é¥ì ¡¥§ ¯®¢â®à¥ì § n
§  k) ¤®à÷¢îõ Ck

n. � à¥èâ÷, ®áª÷«ìª¨ ª®¦¥ ª« á ¥ª¢÷¢ «¥â®áâ÷ ¬÷á-
â¨âì k! à®§¬÷é¥ì (§  ª÷«ìª÷áâî ¯¥à¥áâ ¢«¥ì   ¬®¦¨÷ {ai1 , . . . , aik}),
¬ õ¬®:

P k
n = k!Ck

n,

§¢÷¤ª¨ ¥£ ©® ¢¨¯«¨¢ õ â¢¥à¤¦¥ï â¥®à¥¬¨.

�¨á«  Ck
n = n!

(n−k)!k!
(0 ≤ k ≤ n)  §¨¢ îâì ¡÷®¬÷ «ì¨¬¨ ª®¥ä÷æ÷õ-

â ¬¨.
� ã¢ ¦¥ï 4.1. �÷®¬÷ «ì¨¬ ª®¥ä÷æ÷õâ ¬ Ck

n ç áâ®  ¤ îâì á¥á ÷
¯à¨ k > n, ¢áâ ®¢«îîç¨ ¤«ï æì®£® ¢¨¯ ¤ªã Ck

n = 0. � ª¥ ã§ £ «ì¥ï
æ÷«ª®¬ ¯à¨à®¤¥, ®áª÷«ìª¨ ª÷«ìª÷áâì ¢¨¡÷à®ª ¡¥§ ¯®¢â®à¥ì § n §  k ¯à¨
k > n ¤®à÷¢îõ ã«î.

�à¨ª« ¤ 4.5. �®§£«ï¥¬® â ª §¢ ã «¯à®¡«¥¬ã ¤¥â «¥©». �¥å © ã
ª®à®¡æ÷ ¬÷áâ¨âìáï n ¤¥â «¥© m á®àâ÷¢: n1 ¤¥â «¥© ¯¥àè®£® á®àâã, n2 ¤¥-
â «¥© ¤àã£®£® á®àâã, . . . , nm ¤¥â «¥© m-£® á®àâã. � ª®à®¡ª¨  ¢¬ ï,
¡¥§ ãà åã¢ ï ¯®àï¤ªã, ¢¨âï£ãîâì k ¤¥â «¥©. �÷¤à åã¢ â¨ ª÷«ìª÷áâì ¥-
¢¯®àï¤ª®¢ ¨å ¢¨¡÷à®ª, ª®«¨ ¡ã¤¥ ¢¨âï£ãâ® à÷¢® k1 ¤¥â «¥© ¯¥àè®£®
á®àâã, k2 ¤¥â «¥© ¤àã£®£® á®àâã, . . . , km ¤¥â «¥© m-£® á®àâã (0 ≤ kj ≤ mj).

�áª÷«ìª¨ ¯®àï¤®ª ¢¨¡÷àª¨ ã æ÷© § ¤ ç÷ ¥ ¬ õ § ç¥ï, ¢¢ ¦ â¨¬¥¬®,
é® á¯®ç âªã ¢¨âï£ãîâì ¤¥â «÷ ¯¥àè®£® á®àâã, ¯®â÷¬ { ¤àã£®£®, ÷ â. ¤.
�®¤÷ ª÷«ìª÷áâì ¢¨¡÷à®ª, é® § ¤®¢®«ìïîâì § ¤ ã ã¬®¢ã, ¯÷¤à å®¢ãîâì
§  ¯à ¢¨«®¬ ¤®¡ãâªã: Ck1

n1
Ck2

n2
· · ·Ckm

nm
.

4.3.2. �®¬¡÷ æ÷ù § ¯®¢â®à¥ï¬¨
�÷«ìª÷áâì ª®¬¡÷ æ÷© § ¯®¢â®à¥ï¬¨ § n §  k ¡ã¤¥¬® ¯®§ ç â¨

ç¥à¥§ C̃k
n.

�¥®à¥¬  4.4. C̃k
n = Ck

n+k−1.
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4.3. �®¬¡÷ æ÷ù § ¯®¢â®à¥ï¬¨ â  ¡¥§ ¯®¢â®à¥ì

�®¢¥¤¥ï. �¥å © A = {a1, a2, . . . , an}. �®¦  ª®¬¡÷ æ÷ï § ¯®¢â®à¥-
ï¬¨ ¤®¢¦¨®î k   ¬®¦¨÷ A ®¤®§ ç® ¢¨§ ç õâìáï ª÷«ìª÷áâî kj

¢å®¤¦¥ì ¤® ª®¬¡÷ æ÷ù ª®¦®£® § ¥«¥¬¥â÷¢ aj (1 ≤ j ≤ n). �â¦¥, ª®¦-
  ª®¬¡÷ æ÷ï ¢§ õ¬® ®¤®§ ç® ¢¨§ ç õâìáï ¢¯®àï¤ª®¢ ¨¬  ¡®à®¬
ç¨á¥«

(k1, . . . , kn) : k1 + · · ·+ kn = k, kj ≥ 0 (1 ≤ j ≤ n).

�«ï ¯÷¤à åãªã ª÷«ìª®áâ÷  ¡®à÷¢ ¥¢÷¤'õ¬¨å æ÷«¨å ç¨á¥« (k1, . . . , kn),
â ª¨å, é® k1 + · · · + kn = k, à®§£«ï¥¬® ¬®¤¥«ì à®§â èã¢ ï n − 1 ¥-
ã¬¥à®¢ ¨å ªã«ì ¯® n + k − 1 ã¬¥à®¢ ¨å ª®¬÷àª å (ã ª®¦÷© ª®¬÷àæ÷
¢¬÷éãõâìáï ®¤  ªã«ï). �÷¤ªà¥á«¨¬®, é® ªã«÷ ¥ã¬¥à®¢ ÷, â®¡â® ¯®-
¯ à® ¥ à®§à÷§ïîâìáï. �®¦®¬ã à®§â èã¢ î ªã«ì §÷áâ ¢¨¬®  ¡÷à
¥¢÷¤'õ¬¨å æ÷«¨å ç¨á¥« (k1, . . . , kn):

¤ . . . ¤︸ ︷︷ ︸
k1

¥¤ . . . ¤︸ ︷︷ ︸
k2

¥ . . . . . . ¥¤ . . . ¤︸ ︷︷ ︸
kn−1

¥ ¤ . . . ¤︸ ︷︷ ︸
kn

k1 { ª÷«ìª÷áâì ª®¬÷à®ª ¤® ¯¥àè®ù § ©ïâ®ù (¥ ¢à å®¢ãîç¨
§ ©ïâã);

k2 { ª÷«ìª÷áâì ª®¬÷à®ª ¬÷¦ ¯¥àè®î â  ¤àã£®î § ©ïâ¨¬¨;
k3 { ª÷«ìª÷áâì ª®¬÷à®ª ¬÷¦ ¤àã£®î â  âà¥âì®î § ©ïâ¨¬¨;
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
kn−1 { ª÷«ìª÷áâì ª®¬÷à®ª ¬÷¦ ¯¥à¥¤®áâ ì®î â  ®áâ ì®î

§ ©ïâ¨¬¨;
kn { ª÷«ìª÷áâì ª®¬÷à®ª ¯÷á«ï ®áâ ì®ù § ©ïâ®ù.

�â¦¥, ª®¦®¬ã à®§â èã¢ î ªã«ì ¢ ®¯¨á ÷© ¬®¤¥«÷ ¢§ õ¬® ®¤®-
§ ç® §÷áâ ¢«¥®  ¡÷à ¥¢÷¤'õ¬¨å æ÷«¨å ç¨á¥« (k1, . . . , kn), â ª¨å, é®
k1 + · · · + kn = k. �«ï § ¢¥àè¥ï ¤®¢¥¤¥ï â¥®à¥¬¨ § § ç¨¬®, é®
ª÷«ìª÷áâì ¬®¦«¨¢¨å à®§â èã¢ ì n− 1 ¥ã¬¥à®¢ ¨å ªã«ì ¯® n + k− 1
ã¬¥à®¢ ¨å ª®¬÷àª å ¤®à÷¢îõ Cn−1

n+k−1 = Ck
n+k−1 (ª÷«ìª÷áâì ¥¢¯®àï¤ª®-

¢ ¨å ¢¨¡®à÷¢ k ª®¬÷à®ª, é® § «¨è âìáï ¢÷«ì¨¬¨, § n + k − 1 § £ «ì®ù
ª÷«ìª®áâ÷ ª®¬÷à®ª).

�à¨ª« ¤ 4.6. 1. �÷¤à åãõ¬®, áª÷«ìª®¬  á¯®á®¡ ¬¨ ¬®¦  à®§¡¨â¨
ç¨á«® k   áã¬ã n ¥¢÷¤'õ¬¨å ¤®¤ ª÷¢: k1 + · · ·+ kn = k.

�ª ¢¨¯«¨¢ õ § ¤®¢¥¤¥ï â¥®à¥¬¨ 4.4, ª÷«ìª÷áâì â ª¨å à®§¡¨ââ÷¢ ¤®-
à÷¢îõ C̃k

n = Ck
n+k−1.
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�®§¤÷« 4. �«¥¬¥â¨ ª®¬¡÷ â®à¨ª¨

�¯à ¢  4.1. �§ £ «ì¨â¨ æ¥© à¥§ã«ìâ â   ¢¨¯ ¤®ª, ª®«¨ k1 ≥ m1,
k2 ≥ m2, . . . , kn ≥ mn, ¤¥ mj (1 ≤ j ≤ n) { § ¤ ÷ æ÷«÷ ç¨á« .

2. �÷¤à åãõ¬® ª÷«ìª÷áâì ª÷áâ®ª ¤®¬÷®.
�ª ¢÷¤®¬®, ª®¦  ª÷áâª  ¤®¬÷® ¢§ õ¬® ®¤®§ ç® ¢¨§ ç õâìáï ¥-

¢¯®àï¤ª®¢ ®î ¯ à®î ç¨á¥« {n,m}, â ª¨å, é® 0 ≤ m ≤ 6, 0 ≤ n ≤ 6,
¢ª«îç îç¨ ¢¨¯ ¤®ª n = m. �â¦¥, ª÷«ìª÷áâì ª÷áâ®ª ¤®¬÷®

C̃2
7 = C2

7+2−1 = C2
8 =

8 · 7
2

= 28.

4.4. �¯®àï¤ª®¢ ÷ à®§¡¨ââï
�®§£«ï¥¬® â ªã ¯à®¡«¥¬ã: ¯®âà÷¡® à®§â èã¢ â¨ ¥«¥¬¥â¨ ¬®¦¨-

¨ A = {a1, a2, . . . , an} ¯® k ã¬¥à®¢ ¨å ª®¬÷àª å õ¬÷áâî n1, n2, . . . , nk

¢÷¤¯®¢÷¤®, ¯à¨ç®¬ã n1 + · · ·+nk = n. �î ¯à®¡«¥¬ã  §¨¢ îâì ã¯®àï¤ª®-
¢ ¨¬ à®§¡¨ââï¬ ¬®¦¨¨ A ¯® k ã¯®àï¤ª®¢ ¨å ª®¬÷àª å. � § ç¨¬®,
é® ¯®àï¤®ª à®§â èã¢ ï ¥«¥¬¥â÷¢ ã ª®¦÷© ª®¬÷àæ÷ ¥ ¬ õ § ç¥ï {
 á æ÷ª ¢¨âì «¨è¥ â¥, ¢ ïªã ª®¬÷àªã ¯®âà ¯¨âì ª®¦¥ § ¥«¥¬¥â÷¢ ¬®-
¦¨¨ A. �÷«ìª÷áâì ã¯®àï¤ª®¢ ¨å à®§¡¨ââ÷¢ §  áä®à¬ã«ì®¢ ¨¬¨ ¯ à -
¬¥âà ¬¨ ¯®§ ç â¨¬¥¬® ç¥à¥§ Cn1,n2,...,nk

n .
�«ï ¯÷¤à åãªã ª÷«ìª®áâ÷ ¢¯®àï¤ª®¢ ¨å à®§¡¨ââ÷¢ áª®à¨áâ õ¬®áì

¯à¨æ¨¯®¬ ¤®¡ãâªã: á¯®ç âªã § ¯®¢¨¬® ¯¥àèã ª®¬÷àªã, ¯®â÷¬ { ¤àã£ã
÷ â. ¤. �ç¥¢¨¤®, ¯¥àèã ª®¬÷àªã ¬®¦  § ¯®¢¨â¨ Cn1

n á¯®á®¡ ¬¨, ¤àã-
£ã { Cn2

n−n1
á¯®á®¡ ¬¨, âà¥âî { Cn3

n−n1−n2
á¯®á®¡ ¬¨ ÷ â. ¤. �  ¯à¨æ¨¯®¬

¤®¡ãâªã ¬ õ¬®:

Cn1,n2,...,nk
n = Cn1

n Cn2
n−n1

Cn3
n−n1−n2

· · ·Cnk
n−n1−···−nk−1

. (4.1)

� ã¢ ¦¥ï 4.2. �áâ ÷© ¬®¦¨ª Cnk
n−n1−···−nk−1

= Cnk
nk

= 1 (ïª
÷ ®ç÷ªã¢ «¨, ®áª÷«ìª¨ ®áâ î ª®¬÷àªã ¬®¦¥¬® § ¯®¢¨â¨ «¨è¥ ®¤-
¨¬ á¯®á®¡®¬).

�¥§¯®á¥à¥¤÷© ¯÷¤à åã®ª ¤®§¢®«ïõ § ç® á¯à®áâ¨â¨ ¢¨à § ã ¯à ¢÷©
ç áâ¨÷ (4.1):

Cn1,n2,...,nk
n =

n!

n1!n2! · · ·nk!
.
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4.5. �÷®¬÷ «ì  â  ¯®«÷®¬÷ «ì  ä®à¬ã«¨. �à¨ªãâ¨ª � áª «ï

� § ç¨¬®, é® ã ¢¨¯ ¤ªã k = 2 ¬ õ¬® ª« á¨ç¨© ¢¨¯ ¤®ª ª®¬¡÷ æ÷© ¡¥§
¯®¢â®à¥ì (¥¢¯®àï¤ª®¢ ¨© ¢¨¡÷à ¥«¥¬¥â÷¢ ¤«ï ®¤÷õù § ¤¢®å ª®¬÷à®ª):

Cn1,n2
n =

n!

n1!n2!
= Cn1

n = Cn2
n .

�¯à ¢  4.2. �§ £ «ì¨â¨ ä®à¬ã«ã ¤«ï Cn1,n2,...,nk
n   ¢¨¯ ¤®ª, ª®«¨

n1 + · · ·+ nk ≤ n.

�à¨ª« ¤ 4.7. �÷¤à åãõ¬®, áª÷«ìª¨ á«÷¢ (¤®¢÷«ì¨å ¯®á«÷¤®¢®áâ¥©
«÷â¥à) ¬®¦  áª« áâ¨ § è¥áâ¨ ª àâ®ª,   âàì®å § ïª¨å ¯®§ ç¥  «÷â¥à 
«�»,   ¤¢®å { «÷â¥à  «�»,   ®¤÷© { «�»:

� � � � � �

�«ï à®§¢'ï§ ï § ¤ ç÷ à®§£«ï¥¬® â ªã ¬®¤¥«ì: õ âà¨ ª®¬÷àª¨ «�»,
«�» â  «�» õ¬®áâï¬¨ 3, 2 â  1 ¢÷¤¯®¢÷¤®, ã ïª¨å âà¥¡  à®§¬÷áâ¨â¨
¥«¥¬¥â¨ ¬®¦¨¨ X = {1, 2, 3, 4, 5, 6}. �®¤÷ ª®¦®¬ã á«®¢ã ®¤®§ ç-
® ¢÷¤¯®¢÷¤ õ à®§¡¨ââï ¬®¦¨¨ X ¯® ª®¬÷àª å «�», «�» â  «�» { ª®-
¦¥ ¥«¥¬¥â ¬®¦¨¨ X ¢÷¤¯®¢÷¤ õ ®¬¥àã «÷â¥à¨ ¢ á«®¢÷, é® áª« ¤ -
õâìáï. �â¦¥, ª÷«ìª÷áâì á«÷¢ ®¡ç¨á«îõâìáï ïª ª÷«ìª÷áâì ã¯®àï¤ª®¢ ¨å
à®§¡¨ââ÷¢:

C3,2,1
6 =

6!

3!2!1!
= 60.

4.5. �÷®¬÷ «ì  â  ¯®«÷®¬÷ «ì  ä®à¬ã«¨.
�à¨ªãâ¨ª � áª «ï

4.5.1. �« áâ¨¢®áâ÷ ¡÷®¬÷ «ì¨å ª®¥ä÷æ÷õâ÷¢
� £ ¤ õ¬® (¤¨¢. á. 62), é® ç¨á«  Ck

n (0 ≤ k ≤ n)  §¨¢ îâì ¡÷®¬÷-
 «ì¨¬¨ ª®¥ä÷æ÷õâ ¬¨. �®§£«ï¥¬® ª÷«ìª   ©¢ ¦«¨¢÷è¨å ¢« áâ¨¢®á-
â¥© ¡÷®¬÷ «ì¨å ª®¥ä÷æ÷õâ÷¢.

1. Ck
n = Cn−k

n ;
2. C0

n = Cn
n = 1, C1

n = Cn−1
n = n;

3. Ck
n + Ck+1

n = Ck+1
n+1.

�¯à ¢  4.3. �®¢¥áâ¨ ¢ª § ÷ â®â®¦®áâ÷.
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4.5.2. �÷®¬÷ «ì  â  ¯®«÷®¬÷ «ì  ä®à¬ã«¨
� ªãàáã ¬ â¥¬ â¨ç®£®   «÷§ã ¢÷¤®¬  ä®à¬ã«  ¤«ï «à®§ªà¨ââï ¤ã-

¦®ª» ã ¢¨à §÷ (a + b)n:

(a + b)n =
n∑

k=0

Ck
nakbn−k. (4.2)

�®à¬ã«ã (4.2), ïª ¢÷¤®¬®,  §¨¢ îâì ¡÷®¬®¬ �ìîâ® ,  ¡® ¡÷®¬÷ «ì-
®î ä®à¬ã«®î, §¢÷¤ª¨ ¤÷áâ «¨  §¢ã ª®¥ä÷æ÷õâ¨ Ck

n.
� ã¢ ¦¥ï 4.3. � §¢  «¡÷®¬ �ìîâ® » ¤¢÷ç÷ ¥¯à ¢¨«ì : ¯®-

¯¥àè¥, ÷ ¯à ¢ , ÷ «÷¢  ç áâ¨  ä®à¬ã«¨ (4.2) ¥ õ ¡÷®¬®¬ (¤¢ãç«¥®¬);
¯®-¤àã£¥, ä®à¬ã«  (4.2) ¡ã«  ¢÷¤®¬  ÷ ¤® à®¡÷â �ìîâ®  (öá  ªã �ìîâ®-
ã  «¥¦¨âì ¢ ¦«¨¢¥ ã§ £ «ì¥ï ä®à¬ã«¨ (4.2)   ¢¨¯ ¤®ª ¤®¢÷«ì®£®
n ∈ R).

�®¢¥¤¥¬® ¡÷®¬÷ «ìã ä®à¬ã«ã (4.2) ¬¥â®¤ ¬¨ ª®¬¡÷ â®à¨ª¨. �®§-
ªà¨õ¬® ¤ã¦ª¨ ã ¢¨à §÷ (a + b)n, ¥ ª®à¨áâãîç¨áì ª®¬ãâ â¨¢÷áâî ¬®-
¦¥ï ¤÷©á¨å ç¨á¥«:

(a + b)n = (a + b) · · · (a + b)︸ ︷︷ ︸
n

= aa · · · a︸ ︷︷ ︸
n

+ ba · · · a︸ ︷︷ ︸
n

+ ab · · · a︸ ︷︷ ︸
n

+ · · ·+ bb · · · b︸ ︷︷ ︸
n

.

�÷á«ï §¢¥¤¥ï ¯®¤÷¡¨å ç«¥÷¢ (¢¨ª®à¨áâ®¢ãîç¨ ª®¬ãâ â¨¢÷áâì ¬®-
¦¥ï) ¤÷áâ ¥¬®:

(a + b)n =
n∑

k=0

cka
kbn−k,

¤¥ ck { ª÷«ìª÷áâì ¤®¤ ª÷¢ ¢¨£«ï¤ã a1 · · · an (aj ∈ {a, b}), â ª¨å, é® ¬®¦-
¨ª a ¬÷áâ¨âìáï ¢ ¤®¡ãâªã a1 · · · an à÷¢® k à §÷¢ (¬®¦¨ª b ¬÷áâ¨âìáï
¢÷¤¯®¢÷¤® n− k à §÷¢).

�«ï ®¡ç¨á«¥ï ª®¥ä÷æ÷õâ÷¢ ck à®§£«ï¥¬® ª®¬¡÷ â®àã ¬®¤¥«ì à®§-
â èã¢ ï ¬®¦¨ª÷¢ aj (1 ≤ j ≤ n) ¯® ª®¬÷àª å a â  b õ¬®áâï¬¨ k â 
n − k ¢÷¤¯®¢÷¤®. �ç¥¢¨¤®, ª®¦¥ â ª¥ à®§â èã¢ ï ®¤®§ ç® ¢÷¤-
¯®¢÷¤ õ ®¤®¬ã § ¤®¤ ª÷¢ a1 · · · an, é® ¬÷áâ¨âì k ¬®¦¨ª÷¢ a â  n − k
¬®¦¨ª÷¢ b. �â¦¥,

ck = Ck,n−k
n = Ck

n,

é® ÷ âà¥¡  ¡ã«® ¤®¢¥áâ¨.
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�®¬¡÷ â®à¥ ¤®¢¥¤¥ï ä®à¬ã«¨ (4.2) ¯à¨à®¤® ¯®è¨àîõâìáï ¤«ï
¢¨à §ã (a1 + a2 + · · ·+ am)n:

(a1 + a2 + · · ·+ am)n =
∑

k1,k2,...,km≥0
k1+···+km=n

Ck1,...,km
n ak1

1 · · · akm
m . (4.3)

�¯à ¢  4.4. �à®¢¥áâ¨ ¤®¢¥¤¥ï ä®à¬ã«¨ (4.3).

�®à¬ã«  (4.3), §    «®£÷õî § ¡÷®¬÷ «ì®î ä®à¬ã«®î, ¤÷áâ «   -
§¢ã ¯®«÷®¬÷ «ì  ä®à¬ã« . � § ç¨¬®, é® ª÷«ìª÷áâì ¤®¤ ª÷¢ ã ¯à ¢÷©
ç áâ¨÷ ä®à¬ã«¨ (4.3) ®¡ç¨á«îõâìáï ïª ª÷«ìª÷áâì à®§¡¨ââ÷¢ ç¨á«  n  
m ¥¢÷¤'õ¬¨å æ÷«¨å ¤®¤ ª÷¢, â®¡â® ç¥à¥§ ª®¬¡÷ æ÷ù § ¯®¢â®à¥ï¬¨:
C̃n

m = Cn
m+n−1. � ª, ¯à¨ m = 2 (¢¨¯ ¤®ª ¡÷®¬÷ «ì®ù ä®à¬ã«¨) ¬ â¨¬¥-

¬®: Cn
n+1 = n + 1.

�à¨ª« ¤ 4.8. 1. �®à¨áâãîç¨áì ¯®«÷®¬÷ «ì®î ä®à¬ã«®î, à®§ªà¨-
õ¬® ¤ã¦ª¨ ã ¢¨à §÷ (a + b + c)3:

(a + b + c)3 = C3,0,0
3︸ ︷︷ ︸
=1

a3b0c0 + b3 + c3+

+ C2,1,0
3︸ ︷︷ ︸
=3

a2b1c0 + 3ab2 + 3a2c + 3ac2 + 3b2c + 3bc2 + C1,1,1
3︸ ︷︷ ︸
=6

a1b1c1.

2. �¥ à®§ªà¨¢ îç¨ ¯®¢÷áâî ¤ã¦ª¨ ã ¢¨à §÷ (a+b+c+d)132, ®¡ç¨á«¨¬®
ª®¥ä÷æ÷õâ ¯à¨ ¤®¤ ªã a131b:

C131,1,0,0
132 =

132!

131!1!0!0!
= 132.

� § ç¨¬®, é® § £ «ì  ª÷«ìª÷áâì ¤®¤ ª÷¢ ¯÷á«ï à®§ªà¨ââï ¤ã¦®ª â 
§¢¥¤¥ï ¯®¤÷¡¨å ç«¥÷¢ áâ ®¢¨âì C̃132

4 = 400995.

4.5.3. �à¨ªãâ¨ª � áª «ï
�¤¥¡÷«ìè®£® (§®ªà¥¬ , ¤«ï ®¡ç¨á«¥ï ª®¥ä÷æ÷õâ÷¢ ã ¡÷®¬÷ �ìîâ®-

 ) ¡÷®¬÷ «ì÷ ª®¥ä÷æ÷õâ¨ §àãç® à®§â è®¢ã¢ â¨ ã ä®à¬÷ â ª §¢ ®£®
âà¨ªãâ¨ª  � áª «ï:
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C0
0

C0
1 C1

1

C0
2 C1

2 C2
2

C0
3 C1

3 C2
3 C3

3

. . . . . . . . . . . . . . . . . .

 ¡®

C0
0

C0
1 C1

1

C0
2 C1

2 C2
2

C0
3 C1

3 C2
3 C3

3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�à¨ªãâ¨ª � áª «ï, ®ç¥¢¨¤®, ¥áª÷ç¥¨©, ¯à®â¥   ¯à ªâ¨æ÷ ®¡ç¨á-
«îîâì ª÷«ìª  ¯¥àè¨å àï¤ª÷¢ (â ª, ¤«ï à®§ª« ¤ ï (a + b)5 ¯®âà÷¡÷
¯¥àè÷ 6 àï¤ª÷¢).

�¡ç¨á«îîç¨ ¯¥àè÷ àï¤ª¨ âà¨ªãâ¨ª  � áª «ï (ã «¯àï¬®ªãâ÷©»
ç¨ «à÷¢®¡¥¤à¥÷©» ä®à¬÷), ïª ¯à ¢¨«®, ¢¨¯¨áãîâì ®¤¨¨ç÷ ¥«¥¬¥-
â¨ «¡÷ç¨å áâ®à÷» âà¨ªãâ¨ª , ¯÷á«ï ç®£® ¢¨ª®à¨áâ®¢ãîâì â®â®¦÷áâì
Ck

n + Ck+1
n = Ck+1

n+1.

�à¨ª« ¤ 4.9. �¡ç¨á«¨¬® ¯¥àè÷ ¯'ïâì àï¤ª÷¢ âà¨ªãâ¨ª  � áª «ï
(ã «¯àï¬®ªãâ÷©» ä®à¬÷):

1
1 1
1 1 + 1 = 2 1
1 1 + 2 = 3 2 + 1 = 3 1
1 1 + 3 = 4 3 + 3 = 6 3 + 1 = 4 1

4.6. � áâ®áã¢ ï ª®à¥¥¢¨å ¤¥à¥¢
ã ª®¬¡÷ â®à¨å § ¤ ç å

� £ â® ª®¬¡÷ â®à¨å ¯à®¡«¥¬ ¥ ¬®¦  ®¯¨á â¨ ¦®¤®î § ª« á¨ç-
¨å ª®¬¡÷ â®à¨å ¬®¤¥«¥©. � â ª¨å á¨âã æ÷ïå, ª®«¨ ¬ ©¦¥ õ¤¨¨© ¬¥-
â®¤ { ¡¥§¯®á¥à¥¤÷© ¯¥à¥¡÷à ¢á÷å ¢ à÷ â÷¢, §àãç® ª®à¨áâã¢ â¨áï £à -
ä ¬¨ á¯¥æ÷ «ì®£® ¢¨¤ã { â ª §¢ ¨¬¨ ª®à¥¥¢¨¬¨ ¤¥à¥¢ ¬¨. �®à¥¥¢¥
¤¥à¥¢® ¢¨§ ç õâìáï ïª ¤¥à¥¢® § ¢¨¤÷«¥®î ¢¥àè¨®î { ª®à¥¥¬ (â®ç÷
¢¨§ ç¥ï  ¢¥¤¥¬® ¤ «÷, ¯÷¤ ç á ¢¨¢ç¥ï £à ä÷¢ á¯¥æ÷ «ì¨å â¨¯÷¢).
�÷¤ ç á ¯¥à¥¡®àã ¢ à÷ â÷¢ ª®¦÷© ¢¥àè¨÷ ¤¥à¥¢  (¯®ç¨ îç¨ § ª®à¥ï)
¢÷¤¯®¢÷¤ õ ¯¥¢  £àã¯  ¢ à÷ â÷¢; ïªé® £àã¯  ¢ à÷ â÷¢ à®§¡¨¢ õâìáï  
n ¬®¦¨, § ¢÷¤¯®¢÷¤®ù ¢¥àè¨¨ ¤¥à¥¢  ¢¨å®¤¨âì n à¥¡¥à. �®¦®¬ã «¨á-
âªã («§ ª«îç¨¬» ¢¥àè¨ ¬ ¤¥à¥¢ ) ¢÷¤¯®¢÷¤ õ ¤®áâ âì® ¯à®áâ  ¬®-
¦¨  ¢ à÷ â÷¢ ( ©ç áâ÷è¥ ª®¦®¬ã «¨áâªã ¢÷¤¯®¢÷¤ õ ®¤¨ ¢ à÷ â).
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�à¨ª« ¤ 4.10. � ¤¥ïª®¬ã ( ¡áâà ªâ®¬ã) ª §÷® £à  ¯à®å®¤¨âì § 
â ª¨¬¨ ¯à ¢¨« ¬¨: ã à §÷ ¢¨£à èã £à ¢¥æì ®âà¨¬ãõ ¢¨£à è ã à®§¬÷à÷
áâ ¢ª¨ (â®¡â®, ¯®áâ ¢¨¢è¨ k £à¨¢¥ì, £à ¢¥æì ã à §÷ ¢¨£à èã § ¡¥à¥ 2k
£à¨¢¥ì); ¯à®£à ¢è¨, £à ¢¥æì ¢âà ç õ á¢®î áâ ¢ªã.

�¥å © ¤¥åâ® ( ¡áâà ªâ¨© £à ¢¥æì) ¯à¨©è®¢ ã ª §÷® § ®¤÷õî £à¨¢-
¥î ÷ ¢¨à÷è¨¢ £à â¨ ¤®â¨, ¤®ª¨ ¢ ì®£® õ £à®è÷,  «¥ ¥ ¡÷«ìè¥ âàì®å ÷£®à,
áâ ¢«ïç¨   ª®¦ã £àã ®¤ã £à¨¢î.
�®§â èãõ¬® ¬®¦«¨¢÷ ¢ à÷ â¨ à®§¢¨âªã ¯®¤÷©

1

2

3 1

0

4 2 2 0

––

–

–

++

+

+

�¨á. 4.1

ã ¢¨£«ï¤÷ ª®à¥¥¢®£® ¤¥à¥¢  (à¨á. 4.1). �¥¡à®,
é® ¯®§ ç¥¥ § ª®¬ «+», ¢÷¤¯®¢÷¤ õ ¢¨£à èã
¢ ª®ªà¥â÷© £à÷; à¥¡à®, é® ¯®§ ç¥¥ § ª®¬
«−», ¢÷¤¯®¢÷¤ õ ¯à®£à èã. �®¦ã ¢¥àè¨ã ¤¥-
à¥¢  ¯®§ ç â¨¬¥¬® áã¬®î (¢ £à¨¢ïå), é® § -
«¨è¨« áï ã £à ¢æï. �¨áâª¨ ¤¥à¥¢  (¢ à÷ â¨ § -
ª÷ç¥ï á¥à÷ù ÷£®à) ¯®§ ç¨¬® §®¢÷è÷¬ ª¢ ¤-
à â®¬. �ª ¢¨¤® § à¨á. 4.1, ã âàì®å § ¯'ïâ¨ ¢ à÷-
 â÷¢ § ª÷ç¥ï á¥à÷ù £à ¢¥æì ¢¨£à õ, ÷ ¢ ¤¢®å {
¯à®£à õ. �¢¨ç ©®, §¢÷¤á¨ ¥ ¢¨¯«¨¢ õ, é® ¢ á¥-
à¥¤ì®¬ã £à ¢¥æì ¡ã¤¥ ¢¨£à ¢ â¨, ®áª÷«ìª¨ ¥
¢á÷ ¢ à÷ â¨ § ª÷ç¥ï ¬ îâì ®¤ ª®¢ã ©¬®¢÷à÷áâì.
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�®§¤÷« 5

�¥®à÷ï £à ä÷¢

5.1. �á®¢÷ ¯®ïââï â¥®à÷ù £à ä÷¢
�§ ç¥ï 5.1. �à ä®¬ (£¥®¬¥âà¨ç¨¬ £à ä®¬) G  §¨¢ îâì ä÷-

£ãàã   ¯«®é¨÷, ïª  áª« ¤ õâìáï § ¥¯®à®¦ì®ù áª÷ç¥®ù ¬®¦¨¨ V
â®ç®ª (¢¥àè¨) ÷ áª÷ç¥®ù ¬®¦¨¨ E ®à÷õâ®¢ ¨å ç¨ ¥ ®à÷õâ®¢ ¨å
«÷÷© (à¥¡¥à), é® §'õ¤ãîâì ¤¥ïª÷ ¯ à¨ ¢¥àè¨.

� ¤ «÷, ïªé® ¥ ¢ª § ® ÷è¥, ¢¥àè¨¨ ¯®§ ç â¨¬¥¬® «÷â¥à®î v
§ ÷¤¥ªá ¬¨ ç¨ ¡¥§: v, v2, v2,34; à¥¡à  { «÷â¥à®î e § ÷¤¥ªá ¬¨ ç¨ ¡¥§:
e, e6, e8,3,97.

�¥¡à®, é® §'õ¤ãõ ¤¥ïªã ¢¥àè¨ã á ¬ã § á®¡®î,  §¨¢ îâì ¯¥â«¥î.
�¥¡à , é® §'õ¤ãîâì ®¤ã © âã á ¬ã ¯ àã ¢¥àè¨,  §¨¢ îâì ¬ã«ìâ¨à¥-
¡à ¬¨. �à ä, é® ¥ ¬÷áâ¨âì ¬ã«ìâ¨à¥¡¥à â  ¯¥â¥«ì,  §¨¢ îâì ¯à®áâ¨¬
£à ä®¬,  ¡® ¯à®áâ®£à ä®¬. �à ä, ¢ ïª®¬ã ¤®¯ãáª îâìáï ¬ã«ìâ¨à¥¡à  ç¨
¯¥â«÷,  §¨¢ îâì ¬ã«ìâ¨£à ä®¬ (¤¨¢. ¯à¨ª«. 5.1).

�à ä, ãá÷ à¥¡à  ïª®£® ¥®à÷õâ®¢ ÷,  §¨¢ îâì ¥®à÷õâ®¢ ¨¬ £à -
ä®¬; £à ä, ãá÷ à¥¡à  ïª®£® ®à÷õâ®¢ ÷ { ®à÷õâ®¢ ¨¬ £à ä®¬,  ¡® ®à-
£à ä®¬; ¬÷è ÷ £à ä¨ (¬÷áâïâì ïª ®à÷õâ®¢ ÷, â ª ÷ ¥®à÷õâ®¢ ÷ à¥¡à )
¬¨ ¥ à®§£«ï¤ â¨¬¥¬®. � ®à£à ä å ¯ à¨ ¯à®â¨ ¯àï¬«¥¨å ¬ã«ìâ¨à¥-
¡¥à, é® §'õ¤ãîâì ®¤ã © âã á ¬ã ¯ àã ¢¥àè¨, ç áâ® §®¡à ¦ãîâì ®¤÷õî
«÷÷õî §÷ áâà÷«ª ¬¨   ¯à®â¨«¥¦¨å ª÷æïå.

�à¨ª« ¤ 5.1. �  à¨á. 5.1 §®¡à ¦¥® ®à÷õâ®¢ ¨© ¬ã«ìâ¨£à ä G1,
¥®à÷õâ®¢ ¨© ¯à®áâ®£à ä G2 â  ¥®à÷õâ®¢ ¨© ¬ã«ìâ¨£à ä G3. �¥à-
è¨¨ v1 â  v3 £à äã G1 §'õ¤ãîâìáï ¤¢®¬  ¯à®â¨ ¯àï¬«¥¨¬¨ ¬ã«ìâ¨-
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à¥¡à ¬¨ (§®¡à ¦¥÷ «÷÷õî § ¤¢®¬  áâà÷«ª ¬¨). �  ¢¥àè¨÷ v4 ¥®à÷õâ®-
¢ ®£® ¬ã«ìâ¨£à äã G3 «¢¨á¨âì» ¯¥â«ï.

v2
v2 v2

v3

v3 v3

v1

v1 v1

v4

v4
v4 v5v5

G1

G2 G3

�¨á. 5.1

� ¤ «÷, ïªé® ¥ ¢ª § ® ÷è¥, £à ä¨ ¢¢ ¦ â¨¬¥¬® ¥®à÷õâ®¢ ¨¬¨.
�¥àè¨¨ v1 â  v2  §¨¢ îâì áã¬÷¦¨¬¨, ïªé® ¢®¨ §'õ¤ ÷ à¥¡-

à®¬ e. � â ª®¬ã à §÷ ª ¦ãâì, é® ¢¥àè¨¨ v1 â  v2 ÷æ¨¤¥â÷ à¥¡àã e;
  «®£÷ç®, à¥¡à® e ÷æ¨¤¥â¥ ¢¥àè¨ ¬ v1 â  v2.

�«ïå®¬ ã £à ä÷, é® ¯®ç¨ õâìáï ã ¢¥àè¨÷ v1 ÷ § ª÷çãõâìáï ã ¢¥à-
è¨÷ v2,  §¨¢ îâì ¯®á«÷¤®¢÷áâì ¢¥àè¨ â  à¥¡¥à ¢¨£«ï¤ã:

v1ei1vi1ei2vi2ei3 . . . vin−1einv2,

¤¥ ª®¦¥ à¥¡à® ÷æ¨¤¥â¥ ®¡®¬ ¢¥àè¨ ¬, ïª÷ õ ¤«ï ì®£® áãá÷¤÷¬¨ ¢ ¯®-
á«÷¤®¢®áâ÷ (à¥¡à® ei1 ÷æ¨¤¥â¥ ¢¥àè¨ ¬ v1 â  vi1 , à¥¡à® ei2 ÷æ¨¤¥â-
¥ ¢¥àè¨ ¬ vi1 â  vi2 ÷ â. ¤.). � § ç¨¬®, é® è«ïå ã £à ä÷ ®¤®§ ç®
¢¨§ ç õâìáï ¯¥àè®î ÷ ®áâ ì®î ¢¥àè¨ ¬¨ (v1 â  v2) â  ¯®á«÷¤®¢÷áâî
à¥¡¥à, â®¡â® ¯à®¬÷¦÷ ¢¥àè¨¨ ¬®¦  ¥ ¢ª §ã¢ â¨:

v1ei1ei2ei3 . . . einv2.

�à÷¬ â®£®, ¤«ï ¯à®áâ®£à ä÷¢ ( «¥ ¥ ¤«ï ¬ã«ìâ¨£à ä÷¢) è«ïå ®¤®-
§ ç® ¢¨§ ç õâìáï ¯®á«÷¤®¢÷áâî ¢¥àè¨:

v1vi1vi2 . . . vin−1v2.

� § ç¨¬®, é® ¤«ï ®à÷õâ®¢ ¨å £à ä÷¢ è«ïå ¢¨§ ç õâìáï   «®£÷ç-
®,  «¥ § ãà åã¢ ï¬ ®à÷õâ æ÷ù à¥¡¥à: à¥¡à® ei1 ¬ õ ¢¥áâ¨ ¢÷¤ v1 ¤® vi1 ,
à¥¡à® ei2 { ¢÷¤ vi1 ¤® vi2 ÷ â. ¤.

71



�®§¤÷« 5. �¥®à÷ï £à ä÷¢

�«ïå, ïª¨© ¥ ¬÷áâ¨âì ¯®¢â®à¥ì ¢¥àè¨ ÷ à¥¡¥à, ªà÷¬, ¬®¦«¨¢®,
¤¢®å ªà ©÷å ¢¥àè¨ v1 â  v2,  §¨¢ îâì ¯à®áâ¨¬ è«ïå®¬. �¥£ª® ¯¥à¥-
¢÷à¨â¨, é® ¯®¢â®à¥ï à¥¡¥à ã è«ïåã ¢¥¤¥ ¤® ¯®¢â®à¥ï ¢¥àè¨ (®¤ ª
¬®¦«¨¢®, é® ¯®¢â®àî¢ â¨¬ãâìáï «¨è¥ ¤¢÷ ªà ©÷ ¢¥àè¨¨).

� ¬ª¥¨© è«ïå (v1 = v2)  §¨¢ îâì æ¨ª«®¬. �à®áâ¨© § ¬ª¥¨©
è«ïå  §¨¢ îâì ¯à®áâ¨¬ æ¨ª«®¬.

�¥¬  5.1. �ã¤ì-ïª¨© è«ïå, é® §'õ¤ãõ ¢¥àè¨¨ v1 â  v2 (v1 6= v2),
¬÷áâ¨âì ¯à®áâ¨© è«ïå, é® §'õ¤ãõ â÷ ¦ ¢¥àè¨¨ v1 â  v2.

�®¢¥¤¥ï. �«ï ¤®¢¥¤¥ï «¥¬¨ ¤®áâ âì® ¢¨¤ «¨â¨ ÷§ è«ïåã ¢á÷
æ¨ª«¨, é® ¢¨¨ª îâì §  ¡ã¤ì-ïª®£® ¯®¢â®à¥ï ¢¥àè¨.

�à¨ª« ¤ 5.2. �®§£«ï¥¬® £à ä, §®¡à ¦¥¨©   à¨á. 5.2.
v2

e1

e3

e2 e4

v3

v1

v4

�¨á. 5.2

�«ïå v1e1e2e3v1 ã æì®¬ã £à ä÷ { ¯à®áâ¨© æ¨ª«,
è«ïå v1e1e4v4 { ¯à®áâ¨© è«ïå ( «¥ ¥ æ¨ª«, ®á-
ª÷«ìª¨ v1 6= v4), è«ïå v1e1e1v1 { æ¨ª« ( «¥ ¥ ¯à®-
áâ¨© æ¨ª«, ®áª÷«ìª¨ ¯®¢â®àîõâìáï à¥¡à® e1).

� ¤ «÷, ïªé® ¥ ¢ª § ® ÷è¥, £à ä¨ ¢¢ ¦ â¨¬¥¬® ÷ ¥®à÷õâ®¢ ¨-
¬¨, ÷ ¯à®áâ¨¬¨.

5.2. �â¥¯¥÷ ¢¥àè¨ £à äã.
�¥®à¥¬  ¯à® áâ¥¯¥÷ ¢¥àè¨

�§ ç¥ï 5.2. �â¥¯¥¥¬ dv ¢¥àè¨¨ v  §¨¢ îâì ª÷«ìª÷áâì à¥¡¥à,
÷æ¨¤¥â¨å v. �ªé® dv = 0, ¢¥àè¨ã v  §¨¢ îâì ÷§®«ì®¢ ®î. �¥àè¨ã
¯ à®£® áâ¥¯¥ï  §¨¢ îâì ¯ à®î, ¥¯ à®£® áâ¥¯¥ï { ¥¯ à®î.

�à¨ª« ¤ 5.3. �®§£«ï¥¬® £à ä   à¨á. 5.3.
v2

v3

v1

v4

v5

�¨á. 5.3

�«ï æì®£® £à äã ¬ õ¬® ¢¥àè¨¨ ÷§ áâ¥-
¯¥ï¬¨: dv1 = dv3 = 2, dv2 = 3, dv4 = 1,
dv5 = 0. �â¦¥, ¢¥àè¨  v5 ÷§®«ì®¢  .
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5.2. �â¥¯¥÷ ¢¥àè¨ £à äã. �¥®à¥¬  ¯à® áâ¥¯¥÷ ¢¥àè¨

�ç¥¢¨¤®, áâ¥¯÷ì ¢¥àè¨¨ ¢ ¯à®áâ¨å £à ä å (  á ¬¥ ¯à®áâ÷ £à ä¨
¬¨ § à § à®§£«ï¤ õ¬®) «¥¦¨âì ã ¬¥¦ å ¢÷¤ 0 ¤® nv−1, ¤¥ nv = card(V ) {
§ £ «ì  ª÷«ìª÷áâì ¢¥àè¨ ã £à ä÷. �à ä, ãá÷ ¢¥àè¨¨ ïª®£® ÷§®«ì®¢ ÷,
 §¨¢ îâì ¯®à®¦÷¬ £à ä®¬. �à ä, ãá÷ ¢¥àè¨¨ ïª®£® ¬ îâì áâ¥¯÷ì
nv − 1,  §¨¢ îâì ¯®¢¨¬ £à ä®¬. �ç¥¢¨¤®, ¢ ¯®à®¦ì®¬ã £à ä÷ ª÷«ì-
ª÷áâì à¥¡¥à ne = card(E) = 0, ¢ ¯®¢®¬ã £à ä÷ ª÷«ìª÷áâì à¥¡¥à ne = C2

nv
.

�¥®à¥¬  5.1. �®¢÷«ì¨© (¯à®áâ¨© â  ¥®à÷õâ®¢ ¨©) £à ä ¬÷á-
â¨âì ¯à¨ ©¬÷ ¤¢÷ ¢¥àè¨¨ ®¤ ª®¢®£® áâ¥¯¥ï.

�®¢¥¤¥ï. �à¨¯ãáâ÷¬®, é® ¢ £à ä÷ G ¢á÷ ¢¥àè¨¨ ¬ îâì à÷§÷ áâ¥-
¯¥÷. �®¤÷, ®áª÷«ìª¨ áâ¥¯÷ì ¢¥àè¨¨ õ æ÷«¨¬ ç¨á«®¬ ã ¬¥¦ å ¢÷¤ 0 ¤®
nv − 1 (¢áì®£® nv ¬®¦«¨¢¨å § ç¥ì), £à ä G ¬ õ ¬÷áâ¨â¨ ¢¥àè¨¨ ¢á÷å
áâ¥¯¥÷¢ ¢÷¤ 0 ¤® nv−1. �â¦¥, £à ä G ¬ õ ¬÷áâ¨â¨ ÷§®«ì®¢ ã ¢¥àè¨ã v0

(dv0 = 0) â  ¢¥àè¨ã vnv−1 áâ¥¯¥ï nv − 1, é® ¥¬®¦«¨¢®: ¢¥àè¨  vnv−1

¬ õ ¡ãâ¨ áã¬÷¦®î § ãá÷¬  ¢¥àè¨ ¬¨ £à äã G, §®ªà¥¬  § ÷§®«ì®¢ ®î
¢¥àè¨®î v0.

�§ ç¥ï 5.3. �¥å © G { £à ä § ¬®¦¨®î ¢¥àè¨ V â  ¬®¦¨-
®î à¥¡¥à E. �à ä G1 § ¬®¦¨®î ¢¥àè¨ V1 â  ¬®¦¨®î à¥¡¥à E1

 §¨¢ îâì ¯÷¤£à ä®¬ £à äã G, ïªé® V1 ⊂ V â  E1 ⊂ E.

� ¦«¨¢¨¬ ª« á®¬ ¯÷¤£à ä÷¢ õ £à ä¨, ïª÷ ®âà¨¬ãîâì ®¯¥à æ÷ï¬¨ ¢¨-
¤ «¥ï ¢¥àè¨ â  ¢¨¤ «¥ï à¥¡¥à { § £ «ì¨© §¬÷áâ æ¨å ®¯¥à æ÷© §à®-
§ã¬÷«® §  §¢¨. �¢ ¦ îâì, é® ã à §÷ ¢¨¤ «¥ï ¢¥àè¨¨ v à §®¬ ÷§ ¢¥à-
è¨®î v ¢¨¤ «ïîâìáï ¢á÷ à¥¡à , ïª÷ ù© ÷æ¨¤¥â÷; ã à §÷ ¢¨¤ «¥ï à¥¡à 
¬®¦¨  ¢¥àè¨ ¥ §¬÷îõâìáï.

�à¨ª« ¤ 5.4. �  à¨á. 5.4 £à ä¨ G2 â  G3 ®âà¨¬ ÷ § G1 ¢¨¤ «¥ï¬
¢¥àè¨¨ v2 â  à¥¡à  e ¢÷¤¯®¢÷¤®.

G1 G2
G3

v3

v1

v4

v2

v3

v1

v4

v2

e

v3

v1

v4

�¨á. 5.4
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�®§¤÷« 5. �¥®à÷ï £à ä÷¢

�¥®à¥¬  5.2 (â¥®à¥¬  ¯à® áâ¥¯¥÷ ¢¥àè¨). �ã¬  áâ¥¯¥÷¢ ãá÷å
¢¥àè¨ £à äã ¤®à÷¢îõ ¯®¤¢÷©÷© ª÷«ìª®áâ÷ à¥¡¥à:

∑
v∈V

dv = 2ne, ¤¥ ne = card(E) { ª÷«ìª÷áâì à¥¡¥à ã £à ä÷.

�®¢¥¤¥ï. � áâ®áãõ¬® ¬¥â®¤ ¬ â¥¬ â¨ç®ù ÷¤ãªæ÷ù §  ne.
1. � §  ÷¤ãªæ÷ù. ne = 0. �ç¥¢¨¤®, ¤«ï ¯®à®¦ì®£® £à äã â¢¥à¤¦¥-

ï â¥®à¥¬¨ á¯à ¢¤¦ãõâìáï.
2. �à¨¯ãé¥ï ÷¤ãªæ÷ù. �¥å © ¤«ï £à ä÷¢ § ne ≤ n â¢¥à¤¦¥ï â¥®-

à¥¬¨ á¯à ¢¥¤«¨¢¥.
3. �à®ª ÷¤ãªæ÷ù. �¥å © £à ä G ¬ õ ne = n + 1 à¥¡à®. �«ï ¤®¢¥¤¥ï

â¥®à¥¬¨ ¢¨¤ «¨¬® ã £à ä÷ G ¤®¢÷«ì¥ à¥¡à® e. �âà¨¬ãõ¬® £à ä G̃ § ª÷«ì-
ª÷áâî à¥¡¥à ne− 1 = n, ¤«ï ïª®£® â¢¥à¤¦¥ï â¥®à¥¬¨, §  ¯à¨¯ãé¥ï¬
÷¤ãªæ÷ù, á¯à ¢¥¤«¨¢¥. �â¦¥, ¤«ï G̃ ¬ õ¬®:

∑
v∈V

d̃v = 2(ne − 1), ¤¥ d̃v { áâ¥¯÷ì ¢¥àè¨¨ v ã £à ä÷ G̃.

� à¥èâ÷, ®áª÷«ìª¨ ¢¨¤ «¥¥ à¥¡à® e §¡÷«ìèã¢ «® áã¬ã áâ¥¯¥÷¢ ¢¥àè¨
  2 (¯® 1   ª®¦ã § ¤¢®å ¢¥àè¨, ÷æ¨¤¥â¨å e), ¤«ï £à äã G ¬ õ¬®:

∑
v∈V

dv = 2(ne − 1) + 2 = 2ne.

� ã¢ ¦¥ï 5.1. �¥®à¥¬  5.2 § «¨è õâìáï ¯à ¢¨«ì®î ÷ ¤«ï ¬ã«ì-
â¨£à ä÷¢, ïªé® ¢¨§ ç îç¨ áâ¥¯÷ì ¢¥àè¨¨ ¢¢ ¦ â¨, é® ª®¦  ¯¥â«ï
§¡÷«ìèãõ áâ¥¯÷ì ¢÷¤¯®¢÷¤®ù ¢¥àè¨¨   2. �®¢¥¤¥ï â¥®à¥¬¨ ¯à¨ æì®¬ã
¯à ªâ¨ç® ¥ §¬÷îõâìáï.

�à¨ª« ¤ 5.5. �«ï £à äã, §®¡à ¦¥®£®   à¨á. 5.5, ¬ õ¬® â ª÷ áâ¥¯¥÷
¢¥àè¨:

v2 v3v1

v4 v5

�¨á. 5.5

dv1 = dv2 = dv3 = 2, dv4 = 3 (¯¥â«ï §¡÷«ìè¨« 
áâ¥¯÷ì   2), dv5 = 3. �â¦¥,

∑
v∈V

dv =
5∑

k=1

dvk
= 12 = 2ne.
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5.3. �¢'ï§÷áâì £à ä÷¢

5.3. �¢'ï§÷áâì £à ä÷¢
�§ ç¥ï 5.4. �à ä G  §¨¢ îâì §¢'ï§¨¬, ïªé® ¡ã¤ì-ïª÷ ¤¢÷ ©®£®

¢¥àè¨¨ ¬®¦ãâì ¡ãâ¨ §'õ¤ ÷ è«ïå®¬. � ªá¨¬ «ì¨© §  ¢ª«îç¥ï¬
(«⊂») §¢'ï§¨© ¯÷¤£à ä £à äã G  §¨¢ îâì §¢'ï§®î ª®¬¯®¥â®î,  ¡®
®¡« áâî §¢'ï§®áâ÷.

�ç¥¢¨¤®, £à ä §¢'ï§¨© â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ¢÷ á ¬ õ ®¡« áâî
§¢'ï§®áâ÷; ã § £ «ì®¬ã ¢¨¯ ¤ªã ª®¦¥ £à ä õ ®¡'õ¤ ï¬ áª÷ç¥®ù
ª÷«ìª®áâ÷ ®¡« áâ¥© §¢'ï§®áâ÷.

�à¨ª« ¤ 5.6. �®§£«ï¥¬® £à ä, §®¡à ¦¥¨©   à¨á. 5.6.

�¥© £à ä ¬÷áâ¨âì âà¨ ®¡« á-
â÷ §¢'ï§®áâ÷: ¯÷¤£à ä § ¢¥àè¨-
 ¬¨ v1, v2, v3, v4, ¯÷¤£à ä §
¢¥àè¨ ¬¨ v5, v6, v7 â  ¯÷¤-
£à ä, é® ¬÷áâ¨âì ®¤ã ÷§®«ì®-
¢ ã ¢¥àè¨ã v8.

G

v2 v6

v3

v7

v1 v5

v4 v8

�¨á. 5.6

�§ ç¥ï 5.5. �à ä G  §¨¢ îâì ¤®¯®¢¥ï¬ (¤®¯®¢ï«ì¨¬
£à ä®¬) ¤® £à äã G, ïªé®:

• ¬®¦¨¨ ¢¥àè¨ £à ä÷¢ G â  G §¡÷£ îâìáï;
• ¢¥àè¨¨ v1 â  v2 áã¬÷¦÷ ¢ £à ä÷ G â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ¢®¨ ¥

áã¬÷¦÷ ¢ £à ä÷ G.

�ç¥¢¨¤®, ¯¥à¥à÷§ £à ä÷¢ G â  G { ¯®à®¦÷© £à ä, ®¡'õ¤ ï G
â  G { ¯®¢¨© £à ä.

�¥®à¥¬  5.3. �à¨ ©¬÷ ®¤¨ ÷§ £à ä÷¢ G  ¡® G §¢'ï§¨©.

�®¢¥¤¥ï. �à¨¯ãáâ÷¬®, é® £à ä G ¥ §¢'ï§¨©. �®¢¥¤¥¬®, é® ¢ æì®-
¬ã à §÷ £à ä G §¢'ï§¨©.

�áª÷«ìª¨ £à ä G ¥ §¢'ï§¨©, ã G § ©¤¥âìáï ¯à¨ ©¬÷ ®¤  ®¡-
« áâì §¢'ï§®áâ÷ G0 6= G. � ä÷ªáãõ¬® ¤®¢÷«ìã ¢¥àè¨ã v0 ∈ G0 â  ¤®¢÷-
«ìã ¢¥àè¨ã v /∈ G0. �  ¢¨§ ç¥ï¬ ®¡« áâ÷ §¢'ï§®áâ÷ ¢¥àè¨  v0 ¥
õ áã¬÷¦®î (÷  ¢÷âì ¥ §'õ¤   ¦®¤¨¬ è«ïå®¬) ã £à ä÷ G § ¢¥àè¨-
®î v. �®¤÷, §  ¢¨§ ç¥ï¬ ¤®¯®¢ï«ì®£® £à äã, ¢¥àè¨  v0 áã¬÷¦ 
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�®§¤÷« 5. �¥®à÷ï £à ä÷¢

§ ¢¥àè¨®î v ã £à ä÷ G. �â¦¥, ¤¢÷ ¡ã¤ì-ïª÷ ¢¥àè¨¨ v1 â  v2 ã £à ä÷
G ¡ã¤ãâì §'õ¤ ÷ è«ïå®¬ ¤®¢¦¨¨ ¥ ¡÷«ìè¥ §  2: ¢¥àè¨¨ v1 â  v2 áã-
¬÷¦÷ (§'õ¤ ÷ ®¤¨¬ à¥¡à®¬), ïªé® à÷¢® ®¤  § æ¨å ¢¥àè¨  «¥¦¨âì
G0; ¢¥àè¨¨ v1 â  v2 §'õ¤ ÷ è«ïå®¬ ¤®¢¦¨¨ 2, é® ¯à®å®¤¨âì ç¥à¥§
¤®¢÷«ìã ¢¥àè¨ã v0 ∈ G0, ïªé® v1, v2 /∈ G0; ¢¥àè¨¨ v1 â  v2 §'õ¤ ÷
è«ïå®¬ ¤®¢¦¨¨ 2, é® ¯à®å®¤¨âì ç¥à¥§ ¤®¢÷«ìã ¢¥àè¨ã v /∈ G0, ïªé®
v1, v2 ∈ G0.

�à¨ª« ¤ 5.7. �  à¨á. 5.7 §®¡à ¦¥® £à ä G â  ©®£® ¤®¯®¢ï«ì¨©
G. �à ä G ¥ õ §¢'ï§¨¬, ®¤ ª ¤®¯®¢ï«ì¨© £à ä G { §¢'ï§¨©.

G

v2

v6
v3

v1

v5

v4

G

v2

v6
v3

v1

v5

v4

�¨á. 5.7

�¯à ¢  5.1. � ¢¥áâ¨ ¯à¨ª« ¤ £à äã, §¢'ï§®£® à §®¬ ÷§ á¢®ù¬ ¤®-
¯®¢¥ï¬.

�§ ç¥ï 5.6. �®áâ®¬  §¨¢ îâì à¥¡à® £à äã, ¢¨¤ «¥ï ïª®£®
¢¥¤¥ ¤® §¡÷«ìè¥ï ®¡« áâ¥© §¢'ï§®áâ÷. �®çª®î §'õ¤ ï  §¨¢ îâì
¢¥àè¨ã £à äã, ¢¨¤ «¥ï ïª®ù ¢¥¤¥ ¤® §¡÷«ìè¥ï ®¡« áâ¥© §¢'ï§®áâ÷.

�ç¥¢¨¤®, ¤«ï §¢'ï§®£® £à äã ¢¨¤ «¥ï ¬®áâ  ç¨ â®çª¨ §'õ¤ ï
¢¥¤¥ ¤® ¢âà â¨ §¢'ï§®áâ÷.

� áâã¯¥ â¢¥à¤¦¥ï ¥£ ©® ¢¨¯«¨¢ õ § ¢¨§ ç¥ï §¢'ï§®áâ÷ â 
â¢¥à¤¦¥ï «¥¬¨ 5.1.

�¥¬  5.2. �¥¡à® õ ¬®áâ®¬ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ¢®® ¥ ¢å®¤¨âì
ã ¦®¤¨© ¯à®áâ¨© æ¨ª«.
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5.4. �©«¥à®¢÷ ÷  ¯÷¢¥©«¥à®¢÷ £à ä¨

�à¨ª« ¤ 5.8. �®§£«ï¥¬® £à ä, §®¡à ¦¥¨©   à¨á. 5.8.
�¥£ª® ¯¥à¥¢÷à¨â¨, é® ¢¥àè¨  v2 { â®çª  §'õ¤ ï,
à¥¡à® e { ¬÷áâ. � § ç¨¬®, é® æ¥© £à ä ¬÷áâ¨âì ®¤¨
¯à®áâ¨© æ¨ª« v1v2v3, ïª¨© ¯à®å®¤¨âì ç¥à¥§ ãá÷ à¥¡à 
£à äã, ªà÷¬ à¥¡à  e.

v2

e

v3

v1

v4

�¨á. 5.8

5.4. �©«¥à®¢÷ ÷  ¯÷¢¥©«¥à®¢÷ £à ä¨
�§ ç¥ï 5.7. �©«¥à®¢¨¬ è«ïå®¬ ã £à ä÷  §¨¢ îâì è«ïå, ïª¨©

¬÷áâ¨âì ª®¦¥ à¥¡à® £à äã à÷¢® ®¤¨ à § (¯à®å®¤¨âì ç¥à¥§ ª®¦¥ à¥¡à®
¡¥§ ¯®¢â®à¥ì). � ¬ª¥¨© ¥©«¥à÷¢ è«ïå  §¨¢ îâì ¥©«¥à®¢¨¬ æ¨ª«®¬.
�¢'ï§¨© £à ä, é® ¤®¯ãáª õ ¯®¡ã¤®¢ã ¥©«¥à®¢®£® æ¨ª«ã (è«ïåã),  §¨-
¢ îâì ¥©«¥à®¢¨¬ ( ¯÷¢¥©«¥à®¢¨¬).

�à®¡«¥¬  à®§¯÷§ ¢ ï ¥©«¥à®¢®áâ÷ â   ¯÷¢¥©«¥à®¢®áâ÷ £à ä÷¢ ÷á-
â®à¨ç® ¯®¢'ï§   ÷§ ¢÷¤®¬®î ¯à®¡«¥¬®î ª¥÷£á¡¥à§ìª¨å ¬®áâ÷¢. �  ¯®-
ç âªã XVIII áâ®«÷ââï ¢ ¬÷áâ÷ �¥÷£á¡¥à§÷ (¨÷ { � «÷÷£à ¤) ¡ã«® á÷¬
¬®áâ÷¢, é® ¢¥«¨ ç¥à¥§ à÷çªã �à¥£¥«ì.

�  à¨á. 5.9 §®¡à ¦¥® áå¥-

A
A

B B

C

C

D

D

�¨á. 5.9

¬ã à®§â èã¢ ï ª¥÷£á¡¥à§ì-
ª¨å ¬®áâ÷¢ â  ¢÷¤¯®¢÷¤¨© ¬ã«ì-
â¨£à ä: ª®¦÷© §¢'ï§÷© ®¡« á-
â÷ áãè÷ ¢÷¤¯®¢÷¤ õ ¢¥àè¨  £à -
äã, ª®¦®¬ã ¬®áâã { à¥¡à®.

�à®¡«¥¬ : ç¨ ¬®¦  ®¡÷©â¨
¢á÷ ¬®áâ¨ à÷¢® ¯® ®¤®¬ã à -
§ã, ¯®¢¥àãâ¨áì ã ¢¨å÷¤¨© ¯ãªâ? �ç¥¢¨¤®, ¢ â¥à¬÷ å â¥®à÷ù £à ä÷¢
¯à®¡«¥¬  ª¥÷£á¡¥à§ìª¨å ¬®áâ÷¢ §¢®¤¨âìáï ¤® à®§¯÷§ ¢ ï ¥©«¥à®¢®áâ÷
¢÷¤¯®¢÷¤®£® £à äã. �î ¯à®¡«¥¬ã ¢ § £ «ì®¬ã ¢¨¯ ¤ªã à®§¢'ï§ ¢ § -
¬¥¨â¨© ãç¥¨© XVIII áâ®à÷ççï �¥® à¤ �©«¥à (á ¬¥ ©®£® ÷¬'ï¬  §¢ ÷
æ¨ª«¨, é® ¬÷áâïâì ª®¦¥ à¥¡à® £à äã ¡¥§ ¯®¢â®à¥ì).

�¥®à¥¬  5.4 (�. �©«¥à, 1736 à.). �¢'ï§¨© £à ä õ ¥©«¥à®¢¨¬ â®¤÷
÷ â÷«ìª¨ â®¤÷, ª®«¨ ¢á÷ ©®£® ¢¥àè¨¨ ¯ à÷.
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�®§¤÷« 5. �¥®à÷ï £à ä÷¢

�®¢¥¤¥ï. �¥®¡å÷¤÷áâì. �¥å © £à ä (§¢'ï§¨©) õ ¥©«¥à®¢¨¬. �á-
ª÷«ìª¨ ¥©«¥à÷¢ æ¨ª« ¬÷áâ¨âì ¢á÷ à¥¡à  £à äã ¡¥§ ¯®¢â®à¥ì, ª®¦  ¢¥à-
è¨ , é® ¢å®¤¨âì ¤® æ¨ª«ã k à §÷¢, ¢å®¤¨âì ã æ¨ª« § ¯ à®î ª÷«ìª÷áâî
2k ÷æ¨¤¥â¨å ù© à¥¡¥à. �â¦¥, áâ¥¯÷ì ª®¦®ù ¢¥àè¨¨ £à äã õ ¯ à¥
ç¨á«® 2k, ¤¥ k { ª÷«ìª÷áâì ¢å®¤¦¥ì ¢¥àè¨¨ ¤® ¥©«¥à®¢®£® æ¨ª«ã.

�®áâ â÷áâì. �¥å © ¢á÷ ¢¥àè¨¨ §¢'ï§®£® £à äã G ¯ à÷. �¢ ¦ -
â¨¬¥¬®, é® G ¥ ¯®à®¦÷© (¢¨¯ ¤®ª ¯®à®¦ì®£® £à äã, ®ç¥¢¨¤®, ¥
¯®âà¥¡ãõ ¤®¢¥¤¥ï). �®¢¥¤¥ï ¥©«¥à®¢®áâ÷ £à äã G ¯à®¢¥¤¥¬® ¢ ¤¢ 
¥â ¯¨.

A. � ä÷ªáãõ¬® ¤®¢÷«ìã ¢¥àè¨ã v0 ∈ V ÷, ¯®ç¨ îç¨ § v0, ¯®¡ã¤ãõ¬®
æ¨ª«, é® ¬÷áâ¨âì ¡¥§ ¯®¢â®à¥ì ¤¥ïª÷ (¥ ®¡®¢'ï§ª®¢® ¢á÷) à¥¡à  £à äã G.
�áª÷«ìª¨ G { §¢'ï§¨© £à ä, ÷áãõ ¯à¨ ©¬÷ ®¤¥ à¥¡à® e1, ÷æ¨¤¥â¥
¢¥àè¨÷ v0. �¥¡à® e1 ¢¥¤¥ ¢÷¤ v0 ¤® ¤¥ïª®ù ¢¥àè¨¨ v1 6= v0. �áª÷«ìª¨ v1

¯ à , ÷áãõ ¯à¨ ©¬÷ ®¤¥ à¥¡à® e2 6= e1, ÷æ¨¤¥â¥ ¢¥àè¨÷ v1.
� § £ «ì®¬ã ¢¨¯ ¤ªã, ¥å ©   n-¬ã ªà®æ÷ ¬¨ ¯®¡ã¤ã¢ «¨ è«ïå

v0e1v1 . . . envn, â ª¨©, é® vk 6= v0 ¯à¨ 0 < k < n â  ek 6= ej ¯à¨ k 6= j
(¯÷¤ªà¥á«¨¬®, é® ¢¥àè¨¨ ¢ ¯®¡ã¤®¢ ®¬ã è«ïåã ¬®¦ãâì ¯®¢â®àî¢ -
â¨áì). �ªé® vn = v0, ¯®¡ã¤®¢ ¨© è«ïå õ æ¨ª«®¬. �¥å © vn 6= v0. �¥å ©
¢¥àè¨  vn ¢å®¤¨âì ã ¯®¡ã¤®¢ ¨© è«ïå m à §÷¢. �®¤÷ ¯®¡ã¤®¢ ¨© è«ïå
¬÷áâ¨âì 2m−1 à¥¡¥à, ÷æ¨¤¥â¨å vn: ¯à¨ ¢á÷å ¢å®¤¦¥ïå, ®ªà÷¬ ®áâ -
ì®£®, ¢¥àè¨  vn ¢å®¤¨âì § ¤¢®¬  ÷æ¨¤¥â¨¬¨ ù© à¥¡à ¬¨, ¯à¨ ®áâ -
ì®¬ã ¢å®¤¦¥÷ ¤®¤ õâìáï à¥¡à® en. �â¦¥, ¬ õ ÷áã¢ â¨ ¯à¨ ©¬÷ ®¤¥
à¥¡à® en+1, ÷æ¨¤¥â¥ vn, é® ¥ ¢å®¤¨âì ã ¯®¡ã¤®¢ ¨© è«ïå. �®¤ ¬® à¥-
¡à® en+1 ¤® ¯®¡ã¤®¢ ®£® è«ïåã, ®âà¨¬ãîç¨ è«ïå v0e1v1 . . . envnen+1vn+1,
÷ â. ¤. �¥© ¯à®æ¥á ¬ õ § ª÷ç¨â¨áì (  ¢¥àè¨÷ v0) §  áª÷ç¥ã ª÷«ìª÷áâì
ªà®ª÷¢, ®áª÷«ìª¨ £à ä G ¬ õ áª÷ç¥ã ª÷«ìª÷áâì à¥¡¥à.

B. �¥å © æ¨ª« P , ¯®¡ã¤®¢ ¨©   ¯¥àè®¬ã ¥â ¯÷, ¬÷áâ¨âì ¥ ¢á÷ à¥¡à 
£à äã G (÷ ªè¥ ¯®¡ã¤®¢ ¨© æ¨ª« P { ¥©«¥à÷¢). �®§£«ï¥¬® £à ä G1,
®âà¨¬ ¨© § £à äã G ¢¨¤ «¥ï¬ ãá÷å à¥¡¥à, ïª÷ ã¢÷©è«¨ ¢ æ¨ª« P .
�ç¥¢¨¤®, G1 ¬÷áâ¨âì â÷ ÷ â÷«ìª¨ â÷ à¥¡à , ïª÷ ¥ ã¢÷©è«¨ ¢ P . �¢÷¤á¨
¢¨¯«¨¢ õ, é® ª®¦  ¢¥àè¨  £à äã G1 ¯ à . �áª÷«ìª¨ £à ä G §¢'ï§¨©,
æ¨ª« P ¬÷áâ¨âì ¯à¨ ©¬÷ ®¤ã ¢¥àè¨ã vk, ïª  ÷æ¨¤¥â  ¤¥ïª®¬ã
à¥¡àã £à äã G1. � áâ®áã¢ ¢è¨  «£®à¨â¬ ¯¥àè®£® ¥â ¯ã ¤«ï £à äã G1 §
¯®ç âª®¢®î ¢¥àè¨®î vk, ¯®¡ã¤ãõ¬® æ¨ª« Q, é® ¬÷áâ¨âì ¡¥§ ¯®¢â®à¥ì
¤¥ïª÷ (¬®¦«¨¢®, ¥ ¢á÷) à¥¡à  £à äã G1.
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5.4. �©«¥à®¢÷ ÷  ¯÷¢¥©«¥à®¢÷ £à ä¨

� à¥èâ÷, ¯®¡ã¤ãõ¬® æ¨ª«
P1 = vkPvkQvk, é® ¬÷á-
â¨âì ¡¥§ ¯®¢â®à¥ì ¢á÷ à¥-
¡à , ïª÷ ã¢÷©è«¨ ¢ æ¨ª«¨
P â  Q. �® áãâ÷, ¬¨ â¨¬-
ç á®¢® «à®§¬¨ª õ¬®» æ¨ª«
P ã ¢¥àè¨÷ vk ÷ ¤®¤ õ¬®
æ¨ª« Q (à¨á. 5.10). �ç¥¢¨¤-
®, æ¥© ¯à®æ¥á ¬ õ § ª÷-
ç¨â¨áì §  áª÷ç¥ã ª÷«ì-
ª÷áâì ªà®ª÷¢ ¯®¡ã¤®¢®î ¥©-
«¥à®¢®£® æ¨ª«ã ¢ £à ä÷ G.

vk

P

P1: –1 2–3v vk k– –4–5–6–7–8–9–

Q1
2

3

4
5

6 7

8
9

�¨á. 5.10

� á«÷¤®ª. �¢'ï§¨© £à ä õ  ¯÷¢¥©«¥à®¢¨¬ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨
¢÷ ¬÷áâ¨âì ¥ ¡÷«ìè¥ ïª ¤¢÷ ¥¯ à÷ ¢¥àè¨¨.

�®¢¥¤¥ï. �¥®¡å÷¤÷áâì. �¥å © £à ä õ  ¯÷¢¥©«¥à®¢¨¬,  «¥ ¥ ¥©«¥-
à®¢¨¬ (¤«ï ¥©«¥à®¢®£® £à äã ¢á÷ ¢¥àè¨¨ ¯ à÷). �«ï ¤®¢¥¤¥ï ÷áã-
¢ ï à÷¢® ¤¢®å ¥¯ à¨å ¢¥àè¨ ¤®áâ âì® §'õ¤ â¨ ¯®ç â®ª â  ª÷¥æì
¥©«¥à®¢®£® è«ïåã ÷ § áâ®áã¢ â¨ ¤® ®âà¨¬ ®£® £à äã â¢¥à¤¦¥ï ®á®¢-
®ù â¥®à¥¬¨.

�®áâ â÷áâì. �¥å © £à ä ¬ õ ¤¢÷ ¥¯ à÷ ¢¥àè¨¨ (á¨âã æ÷ï ®¤÷õù
¥¯ à®ù ¢¥àè¨¨ ¥¬®¦«¨¢  ç¥à¥§ â¥®à¥¬ã 5.2 { ¯à® áâ¥¯¥÷ ¢¥àè¨).
�«ï ¤®¢¥¤¥ï  ¯÷¢¥©«¥à®¢®áâ÷ ¤®áâ âì® §'õ¤ â¨ à¥¡à®¬ ¤¢÷ ¥¯ à÷
¢¥àè¨¨ ÷ § áâ®áã¢ â¨ â¢¥à¤¦¥ï ®á®¢®ù â¥®à¥¬¨.

� ã¢ ¦¥ï 5.2. �¥£ª® §à®§ã¬÷â¨, é® §   ï¢®áâ÷ à÷¢® ¤¢®å ¥¯ à-
¨å ¢¥àè¨ ã §¢'ï§®¬ã £à ä÷ ¥©«¥à÷¢ è«ïå ¬ õ ¯®ç¨ â¨áì â  § ª÷çã-
¢ â¨áì á ¬¥ ¢ ¥¯ à¨å ¢¥àè¨ å.

�¯à ¢  5.2. �§ £ «ì¨â¨ ¤®¢¥¤¥ï â¥®à¥¬¨ 5.4 â  ùù  á«÷¤ªã   ¢¨-
¯ ¤®ª ¬ã«ìâ¨£à ä÷¢ ( £ ¤ õ¬®, é® ¯¥â«ï §¡÷«ìèãõ áâ¥¯÷ì ¢¥àè¨¨   2).

�à¨ª« ¤ 5.9. �à ä «ª¥÷£á¡¥à§ìª÷ ¬®áâ¨» (¤¨¢. à¨á. 5.9) ¥ õ ÷
¥©«¥à®¢¨¬, ÷  ¢÷âì  ¯÷¢¥©«¥à®¢¨¬, ®áª÷«ìª¨ ¢á÷ ©®£® ¢¥àè¨¨ ¥¯ à÷.

�® à®§¯÷§ ¢ ï ¥©«¥à®¢®áâ÷ ( ¯÷¢¥©«¥à®¢®áâ÷) £à ä÷¢ §¢®¤¨âìáï
¤®¡à¥ ¢÷¤®¬  ¤ ¢ï ¯à®¡«¥¬ :  ¬ «î¢ â¨ ä÷£ãàã, ¥ ¢÷¤à¨¢ îç¨ ®«÷-
¢¥æì ¢÷¤ ¯ ¯¥àã, § ¯®¢¥à¥ï¬ (¡¥§ ¯®¢¥à¥ï) ¤® ¢¨å÷¤®ù â®çª¨.
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�®§¤÷« 5. �¥®à÷ï £à ä÷¢

�à¨ª« ¤ 5.10. �®§£«ï¥¬® £à ä, §®¡à ¦¥¨©   à¨á. 5.11.
�¥© £à ä ¢÷¤¯®¢÷¤ õ áâ à®¤ ¢÷©

v4

v2

v5 v6

v3
v1

�¨á. 5.11

(¯à¨¡«¨§® â¨áïç  à®ª÷¢) ¯à®¡-
«¥¬÷ «è ¡«¥© � £®¬¥â » { âà¥¡ 
 ¬ «î¢ â¨ «è ¡«÷ � £®¬¥â »,
¥ ¢÷¤à¨¢ îç¨ ®«÷¢¥æì ¢÷¤ ¯ ¯¥àã.
�ç¥¢¨¤®, ¯à®¡«¥¬  ¬ õ à®§¢'ï-
§®ª, ®áª÷«ìª¨ £à ä ¥©«¥à÷¢ (ãá÷
¢¥àè¨¨ ¯ à÷). �¤¨¬ § ¬®¦-
«¨¢¨å ( «¥ ¥ õ¤¨¨¬) ¥©«¥à®¢¨å

æ¨ª«÷¢ ã æì®¬ã £à ä÷ õ æ¨ª« v1v2v6v5v4v2v3v5v1.
�«ï ¯à ªâ¨ç®ù ¯®¡ã¤®¢¨ ¥©«¥à®¢®£® æ¨ª«ã (è«ïåã) ¬®¦  áª®à¨á-

â â¨áì ¤ã¦¥ ¯à®áâ¨¬ â  ¥ä¥ªâ¨¢¨¬  «£®à¨â¬®¬ �«¥à÷ .

5.4.1. �«£®à¨â¬ �«¥à÷

1. �©«¥à÷¢ æ¨ª« ¬®¦  ¯®ç¨ â¨ § ¡ã¤ì-ïª®ù ¢¥àè¨¨ (¥©«¥à÷¢ è«ïå
âà¥¡  ¯®ç¨ â¨ § ®¤÷õù § ¥¯ à¨å ¢¥àè¨).

2. �÷¤ ç á ¯®¡ã¤®¢¨ ¥©«¥à®¢®£® æ¨ª«ã (è«ïåã) § £à äã ¢¨¤ «ïîâì
à¥¡à , é® ¢å®¤ïâì ¤® æ¨ª«ã.

3. �  ª®¦®¬ã ªà®æ÷ ¬®¦  ¢¨¡¨à â¨ ¤®¢÷«ì¥ à¥¡à®, ïª¥, §  ¬®¦«¨-
¢®áâ÷, ¥ õ ¬®áâ®¬ (§ ãà åã¢ ï¬ ¢¨¤ «¥ï à¥¡¥à   ¯®¯¥à¥¤÷å ªà®-
ª å); ¬÷áâ ¬®¦  ®¡¨à â¨ «¨è¥ â®¤÷, ª®«¨ ¢á÷ à¥¡à , ÷æ¨¤¥â÷ ¤ ÷©
¢¥àè¨÷, õ ¬®áâ ¬¨.

�¡óàãâã¢ ï ª®à¥ªâ®áâ÷  «£®à¨â¬ã �«¥à÷ ¤¨¢.,  ¯à¨ª« ¤, ¢ [8].
�à¨ª« ¤ 5.11. �®§£«ï¥¬® £à ä   à¨á. 5.12.

v2

e1

e3
e2

e5

e6

e7

e8

e4

v3
v1

v4
v5

�¨á. 5.12

�¥© £à ä õ  ¯÷¢¥©«¥à®¢¨¬, ®áª÷«ìª¨ ¬ õ à÷¢®
¤¢÷ ¥¯ à÷ ¢¥àè¨¨ (v4 â  v5). � áâ®á®¢ãîç¨  «-
£®à¨â¬ �«¥à÷, ®âà¨¬ãõ¬® ®¤¨ ÷§ ¬®¦«¨¢¨å ¥©«¥-
à®¢¨å è«ïå÷¢: v4e1v1e2v2e3v3e4v5e5v1e6v3e7v4e8v5.
� § ç¨¬®, é®   âàì®å ®áâ ÷å ªà®ª å ®¡à ®
¬®áâ¨ e6, e7 â  e8, ®áª÷«ìª¨ ¡ã«® ¥¬®¦«¨¢® ¢¨-
¡à â¨ à¥¡à®, ïª¥ ¥ õ ¬®áâ®¬.
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5.5. �®ïââï ¯à® £ ¬÷«ìâ®®¢÷ â   ¯÷¢£ ¬÷«ìâ®®¢÷ £à ä¨

5.5. �®ïââï ¯à® £ ¬÷«ìâ®®¢÷
â   ¯÷¢£ ¬÷«ìâ®®¢÷ £à ä¨

�§ ç¥ï 5.8. � ¬÷«ìâ®®¢¨¬ è«ïå®¬ ã £à ä÷  §¨¢ îâì ¯à®áâ¨©
è«ïå, ïª¨© ¬÷áâ¨âì ª®¦ã ¢¥àè¨ã £à äã à÷¢® ®¤¨ à § (¯à®å®¤¨âì
ç¥à¥§ ª®¦ã ¢¥àè¨ã ¡¥§ ¯®¢â®à¥ì). � ¬ª¥¨© £ ¬÷«ìâ®÷¢ è«ïå  -
§¨¢ îâì £ ¬÷«ìâ®®¢¨¬ æ¨ª«®¬. �à ä, é® ¤®¯ãáª õ ¯®¡ã¤®¢ã £ ¬÷«ìâ®-
®¢®£® æ¨ª«ã,  §¨¢ îâì £ ¬÷«ìâ®®¢¨¬. �à ä, é® ¤®¯ãáª õ ¯®¡ã¤®¢ã
£ ¬÷«ìâ®®¢®£® è«ïåã,  §¨¢ îâì  ¯÷¢£ ¬÷«ìâ®®¢¨¬.

öáâ®à¨ç® ¯à®¡«¥¬  à®§¯÷§ ¢ ï
£ ¬÷«ìâ®®¢®áâ÷ £à äã ¯®¢'ï§   § £®-
«®¢®«®¬ª®î «ªàã£®á¢÷âï ¯®¤®à®¦»,
§ ¯à®¯®®¢ ®î 1859 à®ªã ÷à« ¤áì-
ª¨¬ ¬ â¥¬ â¨ª®¬ �÷«ìï¬®¬ � ¬÷«ìâ®-
®¬: ª®¦÷© § ¤¢ ¤æïâ¨ ¢¥àè¨ ¤®¤¥ª -
¥¤à  (à¨á. 5.13) ¢÷¤¯®¢÷¤ õ  §¢  ®¤®-
£® § ¢¥«¨ª¨å ¬÷áâ á¢÷âã; ¯®âà÷¡®, ¯¥à¥-
áã¢ îç¨áì ¯® à¥¡à å £à äã, ®¡÷©â¨ ¢á÷
¢¥àè¨¨ à÷¢® ¯® ®¤®¬ã à §ã â  ¯®-
¢¥àãâ¨áì ã ¯ãªâ ¯®ç âªã ¯®¤®à®¦÷. �¨á. 5.13

�à®¡«¥¬¨ à®§¯÷§ ¢ ï ¥©«¥à®¢®áâ÷ ( ¯÷¢¥©«¥à®¢®áâ÷) â  £ ¬÷«ìâ®-
®¢®áâ÷ ( ¯÷¢£ ¬÷«ìâ®®¢®áâ÷) £à ä÷¢, ¥§¢ ¦ îç¨   ùå §®¢÷èî áå®-
¦÷áâì, ¯à¨æ¨¯®¢® à÷§÷. �«ï à®§¯÷§ ¢ ï ¥©«¥à®¢®áâ÷ £à äã ÷áãõ
¥ä¥ªâ¨¢¨© ªà¨â¥à÷© (â¥®à¥¬  5.4),   ¤«ï ¯à ªâ¨ç®ù ¯®¡ã¤®¢¨ ¥©«¥à®-
¢®£® æ¨ª«ã ¬®¦  áª®à¨áâ â¨áì ¯à®áâ¨¬ â  §àãç¨¬  «£®à¨â¬®¬ �«¥à÷.

�¨âã æ÷ï é®¤® £ ¬÷«ìâ®®¢®áâ÷  ¡ £ â® áª« ¤÷è  { áì®£®¤÷ ¥ ÷á-
ãõ ¥ä¥ªâ¨¢®£® ªà¨â¥à÷î (â¥®à¥¬¨ ¯à® ¥®¡å÷¤÷ â  ¤®áâ â÷ ã¬®¢¨) £ -
¬÷«ìâ®®¢®áâ÷ ( ¯÷¢£ ¬÷«ìâ®®¢®áâ÷) £à ä÷¢. �à®â¥ ÷áãõ àï¤ â¥®à¥¬ ¯à®
¥®¡å÷¤÷ ã¬®¢¨ â  àï¤ â¥®à¥¬ ¯à® ¤®áâ â÷ ã¬®¢¨ £ ¬÷«ìâ®®¢®áâ÷ ( -
¯÷¢£ ¬÷«ìâ®®¢®áâ÷). �¥ïª÷ § æ¨å â¥®à¥¬ à®§£«ï¥¬® ¢ æì®¬ã ¯÷¤à®§¤÷«÷.

5.5.1. �¥®¡å÷¤÷ ã¬®¢¨ £ ¬÷«ìâ®®¢®áâ÷ £à ä÷¢
� áâã¯  «¥¬   ¢®¤¨âì ¤¢  ®ç¥¢¨¤¨å â¨¯¨ £à ä÷¢,  «¥¦÷áâì ¤®

ïª¨å ¢¨ª«îç õ ¬®¦«¨¢÷áâì £ ¬÷«ìâ®®¢®áâ÷.
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�®§¤÷« 5. �¥®à÷ï £à ä÷¢

�¥¬  5.3. �®¤¥ £à ä, é® ¬÷áâ¨âì â®çªã §'õ¤ ï  ¡® ¬÷áâ, ¥
õ £ ¬÷«ìâ®®¢¨¬.

�¢¥à¤¦¥ï «¥¬¨ 5.3 ¢¨¯«¨¢ õ ¡¥§¯®á¥à¥¤ì® § ¢¨§ ç¥ï ¬®áâ  â 
â®çª¨ §'õ¤ ï.

�®§£«ï¥¬® é¥ ®¤¨ ¢ ¦«¨¢¨© ª« á £à ä÷¢,  «¥¦÷áâì ¤® ïª®£® ¢¨-
ª«îç õ ¬®¦«¨¢÷áâì £ ¬÷«ìâ®®¢®áâ÷.

�§ ç¥ï 5.9. �à ä G  §¨¢ îâì Θ-£à ä®¬ (â¥â -£à ä®¬), ïªé®
¢÷ áª« ¤ õâìáï § ¤¢®å ¢¥àè¨ áâ¥¯¥÷ 3, á¯®«ãç¥¨å âàì®¬  ¯à®áâ¨¬¨
è«ïå ¬¨ ¤®¢¦¨®î ¥ ¬¥è¥ 2, é® ¯®¯ à® ¥ ¯¥à¥â¨ îâìáï (¦®¤-
÷ ¤¢  § æ¨å âàì®å è«ïå÷¢ ¥ ¬ îâì á¯÷«ì¨å ¢¥àè¨, ®ªà÷¬ á¯÷«ì®£®
¯®ç âªã â  á¯÷«ì®£® ª÷æï).

�à¨ª« ¤ 5.12. �à ä¨ G1 â  G2, §®¡à ¦¥÷   à¨á. 5.14, { ¯à¨ª« ¤¨
Θ-£à ä÷¢, ®¤ ª £à ä G3 ¥ õ Θ-£à ä®¬.

v8

v7

v2 v2

v2 v6

v6

v3 v3v3

v1 v1
v1 v4

v4

v4

v5
v5

v5

G1 G2 G3

�¨á. 5.14

�¥®à¥¬  5.5. �®¤¥ Θ-£à ä ¥ õ £ ¬÷«ìâ®®¢¨¬.

�®¢¥¤¥ï. �à¨¯ãáâ÷¬®, é® â¢¥à¤¦¥ï â¥®à¥¬¨ ¥ á¯à ¢¤¦ãõâìáï.

v2

v1

S1 S3
S2

�¨á. 5.15

�¥å © Θ-£à ä G ¬÷áâ¨âì ¤¢÷ ¢¥àè¨¨ v1 â  v2, á¯®«ãç¥÷
âàì®¬  è«ïå ¬¨ S1, S2, S3 ¤®¢¦¨®î ¥ ¬¥è¥ 2, é® ¯®-
¯ à® ¥ ¯¥à¥â¨ îâìáï (à¨á. 5.15). �à¨¯ãáâ÷¬®, é® £à ä
G õ £ ¬÷«ìâ®®¢¨¬. �áª÷«ìª¨ è«ïå¨ S1, S2, S3 ¬÷áâïâì
¯à¨ ©¬÷ ¯® ®¤÷© ¢¥àè¨÷ (¥ ¢à å®¢ãîç¨ v1 â  v2), £ -
¬÷«ìâ®÷¢ æ¨ª« ¬ õ ¯à®å®¤¨â¨ à÷¢® ¯® ®¤®¬ã à §ã ç¥à¥§
ª®¦¥ ÷§ è«ïå÷¢ S1, S2 â  S3. �«¥ â®¤÷, ¢à å®¢ãîç¨ § ¬ª-
¥÷áâì, æ¨ª« ¬ õ ¯à®©â¨ ¤¢÷ç÷ ¯® ¢¥àè¨ å v1 â  v2, é®
áã¯¥à¥ç¨âì ¢¨§ ç¥î £ ¬÷«ìâ®®¢®áâ÷ æ¨ª«ã.
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5.5. �®ïââï ¯à® £ ¬÷«ìâ®®¢÷ â   ¯÷¢£ ¬÷«ìâ®®¢÷ £à ä¨

� ã¢ ¦¥ï 5.3. �®¤¥ Θ-£à ä ¥ õ £ ¬÷«ìâ®®¢¨¬, ®¤ ª ª®¦¥
Θ-£à ä õ  ¯÷¢£ ¬÷«ìâ®®¢¨¬. � ª, Θ-£à ä¨ G1 â  G2 § ¯à¨ª«. 5.12 ¤®-
¯ãáª îâì £ ¬÷«ìâ®®¢÷ è«ïå¨ v3v1v2v5v4 (G1) â  v6v3v1v2v5v8v7v4 (G2).

5.5.2. �®áâ â÷ ã¬®¢¨ £ ¬÷«ìâ®®¢®áâ÷ £à ä÷¢
� ¢¥¤¥¬® ¡¥§ ¤®¢¥¤¥ï ¤¥ïª÷ ¤®áâ â÷ ã¬®¢¨ £ ¬÷«ìâ®®¢®áâ÷ â   -

¯÷¢£ ¬÷«ìâ®®¢®áâ÷ £à ä÷¢.

�¥®à¥¬  5.6 (�. �à¥, 1960 à.). �¥å © G { §¢'ï§¨© £à ä § ª÷«ì-
ª÷áâî ¢¥àè¨ n = card(V ) ≥ 3.

1. �ªé® ¤«ï ¡ã¤ì-ïª®ù ¯ à¨ ¥áã¬÷¦¨å ¢¥àè¨ u â  v ¢¨ª®ãõâìáï
¥à÷¢÷áâì du + dv ≥ n, £à ä G { £ ¬÷«ìâ®÷¢.

2. �ªé® ¤«ï ¡ã¤ì-ïª®ù ¯ à¨ ¥áã¬÷¦¨å ¢¥àè¨ u â  v ¢¨ª®ãõâìáï
¥à÷¢÷áâì du + dv ≥ n− 1, £à ä G {  ¯÷¢£ ¬÷«ìâ®÷¢.

� â¥®à¥¬¨ 5.6 ¥£ ©® ¢¨¯«¨¢ õ â ª¨© à¥§ã«ìâ â (¤®¢¥¤¥¨©, é®¯à ¢-
¤ ,   ª÷«ìª  à®ª÷¢ à ÷è¥ â¥®à¥¬¨ 5.6).

�¥®à¥¬  5.7 (�. �÷à ª, 1953 à.). �¥å © G { §¢'ï§¨© £à ä § ª÷«ì-
ª÷áâî ¢¥àè¨ n = card(V ) ≥ 3. �ªé® ¤«ï ¡ã¤ì-ïª®ù ¢¥àè¨¨ v ∈ V
¢¨ª®ãõâìáï ¥à÷¢÷áâì dv ≥ n/2, £à ä G õ £ ¬÷«ìâ®®¢¨¬.

�¥ ®¤  ¤®áâ âï ã¬®¢  £ ¬÷«ìâ®®¢®áâ÷ ¯®¢'ï§   §  ï¢÷áâî
Θ-¯÷¤£à ä÷¢.

�¥®à¥¬  5.8. �ã¤ì-ïª¨© §¢'ï§¨© ¥£ ¬÷«ìâ®÷¢ £à ä ¡¥§ ¬®áâ÷¢ â 
â®ç®ª §'õ¤ ï ¬÷áâ¨âì Θ-¯÷¤£à ä.

�à ªâ¨ç¥ § áâ®áã¢ ï â¥®à¥¬¨ 5.8 ¯®¢'ï§ ¥ §   «÷§®¬  ï¢®áâ÷
Θ-¯÷¤£à ä÷¢: §¢'ï§¨© £à ä ¡¥§ ¬®áâ÷¢ â®ç®ª §'õ¤ ï, é® ¥ ¬÷áâ¨âì
Θ-¯÷¤£à ä÷¢, §  â¥®à¥¬®î 5.8 õ £ ¬÷«ìâ®®¢¨¬.

�à® ÷è÷ ¤®áâ â÷ ã¬®¢¨ £ ¬÷«ìâ®®¢®áâ÷ ¤¨¢. [8].
� § ç¨¬®, é® â¥®à¥¬¨ 5.6, 5.7 â  5.8 ¤ îâì «¨è¥ ¤®áâ â÷,  «¥ ¥

¥®¡å÷¤÷ ã¬®¢¨ £ ¬÷«ìâ®®¢®áâ÷ £à äã.

�à¨ª« ¤ 5.13. �¤¥ §  ©¢ ¦«¨¢÷è¨å § áâ®áã¢ ì â¥®à÷ù £ ¬÷«ì-
â®®¢¨å £à ä÷¢ ¯®¢'ï§ ¥ § ¯à®¡«¥¬®î ªã¯æï (ª®¬÷¢®ï¦¥à ). � ¢¥¤¥¬®
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¤¥é® á¯à®é¥¥ ä®à¬ã«î¢ ï æ÷õù ¯à®¡«¥¬¨: ªã¯¥æì ¯®¢¨¥, ª®à¨á-
âãîç¨áì á¨áâ¥¬®î ¤®à÷£, ¯®¡ã¢ â¨ ¢ ãá÷å  á¥«¥¨å ¯ãªâ å ªà ù¨ â 
¯®¢¥àãâ¨áì ¤® ¯ãªâã ¯®ç âªã ¯®¤®à®¦÷ (¯®à÷¢ï©â¥ § £®«®¢®«®¬ª®î
�. � ¬÷«ìâ® ). �ç¥¢¨¤®, ¯à®¡«¥¬  §¢®¤¨âìáï ¤® à®§¯÷§ ¢ ï £ ¬÷«ì-
â®®¢®áâ÷ ¢÷¤¯®¢÷¤®£® £à äã.

�à¨ª« ¤ 5.14. �¥ ®¤¥ æ÷ª ¢¥ § áâ®áã¢ ï â¥®à÷ù £ ¬÷«ìâ®®¢¨å
£à ä÷¢ ¯®¢'ï§ ¥ § ¯à®¡«¥¬®î ®¡å®¤ã è å®¢¨¬ ª®¥¬ ¢á÷å ª«÷â¨®ª è -
å÷¢¨æ÷ à÷¢® ¯® ®¤®¬ã à §ã, § ¯®¢¥à¥ï¬ ç¨ ¡¥§ ¯®¢¥à¥ï ¤® ¯®-
ç âª®¢®£® ¯®«ï. �ï ¯à®¡«¥¬  §¢®¤¨âìáï ¤® à®§¯÷§ ¢ ï £ ¬÷«ìâ®®¢®á-
â÷ ( ¯÷¢£ ¬÷«ìâ®®¢®áâ÷) £à äã § 64 ¢¥àè¨ ¬¨: ª®¦  ¢¥àè¨  £à äã
¢÷¤¯®¢÷¤ õ ¯¥¢®¬ã ¯®«î è å÷¢¨æ÷; áã¬÷¦¨¬¨ õ â÷ ÷ â÷«ìª¨ â÷ ¢¥àè¨¨,
ïª÷ ¬®¦ãâì ¡ãâ¨ §'õ¤ ÷   è å÷¢¨æ÷ å®¤®¬ ª®ï.

�ª ¢÷¤®¬®, æï ¯à®¡«¥¬  ¬ õ à®§¢'ï§®ª: ¢á÷ ¯®«ï è å÷¢¨æ÷ ¬®¦  ®¡÷©-
â¨ å®¤®¬ ª®ï, ¯®¢¥àã¢è¨áì ¤® ¯®ç âª®¢®£® ¯®«ï. � § ç¨¬®, é® ¤®
¢÷¤¯®¢÷¤®£® £à äã ¥ ¬®¦  § áâ®áã¢ â¨ ¦®¤ã § â¥®à¥¬ 5.6, 5.7  ¡®
5.8 { ã¬®¢¨ æ¨å â¥®à¥¬ ¥ ¢¨ª®ãîâìáï, ¯à®â¥ £à ä õ £ ¬÷«ìâ®®¢¨¬.

5.6. �¯¥æ÷ «ì÷ â¨¯¨ £à ä÷¢
5.6.1. �¥£ã«ïà÷ £à ä¨

�§ ç¥ï 5.10. �¥£ã«ïà¨¬ £à ä®¬  §¨¢ îâì £à ä, ãá÷ ¢¥àè¨¨
ïª®£® ¬ îâì ®¤ ª®¢¨© áâ¥¯÷ì.

�à¨ª« ¤ 5.15. �¥£ã«ïà¨¬ £à ä®¬, ®ç¥¢¨¤®, õ ¤®¢÷«ì¨© ¯®¢¨©
£à ä (dv = n − 1, ¤¥ n = card(V )),   â ª®¦ ¤®¢÷«ì¨© ¯®à®¦÷© £à ä
(dv = 0).

�à¨ª« ¤ 5.16. �à ä, §®¡à ¦¥¨©   à¨á. 5.16, { à¥£ã«ïà¨©: dv = 2
¤«ï ¢á÷å v ∈ V .

�¨á. 5.16
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5.6. �¯¥æ÷ «ì÷ â¨¯¨ £à ä÷¢

5.6.2. �¢®¤®«ì÷ £à ä¨
�§ ç¥ï 5.11. �¢®¤®«ì¨¬  §¨¢ îâì £à ä, ¬®¦¨ã ¢¥àè¨

ïª®£® ¬®¦  à®§¡¨â¨   ¤¢÷ ¥¯®à®¦÷ ¯÷¤¬®¦¨¨ (¤®«÷) V1 â  V2

(V1 ∩ V2 = ∅) â ª, é® ¡ã¤ì-ïª÷ ¤¢÷ ¢¥àè¨¨ § ®¤÷õù ¤®«÷ Vk (k = 1, 2)
õ ¥áã¬÷¦¨¬¨.

�à¨ª« ¤ 5.17. �à ä, §®¡à ¦¥¨©   à¨á. 5.17, õ ¤¢®¤®«ì¨¬:
V1 = {v1, v3, v5}, V2 = {v2, v4, v6}.

v2
v3

v1
v4

v5

v6

�¨á. 5.17

�¥®à¥¬  5.9 (�. �ì®÷£, 1936 à.). �à ä õ ¤¢®¤®«ì¨¬ â®¤÷ ÷ â÷«ìª¨
â®¤÷, ª®«¨ ¢á÷ ©®£® æ¨ª«¨ ¬ îâì ¯ àã ¤®¢¦¨ã.

�®¢¥¤¥ï ¥®¡å÷¤®áâ÷. �¥å © £à ä G § ¬®¦¨®î ¢¥àè¨ V õ ¤¢®-
¤®«ì¨¬. �®¤÷ ¬®¦¨  V ¬®¦¥ ¡ãâ¨ §®¡à ¦¥  ã ä®à¬÷ V = V1 ∪ V2,
V1∩V2 = ∅ â ª, é® ¡ã¤ì-ïª÷ ¤¢÷ ¢¥àè¨¨ § ®¤÷õù ¯÷¤¬®¦¨¨ Vk (k = 1, 2)
õ ¥áã¬÷¦¨¬¨.

�®§£«ï¥¬® ¤®¢÷«ì¨© æ¨ª« v1v2 . . . vn (vn = v1). �¥§ ¢âà â¨ § £ «ì-
®áâ÷ ¯à¨¯ãáâ÷¬®, é® v1 ∈ V1. �®¤÷, ¢à å®¢ãîç¨ áã¬÷¦÷áâì v1 â  v2, ®âà¨-
¬ãõ¬®, é® v2 /∈ V1, â®¡â® v2 ∈ V2. � «®£÷ç®, v3 ∈ V1, v4 ∈ V2 ÷ â. ¤., â®¡â®
v2k+1 ∈ V1, v2k ∈ V2 (0 ≤ 2k ≤ n). �áª÷«ìª¨ vn = v1 ∈ V1, ®âà¨¬ãõ¬®, é®
n = 2k + 1 ÷ ¤®¢¦¨  æ¨ª«ã n− 1 = 2k { ¯ à¥ ç¨á«®.

�¯à ¢  5.3. � ¬®áâ÷©® ¤®¢¥áâ¨ ¤®áâ â÷áâì ã¬®¢¨ ¯ à®áâ÷ ¢á÷å
æ¨ª«÷¢ ¤«ï ¤¢®¤®«ì®áâ÷ £à äã.

�ª §÷¢ª . �®áâ âì® ®¡¬¥¦¨â¨áì ¢¨¯ ¤ª®¬ §¢'ï§®£® £à äã, ®áª÷«ìª¨
¥§¢'ï§¨© £à ä õ ®¡'õ¤ ï¬ áª÷ç¥®ù ª÷«ìª®áâ÷ ®¡« áâ¥© §¢'ï§®áâ÷.
�«ï §¢'ï§®£® £à äã, é® ¬÷áâ¨âì «¨è¥ æ¨ª«¨ ¯ à®ù ¤®¢¦¨¨, à®§£«ïì-
â¥ â ª¥ ¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷   ¬®¦¨÷ ¢¥àè¨ V : v1 ∼ v2 â®¤÷
÷ â÷«ìª¨ â®¤÷, ª®«¨ v1 â  v2 §'õ¤ ÷ «¨è¥ è«ïå ¬¨ ¯ à®ù ¤®¢¦¨¨. �¥-
à¥¢÷àâ¥, é® ¢¢¥¤¥¥ ¢÷¤®è¥ï á¯à ¢¤÷ õ ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷,
÷ ä ªâ®à-¬®¦¨  V

/
∼ = {V1, V2} ¤ õ èãª ¥ à®§¡¨ââï ¬®¦¨¨ V .
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5.6.3. �¥à¥¢ 
�¥à¥¢®¬  §¨¢ îâì §¢'ï§¨© £à ä, é® ¥ ¬÷áâ¨âì ¯à®áâ¨å æ¨ª«÷¢.

�÷á®¬  §¨¢ îâì £à ä, é® õ ®¡'õ¤ ï¬ ¤¥à¥¢, ïª÷ ¯®¯ à® ¥ ¯¥à¥à÷-
§ îâìáï.

�à¨ª« ¤ 5.18. �à ä, §®¡à ¦¥¨©   à¨á. 5.18, õ «÷á®¬ (®¡'õ¤ ï
¤¢®å ¤¥à¥¢, ïª÷ ¥ ¯¥à¥à÷§ îâìáï).

�¨á. 5.18

�¤¥¡÷«ìè®£® ¤®æ÷«ì® ¢¨¤÷«¨â¨ ®¤ã § ¢¥àè¨ ¤¥à¥¢  ïª ¯®ç âª®-
¢ã (¢¥àè¨ , § ïª®ù ¤¥à¥¢® «§à®áâ õ»). �¥à¥¢® § ¢¨¤÷«¥®î ¢¥àè¨®î
 §¨¢ îâì ª®à¥¥¢¨¬ ¤¥à¥¢®¬, ¢¨¤÷«¥ã ¢¥àè¨ã  §¨¢ îâì ª®à¥¥¢®î
¢¥àè¨®î,  ¡® ª®à¥¥¬. �÷¤ªà¥á«¨¬®, é® ª®à¥¥¬ ¬®¦  ¢¨¡à â¨ ¤®¢÷«ì-
ã ¢¥àè¨ã ¤¥à¥¢ ; ¤®æ÷«ì÷áâì ¢¨¡®àã ª®à¥¥¢®ù ¢¥àè¨¨ ¢¨§ ç õâìáï
¯à®¡«¥¬®î, ïª  à®§¢'ï§ãõâìáï §  ¤®¯®¬®£®î ¤ ®£® ¤¥à¥¢ . �ª ¯à ¢¨«®,
ª®à¥¥¢÷ ¤¥à¥¢  §®¡à ¦ãîâì â ª, é®¡ ¤¥à¥¢® «§à®áâ «®» ¢÷¤ ª®à¥ï ¢
®¤®¬ã ä÷ªá®¢ ®¬ã  ¯àï¬ªã { ¢¨§, ¢£®àã, ¢¯à ¢®  ¡® ¢«÷¢®.

�÷¢¥¬ ¢¥àè¨¨ ª®à¥¥¢®£® ¤¥à¥¢   §¨¢ îâì ¤®¢¦¨ã ¯à®áâ®£®
è«ïåã, é® §'õ¤ãõ æî ¢¥àè¨ã § ª®à¥¥¬. �®¦¨ã ¢¥àè¨ n-£® à÷¢-
ï  §¨¢ îâì n-¬ ïàãá®¬ ª®à¥¥¢®£® ¤¥à¥¢ . �ç¥¢¨¤®, ïàãá à÷¢ï 0
§ ¢¦¤¨ ¬÷áâ¨âì «¨è¥ á ¬ã ª®à¥¥¢ã ¢¥àè¨ã.

� ¦ãâì, é® ¢¥àè¨  v1 n-£® à÷¢ï ¯®à®¤¦ãõ ¢¥àè¨ã v2 (n + 1)-£®
à÷¢ï, ïªé® ¢¥àè¨¨ v1 ÷ v2 áã¬÷¦÷. �¥àè¨ã ª®à¥¥¢®£® ¤¥à¥¢ , é® ¥
¯®à®¤¦ãõ ¦®¤ã ¢¥àè¨ã ¤ ®£® ¤¥à¥¢ , ç áâ®  §¨¢ îâì «¨áâª®¬.

�à¨ª« ¤ 5.19. �¥à¥¢®, é® §®¡à ¦¥¥   à¨á. 5.19, ¬®¦  à®§£«ï¤ -
â¨ ïª ª®à¥¥¢¥ § ª®à¥¥¢®î ¢¥àè¨®î v.

v2,1
v2,2

v2,3

v2
v1,1

v1,2

v1

v

�¨á. 5.19

�àãá à÷¢ï 0 ¬÷áâ¨âì ª®à¥¥¢ã ¢¥àè¨ã v; ïàãá à÷¢-
ï 1 ¬÷áâ¨âì ¢¥àè¨¨ v1 â  v2 (¯®à®¤¦ãîâìáï ¢¥à-
è¨®î v); ïàãá à÷¢ï 2 ¬÷áâ¨âì ¢¥àè¨¨ v1,1 â  v1,2

(¯®à®¤¦ãîâìáï ¢¥àè¨®î v1),   â ª®¦ v2,1 â  v2,2 â 
v2,3 (¯®à®¤¦ãîâìáï ¢¥àè¨®î v2). �ç¥¢¨¤®, «¨áâ-
ª ¬¨ æì®£® ¤¥à¥¢  õ ¢¥àè¨¨ v1,1, v1,2, v2,1, v2,2, v2,3.
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5.7. ö§®¬®àä÷§¬ ÷ £®¬¥®¬®àä÷§¬ £à ä÷¢

�«÷¤ §¢¥àãâ¨ ã¢ £ã   ¡ £ â®÷¤¥ªáã ã¬¥à æ÷î ¢¥àè¨ ª®à¥¥¢®£®
¤¥à¥¢  ¢ ¯à¨ª«. 5.19:

• ª®à¥¥¢÷© ¢¥àè¨÷ ¯à¨á¢®îõâìáï «¯®à®¦÷©» ®¬¥à (¢¥àè¨  v);
• ¢¥àè¨¨, é® ¯®à®¤¦¥÷ ¢¥àè¨®î vs, ã¬¥àãîâìáï (ã ¤®¢÷«ì®¬ã

¯®àï¤ªã) ïª ¢¥àè¨¨ vs,i, i = 1, 2, . . . , m.
� ¯à®¯®®¢ ¨© á¯®á÷¡ ã¬¥à æ÷ù ¢¥àè¨ ª®à¥¥¢®£® ¤¥à¥¢  (÷®¤÷ ©®-

£®  §¨¢ îâì ã¯ ª®¢ ®î  ¤à¥á æ÷õî) ¤®§¢®«ïõ ®¤®§ ç® ¢¨§ ç¨â¨,
ïª÷ ¢¥àè¨¨ ¤¥à¥¢  áã¬÷¦÷, ÷ ç áâ® ¢¨ª®à¨áâ®¢ãõâìáï ¯÷¤ ç á   «÷§ã
áâàãªâãà¨ ¤¥à¥¢  ª®¬¯'îâ¥à¨¬¨  «£®à¨â¬ ¬¨.

� § ç¨¬®, é® ®¤¥ § ¢ ¦«¨¢¨å § áâ®áã¢ ì ª®à¥¥¢¨å ¤¥à¥¢ { à®§-
¢'ï§ ï ª®¬¡÷ â®à¨å § ¤ ç { à®§£«ïãâ® ¢ ¯÷¤à®§¤. 4.6.

5.6.4. �®ïââï ¯à® ¬÷ç¥÷ £à ä¨
�§ ç¥ï 5.12. �÷ç¥¨¬ £à ä®¬,  ¡® ¬¥à¥¦¥î  §¨¢ îâì £à ä,

¢¥àè¨ ¬  ¡® (â ) à¥¡à ¬ ïª®£® §÷áâ ¢«ïõâìáï ¯¥¢  ¬÷âª .

�÷âª ¬¨ ¬÷ç¥®£® £à äã ¬®¦ãâì ¡ãâ¨ ¥«¥¬¥â¨ ¤®¢÷«ì®ù ¬®¦¨¨.
� ª, à®§£«ï¤ îç¨ ¯à®¡«¥¬ã ª®¬÷¢®ï¦¥à  (¤¨¢. ¯à¨ª«. 5.13) ¤®æ÷«ì® à¥-
¡à ¬ £à äã ¯à¨á¢®ùâ¨ ¤®¢¦¨ã ¢÷¤¯®¢÷¤®ù ¤÷«ïª¨ è«ïåã,   ¢¥àè¨ ¬
{ ç á   ¯¥à¥¡ã¢ ï ã ¢÷¤¯®¢÷¤®¬ã ¬÷áâ÷.

�¥ ®¤¥ ¢ ¦«¨¢¥ § áâ®áã¢ ï ¬÷ç¥¨å £à ä÷¢ ¯®¢'ï§ ¥ § ä à¡ã¢ -
ï¬ ¢¥àè¨  ¡® à¥¡¥à (¬÷âª ¬¨ õ ª®«ì®à¨). � à¡ã¢ ï ¢¥àè¨ £à äã
à®§£«ï¥¬® ¤ «÷ ¢ ¯÷¤à®§¤. 5.14.

5.7. ö§®¬®àä÷§¬ ÷ £®¬¥®¬®àä÷§¬ £à ä÷¢
�§ ç¥ï 5.13. �à ä¨ G1 ÷ G2 § ¬®¦¨ ¬¨ ¢¥àè¨ V1 â  V2  -

§¨¢ îâì ÷§®¬®àä¨¬¨, ïªé® ÷áãõ â ª  ¡÷õªæ÷ï (÷§®¬®àä÷§¬) f : V1 → V2,
é®:

∀u, v ∈ V1 : (u, v { áã¬÷¦÷ ¢ G1) ⇔ (f(u), f(v) { áã¬÷¦÷ ¢ G2).

�â¦¥, ÷§®¬®àä÷§¬ £à ä÷¢ ¬®¦  à®§ã¬÷â¨ ïª ¢§ õ¬® ®¤®§ ç¥ ¢÷-
¤®¡à ¦¥ï, é® §¡¥à÷£ õ áã¬÷¦÷áâì ¢¥àè¨.
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�à¨ª« ¤ 5.20. �à ä¨ G1 â  G2, §®¡à ¦¥÷   à¨á. 5.20, ÷§®¬®àä÷;
¬®¦«¨¢¨© ( «¥ ¥ õ¤¨¨©) ÷§®¬®àä÷§¬ f : uk 7→ vk, k = 1, 2, 3, 4.

u2
v2

u3
v3

u1

v1

u4

v4

G1 G2

�¨á. 5.20

� ã¢ ¦¥ï 5.4. �¨§ ç¥ï ÷§®¬®àä®áâ÷ ¯à¨à®¤® ¯¥à¥®á¨âìáï  
¢¨¯ ¤®ª ®à÷õâ®¢ ¨å â  ¥®à÷õâ®¢ ¨å ¬ã«ìâ¨£à ä÷¢: ÷§®¬®àä÷§¬ ¬ã«ì-
â¨£à ä÷¢ ¬ õ §¡¥à÷£ â¨ ª÷«ìª÷áâì à¥¡¥à ¬÷¦ ¤ ¨¬¨ ¢¥àè¨ ¬¨,   ¤«ï
®à£à ä÷¢ { ª÷«ìª÷áâì à¥¡¥à ¬÷¦ ¤ ¨¬¨ ¢¥àè¨ ¬¨, é® ¢¥¤ãâì ã ¤ ®¬ã
 ¯àï¬ªã.

� ¤ «÷  ¬ § ¤®¡¨âìáï ®¯¥à æ÷ï ¯÷¤à®§¡¨ââï à¥¡à  £à äã.
�¥å © à¥¡à® e ÷æ¨¤¥â¥ ¢¥àè¨ ¬ v1 â  v2. �÷¤à®§-

v2 v2

v

v1
v1

e1
e

e2

�¨á. 5.21

¡¨ââï à¥¡à  e ¯®«ï£ õ ã ¢¨¤ «¥÷ e â  ¤®¤ ¢ ÷ ¤¢®å
®¢¨å à¥¡¥à e1, e2 ÷ ®¢®ù ¢¥àè¨¨ v â ª, é®: à¥¡à® e1

÷æ¨¤¥â¥ ¢¥àè¨ ¬ v1 ÷ v, à¥¡à® e2 ÷æ¨¤¥â¥ ¢¥à-
è¨ ¬ v ÷ v2 (à¨á. 5.21). �® áãâ÷, ¯÷¤à®§¡¨ââï à¥¡à 
e §¢®¤¨âìáï (§ â®ç÷áâî ¤® ÷§®¬®àä÷§¬ã) ¤® « ¢÷èã-

¢ ï»   à¥¡à® e ®¢®ù ¢¥àè¨¨ v.

�§ ç¥ï 5.14. �à ä¨ G1 ÷ G2  §¨¢ îâì £®¬¥®¬®àä¨¬¨, ïªé®
ùå ¬®¦  ®âà¨¬ â¨ § ÷§®¬®àä¨å £à ä÷¢ áª÷ç¥®î ª÷«ìª÷áâî ®¯¥à æ÷©
¯÷¤à®§¡¨ââï à¥¡¥à.

�à¨ª« ¤ 5.21. �à ä¨ G1 â  G2, §®¡à ¦¥÷   à¨á. 5.22, £®¬¥®¬®àä-
÷, ®áª÷«ìª¨ ùå ¬®¦  ®âà¨¬ â¨ § ÷§®¬®àä¨å £à ä÷¢ G′

1 â  G′
2 ¯÷¤à®§-

¡¨ââï¬ à¥¡¥à.

G1 G1

G2
G2`

`

�¨á. 5.22
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5.8. � âà¨æï áã¬÷¦®áâ÷ £à äã

� ã¢ ¦¥ï 5.5. �¨§ ç¥ï ®¯¥à æ÷ù ¯÷¤à®§¡¨ââï à¥¡¥à â  £®¬¥®-
¬®àä®áâ÷ £à ä÷¢ ¯à¨à®¤® ¯®è¨àîõâìáï   ¢¨¯ ¤®ª ®à÷õâ®¢ ¨å â 
¥®à÷õâ®¢ ¨å ¬ã«ìâ¨£à ä÷¢.

5.8. � âà¨æï áã¬÷¦®áâ÷ £à äã
� æì®¬ã ¯÷¤à®§¤÷«÷ ¯à æî¢ â¨¬¥¬® § ®à÷õâ®¢ ¨¬¨ £à ä ¬¨, ¤¢÷ à÷§-

÷ ¢¥àè¨¨ ïª¨å ¥ ¬®¦ãâì ¡ãâ¨ §'õ¤ ÷ ¤¢®¬   ¡® ¡÷«ìè¥ à¥¡à ¬¨, é®
¢¥¤ãâì ¢ ®¤®¬ã  ¯àï¬ªã. ö ªè¥ ª ¦ãç¨, ¯à æî¢ â¨¬¥¬® § ®à£à ä -
¬¨, ¢ ïª¨å ¤®§¢®«ïõ¬® ¯¥â«÷ â  ¯ à¨ ¯à®â¨ ¯àï¬«¥¨å ¬ã«ìâ¨à¥¡¥à.

�§ ç¥ï 5.15. �¥å © £à ä G, é® § ¤®¢®«ìïõ ¢¨¬®£¨ æì®£® ¯÷¤-
à®§¤÷«ã, ¬ õ ¬®¦¨ã ¢¥àè¨ V = {v1, . . . , vn}. � âà¨æ¥î áã¬÷¦®áâ÷
£à äã G  §¨¢ îâì ¬ âà¨æî MG à®§¬÷à®¬ n× n, â ªã é®:

(MG)i,j =

{
1, ¢÷¤ vi ¤® vj ¢¥¤¥ à¥¡à®;

0, ¢÷¤ vi ¤® vj ¥ ¢¥¤¥ à¥¡à®.

�¥£ª® §à®§ã¬÷â¨, é® ¢¨£«ï¤ ¬ âà¨æ÷ áã¬÷¦®áâ÷ æì®£® £à äã § «¥-
¦¨âì ¢÷¤ ¯®àï¤ªã ã¬¥à æ÷ù ¢¥àè¨; §¬÷  ¯®àï¤ªã ã¬¥à æ÷ù ¢¥àè¨
§ã¬®¢«îõ ¯¥à¥áâ ¢«¥ï ¢÷¤¯®¢÷¤¨å àï¤ª÷¢ â  áâ®¢¯æ÷¢ ¬ âà¨æ÷ áã¬÷¦-
®áâ÷.

�à¨ª« ¤ 5.22. �  à¨á. 5.23 §®¡à ¦¥® £à ä ÷ ¢÷¤¯®¢÷¤ã ¬ âà¨æî
áã¬÷¦®áâ÷.

v2

v3

v1

v4




0 0 1 0
0 0 0 1
1 1 0 1
0 0 0 1




�¨á. 5.23

� áâã¯¥ â¢¥à¤¦¥ï ¢¨¯«¨¢ õ ¡¥§¯®á¥à¥¤ì® § ¢¨§ ç¥ï ÷§®¬®à-
ä÷§¬ã £à ä÷¢.
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�®§¤÷« 5. �¥®à÷ï £à ä÷¢

�¥¬  5.4. �à ä¨ G1 ÷ G2 ÷§®¬®àä÷ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ÷áãõ
â ª  ã¬¥à æ÷ï ¢¥àè¨ £à äã G1, é® ¬ âà¨æ÷ áã¬÷¦®áâ÷ MG1 ÷ MG2

§¡÷£ îâìáï.

�à÷õâ®¢ ÷ ¬ã«ìâ¨£à ä¨ ¡¥§ ®¤® ¯àï¬«¥¨å ¬ã«ìâ¨à¥¡¥à § áâ®-
á®¢ãîâì ¤«ï §®¡à ¦¥ï ¡÷ à®£® ¢÷¤®è¥ï   áª÷ç¥÷© ¬®¦¨÷
(¤¨¢. à®§¤. 3). � â¥à¬÷ å â¥®à÷ù ¢÷¤®è¥ì ¬ âà¨æï áã¬÷¦®áâ÷ £à äã
G õ ¬ âà¨æ¥î ¡÷ à®£® ¢÷¤®è¥ï, ïª¥ § ¤ ® £à ä®¬ G. �¥§ ¢âà â¨
§ £ «ì®áâ÷ ¢¢ ¦ â¨¬¥¬®, é® ¡÷ à¥ ¢÷¤®è¥ï, ¢¨§ ç¥¥ £à ä®¬ G,
§ ¤ ®   ¬®¦¨÷ ¢¥àè¨ V £à äã G.

� £ ¤ õ¬®, é® ¤«ï ¬ âà¨æì áã¬÷¦®áâ÷ A â  B à®§¬÷à®¬ n×n ¢¨§ -
ç¥¨© ««®£÷ç¨© ¤®¡ãâ®ª» AB { § ¬÷áâì  à¨ä¬¥â¨ç¨å ®¯¥à æ÷© áã¬¨
â  ¤®¡ãâªã ¢¨ª®à¨áâ®¢ãîâìáï ¢÷¤¯®¢÷¤÷ «®£÷ç÷ ®¯¥à æ÷ù ¤¨§'îªæ÷ù â 
ª®'îªæ÷ù (¤¨¢. ®§ ç¥ï 3.3). �¢ ¦ â¨¬¥¬®, é® áâ¥¯÷ì Ak (k ∈ N)
¬ âà¨æ÷ áã¬÷¦®áâ÷ A â ª®¦ ¢¨§ ç¥® ç¥à¥§ ««®£÷ç¨© ¤®¡ãâ®ª».

� «÷â¨ç¨©  ¯ à â, ¯®¢'ï§ ¨© § ¬ âà¨æ¥î áã¬÷¦®áâ÷, ¤ õ §¬®£ã
®æ÷¨â¨ ª÷«ìª÷áâì ªà®ª÷¢, ¯®âà÷¡¨å ¤«ï ®¡ç¨á«¥ï âà §¨â¨¢®£® § -
¬¨ª ï ¡÷ à®£® ¢÷¤®è¥ï   áª÷ç¥÷© ¬®¦¨÷, â®¡â® ¤ õ §¬®£ã
¤®¢¥áâ¨ â¥®à¥¬ã 3.2. �¥¯¥à â¥®à¥¬  3.2 õ ¯àï¬¨¬  á«÷¤ª®¬  áâã¯®£®
¯à®áâ®£® â¢¥à¤¦¥ï.

�¥®à¥¬  5.10. �¥å © G { ®à÷õâ®¢ ¨© ¬ã«ìâ¨£à ä ¡¥§ ®¤® ¯-
àï¬«¥¨å ¬ã«ìâ¨à¥¡¥à, MG { ¬ âà¨æï áã¬÷¦®áâ÷ £à äã G, áâ¥¯÷ì
Mk

G (k ∈ N) ¢¨§ ç¥® ç¥à¥§ ««®£÷ç¨© ¤®¡ãâ®ª». �®¤÷
(
(Mk

G)i,j = 1
) ⇔ (� £à ä÷ G ÷áãõ è«ïå ¤®¢¦¨®î k ¢÷¤ vi ¤® vj).

�®¢¥¤¥ï. �¥®à¥¬ã ¬®¦  ¤®¢¥áâ¨ ¬¥â®¤®¬ ¬ â¥¬ â¨ç®ù ÷¤ãªæ÷ù §  k.

�¯à ¢  5.4. �®¢¥áâ¨ â¥®à¥¬ã á ¬®áâ÷©®.

�ª §÷¢ª . �¢¥à¤¦¥ï æ÷õù â¥®à¥¬¨ õ ¯¥à¥ä®à¬ã«î¢ ï¬ â¢¥à¤¦¥-
ï ¢¯à ¢¨ 3.1.

�à¨ª« ¤¨ ®¡ç¨á«¥ï âà §¨â¨¢®£® § ¬¨ª ï ¡÷ à®£® ¢÷¤®è¥-
ï  ¢¥¤¥÷ ¢¨é¥ (¤¨¢. ¯à¨ª«. 3.19).
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5.9. �«®áª÷ â  ¯«  à÷ £à ä¨

5.9. �«®áª÷ â  ¯«  à÷ £à ä¨
�§ ç¥ï 5.16. �à ä G  §¨¢ îâì ¯«®áª¨¬, ïªé®:
• ¦®¤¥ à¥¡à® e £à äã G ¥ ¬ õ â®ç®ª á ¬®¯¥à¥â¨ã;
• ¦®¤÷ ¤¢  à¥¡à  e1 â  e2 £à äã G ¥ ¬ îâì â®ç®ª ¯¥à¥â¨ã, ®ªà÷¬

¢¥àè¨, ÷æ¨¤¥â¨å ®¡®¬ à¥¡à ¬ e1 â  e2.
�à ä, ÷§®¬®àä¨© ¯«®áª®¬ã,  §¨¢ îâì ¯«  à¨¬.

�à¨ª« ¤ 5.23. �  à¨á. 5.24 §®¡à ¦¥® ¯«  à¨© £à ä G1, ÷§®¬®àä-
¨© ¯«®áª®¬ã £à äã G2.

G1 G2

�¨á. 5.24

�à¨ª« ¤ 5.24. �  à¨á. 5.25 §®¡à ¦¥® ¥¯«  à÷ £à ä¨ G1 («�÷à-
ª ») â  G2 («�à¨ ªà¨¨æ÷»).

v2
v2

v3

v3

v1
v1 v4

v4

v5

v6v5

G1 («Зірка )» G2 («Три криниці )»

�¨á. 5.25

�à ä G1, ®ç¥¢¨¤®, õ ¯®¢¨¬ £à ä®¬ § ¢¥àè¨ ¬¨ v1{v5 ( §¢  «�÷à-
ª » §ã¬®¢«¥  §®¢÷è÷¬ ¢¨£«ï¤®¬ æì®£® £à äã). �à ä G2 { ¤¢®¤®«ì¨©
£à ä § ¤®«ï¬¨ {v1, v2, v3} â  {v4, v5, v6}, â ª¨©, é® ¡ã¤ì-ïª÷ ¤¢÷ ¢¥àè¨¨ §
à÷§¨å ¤®«¥© áã¬÷¦÷. � §¢  «�à¨ ªà¨¨æ÷» ¯®å®¤¨âì ¢÷¤ ¢÷¤®¬®ù ¯à®¡«¥-
¬¨ ¯à® âà¨ ¡ã¤¨ª¨ â  âà¨ ªà¨¨æ÷: ¬÷¦ âàì®¬  ¡ã¤¨ª ¬¨ (v1, v2, v3) â 
âàì®¬  ªà¨¨æï¬¨ (v4, v5, v6) âà¥¡  ¯à®ª« áâ¨ ¤¥¢'ïâì è«ïå÷¢ ¡¥§ â®ç®ª
¯¥à¥â¨ã â ª, é®¡ ÷áã¢ ¢ è«ïå ¢÷¤ ª®¦®£® ¡ã¤¨ªã ¤® ª®¦®ù ªà¨¨æ÷.

�¥¯«  à÷áâì £à ä÷¢ G1 â  G2 ¡ã¤¥ ¤®¢¥¤¥® ¢ ¯÷¤à®§¤. 5.13.
� ¢¥¤¥¬® ¡¥§ ¤®¢¥¤¥ï ¢÷¤®¬¨© ªà¨â¥à÷© ¯«  à®áâ÷, ®âà¨¬ ¨©

¥§ «¥¦® �. �. �®âàï£÷¨¬ (1927 à.) â  �. �ãà â®¢áìª¨¬ (1930 à.).
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�®§¤÷« 5. �¥®à÷ï £à ä÷¢

�¥®à¥¬  5.11 (â¥®à¥¬  �®âàï£÷  { �ãà â®¢áìª®£®). �à ä õ
¯«  à¨¬ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ¢÷ ¥ ¬÷áâ¨âì ¯÷¤£à ä÷¢, £®¬¥®-
¬®àä¨å £à ä ¬ «�÷àª » â  «�à¨ ªà¨¨æ÷» (à¨á. 5.25).

� â¥®à¥¬¨ �®âàï£÷  { �ãà â®¢áìª®£® ¥£ ©® ¢¨¯«¨¢ õ, é® ¡ã¤ì-
ïª¨© ¯®¢¨© £à ä § 5 â  ¡÷«ìè¥ ¢¥àè¨ ¬¨ ¥¯«  à¨©, ÷ ¡ã¤ì-ïª¨©
£à ä § 4 â  ¬¥è¥ ¢¥àè¨ ¬¨ ¯«  à¨©. � § ç¨¬®, é® ¥®¡å÷¤-
÷áâì ã¬®¢¨ â¥®à¥¬¨ ¢¨¯«¨¢ õ § ¥¯«  à®áâ÷ £à ä÷¢ G1 â  G2 (¤¨¢.
¯÷¤à®§¤. 5.13). �®¢¥ ¤®¢¥¤¥ï â¥®à¥¬¨ �®âàï£÷  { �ãà â®¢áìª®£®,  
â ª®¦ ¥ä¥ªâ¨¢¨©  «£®à¨â¬ ¯®¡ã¤®¢¨ ÷§®¬®àä®£® ¯«®áª®£® £à äã, ¤¨¢.,
 ¯à¨ª« ¤, ¢ [8].

� ã¢ ¦¥ï 5.6. �®ïââï ¯«®áª®£® â  ¯«  à®£® £à ä÷¢ ¯à¨à®¤®
¯®è¨àîõâìáï   ¢¨¯ ¤®ª ¬ã«ìâ¨£à ä÷¢.

5.10. �à ÷ £à äã. �®à¬ã«  �©«¥à 
� æì®¬ã ¯÷¤à®§¤÷«÷ ¢á÷ £à ä¨ ¢¢ ¦ â¨¬¥¬® ¯«®áª¨¬¨ ¥®à÷õâ®¢ ¨-

¬¨ ¬ã«ìâ¨£à ä ¬¨.

5.10.1. �à ÷ ¯«®áª®£® £à äã
�§ ç¥ï 5.17. �à î £à äã G  §¨¢ îâì ¬ ªá¨¬ «ìã §  ¢÷¤-

®è¥ï¬ ¢ª«îç¥ï («⊂») ®¡« áâì ¯«®é¨¨ r, â ªã, é®: ¡ã¤ì-ïª÷ ¤¢÷
â®çª¨ a, b ∈ r ¬®¦ãâì ¡ãâ¨ §'õ¤ ÷ ¥¯¥à¥à¢®î ªà¨¢®î, ïª  ¥ ¬ õ
á¯÷«ì¨å â®ç®ª § à¥¡à ¬¨ £à äã G, ®ªà÷¬, ¬®¦«¨¢®, á ¬¨å â®ç®ª a â  b.
�®¦¨ã à¥¡¥à, é®  «¥¦ âì £à ÷,  §¨¢ îâì ¬¥¦¥î £à ÷.

�à ÷ £à äã ¯®§ ç â¨¬¥¬® «÷â¥à®î r § ÷¤¥ªá ¬¨ ç¨ ¡¥§ (r, r1, r22,11),
¬®¦¨ã £à ¥© £à äã G ¯®§ ç â¨¬¥¬® ç¥à¥§ R.

� ¢¥¤¥¬® ª÷«ìª  ®ç¥¢¨¤¨å â¢¥à¤¦¥ì, é® ¥£ ©® ¢¨¯«¨¢ îâì §
®§ ç¥ï 5.17.

�¥¬  5.5. �®¦  â®çª  ¯«®é¨¨  «¥¦¨âì ¯à¨ ©¬÷ ®¤÷© £à ÷
¤ ®£® £à äã.

�¥¬  5.6. �«ï ª®¦®£® £à äã ÷áãõ à÷¢® ®¤  ¥®¡¬¥¦¥  £à ì
(£à ì ¥áª÷ç¥®ù ¯«®é÷).
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5.10. �à ÷ £à äã. �®à¬ã«  �©«¥à 

�¥®¡¬¥¦¥ã £à ì £à äã  §¨¢ îâì §®¢÷èì®î, ÷è÷ (®¡¬¥¦¥÷)
£à ÷ { ¢ãâà÷è÷¬¨.

�¥¬  5.7. �®¦¥ à¥¡à®, é® ¥ õ ¬®áâ®¬,  «¥¦¨âì ¬¥¦÷ à÷¢®
¤¢®å £à ¥©. �®¦¥ ¬÷áâ  «¥¦¨âì ¬¥¦ ¬ à÷¢® ®¤÷õù £à ÷.

�à¨ª« ¤ 5.25. �«ï £à äã, §®¡à ¦¥®£®   à¨á. 5.26, ¬®¦¨  £à -
¥© R = {r1, r2, r3, r4}, §®¢÷èì®î õ £à ì r4 § ¬¥¦¥î {e1, e2, e7, e8}. �ç¥-
¢¨¤®, ¬÷áâ e8  «¥¦¨âì ¬¥¦÷ «¨è¥ ®¤÷õù £à ÷ (r4).

e3

r3

e2

r2

e5

e7
e6 e4

r4

e1

r1

e8

�¨á. 5.26

5.10.2. �®à¬ã«  �©«¥à  ¤«ï ¯«®áª¨å £à ä÷¢
�¥®à¥¬  5.12 (ä®à¬ã«  �©«¥à  ¤«ï ¯«®áª¨å £à ä÷¢). �¥å ©

G { ¯«®áª¨© §¢'ï§¨© £à ä § nv ¢¥àè¨ ¬¨, ne à¥¡à ¬¨ â  nr £à ï¬¨.
�®¤÷

nv − ne + nr = 2.

�®¢¥¤¥ï.
1. �¥å © £à ä G { ¤¥à¥¢®. �®¢¥¤¥ï ¯à®¢®¤¨â¨¬® ÷¤ãªæ÷õî §  ª÷«ì-

ª÷áâî à¥¡¥à ne.
A. � §  ÷¤ãªæ÷ù: ne = 0 (¯®à®¦÷© £à ä § ®¤÷õî ¢¥àè¨®î). �á-

ª÷«ìª¨ ne = 0, nr = 1, ®âà¨¬ãõ¬®:

nv − ne + nr = 1− 0 + 1 = 2.

B. �à¨¯ãé¥ï ÷¤ãªæ÷ù: ¥å © ¯à¨ ne ≤ n â¢¥à¤¦¥ï â¥®à¥¬¨
á¯à ¢¤¦ãõâìáï.
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�®§¤÷« 5. �¥®à÷ï £à ä÷¢

C. �à®ª ÷¤ãªæ÷ù: ¥å © ne = n + 1. �¨¤ «¨¬® ã £à ä÷ G ¤®¢÷«ì¥
à¥¡à® e. �âà¨¬ãõ¬® £à ä G̃, ïª¨© õ ®¡'õ¤ ï¬ ¤¢®å §¢'ï§¨å ª®¬¯®¥â
G1 â  G2. �ç¥¢¨¤®, £à ä¨ G1 â  G2 õ ¤¥à¥¢ ¬¨, é® ¬÷áâïâì ¥ ¡÷«ìè ïª n
à¥¡¥à. �â¦¥, §  ¯à¨¯ãé¥ï¬ ÷¤ãªæ÷ù, ¤«ï G1 â  G2 â¢¥à¤¦¥ï â¥®à¥-
¬¨ á¯à ¢¤¦ãõâìáï. �®§ ç¨¢è¨ ç¥à¥§ ni,v, ni,e, ni,r ª÷«ìª÷áâì ¢÷¤¯®¢÷¤®
¢¥àè¨, à¥¡¥à â  £à ¥© ã £à ä÷ Gi (i = 1, 2), ¤÷áâ ¥¬®:

ni,v − ni,e + ni,r = 2, i = 1, 2.

�áª÷«ìª¨ ¢ ¤®¢÷«ì®¬ã ¤¥à¥¢÷, ç¥à¥§ ¢÷¤áãâ÷áâì ¯à®áâ¨å æ¨ª«÷¢, ÷áãõ
«¨è¥ ®¤  (§®¢÷èï) £à ì, ¬ õ¬®: n1,r = n2,r = 1. �â¦¥, ¤«ï £à äã G
¬ â¨¬¥¬®:

nv − ne + nr = (n1,v + n2,v)− (n1,e + n2,e + 1) + 1 =

= (n1,v − n1,e + 1) + (n2,v − n2,e + 1)− 2 = 2.

2. �¥å © G { ¤®¢÷«ì¨© ¯«®áª¨© §¢'ï§¨© £à ä. �®¢¥¤¥ï ¢ § £ «ì-
®¬ã ¢¨¯ ¤ªã ¯à®¢®¤¨â¨¬¥¬® â ª®¦ ÷¤ãªæ÷õî §  ª÷«ìª÷áâî à¥¡¥à ne.

A. � §  ÷¤ãªæ÷ù: ne = 0 ¤«ï æì®£® ¢¨¯ ¤ªã â¢¥à¤¦¥ï â¥®à¥¬¨
¢¦¥ ¤®¢¥¤¥®.

B. �à¨¯ãé¥ï ÷¤ãªæ÷ù: ¥å © ¯à¨ ne ≤ n â¢¥à¤¦¥ï â¥®à¥¬¨
á¯à ¢¤¦ãõâìáï.

C. �à®ª ÷¤ãªæ÷ù: à®§£«ï¥¬® £à ä G § ne = n + 1 à¥¡à ¬¨. �¥å ©
G ¥ õ ¤¥à¥¢®¬ (¤«ï ¤¥à¥¢ â¢¥à¤¦¥ï â¥®à¥¬¨ ¢¦¥ ¤®¢¥¤¥®), â®¤÷, ç¥-
à¥§  ï¢÷áâì ¯à¨ ©¬÷ ®¤®£® ¯à®áâ®£® æ¨ª«ã, ¬ õ ÷áã¢ â¨ ¯à¨ ©¬÷
®¤¥ à¥¡à® e, é® ¥ õ ¬®áâ®¬ («¥¬  5.2). �¨¤ «¨¢è¨ ã £à ä÷ G à¥¡à®
e, ®âà¨¬ãõ¬® §¢'ï§¨© £à ä G̃ § nv ¢¥àè¨ ¬¨ â  ne − 1 = n à¥¡à ¬¨.
�áª÷«ìª¨ §  «¥¬®î 5.7 à¥¡à® e (¥ ¬÷áâ)  «¥¦¨âì ¬¥¦÷ ¤¢®å £à ¥©,
¢¨¤ «¥ï à¥¡à  e §¬¥èãõ ª÷«ìª÷áâì £à ¥©   1. �â¦¥, £à ä G̃ ¬÷á-
â¨âì nr − 1 £à ¥©. �  ¯à¨¯ãé¥ï¬ ÷¤ãªæ÷ù, ¤«ï £à äã G̃ â¢¥à¤¦¥ï
â¥®à¥¬¨ á¯à ¢¥¤«¨¢¥, ÷ ¤«ï ¢¨å÷¤®£® £à äã G ®âà¨¬ãõ¬®:

nv − ne + nr = nv − (ne − 1) + (nr − 1) = 2.

�â¦¥, â¢¥à¤¦¥ï â¥®à¥¬¨ ¢ § £ «ì®¬ã ¢¨¯ ¤ªã ¤®¢¥¤¥®.
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5.11. �ã «ì÷ £à ä¨

�à¨ª« ¤ 5.26. �¥à¥¢÷à¨¬® á¯à ¢¥¤«¨¢÷áâì ä®à¬ã«¨ �©«¥à  ¤«ï
£à äã, §®¡à ¦¥®£®   à¨á. 5.27:

nv − ne + nr = 4− 6 + 4 = 2.

�à¨ª« ¤ 5.27. � â¥®à¥¬÷ 5.12 ã¬®¢  §¢'ï§®áâ÷ £à äã áãââõ¢ . � ª,
¤«ï £à äã, §®¡à ¦¥®£®   à¨á. 5.28, ®âà¨¬ãõ¬®:

nv − ne + nr = 3− 1 + 1 = 3 6= 2.

�¨á. 5.27 �¨á. 5.28

5.11. �ã «ì÷ £à ä¨
� æì®¬ã ¯÷¤à®§¤÷«÷ ¢á÷ £à ä¨ ¢¢ ¦ â¨¬¥¬® ¯«®áª¨¬¨ ¥®à÷õâ®¢ ¨-

¬¨ ¬ã«ìâ¨£à ä ¬¨.

5.11.1. �¨§ ç¥ï ¤ã «ì®£® £à äã
�§ ç¥ï 5.18. �¥å © G { ¯«®áª¨© £à ä § ª÷«ìª÷áâî ¢¥àè¨, à¥-

¡¥à ÷ £à ¥© nv, ne â  nr ¢÷¤¯®¢÷¤®. �«®áª¨© £à ä G∗ § ª÷«ìª÷áâî ¢¥à-
è¨, à¥¡¥à â  £à ¥© ñv, ñe â  ñr ¢÷¤¯®¢÷¤®  §¨¢ îâì ¤ã «ì¨¬ ¤®
£à äã G, ïªé®:

1. ñe = ne, ñv = nr.
2. �®¦  £à ì r £à äã G ¬÷áâ¨âì à÷¢® ®¤ã ¢¥àè¨ã v∗ £à äã G∗

(¢¥àè¨  v∗ £à äã G∗ ¢÷¤¯®¢÷¤ õ £à ÷ r £à äã G).
3. �®¦¥ à¥¡à® e £à äã G ¯¥à¥â¨ õâìáï à÷¢® § ®¤¨¬ à¥¡à®¬ e∗

£à äã G∗ (à¥¡à® e £à äã G ¢÷¤¯®¢÷¤ õ à¥¡àã e∗ £à äã G∗).
� ®§ ç¥ï 5.18 ¢¨¯«¨¢ õ, é® ¤«ï ª®¦®£® ¯«®áª®£® £à äã G ÷áãõ

õ¤¨¨©, § â®ç÷áâî ¤® ÷§®¬®àä÷§¬ã, ¤ã «ì¨© £à ä G∗. �à®â¥ ã ÷§®¬®àä-
¨å £à ä÷¢ G1 â  G2 ¬®¦ãâì ¡ãâ¨ ¥÷§®¬®àä÷ ¤ã «ì÷ G∗

1 â  G∗
2.
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�à¨ª« ¤ 5.28. �  à¨á. 5.29 §®¡à ¦¥® ÷§®¬®àä÷ £à ä¨ G1 â  G2,  
â ª®¦ ùå ¤ã «ì÷ G∗

1 â  G∗
2 (à¥¡à  ¤ã «ì¨å £à ä÷¢ ¯®§ ç¥® ¯ãªâ¨à®¬).

�ç¥¢¨¤®, ¤ã «ì÷ £à ä¨ G∗
1 â  G∗

2 ¥÷§®¬®àä÷ { £à ä G∗
1 ¬÷áâ¨âì ¤¢÷

¢¥àè¨¨ áâ¥¯¥÷¢ 3 â  7, ®¤ ª ®¡¨¤¢÷ ¢¥àè¨¨ £à äã G∗
2 ¬ îâì áâ¥¯÷ì 5.

G G2 2,G1, G1 **

�¨á. 5.29

� ã¢ ¦¥ï 5.7. ö§ ¯®¡ã¤®¢¨ ¤ã «ì®£® £à äã «¥£ª® ¡ ç¨â¨, é®
¤ã «ì¨© £à ä G∗ §¢'ï§¨©, ¥§ «¥¦® ¢÷¤ §¢'ï§®áâ÷ ¢¨å÷¤®£® £à äã
G (â¢¥à¤¦¥ï «¥£ª® ¤®¢¥áâ¨ ÷¤ãªæ÷õî §  ª÷«ìª÷áâî à¥¡¥à ã £à ä÷ G).

5.11.2. �àã£¨© ¤ã «ì¨© £à ä
�àã£¨¬ ¤ã «ì¨¬ ¤® £à äã G  §¨¢ â¨¬¥¬® £à ä G∗∗ = (G∗)∗. �à ä

G∗, ¤ã «ì¨© ¤® G,  §¢¥¬® â ª®¦ ¯¥àè¨¬ ¤ã «ì¨¬.
� áâã¯¨© ¯à¨ª« ¤ ¤¥¬®áâàãõ §¢'ï§®ª ¬÷¦ £à ä ¬¨ G∗∗ â  G.

�à¨ª« ¤ 5.29. �  à¨á. 5.30 §®¡à ¦¥® ¯®¡ã¤®¢ã ¯¥àè®£® â  ¤àã£®£®
¤ã «ì¨å ¤® £à ä÷¢ G1 â  G2 (¤ã «ì÷ £à ä¨ ¯®§ ç¥÷ ¯ãªâ¨à®¬).

G1

G2
G2 G2®

G1 G1®

G2 G2®
G1 G1® *

*
*

*
*

*
*

*

�¨á. 5.30
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5.12. �â¥¯÷ì £à ÷ ¯«®áª®£® £à äã. �¥®à¥¬  ¯à® áâ¥¯¥÷ £à ¥©

� à¨áãª  ¢¨¤®, é® £à ä¨ G2 â  G∗∗
2 ÷§®¬®àä÷, ®¤ ª £à ä¨ G1 â 

G∗∗
1 ¥÷§®¬®àä÷. � § ç¨¬®, é® £à ä¨ G1 â  G∗∗

1  ¯à÷®à÷ ¥ ¬®£«¨ ¡ãâ¨
÷§®¬®àä¨¬¨, ®áª÷«ìª¨ £à ä G1 ¥§¢'ï§¨© (¤¨¢. § ã¢. 5.7).

� áâã¯  â¥®à¥¬  ¤ õ ¥®¡å÷¤ã ÷ ¤®áâ âî ã¬®¢ã ÷§®¬®àä®áâ÷ £à -
ä÷¢ G â  G∗∗.

�¥®à¥¬  5.13. �à ä¨ G â  G∗∗ ÷§®¬®àä÷ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨
£à ä G §¢'ï§¨©.

�®¢¥¤¥ï. �¥®¡å÷¤÷áâì. �¥å © G â  G∗∗ ÷§®¬®àä÷. �®¤÷ §¢'ï§-
÷áâì G ¢¨¯«¨¢ õ ÷§ §¢'ï§®áâ÷ G∗∗ (¤¨¢. § ã¢. 5.7).

�®áâ â÷áâì. �¥å © £à ä G §¢'ï§¨©. �«ï ¤®¢¥¤¥ï ÷§®¬®àä®á-
â÷ G â  G∗∗ ¤®áâ âì® ¯®ª § â¨, é® £à ä G õ ¤ã «ì¨¬ ¤® G∗ ( £ ¤ õ¬®,
é® ¤ã «ì¨© £à ä ¢¨§ ç õâìáï ®¤®§ ç®, § â®ç÷áâî ¤® ÷§®¬®àä÷§¬ã).
�®¢¥¤¥¬®, é® G õ ¤ã «ì¨¬ ¤® G∗, ¯¥à¥¢÷à¨¢è¨ ã¬®¢¨ ®§ ç¥ï 5.18.

�¥å © £à ä G ¬ õ nv ¢¥àè¨, ne à¥¡¥à â  nr £à ¥©. �®¤÷, §  ®§ ç¥-
ï¬ 5.18, £à ä G∗ ¬ õ nr ¢¥àè¨ â  ne à¥¡¥à. � áâ®á®¢ãîç¨ ¤® £à ä÷¢ G
â  G∗ ä®à¬ã«ã �©«¥à  (â¥®à¥¬  5.12), ®âà¨¬ãõ¬®, é® £à ä G∗ ¬ õ nv

£à ¥©.
�áª÷«ìª¨ ª®¦  ¢¥àè¨  £à äã G  «¥¦¨âì à÷¢® ®¤÷© £à ÷ £à -

äã G∗, ª®¦  £à ì £à äã G∗ ¬÷áâ¨âì ¯à¨ ©¬÷ ®¤ã ¢¥àè¨ã £à äã G,
÷ ª÷«ìª÷áâì ¢¥àè¨ £à äã G §¡÷£ õâìáï § ª÷«ìª÷áâî £à ¥© £à äã G∗, ®âà¨-
¬ãõ¬®, é® ª®¦  £à ì £à äã G∗ ¬÷áâ¨âì à÷¢® ®¤ã ¢¥àè¨ã £à äã G.

� à¥èâ÷, §  ®§ ç¥ï¬ 5.18, ª®¦¥ à¥¡à® £à äã G∗ ¯¥à¥â¨ õâìáï
à÷¢® § ®¤¨¬ à¥¡à®¬ £à äã G.

�â¦¥, ¢¨ª®ãîâìáï ¢á÷ ã¬®¢¨ ®§ ç¥ï 5.18, ÷ £à ä G ¤ã «ì¨© ¤®
£à äã G∗, â®¡â® £à ä¨ G∗∗ ÷ G ÷§®¬®àä÷.

5.12. �â¥¯÷ì £à ÷ ¯«®áª®£® £à äã.
�¥®à¥¬  ¯à® áâ¥¯¥÷ £à ¥©

� æì®¬ã ¯÷¤à®§¤÷«÷, ïªé® ¥ ¢ª § ® ÷è¥, ¢á÷ £à ä¨ ¢¢ ¦ â¨¬¥¬®
¯«®áª¨¬¨ ¥®à÷õâ®¢ ¨¬¨ ¬ã«ìâ¨£à ä ¬¨.

�§ ç¥ï 5.19. �â¥¯¥¥¬ dr £à ÷ r ¯«®áª®£® £à äã G  §¨¢ îâì
ª÷«ìª÷áâì à¥¡¥à £à äã G, é®  «¥¦¨âì ¬¥¦÷ £à ÷ r, ¯à¨ç®¬ã ª®¦¥ ¬÷áâ
§¡÷«ìèãõ áâ¥¯÷ì   2.
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�ç¥¢¨¤®, é®, §  ®§ ç¥ï¬ 5.18, áâ¥¯÷ì £à ÷ r £à äã G §¡÷£ õâìáï
÷§ áâ¥¯¥¥¬ ¢÷¤¯®¢÷¤®ù ¢¥àè¨¨ v∗ ¤ã «ì®£® £à äã G∗.

�à¨ª« ¤ 5.30. �à ä G, §®¡à ¦¥¨©   à¨á. 5.31, ¬ õ ¤¢÷ £à ÷ {
¢ãâà÷èî r1 ÷ §®¢÷èî r2. �â¥¯¥÷ £à ¥© r1 â  r2 §¡÷£ îâìáï ÷§ áâ¥-
¯¥ï¬¨ ¢÷¤¯®¢÷¤¨å ¢¥àè¨ v∗1 â  v∗2 ¤ã «ì®£® £à äã G∗: dr1 = dv∗1 = 1,
dr2 = dv∗2 = 3.

r1

r2 e1

e1

e2

e2

v1

v2

*

*

*

*

G G® *
G

�¨á. 5.31

�â¦¥, ¬÷áâ e2 §¡÷«ìè¨¢ áâ¥¯÷ì £à ÷ r2   2, é® ¤«ï ¤ã «ì®£® £à äã
G∗ ¢÷¤¯®¢÷¤ õ §¡÷«ìè¥î áâ¥¯¥ï ¢¥àè¨¨ v∗2   2 §  à åã®ª ¯¥â«÷ e∗2.

�¥®à¥¬  5.14 (â¥®à¥¬  ¯à® áâ¥¯¥÷ £à ¥©). �ã¬  áâ¥¯¥÷¢ £à -
¥© ¯«®áª®£® ¬ã«ìâ¨£à äã G ¤®à÷¢îõ ¯®¤¢÷©÷© ª÷«ìª®áâ÷ à¥¡¥à:

∑
r∈R

dr = 2ne, ¤¥ ne = card(E) { ª÷«ìª÷áâì à¥¡¥à ã £à ä÷.

�®¢¥¤¥ï. �«ï ¤®¢¥¤¥ï â¥®à¥¬¨ à®§£«ï¥¬® ¤ã «ì¨© £à ä G∗.
�áª÷«ìª¨ áâ¥¯÷ì ª®¦®ù £à ÷ £à äã G §¡÷£ õâìáï ÷§ áâ¥¯¥¥¬ ¢÷¤¯®¢÷¤-
®ù ¢¥àè¨¨ ¤ã «ì®£® £à äã G∗, §  â¥®à¥¬®î ¯à® áâ¥¯¥÷ ¢¥àè¨ (â¥®-
à¥¬  5.2) ®âà¨¬ãõ¬®:

∑
r∈R

dr =
∑

v∗∈V ∗
dv∗ = 2ne, ¤¥ V ∗ { ¬®¦¨  ¢¥àè¨ £à äã G∗.

5.13. �¤¨  á«÷¤®ª § ä®à¬ã«¨ �©«¥à 
¤«ï ¯«®áª¨å £à ä÷¢

�®à¬ã«  �©«¥à  (â¥®à¥¬  5.12), à §®¬ ÷§ â¥®à¥¬®î ¯à® áâ¥¯¥÷ £à -
¥© 5.14, ¤®§¢®«ïõ ¢¨¢¥áâ¨ ª®à¨áã ¥à÷¢÷áâì, é® ¯®¢'ï§ãõ ª÷«ìª÷áâì ¢¥à-
è¨ â  à¥¡¥à ¯«  à®£® £à äã.
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5.13. �¤¨  á«÷¤®ª § ä®à¬ã«¨ �©«¥à  ¤«ï ¯«®áª¨å £à ä÷¢

�¯®ç âªã  ¢¥¤¥¬® ¯à®áâ¥ â¢¥à¤¦¥ï, ïª¥ ¢¨¯«¨¢ õ ¡¥§¯®á¥à¥¤ì®
§ ¢¨§ ç¥ï áâ¥¯¥÷ £à ÷.

�¥¬  5.8. �«ï ¯à®áâ®£® §¢'ï§®£® £à äã § âàì®¬   ¡® ¡÷«ìè¥ ¢¥à-
è¨ ¬¨ áâ¥¯÷ì ¤®¢÷«ì®ù £à ÷ dr ≥ 3.

�®¢¥¤¥ï. �¯à ¢¤÷, ïªé® dr = 1, £à ì r ¬ õ ¡ãâ¨ ®¡¬¥¦¥  ¯¥â«¥î,
é® áã¯¥à¥ç¨âì ¯à®áâ®â÷ £à äã. �ªé® dr = 2, £à ì r ¬ õ ¡ãâ¨ ®¡¬¥¦¥-
   ¡® ¯ à®î ¬ã«ìâ¨à¥¡¥à (é® áã¯¥à¥ç¨âì ¯à®áâ®â÷ £à äã),  ¡® ®¤¨¬
¬®áâ®¬ (é® ¥¬®¦«¨¢® ¤«ï §¢'ï§®£® £à äã § âàì®¬   ¡® ¡÷«ìè¥ ¢¥àè¨-
 ¬¨). � à¥èâ÷, ¢¨¯ ¤®ª dr = 0 ¬®¦«¨¢¨© «¨è¥ ¤«ï ¯®à®¦ì®£® £à äã,
é® áã¯¥à¥ç¨âì ã¬®¢÷ §¢'ï§®áâ÷ ¯à¨ âàì®å  ¡® ¡÷«ìè¥ ¢¥àè¨ å.

� ã¢ ¦¥ï 5.8. � â¥®à¥¬¨ 5.9 ¢¨¯«¨¢ õ ¯÷¤á¨«¥¨© ¢ à÷ â â¢¥à¤-
¦¥ï «¥¬¨ 5.8 ¤«ï ¤¢®¤®«ì¨å £à ä÷¢: ã ¤¢®¤®«ì®¬ã ¯à®áâ®¬ã §¢'ï§®-
¬ã £à ä÷ § âàì®¬   ¡® ¡÷«ìè¥ ¢¥àè¨ ¬¨ áâ¥¯÷ì ¤®¢÷«ì®ù £à ÷ dr ≥ 4.

�¥¯¥à ¤®¢¥¤¥¬® ®á®¢¥ â¢¥à¤¦¥ï æì®£® ¯÷¤à®§¤÷«ã, ïª¥ §àãç® ¢¨-
ª®à¨áâ®¢ã¢ â¨ ¤«ï ¤®¢¥¤¥ï ¥¯«  à®áâ÷ ¤¥ïª¨å £à ä÷¢.

�¥®à¥¬  5.15. �«ï ¯à®áâ®£® ¯«  à®£® (¥ ®¡®¢'ï§ª®¢® ¯«®áª®£®)
§¢'ï§®£® £à äã § nv ¢¥àè¨ ¬¨ â  ne à¥¡à ¬¨ ¯à¨ nv ≥ 3 ¢¨ª®ãõâìáï
¥à÷¢÷áâì:

ne ≤ 3nv − 6.

�®¢¥¤¥ï. �¥å © G̃ { ¯«®áª¨© £à ä, ÷§®¬®àä¨© G, nr = card(R)

{ ª÷«ìª÷áâì £à ¥© ã £à ä÷ G̃. �  â¥®à¥¬®î ¯à® áâ¥¯¥÷ £à ¥© (â¥®à¥-
¬  5.14) â  «¥¬®î 5.8 ®âà¨¬ãõ¬®:

2ne =
∑
r∈R

dr ≥ 3nr.

�¥¯¥à â¢¥à¤¦¥ï â¥®à¥¬¨ ¢¨¯«¨¢ õ § ä®à¬ã«¨ �©«¥à  ¤«ï ¯«®áª¨å £à -
ä÷¢ (â¥®à¥¬  5.4):

ne ≥ 3

2
(2− nv + ne) ⇒ ne ≤ 3nv − 6.
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� ã¢ ¦¥ï 5.9. �«ï ¤¢®¤®«ì¨å £à ä÷¢ à¥§ã«ìâ â â¥®à¥¬¨ 5.15 ¬®¦¥
¡ãâ¨ ¯÷¤á¨«¥¨©:

ne ≤ 2nv − 4

(¤®¢¥¤¥ï ¯®¢÷áâî   «®£÷ç¥ ¤®¢¥¤¥î â¥®à¥¬¨ 5.15, § ãà åã¢ ï¬
§ ã¢. 5.8).

�÷¤ªà¥á«¨¬®, é® â¥®à¥¬  5.15 ¤®§¢®«ïõ ¢áâ ®¢¨â¨ (¯à¨ ne � 3nv−6)
«¨è¥ ¥¯«  à÷áâì, ®áª÷«ìª¨ ¥à÷¢÷áâì ne ≤ 3nv−6 ¬®¦¥ ¢¨ª®ã¢ â¨áì
ïª ¤«ï ¯«  à¨å, â ª ÷ ¤«ï ¥¯«  à¨å £à ä÷¢.

�à¨ª« ¤ 5.31. 1. �à ä «�÷àª » (£à ä G1   à¨á. 5.25) ¥ õ ¯«  à-
¨¬, ®áª÷«ìª¨ ¤«ï æì®£® £à äã ¥ ¢¨ª®ãõâìáï â¢¥à¤¦¥ï â¥®à¥¬¨ 5.15:

ne = 10 � 3nv − 6 = 9.

2. �à ä «�à¨ ªà¨¨æ÷» (£à ä G2   à¨á. 5.25) ¥¯«  à¨©, ®¤ ª
¤«ï æì®£® £à äã ¢¨ª®ãõâìáï â¢¥à¤¦¥ï â¥®à¥¬¨ 5.15:

ne = 9 ≤ 3nv − 6 = 12.

�¥¯«  à÷áâì £à äã «�à¨ ªà¨¨æ÷» ¬®¦  ¤®¢¥áâ¨, ¢¨ª®à¨áâ®¢ãîç¨
¯÷¤á¨«¥¨© ¢ à÷ â â¥®à¥¬¨ 5.15 ¤«ï ¤¢®¤®«ì¨å £à ä÷¢ (§ ã¢. 5.9):

ne = 9 � 2nv − 4 = 8.

5.14. � à¡ã¢ ï ¢¥àè¨ â  £à ¥© £à äã
� æì®¬ã à®§¤÷«÷, ïªé® ¥ ¢ª § ® ÷è¥, ¢á÷ £à ä¨ ¢¢ ¦ â¨¬¥¬® ¯à®-

áâ¨¬¨ â  ¥®à÷õâ®¢ ¨¬¨.

5.14.1. � à¡ã¢ ï ¢¥àè¨ £à äã
�÷¤ ç á à®§¢'ï§ ï ¡ £ âì®å ¯à®¡«¥¬ ¤®æ÷«ì® à®§£«ï¤ â¨ £à ä¨ §

ä à¡®¢ ¨¬¨ ¢¥àè¨ ¬¨ { ¬÷ç¥÷ £à ä¨, ¤«ï ïª¨å ª®¦÷© ¢¥àè¨÷ v §÷-
áâ ¢«ïõâìáï ¤¥ïª¨© ª®«÷à cv (¢¥àè¨  v ä à¡ãõâìáï ¢ ª®«÷à cv), ¯à¨ç®¬ã
áã¬÷¦÷ ¢¥àè¨¨ ä à¡ãîâìáï ¢ à÷§÷ ª®«ì®à¨.

�÷÷¬ «ìã ª÷«ìª÷áâì ª®«ì®à÷¢, ¤®áâ â÷å ¤«ï ä à¡ã¢ ï ¢¥àè¨
£à äã,  §¨¢ îâì åà®¬ â¨ç¨¬ ç¨á«®¬. �à®¬ â¨ç¥ ç¨á«® £à äã G
¯®§ ç â¨¬¥¬® ç¥à¥§ qG. �à ä § åà®¬ â¨ç¨¬ ç¨á«®¬ k  §¨¢ îâì
k-ª®«÷à¨¬.
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5.14. � à¡ã¢ ï ¢¥àè¨ â  £à ¥© £à äã

�à¨ª« ¤ 5.32. �®¢¨© £à ä § n ¢¥àè¨ ¬¨ õ n-ª®«÷à¨¬, ¯®à®¦÷©
£à ä (¥§ «¥¦® ¢÷¤ ª÷«ìª®áâ÷ ¢¥àè¨) { ®¤®ª®«÷à¨¬.

�à¨ª« ¤ 5.33. �®§£«ï¥¬® £à ä, §®¡à ¦¥¨©   à¨á. 5.32.

�¥© £à ä âà¨ª®«÷à¨©: § ®¤®£® ¡®ªã, âàì®å
ª®«ì®à÷¢ (¡÷«¨©, ¦®¢â¨© â  ç®à¨©) ¤®áâ âì®
¤«ï ä à¡ã¢ ï ¢¥àè¨, ÷ â®¬ã qG ≤ 3; § ¤àã-
£®£® ¡®ªã, £à ä G ¬÷áâ¨âì ¯÷¤£à ä, é® õ ¯®-
¢¨¬ £à ä®¬ § âàì®¬  ¢¥àè¨ ¬¨ (v2, v3, v4),
÷ â®¬ã qG ≥ 3.

v2 (жовтий)

v3 (білий)

v1 (білий)

v4 (чорний)

G

�¨á. 5.32
� áâã¯  â¥®à¥¬  ®¤®§ ç® å à ªâ¥à¨§ãõ ª« á ¤¢®ª®«÷à¨å £à ä÷¢.
�¥®à¥¬  5.16. �¥¯®à®¦÷© £à ä G ¤¢®ª®«÷à¨© â®¤÷ ÷ â÷«ìª¨ â®¤÷,

ª®«¨ ¢÷ ¤¢®¤®«ì¨©.
�®¢¥¤¥ï. �¢®ª®«÷à÷áâì ¥¯®à®¦ì®£® £à äã G, §  ¢¨§ ç¥ï¬,

¥ª¢÷¢ «¥â  â ª®¬ã â¢¥à¤¦¥î: ¬®¦¨ã ¢¥àè¨ V £à äã G ¬®¦ 
à®§¡¨â¨   ¥¯®à®¦÷ ¯÷¤¬®¦¨¨ V1, V2 (V1 ∩ V2 = ∅) â ª, é® ¡ã¤ì-ïª÷
¤¢÷ ¢¥àè¨¨ § ®¤÷õù ¯÷¤¬®¦¨¨ Vk (k = 1, 2) õ ¥áã¬÷¦¨¬¨. �®¡â®, § 
®§ ç¥ï¬ 5.11, ¤¢®ª®«÷à÷áâì ¥¯®à®¦ì®£® £à äã ¥ª¢÷¢ «¥â  ©®£®
¤¢®¤®«ì®áâ÷.

�¤¥ § ¢ ¦«¨¢¨å § áâ®áã¢ ì ä à¡ã¢ ï ¢¥àè¨ £à äã ¯®¢'ï§ ¥ §
â ª §¢ ®î «â¥®à÷õî à®§ª« ¤÷¢». � áâã¯¨© ¯à¨ª« ¤ ¤¥¬®áâàãõ (ã § -
ç® á¯à®é¥®¬ã ¢¨£«ï¤÷) §¢¥¤¥ï ¯à®¡«¥¬¨ áª« ¤ ï ®¯â¨¬ «ì®£®
à®§ª« ¤ã ¤® ä à¡ã¢ ï ¢¥àè¨ £à äã.

�à¨ª« ¤ 5.34. �«ï  ¢ç «ì®£® ¯à®æ¥áã á¥à¥¤ì®ù èª®«¨ ¯®âà÷¡®
áª« áâ¨ à®§ª« ¤ § ïâì â ª, é®¡ ãá÷ ãà®ª¨ ¢ èª®«÷ ¯à®âï£®¬ â¨¦ï ¡ã-
«¨ ¯à®¢¥¤¥÷ §  ¬÷÷¬ «ìã ª÷«ìª÷áâì  ¢ç «ì¨å £®¤¨. �¢ ¦ îâì, é®
ª÷«ìª÷áâì  ¢ç «ì¨å  ã¤¨â®à÷© ¥®¡¬¥¦¥ , ¯à®â¥ § ª®¦®£® ¯à¥¤¬¥â 
õ â÷«ìª¨ ®¤¨ ¢¨ª« ¤ ç (®¤¨ ¯à¥¤¬¥â ¥ ¬®¦¥ ¢¨ª« ¤ â¨áì ¢®¤®ç á ã
¤¢®å £àã¯ å).

�®§£«ï¥¬® £à ä G, é® ¢÷¤¯®¢÷¤ õ â ª¨¬ ¢¨¬®£ ¬:
• ª®¦  ¢¥àè¨  £à äã õ ¯ à®î â¨¯ã (〈ª« á〉, 〈¯à¥¤¬¥â〉) ÷ ¢÷¤¯®¢÷-

¤ õ ãà®ªã § ¢ª § ®£® ¯à¥¤¬¥â , ïª¨© ¯®âà÷¡® ¯à®¢¥áâ¨ ¯à®âï£®¬
â¨¦ï § ãçï¬¨ ¢ª § ®£® ª« áã ( ¯à¨ª« ¤, (10-�, �÷§¨ª ));
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�®§¤÷« 5. �¥®à÷ï £à ä÷¢

• áã¬÷¦¨¬¨ õ â÷ ÷ â÷«ìª¨ â÷ ¢¥àè¨¨, ïª÷ ¢÷¤¯®¢÷¤ îâì ãà®ª ¬, é®
¥ ¬®¦ãâì ¡ãâ¨ ¯à®¢¥¤¥÷ ¢®¤®ç á (®¤¨ ¢¨ª« ¤ ç ¥ ¬®¦¥ ¢¥áâ¨
¢®¤®ç á ¤¢  ãà®ª¨, ÷ ¤¢  ãà®ª¨ ¥ ¬®¦  ¯à®¢®¤¨â¨ ¢®¤®ç á §
®¤¨¬ ª« á®¬).

�ç¥¢¨¤®, é® ª÷«ìª÷áâì ¢¥àè¨ ã £à ä÷ G ¤®à÷¢îõ § £ «ì÷© ª÷«ì-
ª®áâ÷ ãà®ª÷¢, ïª÷ âà¥¡  ¯à®¢¥áâ¨ § ãçï¬¨ èª®«¨ ¯à®âï£®¬ â¨¦ï, ÷ ¯à®-
¡«¥¬  áª« ¤ ï ®¯â¨¬ «ì®£® à®§ª« ¤ã §¢®¤¨âìáï ¤® ¯®èãªã åà®¬ -
â¨ç®£® ç¨á«  ¯®¡ã¤®¢ ®£® £à äã.

�«ï ¯®èãªã åà®¬ â¨ç®£® ç¨á«  ÷áãîâì â®ç÷  «£®à¨â¬¨ (¤¨¢.,  -
¯à¨ª« ¤, [9]), ïª÷ £ à âãîâì § å®¤¦¥ï â®ç®£® § ç¥ï åà®¬ â¨ç-
®£® ç¨á« .

�¤ ª §  §à®áâ ï ª÷«ìª®áâ÷ ¢¥àè¨ § áâ®áã¢ ï â®ç¨å  «£®à¨â-
¬÷¢ ä à¡ã¢ ï áâ õ, ç¥à¥§ è¢¨¤ª¥ §à®áâ ï ®¡áï£ã ®¡ç¨á«¥ì, ¤ã¦¥
¯à®¡«¥¬ â¨ç¨¬. �®¬ã ¤®æ÷«ì® à®§£«ï¤ â¨ ¯à®áâ÷ â  ¥ä¥ªâ¨¢÷  «£®-
à¨â¬¨ « ¡«¨¦¥®£®» ä à¡ã¢ ï £à äã § ª÷«ìª÷áâî ª®«ì®à÷¢, ¡«¨§ì-
ª¨¬ ¤® åà®¬ â¨ç®£® ç¨á« . �¤¨ § â ª¨å  «£®à¨â¬÷¢, § ¯à®¯®®¢ ¨©
�. �¥«è¥¬ (D. Welsh) ÷ �. � ã¥««®¬ (M. Powell):

1. �¥àè¨¨ £à äã ¢¯®àï¤ª®¢ãîâìáï §  ¥§à®áâ ï¬ áâ¥¯¥÷¢.
2. �¥àè¨  v, é® ¯¥àè  ¢ á¯¨áªã, ä à¡ãõâìáï ¢ ª®«÷à c.
3. � ª®«÷à c ä à¡ãîâìáï ¢ ¯®àï¤ªã §  á¯¨áª®¬ ãá÷ ¢¥àè¨¨, ¥áã¬÷¦÷

§ ¢¥àè¨ ¬¨, é®   ¤ ®¬ã ªà®æ÷ ¯®ä à¡®¢ ÷ ¢ ª®«÷à c1.
4. �®ä à¡®¢ ÷ ¢¥àè¨¨ ¢¨ªà¥á«îîâì ÷§ á¯¨áªã.
5. �®¢â®àîõ¬® ¯ãªâ¨ 2{4, ¯®ª¨ ¢ á¯¨áªã õ ¥ä à¡®¢ ÷ ¢¥àè¨¨.

�à¨ª« ¤ 5.35. �®ä à¡ãõ¬® ¢¥àè¨¨ £à äã G, §®¡à ¦¥®£®  
à¨á. 5.33, § áâ®á®¢ãîç¨  ¡«¨¦¥¨©  «£®à¨â¬ �¥«è  { � ã¥«« .

1. �®§â èãõ¬® ¢¥àè¨¨ §  ¥§à®áâ ï¬ áâ¥¯¥÷¢:

v2

v3

v1

v4

G

�¨á. 5.33

v2, v3, v1, v4.
2. �÷áâ ¢¨¬® ¢¥àè¨÷ v2 ª®«÷à c1; ¢¨ªà¥á«¨¬® ¢¥à-

è¨ã v2 §÷ á¯¨áªã.
3. �¥àè¨ã v3 (¯¥àèã, é® § «¨è¨« áì ã á¯¨áªã)

¯®ä à¡ãõ¬® ¢ ª®«÷à c2 ÷ ¢¨ªà¥á«¨¬® §÷ á¯¨áªã.
4. �¥àè¨ã v1 (¯¥àèã, é® § «¨è¨« áì ã á¯¨áªã)

¯®ä à¡ãõ¬® ¢ ª®«÷à c3; ã æ¥© ¦¥ ª®«÷à ¯®ä à¡ãõ¬® ¢¥à-
è¨ã v4, ¥áã¬÷¦ã § v1; ¢¥àè¨¨ v4 â  v1 ¢¨ªà¥á«¨¬® §÷ á¯¨áªã.
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5.14. � à¡ã¢ ï ¢¥àè¨ â  £à ¥© £à äã

�â¦¥, £à ä G ¢¤ «®áï ¯®ä à¡ã¢ â¨ âàì®¬  ª®«ì®à ¬¨. � § ç¨¬®,
é® ¤«ï ¤ ®£® £à äã  ¡«¨¦¥¨©  «£®à¨â¬ ¤ ¢ â®ç¥ § ç¥ï åà®¬ -
â¨ç®£® ç¨á« : £à ä G õ á ¬¥ âà¨ª®«÷à¨¬ (  ¥ ®¤®- ç¨ ¤¢®ª®«÷à¨¬),
®áª÷«ìª¨ ¬÷áâ¨âì ¯®¢¨© £à ä § âàì®¬  ¢¥àè¨ ¬¨.

� ã¢ ¦¥ï 5.10. �à®¡«¥¬ã ä à¡ã¢ ï ¢¥àè¨ ¬®¦  à®§£«ï¤ â¨
÷ ¤«ï ¬ã«ìâ¨£à ä÷¢ ¡¥§ ¯¥â¥«ì (ä à¡ã¢ â¨ ¢¥àè¨¨ £à ä÷¢ § ¯¥â«ï¬¨
¥¬®¦«¨¢®, ®áª÷«ìª¨ ¢¥àè¨  § ¯¥â«¥î áã¬÷¦  á ¬÷© á®¡÷).

5.14.2. � à¡ã¢ ï £à ¥© £à äã
� «÷ ¤® ª÷æï ¯÷¤à®§¤÷«ã ¢á÷ £à ä¨ ¢¢ ¦ â¨¬¥¬® ¯«®áª¨¬¨ ¥®à÷õ-

â®¢ ¨¬¨ ¬ã«ìâ¨£à ä ¬¨.
�«ï ª®à¥ªâ®£® ¢¨§ ç¥ï ¯à®¡«¥¬¨ ä à¡ã¢ ï £à ¥©  ¬ § ¤®-

¡¨âìáï ¯®ïââï áã¬÷¦®áâ÷ £à ¥©.

�§ ç¥ï 5.20. �à ÷ r1 â  r2 £à äã G  §¨¢ îâì áã¬÷¦¨¬¨, ïªé®
÷áãõ ¯à¨ ©¬÷ ®¤¥ à¥¡à®, é®  «¥¦¨âì ®¡®¬ £à ï¬.

�à¨ª« ¤ 5.36. �®§£«ï¥¬® £à ä  
à¨á. 5.34. �®¢÷èï £à ì r4 æì®£® £à -
äã áã¬÷¦  § £à ï¬¨ r1, r2 â  r3; £à ì
r2 áã¬÷¦  § r1 â  r4 ÷ ¥áã¬÷¦  § r3.

r3
r2

r1
r4

�¨á. 5.34
�à®¡«¥¬  ä à¡ã¢ ï £à ¥© £à äã ¯®«ï£ õ ã §÷áâ ¢«¥÷ ª®¦÷© £à -

÷ ¤¥ïª®ù ¬÷âª¨ { ª®«ì®àã (ä à¡ã¢ ï £à ÷), ¯à¨ç®¬ã áã¬÷¦÷ £à ÷
á«÷¤ ¯®ä à¡ã¢ â¨ à÷§¨¬¨ ª®«ì®à ¬¨. �÷¤ ç á ä à¡ã¢ ï £à ¥©, ïª ÷
¯÷¤ ç á ä à¡ã¢ ï ¢¥àè¨,  ¬ £ îâìáï ¢¨ª®à¨áâ®¢ã¢ â¨ ïª ©¬¥è¥
ª®«ì®à÷¢.

�ç¥¢¨¤®, é® £à ÷ £à äã § ¬®áâ ¬¨ ä à¡ã¢ â¨ ¥¬®¦«¨¢®, ®áª÷«ìª¨
£à ì, ïª  ¬÷áâ¨âì ¬÷áâ, áã¬÷¦  á ¬÷© á®¡÷.

�áª÷«ìª¨ áã¬÷¦÷áâì £à ¥© r1 â  r2 £à äã G ¥ª¢÷¢ «¥â  áã¬÷¦®áâ÷
¢÷¤¯®¢÷¤¨å ¢¥àè¨ v∗1 â  v∗2 ¤ã «ì®£® £à äã G∗, ¯à®¡«¥¬  ä à¡ã¢ ï
£à ¥© §¢®¤¨âìáï ¤® ä à¡ã¢ ï ¢¥àè¨ ¤ã «ì®£® £à äã.

�¤¨¬ § ¯¥àè¨å (¬®¦«¨¢®, ¯¥àè¨¬) § áâ®áã¢ ì ä à¡ã¢ ï £à ¥©
£à äã õ ä à¡ã¢ ï £¥®£à ä÷ç®ù ª àâ¨ â ª, é®¡ áãá÷¤÷ ªà ù¨ ¡ã«¨
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�®§¤÷« 5. �¥®à÷ï £à ä÷¢

¯®ä à¡®¢ ÷ à÷§¨¬¨ ª®«ì®à ¬¨. � §¢'ï§ªã § ¯®èãª®¬ ¬÷÷¬ «ì®ù ª÷«ì-
ª®áâ÷ ª®«ì®à÷¢, ¯®âà÷¡¨å ¤«ï ä à¡ã¢ ï ª àâ¨, ¢ á¥à¥¤¨÷ XIX áâ®«÷ââï
¡ã«  áä®à¬ã«ì®¢   â ª §¢   «¯à®¡«¥¬  ç®â¨àì®å ª®«ì®à÷¢», ïªã  ¢¥-
¤¥¬® (¡¥§ ¤®¢¥¤¥ï) ¢ ¥ª¢÷¢ «¥â®¬ã ä®à¬ã«î¢ ÷ ¤«ï ä à¡ã¢ ï
¢¥àè¨ ¯«  à®£® £à äã.

�¥®à¥¬  5.17 (¯à®¡«¥¬  ç®â¨àì®å ª®«ì®à÷¢). �«ï ä à¡ã¢ ï
¢¥àè¨ ¯«  à®£® £à äã ¤®áâ âì® 4 ª®«ì®à÷¢.

� § ç¨¬®, é® ¯à®¡«¥¬ã ç®â¨àì®å ª®«ì®à÷¢ ¡ã«® ¤®¢¥¤¥® «¨è¥
1976 à®ªã  ¬¥à¨ª áìª¨¬¨ ¢ç¥¨¬¨ �. �¯¯¥«¥¬ (K. Appel) â  �. �¥©ª¥-
¥¬ (W. Haken) § ¢¨ª®à¨áâ ï¬ ª®¬¯'îâ¥à¨å â¥å®«®£÷©.

5.15. �®ïââï ¯à® ®à÷õâ®¢ ÷ £à ä¨
� æì®¬ã ¯÷¤à®§¤÷«÷ ¢á÷ £à ä¨ ¢¢ ¦ â¨¬¥¬® ¯à®áâ¨¬¨ ®à£à ä ¬¨

(¯à®áâ¨¬¨ ®à÷õâ®¢ ¨¬¨ £à ä ¬¨).
�§ ç¥ï 5.21. �à£à ä  §¨¢ îâì ¯®¢¨¬, ïªé® ¡ã¤ì-ïª  ¯ à 

©®£® ¢¥àè¨ (u, v) (u 6= v) §'õ¤   à¥¡à®¬.
�ç¥¢¨¤®, é® ¯®¢÷ ®à£à ä¨ § ®¤ ª®¢®î ª÷«ìª÷áâî ¢¥àè¨ ¬®¦ãâì

¡ãâ¨ ¥÷§®¬®àä¨¬¨. � ª, ¯®¢÷ £à ä¨ G1 â  G2, §®¡à ¦¥÷   à¨á. 5.35,
¬ îâì ®¤ ª®¢ã ª÷«ìª÷áâì ¢¥àè¨,  «¥ ¥ ÷§®¬®àä÷.

�§ ç¥ï 5.22. �â¥¯¥¥¬ d+
v ¢¥àè¨¨ v §  ¢å®¤®¬  §¨¢ îâì ª÷«ì-

ª÷áâì à¥¡¥à, é® ¢¥¤ãâì ¤® ¢¥àè¨¨ v, áâ¥¯¥¥¬ d−v ¢¥àè¨¨ v §  ¢¨å®¤®¬
 §¨¢ îâì ª÷«ìª÷áâì à¥¡¥à, é® ¢¥¤ãâì ¢÷¤ v. �¥àè¨ã v  §¨¢ îâì ¢¨â®-
ª®¬, ïªé® d+

v = 0; ¢¥àè¨ã v  §¨¢ îâì áâ®ª®¬, ïªé® d−v = 0.
�à¨ª« ¤ 5.37. �à ä, §®¡à ¦¥¨©   à¨á. 5.36, ¬ õ áâ÷ª v6 (d−v6

= 0,
d+

v6
= 2) ÷ ¥ ¬ õ ¦®¤®£® ¢¨â®ªã.

G1
G2

�¨á. 5.35

v2

v3
v1

v4

v5

v6

�¨á. 5.36
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5.15. �®ïââï ¯à® ®à÷õâ®¢ ÷ £à ä¨

�¥®à¥¬  5.18. �®¢¨© ®à£à ä ¥ ¬®¦¥ ¬ â¨ ¡÷«ìè¥ ®¤®£® ¢¨â®ªã
÷ ¥ ¬®¦¥ ¬ â¨ ¡÷«ìè¥ ®¤®£® áâ®ªã.

�®¢¥¤¥ï. �®¢¥¤¥¬®, é® ¯®¢¨© ®à£à ä ¥ ¬®¦¥ ¬ â¨ ¡÷«ìè¥ ®¤®£®
¢¨â®ªã (â¢¥à¤¦¥ï ¯à® áâ®ª¨ ¤®¢®¤¨âìáï   «®£÷ç®).

�à¨¯ãáâ÷¬®, é® ¢ ¯®¢®¬ã ®à£à ä÷ G ÷áãîâì ¢¨â®ª¨ v1 â  v2. �á-
ª÷«ìª¨ £à ä ¯®¢¨©, ¢¥àè¨¨ v1 â  v2 ¬ îâì ¡ãâ¨ §'õ¤ ÷ à¥¡à®¬; ¥
¯®àãèãîç¨ § £ «ì®áâ÷ ¯à¨¯ãáâ÷¬®, é® à¥¡à® ¢¥¤¥ ¢÷¤ v1 ¤® v2. �âà¨¬ã-
õ¬® áã¯¥à¥ç÷áâì (¤® ¢¨â®ªã v2 ¢¥¤¥ à¥¡à®), é® ¤®¢®¤¨âì â¥®à¥¬ã.

�«ï ®à£à ä÷¢ ÷áãõ æ÷ª ¢¥ ã§ £ «ì¥ï â¥®à¥¬¨ ¯à® áâ¥¯¥÷ ¢¥àè¨.

�¥®à¥¬  5.19 (â¥®à¥¬  ¯à® áâ¥¯¥÷ ¢¥àè¨ ¤«ï ®à£à ä÷¢).
�ã¬  áâ¥¯¥÷¢ ¢¥àè¨ £à äã §  ¢å®¤®¬ ¤®à÷¢îõ cã¬÷ áâ¥¯¥÷¢ ¢¥à-

è¨ £à äã §  ¢¨å®¤®¬ ÷ ¤®à÷¢îõ ª÷«ìª®áâ÷ à¥¡¥à:
∑
v∈V

d+
v =

∑
v∈V

d−v = ne, ¤¥ ne = card(E) { ª÷«ìª÷áâì à¥¡¥à ã £à ä÷.

�¯à ¢  5.5. �®¢¥áâ¨ â¥®à¥¬ã 5.19 á ¬®áâ÷©®, §    «®£÷õî ¤® ¤®¢¥-
¤¥ï â¥®à¥¬¨ 5.2.
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�®§¤÷« 6

�«¥¬¥â¨ â¥®à÷ù £àã¯

6.1. �«£¥¡à¨ç÷ áâàãªâãà¨ § ®¤÷õî
¡÷ à®î ®¯¥à æ÷õî

�¥å © A { ¥¯®à®¦ï ¬®¦¨ , n ∈ N ∪ {0}.
�ãªæ÷î f : A×n → A § ®¡« áâî ¢¨§ ç¥ï D ⊂ A×n  §¨¢ îâì

n- à®î ®¯¥à æ÷õî   ¬®¦¨÷ A. �ªé® n = 1, â® ®¯¥à æ÷î f  §¨¢ îâì
ã à®î, ïªé® n = 2 { ¡÷ à®î. �ªé® n = 0, ¯÷¤ ®¯¥à æ÷õî f à®§ã¬÷îâì
ä÷ªá®¢ ¨© ¥«¥¬¥â f ∈ A; ®¯¥à æ÷î f ã æì®¬ã à §÷  §¨¢ îâì ã«ì-
 à®î. �ªé® D = A×n (â®¡â® äãªæ÷ï f õ ¢÷¤®¡à ¦¥ï¬), ®¯¥à æ÷î f
 §¨¢ îâì § ¬ª¥®î.

�«ï ¡÷ à®ù ®¯¥à æ÷ù ç áâ® ¢¨ª®à¨áâ®¢ãîâì â ª §¢ ã ÷ä÷ªáã ä®à-
¬ã § ¯¨áã { á¨¬¢®« ®¯¥à æ÷ù § ¯¨áãîâì ¬÷¦ ¤¢®¬  ùù  à£ã¬¥â ¬¨: xfy
§ ¬÷áâì f(x, y). � à §÷ ¢¨ª®à¨áâ ï ÷ä÷ªá®ù ä®à¬¨ § ¯¨áã ¤«ï ¡÷ à-
®ù ®¯¥à æ÷ù ç áâ® ¢¦¨¢ îâì âà ¤¨æ÷©÷ ¯®§ ç¥ï: «+», «·», «◦» â  ÷.
�  ¡áâà ªâ®¬ã ¢¨¯ ¤ªã (¡¥§ ä÷ªá®¢ ®£® §¬÷áâã ¡÷ à®ù ®¯¥à æ÷ù) ¡ã-
¤¥¬® ¢¨ª®à¨áâ®¢ã¢ â¨ ¯®§ ç¥ï «∗».

�÷ àã ®¯¥à æ÷î «∗»   ¬®¦¨÷ A  §¨¢ îâì ª®¬ãâ â¨¢®î, ïªé®

a ∗ b = b ∗ a ∀ a, b ∈ A.

�÷ àã ®¯¥à æ÷î «∗»   ¬®¦¨÷ A  §¨¢ îâì  á®æ÷ â¨¢®î, ïªé®

(a ∗ b) ∗ c = a ∗ (b ∗ c) ∀ a, b, c ∈ A.
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6.1. �«£¥¡à¨ç÷ áâàãªâãà¨ § ®¤÷õî ¡÷ à®î ®¯¥à æ÷õî

�«ï  á®æ÷ â¨¢®ù ¡÷ à®ù ®¯¥à æ÷ù «∗» § ¬÷áâì (a ∗ b) ∗ c  ¡® a ∗ (b ∗ c)
ç áâ® ¯¨èãâì a ∗ b ∗ c, ®áª÷«ìª¨ ¯®àï¤®ª ¢¨ª® ï  á®æ÷ â¨¢®ù ®¯¥à æ÷ù
¥ ¬ õ § ç¥ï.

�ªé®  ¢¥¤¥¥ á¯÷¢¢÷¤®è¥ï ª®¬ãâ â¨¢®áâ÷ ¥ ¢¨ª®ãõâìáï ¯à¨-
 ©¬÷ ¤«ï ¤¢®å ¥«¥¬¥â÷¢ a, b ∈ A, ®¯¥à æ÷î  §¨¢ îâì ¥ª®¬ãâ â¨¢-
®î. �ªé®  ¢¥¤¥¥ á¯÷¢¢÷¤®è¥ï  á®æ÷ â¨¢®áâ÷ ¥ ¢¨ª®ãõâìáï ¯à¨-
 ©¬÷ ¤«ï âàì®å ¥«¥¬¥â÷¢ a, b, c ∈ A, ®¯¥à æ÷î  §¨¢ îâì ¥ á®æ÷ â¨¢-
®î.

�¯®àï¤ª®¢ ã ¯ àã 〈A, ∗〉, ¤¥ «∗» { ¡÷ à  ®¯¥à æ÷ï   ¬®¦¨÷
A 6= ∅,  §¨¢ îâì  «£¥¡à¨ç®î áâàãªâãà®î § ¡÷ à®î ®¯¥à æ÷õî.

� ã¢ ¦¥ï 6.1. �¢¨ç ©®, ¬®¦  à®§£«ï¤ â¨  «£¥¡à¨ç÷ áâàãªâã-
à¨ § ¤®¢÷«ì®î (÷  ¢÷âì § ¥áª÷ç¥®î) ª÷«ìª÷áâî ®¯¥à æ÷© ¤®¢÷«ì®ù
 à®áâ÷. � ª, ã à®§¤. 7 ¡ã¤¥ à®§£«ïãâ®  «£¥¡à¨çã áâàãªâãàã § ¤¢®¬ 
¡÷ à¨¬¨ ®¯¥à æ÷ï¬¨.

�§ ç¥ï 6.1. �«£¥¡à¨çã áâàãªâãàã 〈A, ∗〉  §¨¢ â¨¬¥¬® ®¯¥à -
â¨¢®¬, ïªé® ®¯¥à æ÷ï «∗» § ¬ª¥ . �¯¥à â¨¢ §  á®æ÷ â¨¢®î ®¯¥à æ÷õî
 §¨¢ îâì ¯÷¢£àã¯®î. �«£¥¡à¨çã áâàãªâãàã § ª®¬ãâ â¨¢®î ®¯¥à æ÷õî
 §¨¢ îâì ª®¬ãâ â¨¢®î, § ¥ª®¬ãâ â¨¢®î ®¯¥à æ÷õî { ¥ª®¬ãâ â¨¢-
®î.

�à¨ª« ¤ 6.1. 1. �âàãªâãà  〈Z,−〉 { ®¯¥à â¨¢, ®áª÷«ìª¨ ¤«ï ¤®¢÷«ì-
¨å n,m ∈ Z ®âà¨¬ãõ¬® n−m ∈ Z.

2. �âàãªâãà  〈N,−〉 ¥ õ ®¯¥à â¨¢®¬: â ª,  ¯à¨ª« ¤, 1−2 = −1 /∈ N.
3. �¯¥à æ÷ï «−»   ¬®¦¨÷ R ¥ õ ÷ ª®¬ãâ â¨¢®î, ÷  á®æ÷ â¨¢®î.
4. �¯¥à æ÷ï «+»   ¬®¦¨÷ R õ ª®¬ãâ â¨¢®î â   á®æ÷ â¨¢®î. �â-

¦¥, 〈R, +〉 { ª®¬ãâ â¨¢  ¯÷¢£àã¯ .
5. �¯¥à æ÷ï «·» õ ª®¬ãâ â¨¢®î â   á®æ÷ â¨¢®î   ¬®¦¨÷ R (¤®-

¡ãâ®ª ¤÷©á¨å ç¨á¥«). �â¦¥, 〈R, ·〉 { ª®¬ãâ â¨¢  ¯÷¢£àã¯ .
6. �  ¬®¦¨÷ Mn×n ¬ âà¨æì n× n ®¯¥à æ÷ï «·» õ  á®æ÷ â¨¢®î,  «¥

¯à¨ n ≥ 2 ¥ õ ª®¬ãâ â¨¢®î. �â¦¥, 〈Mn×n, ·〉 { ¯÷¢£àã¯  (ã ¢¨¯ ¤ªã
n ≥ 2 { ¥ª®¬ãâ â¨¢ ).

� ã¢ ¦¥ï 6.2. �ãâ ÷ ¤ «÷, ïªé® ¥ ¢ª § ® ÷è¥, à®§£«ïãâ® ¬ âà¨æ÷
§ ¥«¥¬¥â ¬¨ ÷§ R.
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�§ ç¥ï 6.2. �¥å © 〈A, ∗〉 { ®¯¥à â¨¢. �«¥¬¥â er ∈ A  §¨¢ îâì
¯à ¢¨¬ ¥©âà «ì¨¬, ïªé®

a ∗ er = a ∀ a ∈ A.

�«¥¬¥â el ∈ A  §¨¢ îâì «÷¢¨¬ ¥©âà «ì¨¬, ïªé®

el ∗ a = a ∀ a ∈ A.

�à ¢¨© â  «÷¢¨© ¥©âà «ì÷ ¥«¥¬¥â¨  §¨¢ îâì ®¤®áâ®à®÷¬¨ ¥©-
âà «ì¨¬¨.

�«¥¬¥â e ∈ A  §¨¢ îâì ¥©âà «ì¨¬ (¤¢®áâ®à®÷¬ ¥©âà «ì¨¬),
ïªé® ¢÷ õ ®¤®ç á® ¯à ¢¨¬ ÷ «÷¢¨¬ ¥©âà «ì¨¬.

�§ ç¥ï 6.3. �÷¢£àã¯ã § ¥©âà «ì¨¬ ¥«¥¬¥â®¬  §¨¢ îâì ¬®-
®ù¤®¬.

� ã¢ ¦¥ï 6.3. �®¢÷«ì   «£¥¡à¨ç  áâàãªâãà  § ¡÷ à®î ®¯¥à -
æ÷õî ¬®¦¥ ¥ ¬÷áâ¨â¨ ÷ ¤¢®áâ®à®÷å, ÷  ¢÷âì ®¤®áâ®à®÷å ¥©âà «ì-
¨å ¥«¥¬¥â÷¢.

�à¨ª« ¤ 6.2. 1. �  «£¥¡à¨ç÷© áâàãªâãà÷ 〈Z,−〉 ÷áãõ ¯à ¢¨© ¥©â-
à «ì¨© 0,  «¥ ¥¬ õ ¤¢®áâ®à®ì®£® ¥©âà «ì®£®.

2. �  «£¥¡à¨ç÷© áâàãªâãà÷ 〈R3,×〉 (¢¥ªâ®à¨© ¤®¡ãâ®ª ¢¥ªâ®à÷¢ ã R3)
¥ ÷áãõ ¦®¤®£® (®¤®- ç¨ ¤¢®áâ®à®ì®£®) ¥©âà «ì®£® ¥«¥¬¥â .

3. �  «£¥¡à¨ç÷© áâàãªâãà÷ 〈Mn×n, ·〉 ÷áãõ ¤¢®áâ®à®÷© ¥©âà «ì-
¨© I (®¤¨¨ç  ¬ âà¨æï). �â¦¥, ¢à å®¢ãîç¨  á®æ÷ â¨¢÷áâì ¤®¡ãâªã
¬ âà¨æì, 〈Mn×n, ·〉 { ¬®®ù¤ (¯à¨ n ≥ 2 { ¥ª®¬ãâ â¨¢¨©).

�¥®à¥¬  6.1. �ªé® ¢ ®¯¥à â¨¢÷ 〈A, ∗〉 ÷áãõ ¯à ¢¨© er ÷ «÷¢¨© el

¥©âà «ì÷ ¥«¥¬¥â¨, â®
er = el.

�®¢¥¤¥ï. �  ¢¨§ ç¥ï¬ ¯à ¢®£® â  «÷¢®£® ¥©âà «ì¨å ¬ õ¬®:

el = el ∗ er; er = el ∗ er,

§¢÷¤ª¨ el = er.
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6.1. �«£¥¡à¨ç÷ áâàãªâãà¨ § ®¤÷õî ¡÷ à®î ®¯¥à æ÷õî

� á«÷¤®ª. �ªé® ¢  «£¥¡à¨ç÷© áâàãªâãà÷ 〈A, ∗〉 ÷áãõ å®ç  ¡ ®¤¨
¯à ¢¨© er ÷ å®ç  ¡ ®¤¨ «÷¢¨© el ¥©âà «ì÷ ¥«¥¬¥â¨, â® ¢ áâàãªâãà÷
÷áãõ ¤¢®áâ®à®÷© ¥©âà «ì¨© ¥«¥¬¥â e = er = el, ¯à¨ç®¬ã ¢á÷ ÷è÷
®¤®- â  ¤¢®áâ®à®÷ ¥©âà «ì÷ ¥«¥¬¥â¨ §¡÷£ â¨¬ãâìáï § e.

� ã¢ ¦¥ï 6.4. � â¥®à¥¬¨ 6.1 ®¤à §ã ¢¨¯«¨¢ õ õ¤¨÷áâì ¤¢®áâ®à®-
ì®£® ¥©âà «ì®£®,  «¥ ®¤®áâ®à®÷å ¥©âà «ì¨å ¬®¦¥ ¡ãâ¨ ¤®¢÷«ì 
ª÷«ìª÷áâì.

�à¨ª« ¤ 6.3. �¥å ©   ¥¯®à®¦÷© ¬®¦¨÷ A ¡÷ à  ®¯¥à æ÷ï «∗»
¢¨§ ç¥  ïª ¯à®¥ªæ÷ï   ¯¥àè¨©  à£ã¬¥â:

a ∗ b = a ∀ a, b ∈ A.

�¥£ª® ¯¥à¥¢÷à¨â¨, é® ¢  «£¥¡à¨ç÷© áâàãªâãà÷ 〈A, ∗〉 ª®¦¨© ¥«¥¬¥â
b ∈ A õ ¯à ¢¨¬ ¥©âà «ì¨¬.

�§ ç¥ï 6.4. �¥å © 〈A, ∗〉 { ®¯¥à â¨¢ § ¥©âà «ì¨¬ ¥«¥¬¥â®¬
e, a { ä÷ªá®¢ ¨© ¥«¥¬¥â ¢ A. �«¥¬¥â a−1,r ∈ A  §¨¢ îâì ¯à ¢¨¬
®¡¥à¥¨¬ ¤® a, ïªé®

a ∗ a−1,r = e.

�«¥¬¥â a−1,l ∈ A  §¨¢ îâì «÷¢¨¬ ®¡¥à¥¨¬ ¤® a, ïªé®

a−1,l ∗ a = e.

�à ¢¨© â  «÷¢¨© ®¡¥à¥÷ ¥«¥¬¥â¨  §¨¢ îâì ®¤®áâ®à®÷¬¨ ®¡¥à-
¥¨¬¨.

�«¥¬¥â a−1 ∈ A  §¨¢ îâì ®¡¥à¥¨¬ ¤® a (¤¢®áâ®à®÷¬ ®¡¥à¥-
¨¬), ïªé® ¢÷ õ ®¤®ç á® ¯à ¢¨¬ ÷ «÷¢¨¬ ®¡¥à¥¨¬ ¤® a.

�¥®à¥¬  6.2. �ªé® ¢ ¬®®ù¤÷ 〈A, ∗〉 ÷áãõ ¯à ¢¨© a−1,r ÷ «÷¢¨© a−1,l

®¡¥à¥÷ ¤® ¤¥ïª®£® ¥«¥¬¥â  a ∈ A, â®

a−1,r = a−1,l.

�®¢¥¤¥ï. �¥å © e { ¥©âà «ì¨© ¥«¥¬¥â. �  ¢¨§ ç¥ï¬ ¯à ¢®£®
â  «÷¢®£® ®¡¥à¥¨å ÷, ¢à å®¢ãîç¨  á®æ÷ â¨¢÷áâì, ¬ õ¬®

a−1,l = a−1,l ∗ e = a−1,l ∗ (a ∗ a−1,r) = (a−1,l ∗ a) ∗ a−1,r = e ∗ a−1,r = a−1,r.

109



�®§¤÷« 6. �«¥¬¥â¨ â¥®à÷ù £àã¯

�®¡ ã¨ªãâ¨ ª®ä«÷ªâã ¢ ¯®§ ç¥ïå, ¤«ï ®¡¥à¥®£® ¥«¥¬¥â 
÷®¤÷ ¢ª §ãîâì ®¯¥à æ÷î, ¢÷¤®á® ïª®ù ®¡ç¨á«¥® ®¡¥à¥¨© ¥«¥¬¥â:
a−1,∗ { ¥«¥¬¥â, ®¡¥à¥¨© ¤® a ¢÷¤®á® ®¯¥à æ÷ù «∗».

�à¨ª« ¤ 6.4. 1. � ¬®®ù¤÷ 〈R, ·〉 ®¡¥à¥¨© ¬ îâì ãá÷ ¥«¥¬¥â¨, ªà÷¬
¥«¥¬¥â  0: a−1,· = a−1( = 1

a
) (a 6= 0).

2. � ¬®®ù¤÷ 〈R, +〉 ®¡¥à¥¨© ¬ îâì ãá÷ ¥«¥¬¥â¨: a−1,+ = −a.

�§ ç¥ï 6.5. �àã¯®î  §¨¢ îâì ¬®®ù¤, ¢ ïª®¬ã ¤«ï ª®¦®£®
¥«¥¬¥â  ÷áãõ ®¡¥à¥¨©. �®¬ãâ â¨¢ã £àã¯ã  §¨¢ îâì  ¡¥«¥¢®î1.

�à¨ª« ¤ 6.5. 1. �«£¥¡à¨ç  áâàãªâãà  〈Z, +〉 { ª®¬ãâ â¨¢  £àã¯ .
2. �«£¥¡à¨ç  áâàãªâãà  〈Z, ·〉 { ª®¬ãâ â¨¢¨© ¬®®ù¤ (¥©âà «ì¨©

¥«¥¬¥â e = 1),  «¥ ¥ £àã¯ , ®áª÷«ìª¨ ®¡¥à¥÷ ¥«¥¬¥â¨ ÷áãîâì «¨è¥
¤«ï ¥«¥¬¥â÷¢ 1 â  −1.

3. �«£¥¡à¨ç  áâàãªâãà  〈Mn×n, ·〉 { ¬®®ù¤, ¥ª®¬ãâ â¨¢¨© ¯à¨
n ≥ 2; ¥©âà «ì¨© ¥«¥¬¥â e = I. �ï áâàãªâãà  ¥ õ £àã¯®î, ®áª÷«ìª¨
®¡¥à¥÷ ÷áãîâì «¨è¥ ¤«ï ¥¢¨à®¤¦¥¨å ¬ âà¨æì.

4. �¥å © GLn { ¬®¦¨  ¥¢¨à®¤¦¥¨å ª¢ ¤à â¨å ¬ âà¨æì à®§¬÷-
à®¬ n × n. �«£¥¡à¨ç  áâàãªâãà  〈GLn, ·〉 { £àã¯ , ¥ª®¬ãâ â¨¢  ¯à¨
n ≥ 2; ¥©âà «ì¨© ¥«¥¬¥â e = I; ®¡¥à¥¨© ¥«¥¬¥â A−1 §¡÷£ õâìáï §
®¡¥à¥®î ¬ âà¨æ¥î.

5. �¥å © R∗ = R \ {0}. �«£¥¡à¨ç  áâàãªâãà  〈R∗, ·〉 õ ª®¬ãâ â¨¢®î
£àã¯®î. �ç¥¢¨¤®, é® R∗ = GL1.

6. �¥å © A { ¤®¢÷«ì  ¥¯®à®¦ï ¬®¦¨ , G { ¬®¦¨  ¡÷õªæ÷©
f : A → A. ö§ ¢« áâ¨¢®áâ¥© ¡÷õªâ¨¢¨å ¢÷¤®¡à ¦¥ì ¢¨¯«¨¢ õ, é® 〈G, ◦〉 {
£àã¯  («◦» { ®¯¥à æ÷ï ª®¬¯®§¨æ÷ù). �¥©âà «ì¨¬ ¥«¥¬¥â®¬ £àã¯¨ õ â®-
â®¦¥ ¢÷¤®¡à ¦¥ï, ®¡¥à¥¨¬ { ¢÷¤¯®¢÷¤¥ ®¡¥à¥¥ ¢÷¤®¡à ¦¥ï.

�àã¯ã § ®¯¥à æ÷õî,   «®£÷ç®î ®¯¥à æ÷ù ¤®¤ ¢ ï, ç áâ®  §¨¢ -
îâì  ¤¨â¨¢®î; £àã¯ã § ®¯¥à æ÷õî,   «®£÷ç®î ®¯¥à æ÷ù ¤®¡ãâªã, ç áâ®
 §¨¢ îâì ¬ã«ìâ¨¯«÷ª â¨¢®î.

�à¨ª« ¤ 6.6. �®  ¤¨â¨¢¨å £àã¯ ¢÷¤®áïâì 〈Z, +〉, 〈R, +〉, 〈Mn×n, +〉.
�® ¬ã«ìâ¨¯«÷ª â¨¢¨å ¬®¦  ¢÷¤¥áâ¨ £àã¯¨ 〈R∗, ·〉, 〈GLn, ·〉, 〈{1,−1}, ·〉.

1�¡¥«ì �÷«ìá �¥à÷ª (1802{1829) { ®à¢¥§ìª¨© ¬ â¥¬ â¨ª; ¤®¢÷¢,  ªâ¨¢® ¢¨ª®à¨-
áâ®¢ãîç¨ ¢« áâ¨¢®áâ÷ ª®¬ãâ â¨¢¨å £àã¯, ¥à®§¢'ï§÷áâì  «£¥¡à¨ç¨å à÷¢ïì 5-£® ÷
¢¨é¨å ¯®àï¤ª÷¢ ã § £ «ì®¬ã ¢¨£«ï¤÷ ç¥à¥§ à ¤¨ª «¨.
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6.2. �á®¢÷ ¢« áâ¨¢®áâ÷ £àã¯. �â¥¯÷ì ¥«¥¬¥â 

� ã¢ ¦¥ï 6.5. �¢¨ç ©®, ¢¨¤÷«¥ï ª« á÷¢  ¤¨â¨¢¨å ÷ ¬ã«ìâ¨-
¯«÷ª â¨¢¨å £àã¯ ¤®á¨âì ã¬®¢¥, ®áª÷«ìª¨ ¡ã¤ì-ïªã ¡÷ àã ®¯¥à æ÷î
¬®¦  (¯à¨ ©¬÷, ä®à¬ «ì®) ¯®§ ç¨â¨ ïª á¨¬¢®«®¬ «+», â ª ÷ á¨¬-
¢®«®¬ «·». �à®â¥, ïªé® ©¤¥âìáï ¯à®  ¤¨â¨¢ã (¬ã«ìâ¨¯«÷ª â¨¢ã) £àã¯ã,
¬ îâì   ã¢ §÷ § £ «ì®¯à¨©ïâ¨© á¥á ®¯¥à æ÷© «+» â  «·». �÷«ìè¥ â®-
£®, ¢¨ª®à¨áâ®¢ãîç¨  §¢ã «¬ã«ìâ¨¯«÷ª â¨¢  ( ¤¨â¨¢ ) £àã¯ », á ¬ã
®¯¥à æ÷î ç áâ® ¥ ¢ª §ãîâì. � ª, ç áâ® ¯¨èãâì « ¤¨â¨¢  £àã¯  Mn×n»
§ ¬÷áâì «£àã¯  〈Mn×n, +〉», «¬ã«ìâ¨¯«÷ª â¨¢  £àã¯  GLn» § ¬÷áâì «£àã-
¯  〈GLn, ·〉», «¬ã«ìâ¨¯«÷ª â¨¢  £àã¯  R∗» § ¬÷áâì «£àã¯  〈R∗, ·〉» â®é®.

� ã¢ ¦¥ï 6.6. �®§ ç¥ï GLn â  R∗ õ áâ «¨¬¨ ¤«ï ¢÷¤¯®¢÷¤¨å
¬ã«ìâ¨¯«÷ª â¨¢¨å £àã¯,  ¢÷âì ¡¥§ ª®ªà¥â¨§ãîç®£® ¥¯÷â¥â  «¬ã«ìâ¨-
¯«÷ª â¨¢ ».

� ¯®á÷¡¨ªã à®§£«ïãâ® «¨è¥  ©£®«®¢÷è÷  á¯¥ªâ¨ â¥®à÷ù £àã¯. �¥-
â «ì÷è¥ ¯à® â¥®à÷î  «£¥¡à¨ç¨å áâàãªâãà (§®ªà¥¬ , â¥®à÷î £àã¯) ¬®¦-
  ¤÷§ â¨áï,  ¯à¨ª« ¤, § ¯à æì [10{ 13].

6.2. �á®¢÷ ¢« áâ¨¢®áâ÷ £àã¯.
�â¥¯÷ì ¥«¥¬¥â 

�®§£«ï¥¬®  ©¯à®áâ÷è÷ ¢« áâ¨¢®áâ÷ £àã¯¨ 〈G, ∗〉 § ¥©âà «ì¨¬
e ∈ G.

1. �¥å © a, b ∈ G. �®¤÷ à÷¢ïï a ∗ x = b ¢÷¤®á® x ∈ G ¬ õ õ¤¨¨©
à®§¢'ï§®ª x = a−1 ∗ b.

�®¢¥¤¥ï. öáã¢ ï à®§¢'ï§ªã: ¥«¥¬¥â x = a−1 ∗ b ¤÷©á® õ à®§¢'ï§-
ª®¬ à÷¢ïï a ∗ x = b, ®áª÷«ìª¨

a ∗ (a−1 ∗ b) = (a ∗ a−1) ∗ b = e ∗ b = b.

ô¤¨÷áâì à®§¢'ï§ªã:

(a ∗ x = b) ⇒ (a−1 ∗ a ∗ x = a−1 ∗ b) ⇒ (x = a−1 ∗ b).

�¯à ¢  6.1. �®¢¥áâ¨, é® à÷¢ïï y ∗ a = b ¬ õ ¢÷¤®á® y ∈ G
õ¤¨¨© à®§¢'ï§®ª y = b ∗ a−1.
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2. �à ¢¨«  «÷¢®£® â  ¯à ¢®£® áª®à®ç¥ï (a, b, x, y ∈ G):

(a ∗ x = b ∗ x) ⇔ (a = b) (¯à ¢¥ áª®à®ç¥ï); (6.1)
(y ∗ a = y ∗ b) ⇔ (a = b) («÷¢¥ áª®à®ç¥ï). (6.2)

�¯à ¢  6.2. �®¢¥áâ¨ ¯à ¢¨«  áª®à®ç¥ï á ¬®áâ÷©®.

3. ∀ a, b ∈ G : (a ∗ b)−1 = b−1 ∗ a−1.

�®¢¥¤¥ï. �¥à¥¢÷à¨¬®, é® b−1 ∗ a−1 õ ¯à ¢¨¬ ®¡¥à¥¨¬ ¤® a ∗ b:

(a ∗ b) ∗ (b−1 ∗ a−1) = (a ∗ b ∗ b−1) ∗ a−1 = a ∗ e ∗ a−1 = a ∗ a−1 = e.

� ã¢ ¦¨¬®, é® ¬®¦  ¥ ¯à®¢®¤¨â¨   «®£÷çã ¯¥à¥¢÷àªã ä ªâã, é®
b−1 ∗ a−1 õ «÷¢¨¬ ®¡¥à¥¨¬ ¤® a ∗ b, ®áª÷«ìª¨ ¥®¡å÷¤¨© à¥§ã«ìâ â ¢¨-
¯«¨¢ õ § â¥®à¥¬¨ 6.2 (¢à å®¢ãîç¨ ÷áã¢ ï ¤¢®áâ®à®ì®£® ®¡¥à¥®£®
©  á®æ÷ â¨¢÷áâì £àã¯®¢®ù ®¯¥à æ÷ù).

�¯à ¢  6.3. �®¢¥áâ¨ ã§ £ «ì¥ï ¢« áâ¨¢®áâ÷ 3:

∀ a1, a2, . . . , an ∈ G : (a1 ∗ a2 ∗ · · · ∗ an)−1 = a−1
n ∗ · · · ∗ a−1

2 ∗ a−1
1 .

�¥å © a ∈ G. �¨§ ç¨¬® áâ¥¯÷ì ak ¤«ï k ∈ Z.
�«ï n > 0 ¯®ª« ¤¥¬® §  ¢¨§ ç¥ï¬:
• an = a ∗ a ∗ · · · ∗ a︸ ︷︷ ︸

n

;

• a−n = (a−1)
n;

• a0 = e.
� ã¢ ¦¥ï 6.7. ö§ à¥§ã«ìâ âã ¢¯à ¢¨ 6.3 ®¤à §ã ¢¨¯«¨¢ õ

a−n = (a−1)
n

= (an)−1.

�«ï áâ¥¯¥ï ¥«¥¬¥â  £àã¯¨ «¥£ª® ¤®¢¥áâ¨ â ª÷ ¢« áâ¨¢®áâ÷ (¯à®¤®¢-
¦¥® § £ «ìã ã¬¥à æ÷î ¢« áâ¨¢®áâ¥©).

4. an+m = an ∗ am.
5. an·m = (an)m.

�¯à ¢  6.4. �®¢¥áâ¨ ¢« áâ¨¢®áâ÷ 4 â  5 á ¬®áâ÷©®.

112



6.3. �àã¯  ¯÷¤áâ ®¢®ª

�ª §÷¢ª . �®¢¥áâ¨ ¢« áâ¨¢®áâ÷ á¯®ç âªã ¤«ï n,m > 0,   ¢ § £ «ì®¬ã
¢¨¯ ¤ªã áª®à¨áâ â¨áï ¢¨§ ç¥ï¬ ak ¤«ï k < 0 § ãà åã¢ ï¬ § ã¢. 6.7
(¢¨¯ ¤ª¨ n = 0 â  ( ¡®) m = 0 á«÷¤ à®§£«ïãâ¨ ®ªà¥¬®).

�®¡ ã¨ªãâ¨ ª®ä«÷ªâã ¢ ¯®§ ç¥ïå (§®ªà¥¬ , à®§£«ï¤ îç¨
 ¤¨â¨¢÷ £àã¯¨), ¤«ï áâ¥¯¥ï ¥«¥¬¥â  ÷®¤÷ ¢ª §ãîâì £àã¯®¢ã ®¯¥à æ÷î:
an,∗ { áâ¥¯÷ì an ã £àã¯÷ § ®¯¥à æ÷õî «∗».

�à¨ª« ¤ 6.7. 1. � £àã¯÷ 〈R∗, ·〉 áâ¥¯÷ì ¥«¥¬¥â  §¡÷£ õâìáï § ¢÷¤-
¯®¢÷¤¨¬ ª« á¨ç¨¬ ( à¨ä¬¥â¨ç¨¬) áâ¥¯¥¥¬:

an,· = a · a · · · · · a︸ ︷︷ ︸
n

= an.

2. �  ¤¨â¨¢÷© £àã¯÷ Z (â®¡â® ¢ £àã¯÷ 〈Z, +〉 (¤¨¢. § ã¢. 6.5)), áâ¥¯÷ì
¥«¥¬¥â  a ®¡ç¨á«îîâì ïª  à¨ä¬¥â¨ç¨© ¤®¡ãâ®ª ç¨á«  a   ¯®ª §¨ª
áâ¥¯¥ï:

an,+ = a + a + · · ·+ a︸ ︷︷ ︸
n

= n · a.

6.3. �àã¯  ¯÷¤áâ ®¢®ª
� ¦«¨¢¨© ª« á £àã¯ ¯®¢'ï§ ¨© § ¡÷õªâ¨¢¨¬¨ ¢÷¤®¡à ¦¥ï¬¨ (¯÷¤-

áâ ®¢ª ¬¨)   áª÷ç¥÷© ¬®¦¨÷ A.
�áª÷«ìª¨ ¯÷¤ ç á ¢¨¢ç¥ï ¢« áâ¨¢®áâ¥© ¯÷¤áâ ®¢®ª ¯à¨à®¤  ¥«¥¬¥-

â÷¢ ¬®¦¨¨ A ¥ ¬ õ § ç¥ï (áãââõ¢¨¬ ä ªâ®¬ õ «¨è¥ ¯®âã¦÷áâì
¬®¦¨¨ A), ¡ã¤¥¬® ¢¢ ¦ â¨ A = {1, 2, . . . , n} (n ≥ 1).

6.3.1. � £ «ì÷ ¯®ïââï â¥®à÷ù ¯÷¤áâ ®¢®ª
�§ ç¥ï 6.6. �¥à¥áâ ®¢ª®î ¬®¦¨¨ A = {1, 2, . . . , n}  §¨¢ -

îâì ¤®¢÷«ì¨© «÷÷©® ¢¯®àï¤ª®¢ ¨©  ¡÷à i = (i1, i2, . . . , in), â ª¨©, é®:
• ik ∈ A ¯à¨ 1 ≤ k ≤ n;
• ik1 6= ik2 ¯à¨ k1 6= k2.

�ç¥¢¨¤®, ¢áì®£®   ¬®¦¨÷ A ¢¨§ ç¥® n! ¯¥à¥áâ ®¢®ª.
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�à¨ª« ¤ 6.8. 1. �à¨ n = 1 ¢¨§ ç¥  ®¤  ¯¥à¥áâ ®¢ª  (1). �¥©
¢¨¯ ¤®ª ¥æ÷ª ¢¨© ÷ ©®£®, ïª ¯à ¢¨«®, ¥ à®§£«ï¤ îâì.

2. �à¨ n = 2 ¢¨§ ç¥® ¤¢÷ ¯¥à¥áâ ®¢ª¨: (1, 2), (2, 1).
3. �à¨ n = 3 ¢¨§ ç¥® 3! = 6 ¯¥à¥áâ ®¢®ª: (1, 2, 3), (1, 3, 2), (2, 1, 3),

(2, 3, 1), (3, 1, 2), (3, 2, 1).

�§ ç¥ï 6.7. �÷¤áâ ®¢ª®î c   ¬®¦¨÷ A = {1, 2, . . . , n}  §¨-
¢ îâì ¤®¢÷«ì¥ ¡÷õªâ¨¢¥ ¢÷¤®¡à ¦¥ï c : A → A.

�÷¤áâ ®¢ªã e, ïª  ¢¨§ ç õ â®â®¦¥ ¢÷¤®¡à ¦¥ï,  §¨¢ îâì â®-
â®¦®î.

�ç¥¢¨¤®, ¢áì®£®   ¬®¦¨÷ A ¢¨§ ç¥® n! ¯÷¤áâ ®¢®ª.
�÷¤áâ ®¢ªã c : A → A §àãç® §®¡à ¦ã¢ â¨ ã ¢¨£«ï¤÷ ¬ âà¨æ÷ à®§¬÷-

à®¬ 2× n:

c =

(
i1 i2 . . . in
j1 j2 . . . jn

)
⇔





c : i1 7→ j1,

c : i2 7→ j2,

. . .

c : in 7→ jn.

�«ï ¯¥à¥áâ ®¢®ª i = (i1, i2, . . . , in), j = (j1, j2, . . . , jn) ¯®§ ç¨¬®
(

i
j

)
=

(
i1 i2 . . . in
j1 j2 . . . jn

)
.

�¥£ª® §à®§ã¬÷â¨, é® ª®¦ã ¯÷¤áâ ®¢ªã (¯à¨ n ≥ 2) ¬®¦  §®¡à §¨â¨
ã ¢¨£«ï¤÷ ¬ âà¨æ÷ ª÷«ìª®¬  á¯®á®¡ ¬¨, ¯¥à¥áâ ¢«ïîç¨ áâ®¢¯æ÷ ¬ âà¨æ÷
(ª®¦÷© ¯÷¤áâ ®¢æ÷   ¬®¦¨÷ A ¢÷¤¯®¢÷¤ õ n! ¬ âà¨æì).

�à¨ª« ¤ 6.9. �÷¤áâ ®¢ªã c : {1, 2} → {1, 2}, â ªã, é® c(1) = 2,
c(2) = 1, ¬®¦  §®¡à §¨â¨ ã ¢¨£«ï¤÷ ¬ âà¨æ÷ ¤¢®¬  á¯®á®¡ ¬¨:

c =

(
1 2
2 1

)
=

(
2 1
1 2

)
.

�¥£ª® ¯¥à¥¢÷à¨â¨ ¯®¤ ¥ ¨¦ç¥ â¢¥à¤¦¥ï.
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�¥¬  6.1. �¥å © c { ¤®¢÷«ì  ¯÷¤áâ ®¢ª    ¬®¦¨÷ A.
1. �«ï ¤®¢÷«ì®ù ¯¥à¥áâ ®¢ª¨ i = (i1, i2, . . . , in) ÷áãõ õ¤¨  ¯¥à¥áâ -

®¢ª  j = (j1, j2, . . . , jn), â ª , é®

c =

(
i
j

)
=

(
i1 i2 . . . in
j1 j2 . . . jn

)
.

2. �«ï ¤®¢÷«ì®ù ¯¥à¥áâ ®¢ª¨ j = (j1, j2, . . . , jn) ÷áãõ õ¤¨  ¯¥à¥-
áâ ®¢ª  i = (i1, i2, . . . , in), â ª , é®

c =

(
i
j

)
=

(
i1 i2 . . . in
j1 j2 . . . jn

)
.

�¥¬  6.1 ¤®§¢®«ïõ à®§£«ï¤ â¨ ¯÷¤áâ ®¢ªã c ïª ¡÷õªâ¨¢¥ ¢÷¤®¡à -
¦¥ï   ¬®¦¨÷ ¯¥à¥áâ ®¢®ª ¬®¦¨¨ A = {1, 2, . . . , n}:

c(i) = j ⇔ c =

(
i
j

)
, ¤¥ i = (i1, i2, . . . , in), j = (j1, j2, . . . , jn).

�à¨ª« ¤ 6.10. �¥å © c =

(
1 2
2 1

)
=

(
2 1
1 2

)
. �®¤÷ c((1, 2)) = (2, 1),

c((2, 1)) = (1, 2).
� ª¨© ¯÷¤å÷¤ ª®à¨á® ¢¨ª®à¨áâ®¢ã¢ â¨ ¯÷¤ ç á ¢¨¢ç¥ï ¢« áâ¨¢®áâ¥©

¯÷¤áâ ®¢®ª. �à®â¥, ïªé® ¥ ¢ª § ® ÷è¥, à®§£«ï¤ â¨¬¥¬® ¯÷¤áâ ®¢ªã
ïª ¢÷¤®¡à ¦¥ï   ¬®¦¨÷ A.

�«ï ¯÷¤áâ ®¢®ª c1,c2 : A → A ¢¨§ ç¥® ª®¬¯®§¨æ÷î c2 ◦ c1, ïªã
÷®¤÷  §¨¢ îâì ¤®¡ãâª®¬ ¯÷¤áâ ®¢®ª .

�à¨ª« ¤ 6.11. �¥å © c1 =

(
1 2 3
2 3 1

)
, c2 =

(
1 2 3
3 2 1

)
.

�®¤÷ c2 ◦ c1 =

(
1 2 3
2 1 3

)
, c1 ◦ c2 =

(
1 2 3
1 3 2

)
.

� ã¢ ¦¥ï 6.8. �¥§ã«ìâ â ª®¬¯®§¨æ÷ù c = c2 ◦ c1, ®ç¥¢¨¤®, ¥ §¬÷-
¨âìáï, ïªé® à®§£«ï¤ â¨ c1 â  c2 ïª ¢÷¤®¡à ¦¥ï   ¬®¦¨÷ ¯¥à¥-
áâ ®¢®ª. �¥, à §®¬ § «¥¬®î 6.1, ã¬®¦«¨¢«îõ â ª¨© á¯®á÷¡ ®¡ç¨á«¥ï
ª®¬¯®§¨æ÷ù ¯÷¤áâ ®¢®ª:

1) ¯÷¤áâ ®¢ª¨ c1 â  c2 §®¡à ¦ãîâì ã ¢¨£«ï¤÷ ¬ âà¨æì â ª, é®¡ ¨¦-
÷© àï¤®ª ¬ âà¨æ÷ c1 §¡÷£ ¢áï § ¢¥àå÷¬ àï¤ª®¬ ¬ âà¨æ÷ c2:

c1 =

(
i
j

)
, c2 =

(
j
k

)
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(æ¥ ¬®¦  §à®¡¨â¨, ¢¨ª®à¨áâ®¢ãîç¨ à¥§ã«ìâ â «¥¬¨ 6.1, ¤® â®£® ¦ n!
á¯®á®¡ ¬¨);

2) à®§£«ï¤ îç¨ ¯÷¤áâ ®¢ª¨ ïª ¢÷¤®¡à ¦¥ï   ¬®¦¨÷ ¯¥à¥áâ ®-
¢®ª, ®âà¨¬ãîâì

c2 ◦ c1 =

(
j
k

)
◦

(
i
j

)
=

(
i
k

)
.

�à¨ª« ¤ 6.12. �¥å © c1 =

(
1 2 3
2 3 1

)
, c2 =

(
1 2 3
3 2 1

)
. �®¤÷, §¬÷î-

îç¨ ¯®âà÷¡¨¬ ç¨®¬ §®¡à ¦¥ï ¯÷¤áâ ®¢ª¨ c2, ®âà¨¬ãõ¬®

c2 ◦ c1 =

(
1 2 3
3 2 1

)
◦

(
1 2 3
2 3 1

)
=

(
2 3 1
2 1 3

)
◦

(
1 2 3
2 3 1

)
=

(
1 2 3
2 1 3

)
.

�§ ç¥ï 6.8. �¥å © c { ¯÷¤áâ ®¢ª    ¬®¦¨÷ A. �÷¤áâ ®¢ª®î,
®¡¥à¥®î ¤® c,  §¨¢ îâì ¯÷¤áâ ®¢ªã c−1   ¬®¦¨÷ A, â ªã, é®

c ◦ c−1 = c−1 ◦ c = e,

¤¥ e { â®â®¦  ¯÷¤áâ ®¢ª .
�  ¢¥¤¥®£® ®§ ç¥ï ®¡¥à¥®ù ¯÷¤áâ ®¢ª¨ ¢¨¯«¨¢ õ, é® c−1 õ

¢÷¤®¡à ¦¥ï¬, ®¡¥à¥¨¬ ¤® ¢÷¤®¡à ¦¥ï c.
�ç¥¢¨¤®, é® ¤«ï ®¡ç¨á«¥ï ®¡¥à¥®ù ¯÷¤áâ ®¢ª¨ ¤®áâ âì® ¯®¬÷-

ïâ¨ ¬÷áæï¬¨ ¢¥àå÷© ÷ ¨¦÷© àï¤ª¨ ¬ âà¨æ÷ ¢¨å÷¤®ù ¯÷¤áâ ®¢ª¨:
(

i
j

)−1

=

(
j
i

)
.

�à¨ª« ¤ 6.13. �¡ç¨á«¨¬® ®¡¥à¥ã ¤«ï
(

1 2 3
2 3 1

)−1

:

(
1 2 3
2 3 1

)−1

=

(
2 3 1
1 2 3

)
=

(
1 2 3
3 1 2

)
.

�â¦¥, ¬®¦¨  ¯÷¤áâ ®¢®ª   ä÷ªá®¢ ÷© ¬®¦¨÷ A = {1, 2, . . . , n}
ãâ¢®àîõ £àã¯ã §  ®¯¥à æ÷õî «◦» (ª®¬¯®§¨æ÷ï), ïªã  §¨¢ îâì £àã¯®î
¯÷¤áâ ®¢®ª ,  ¡® á¨¬¥âà¨ç®î £àã¯®î áâ¥¯¥ï n. � § ç¨¬®, é® £àã¯ 
¯÷¤áâ ®¢®ª   áª÷ç¥÷© ¬®¦¨÷ A õ ®ªà¥¬¨¬ ¢¨¯ ¤ª®¬ £àã¯¨ ¡÷õªæ÷©
  ¤®¢÷«ì÷© ¬®¦¨÷ A (¤¨¢. ¯à¨ª«. 6.5).

�«ï £àã¯¨ ¯÷¤áâ ®¢®ª áâ¥¯¥ï n ¢¨ª®à¨áâ®¢ãîâì ¯®§ ç¥ï Sn.
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�à¨ª« ¤ 6.14. �®§£«ï¥¬® £àã¯¨ S2 â  S3.
1. �àã¯  S2 áª« ¤ õâìáï § 2! = 2 ¯÷¤áâ ®¢®ª:

t =

(
1 2
2 1

)
, e =

(
1 2
1 2

)
.

�÷ï «◦»   S2 ¢¨§ ç õâìáï â ¡«. 6.1 (¥«¥¬¥â c2 ◦ c1 § å®¤¨âìáï  
¯¥à¥â¨÷ àï¤ª  § ¬÷âª®î c2 â  áâ®¢¯æï § ¬÷âª®î c1).

� ¡«¨æï 6.1. �÷ à  ®¯¥à æ÷ï ¤«ï £àã¯¨ S2

◦ e t
e e t
t t e

�÷ àã ®¯¥à æ÷î   £àã¯ å ÷§ áª÷ç¥®î ª÷«ìª÷áâî ¥«¥¬¥â÷¢ ç áâ®
§ ¤ îâì ç¥à¥§ â ¡«¨æî â¨¯ã â ¡«. 6.1. � ¡«¨æî â ª®£® â¨¯ã  §¨¢ îâì
â ¡«¨æ¥î �¥«÷1.

�¡¥à¥÷ ¥«¥¬¥â¨ ¢ £àã¯÷ S2, ®ç¥¢¨¤®, ¬ îâì â ª¨© ¢¨£«ï¤:
t−1 = t, e−1 = e.

2. �àã¯  S3 áª« ¤ õâìáï § 3! = 6 ¯÷¤áâ ®¢®ª:

c1 =

(
1 2 3
1 3 2

)
, c2 =

(
1 2 3
3 2 1

)
, c3 =

(
1 2 3
2 1 3

)
,

f1 =

(
1 2 3
2 3 1

)
, f2 =

(
1 2 3
3 1 2

)
, e =

(
1 2 3
1 2 3

)
.

�¯à ¢  6.5. � ¬®áâ÷©® § ¯®¢¨â¨ â ¡«¨æî �¥«÷ ¤«ï £àã¯¨ S3, §¢÷-
à¨¢è¨ à¥§ã«ìâ â §  â ¡«. 6.2.

�¡¥à¥÷ ¥«¥¬¥â¨ ¢ £àã¯÷ S3, ïª ¢¨¤® § â ¡«. 6.2, ¬ îâì â ª¨© ¢¨-
£«ï¤:

c−1
i = ci (i = 1, 2, 3), e−1 = e, f−1

1 = f2, f−1
2 = f1.

�®§ ç¥ï, ¢¨ª®à¨áâ ÷ ¤«ï ¯÷¤áâ ®¢®ª S3 ã æì®¬ã ¯à¨ª« ¤÷, ¢¨ª®-
à¨áâ®¢ã¢ â¨¬ãâìáï ÷ ¤ «÷.

1�¥«÷ (�¥©«÷) �àâãà (1821{1895) {  £«÷©áìª¨© ¬ â¥¬ â¨ª;  ¢â®à ç¨á«¥¨å à®¡÷â
§  «£¥¡à¨,   «÷â¨ç®ù £¥®¬¥âà÷ù, â¥®à÷ù ¤¨ä¥à¥æ÷ «ì¨å à÷¢ïì â®é® (à®¡®â¨ �¥«÷
¢¨¤ ® ¢ 13-â¨ â®¬ å). � ¬¥ �¥«÷ ¢¢÷¢ ¯®ïââï  ¡áâà ªâ®ù £àã¯¨.
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� ¡«¨æï 6.2. � ¡«¨æï �¥«÷ ¤«ï £àã¯¨ S3

◦ e c1 c2 c3 f1 f2

e e c1 c2 c3 f1 f2

c1 c1 e f1 f2 c2 c3

c2 c2 f2 e f1 c3 c1

c3 c3 f1 f2 e c1 c2

f1 f1 c3 c1 c2 f2 e
f2 f2 c2 c3 c1 e f1

6.3.2. �®§ª« ¤ ï ¯÷¤áâ ®¢ª¨ ¢ ª®¬¯®§¨æ÷î æ¨ª«÷¢
�§ ç¥ï 6.9. �¨ª«®¬ (i 1, i 2, . . . , ik)  §¨¢ îâì ¯÷¤áâ ®¢ªã

¢¨£«ï¤ã (
i1 i2 . . . ik−1 ik ik+1 . . . in
i2 i3 . . . ik i1 ik+1 . . . in

)
.

�¨á«® k  §¨¢ îâì ¤®¢¦¨®î æ¨ª«ã. �¨ª« ¤®¢¦¨®î 2  §¨¢ îâì
âà á¯®§¨æ÷õî.

� ã¢ ¦¥ï 6.9. �¨ª« (i1, i2, . . . , ik) õ ¯÷¤áâ ®¢ª®î, é® §¬÷îõ (§áã-
¢ õ §  æ¨ª«®¬) ¥«¥¬¥â¨ i1, i2, . . . , ik, § «¨è îç¨ ÷è÷ ¥«¥¬¥â¨   ¬÷áæ÷.

�à¨ª« ¤ 6.15. 1. �¨ª« ¤®¢¦¨®î 1 §  ®§ ç¥ï¬ 6.9 õ â®â®¦®î
¯÷¤áâ ®¢ª®î.

2. �¨ª« ¤®¢¦¨®î 2 õ âà á¯®§¨æ÷õî (æ¨ª« (i1, i2) ¬÷ïõ ¬÷áæï¬¨ ¥«¥-
¬¥â¨ i1 â  i2, § «¨è îç¨ ÷è÷ ¥«¥¬¥â¨   ¬÷áæ÷).

� ã¢ ¦¥ï 6.10. �®§ ç¥ï (i1, . . . , ik), ïª¥ ¢¨ª®à¨áâ®¢ãîâì ¤«ï
æ¨ª«ã ¤®¢¦¨®î k, §  ä®à¬®î §¡÷£ õâìáï § ¯®§ ç¥ï¬ ¯¥à¥áâ ®¢ª¨.
�¤ ª æ¥ ¥ ¯à¨¢®¤¨âì ¤® ª®ä«÷ªâã ¯®§ ç¥ì, ®áª÷«ìª¨ § ª®â¥ªáâã
§ ¢¦¤¨ §à®§ã¬÷«®, õ ¤ ¨© ®¡'õªâ ¯÷¤áâ ®¢ª®î (æ¨ª«®¬) ç¨ ¯¥à¥áâ ®¢-
ª®î.

�¯à ¢  6.6. �®¢¥áâ¨, é® ¯à¨ k ≥ 2 ¢ £àã¯÷ Sn ¬÷áâ¨âìáï 1
k
P k

n à÷§¨å
æ¨ª«÷¢ ¤®¢¦¨®î k.

� à¥§ã«ìâ âã ¢¯à ¢¨ 6.6, §®ªà¥¬ , ¢¨¯«¨¢ õ (¯à¨ k = 2), é® ¢ £àã¯÷ Sn

¬÷áâ¨âìáï C2
n âà á¯®§¨æ÷©.
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�à¨ª« ¤ 6.16. �÷¤à åãõ¬®, áª÷«ìª¨ æ¨ª«÷¢ ¬÷áâ¨âìáï ¢ £àã¯ å
S3 â  S4.

1. � £àã¯÷ S3 ¢á÷ ¥â®â®¦÷ ¯÷¤áâ ®¢ª¨ õ æ¨ª« ¬¨ (1
2
P 2

3 = 3 âà á¯®-
§¨æ÷ù â  1

3
P 3

3 = 2 æ¨ª«¨ ¤®¢¦¨®î 3):

c1 = (2, 3), c2 = (1, 3), c3 = (1, 2), f1 = (1, 2, 3), f2 = (1, 3, 2).

2. � £àã¯÷ S4 ¬÷áâ¨âìáï 1
2
P 2

4 = 6 âà á¯®§¨æ÷©, 1
3
P 3

4 = 8 æ¨ª«÷¢ ¤®¢¦¨-
®î 3 â  1

4
P 4

4 = 6 æ¨ª«÷¢ ¤®¢¦¨®î 4. �â¦¥, S4 ¬÷áâ¨âì âà¨ ¥â®â®¦÷
¯÷¤áâ ®¢ª¨, ïª÷ ¥ õ æ¨ª« ¬¨:

(
1 2 3 4
2 1 4 3

)
,

(
1 2 3 4
3 4 1 2

)
,

(
1 2 3 4
4 3 2 1

)
.

�§ ç¥ï 6.10. �¨ª«¨ (i1, i2, . . . , ik1), (j1, j2, . . . , jk2)  §¨¢ îâì ¥-
§ «¥¦¨¬¨, ïªé®

{i1, i2, . . . , ik1} ∩ {j1, j2, . . . , jk2} = ∅,

â®¡â® im1 6= jm2 ¤«ï ¢á÷å m1, m2 (1 ≤ m1 ≤ k1, 1 ≤ m2 ≤ k2).

�à¨ª« ¤ 6.17. 1. �¨ª«¨ (1, 2, 4) â  (3, 5) ¥§ «¥¦÷.
2. �¨ª«¨ (1, 3, 5), (2, 6), (4, 7) ¯®¯ à® ¥§ «¥¦÷.
3. �¨ª«¨ (1, 4) â  (3, 7, 4, 2) ¥ ¥§ «¥¦÷.

�¯à ¢  6.7. �®¢¥áâ¨, é® ¥§ «¥¦÷ æ¨ª«¨ ª®¬ãâãîâì, â®¡â®

c2 ◦ c1 = c1 ◦ c2,

¤¥ c1, c2 { ¥§ «¥¦÷ æ¨ª«¨.

�¯à ¢  6.8. �®¢¥áâ¨, é® ª®¦  âà á¯®§¨æ÷ï ¤®à÷¢îõ á¢®ù© ®¡¥à-
¥÷©, â®¡â®

(i1, i2)
−1 = (i1, i2).

�¥®à¥¬  6.3. �®¦ã ¯÷¤áâ ®¢ªã ¬®¦  §®¡à §¨â¨ ïª ª®¬¯®§¨æ÷î
¥§ «¥¦¨å æ¨ª«÷¢.
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�å¥¬  ¤®¢¥¤¥ï. � ¢¥¤¥¬®  «£®à¨â¬ §®¡à ¦¥ï ¯÷¤áâ ®¢ª¨ c∈Sn

ïª ª®¬¯®§¨æ÷î ¥§ «¥¦¨å æ¨ª«÷¢.
�®§£«ï¥¬® ¯®á«÷¤®¢÷áâì i0, i1, i2, . . . , ¯®¡ã¤®¢ ã §  áå¥¬®î:

i0 = 1, i1 = c(1), i2 = c(i1) = c2(1), i3 = c(i2) = c3(1), . . . , ik = ck(1), . . .

�à å®¢ãîç¨ áª÷ç¥÷áâì ¬®¦¨¨ A = {1, 2, . . . , n}, ¥«¥¬¥â¨ ¯®á«÷-
¤®¢®áâ÷ ik (k ≥ 0) ¯®çãâì ¯®¢â®àî¢ â¨áï, ¯®ç¨ îç¨ § ¤¥ïª®£® ®¬¥-
à  m1:

• im1 = im0 ¤«ï ¤¥ïª®£® m0 (0 ≤ m0 < m1 ≤ n);
• ik1 6= ik2 , ïªé® 0 ≤ k1 < k2 < m1.

�®¢¥¤¥¬®, é® m0 = 0. �à¨¯ãáª îç¨, é® 1 ≤ m0 < m1, ®âà¨¬ãõ¬®

c
(
cm1−1(1)

)
= c

(
cm0−1(1)

)
¯à¨ cm1−1(1) 6= cm0−1(1),

é® áã¯¥à¥ç¨âì ÷'õªâ¨¢®áâ÷ ¢÷¤®¡à ¦¥ï c.
�â¦¥, m0 = 0, â®¡â® im1 = cm1(1) = i0. � ª¨¬ ç¨®¬, ¯®¡ã¤®¢  

¯®á«÷¤®¢÷áâì (i0, i1, . . . , im1−1) (im1 = i0) ¢¨§ ç õ æ¨ª« ¤®¢¦¨®î m1,
¤÷ï ïª®£®   ¬®¦¨÷ {i0, i1, . . . , im1−1} §¡÷£ õâìáï § ¤÷õî ¯÷¤áâ ®¢ª¨ c.

� «÷ ¡ã¤ãõ¬®  áâã¯¨© æ¨ª« {̃i0, ĩ1, . . . , ĩm2−1}, ®¡¨à îç¨ ĩ0 â ª¨¬,
é® ¥ ¢å®¤¨âì ã ¯®¡ã¤®¢ ¨© æ¨ª« (i0, i1, . . . , im1−1). �¯¨á ã ¯à®æ¥¤ã-
àã ¯®¢â®àîõ¬® ¤®â¨, ¤®ª¨ § «¨è õâìáï å®ç  ¡ ®¤¨ ¥«¥¬¥â ¬®¦¨¨
A = {1, 2, . . . , n}, é® ¥ ã¢÷©è®¢ ¤® ¯®¡ã¤®¢ ¨å æ¨ª«÷¢.

�¥£ª® §à®§ã¬÷â¨, é® ª®¬¯®§¨æ÷ï ¢á÷å ¯®¡ã¤®¢ ¨å æ¨ª«÷¢ §¡÷£ õâìáï
§ ¯÷¤áâ ®¢ª®î c (¤÷ï ¢÷¤®¡à ¦¥ï c   ¤®¢÷«ì¨© ¥«¥¬¥â ik ∈ A §¡÷-
£ õâìáï § ¤÷õî   æ¥© ¥«¥¬¥â ¢÷¤¯®¢÷¤®£® æ¨ª«ã, ¤® ïª®£® ¢å®¤¨âì ik).
� à¥èâ÷, ¥§ «¥¦÷áâì ¯®¡ã¤®¢ ¨å æ¨ª«÷¢ ¢¨¯«¨¢ õ § ÷'õªâ¨¢®áâ÷ ¢÷-
¤®¡à ¦¥ï c.

�à¨ª« ¤ 6.18. �®¡à §¨¬® ã ¢¨£«ï¤÷ ª®¬¯®§¨æ÷ù ¥§ «¥¦¨å æ¨ª«÷¢
¯÷¤áâ ®¢ªã c =

(
1 2 3 4 5 6 7 8
2 5 8 6 4 1 7 3

)
:

1) ¯®¡ã¤ãõ¬® ¯¥àè¨© æ¨ª«, ¯®ç¨ îç¨ § ¥«¥¬¥â  1:

1, c(1) = 2, c(2) = 5, c(5) = 4, c(4) = 6, c(6) = 1,
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â®¡â® ®âà¨¬ãõ¬® æ¨ª« ¤®¢¦¨®î 5: (1, 2, 5, 4, 6); ¯à®æ¥¤ãà  ¬ õ ¯à®¤®¢-
¦ã¢ â¨áï, ®áª÷«ìª¨ ÷áãîâì ¥«¥¬¥â¨ ( ¯à¨ª« ¤, 3), é® ¥ ã¢÷©è«¨ ¤®
¯®¡ã¤®¢ ®£® æ¨ª«ã;

2) ¯®¡ã¤ãõ¬® ¤àã£¨© æ¨ª«, ¯®ç¨ îç¨ § ¥«¥¬¥â  3:
3, c(3) = 8, c(8) = 3,

â®¡â® ®âà¨¬ãõ¬® æ¨ª« ¤®¢¦¨®î 2: (3, 8); ¯à®æ¥¤ãà  ¬ õ ¯à®¤®¢¦ã¢ â¨-
áï, ®áª÷«ìª¨ § «¨è¨¢áï ¥«¥¬¥â 7, é® ¥ ã¢÷©è®¢ ¤® ¯®¡ã¤®¢ ¨å æ¨ª«÷¢;

3) ¯®¡ã¤ãõ¬® âà¥â÷© æ¨ª«, ¯®ç¨ îç¨ § ¥«¥¬¥â  7:
7, c(7) = 7,

â®¡â® ®âà¨¬ãõ¬® æ¨ª« ¤®¢¦¨®î 1 (â®â®¦ã ¯÷¤áâ ®¢ªã): (7) = e.
�â¦¥, ¯÷¤áâ ®¢ª  c ¤®¯ãáª õ â ª¨© à®§ª« ¤ ã ª®¬¯®§¨æ÷î ¥§ «¥¦-

¨å æ¨ª«÷¢:
c = (1, 2, 5, 4, 6) ◦ (3, 8) ◦ (7).

�¢'ï§®ª ¯®¡ã¤®¢ ¨å æ¨ª«÷¢ § ¯÷¤áâ ®¢ª®î c æ÷ª ¢® ¯à®áâ¥¦¨â¨, ¯¥-
à¥áâ ¢¨¢è¨ ¢÷¤¯®¢÷¤® áâ®¢¯æ÷ ¬ âà¨æ÷ c:

c =

(
1 2 5 4 6 3 8 7
2 5 4 6 1 8 3 7

)
.

� ã¢ ¦¥ï 6.11. ö§  «£®à¨â¬ã, § ¯à®¯®®¢ ®£® ¢ áå¥¬÷ ¤®¢¥¤¥ï
â¥®à¥¬¨ 6.3, «¥£ª® ¯®¡ ç¨â¨ õ¤¨÷áâì §®¡à ¦¥ï ¯÷¤áâ ®¢ª¨ ã ¢¨£«ï-
¤÷ ª®¬¯®§¨æ÷ù ¥§ «¥¦¨å æ¨ª«÷¢ (§ â®ç÷áâî ¤® ¯¥à¥áâ ¢«¥ï æ¨ª«÷¢ {
 à£ã¬¥â÷¢ ª®¬¯®§¨æ÷ù). �÷©á®, § ¯à®¯®®¢ ¨©  «£®à¨â¬ ®¤®§ ç®
¢¨§ ç õ ª®¦¥ æ¨ª«, ¤® ïª®£® ¬ õ ¢å®¤¨â¨ ª®¦¥ ik ∈ {1, 2, . . . , n}, §¢÷¤-
ª¨, ¢à å®¢ãîç¨ ¥§ «¥¦÷áâì æ¨ª«÷¢, ÷ ¢¨¯«¨¢ õ õ¤¨÷áâì §®¡à ¦¥ï.

�¥®à¥¬  6.4. �®¦ã ¯÷¤áâ ®¢ªã c   ¬®¦¨÷ A ¬®¦  §®¡à §¨-
â¨ ã ¢¨£«ï¤÷ ª®¬¯®§¨æ÷ù áª÷ç¥®ù ª÷«ìª®áâ÷ âà á¯®§¨æ÷©.

�«ï ¤®¢¥¤¥ï â¥®à¥¬¨ § ¤®¡¨âìáï ®¤¨ ¯à®áâ¨© à¥§ã«ìâ â, ïª¨©,
¯à®â¥, ¬ õ á ¬®áâ÷©¥ § ç¥ï.

�¥¬  6.2 (á®àâã¢ ï ¯¥à¥áâ ®¢ª¨ âà á¯®§¨æ÷ï¬¨). ö§ ¤®-
¢÷«ì®ù ¯¥à¥áâ ®¢ª¨ i = (i1, i2, . . . , in), § áâ®á®¢ãîç¨ áª÷ç¥ã ª÷«ì-
ª÷áâì âà á¯®§¨æ÷© tk (1 ≤ k ≤ m), ¬®¦  ®âà¨¬ â¨ ¯¥à¥áâ ®¢ªã
(1, 2, . . . , n), â®¡â®

(1, 2, . . . , n) = (tm ◦ tm−1 ◦ . . . t2 ◦ t1)(i).

121



�®§¤÷« 6. �«¥¬¥â¨ â¥®à÷ù £àã¯

�®¢¥¤¥ï «¥¬¨. �ã¤¥¬® á®àâã¢ â¨ ¥«¥¬¥â¨, § áâ®á®¢ãîç¨   ª®¦-
®¬ã ¥â ¯÷ ¥ ¡÷«ìè¥ ®¤÷õù âà á¯®§¨æ÷ù: á¯®ç âªã ¯®áâ ¢¨¬® «  á¢®õ
¬÷áæ¥» (  ¯¥àèã ª®®à¤¨ âã) ¥«¥¬¥â 1, ¯®â÷¬ { ¥«¥¬¥â 2 ÷ â ª ¤ «÷,
¯®ª¨ ¢á÷ ¥«¥¬¥â¨ ¯¥à¥áâ ®¢ª¨ ¥ ¡ã¤ãâì áâ®ïâ¨   á¢®ùå ¬÷áæïå, â®¡â®
¯®ª¨ ¥ ®âà¨¬ õ¬® ¯¥à¥áâ ®¢ªã (1, 2, . . . , n). �¯¨è¥¬® ¤¥â «ì® ¯¥àè÷
¤¢  ªà®ª¨ ¯à®æ¥¤ãà¨ á®àâã¢ ï (¤ «÷ ¯à®æ¥¤ãà  ¯à®¤®¢¦ãõâìáï §    -
«®£÷õî).

1. �¤¨ § ¥«¥¬¥â÷¢ ¢¨å÷¤®ù ¯¥à¥áâ ®¢ª¨ i (ïª ÷ ¡ã¤ì-ïª®ù ÷è®ù) ¬ õ
¤®à÷¢î¢ â¨ 1. �¥å © ik = 1. �ªé® k = 1, â®¡â® ã ¢¨å÷¤÷© ¯¥à¥áâ ®¢æ÷
i ¯¥àè¨© ¥«¥¬¥â i1 = 1, ¢áâ ®¢«îõ¬® i1 = i â  ¯¥à¥å®¤¨¬® ¤® ¤àã£®£®
ªà®ªã. ö ªè¥, ¢¨¡¥à¥¬® âà á¯®§¨æ÷î l1 = (i1, 1) ÷ ¢áâ ®¢¨¬® i1 = l1(i);
â®¤÷ ¯¥àè¨© ¥«¥¬¥â ¯¥à¥áâ ®¢ª¨ i1 ¤®à÷¢îõ 1, â®¡â®

i1 = l1(i) = (1, i12, i
1
3, . . . , i

1
n).

2. �¤¨ § ¥«¥¬¥â÷¢ ¯¥à¥áâ ®¢ª¨ i1 ¬ õ ¤®à÷¢î¢ â¨ 2. �¥å © i1k = 2
(k ≥ 2, ®áª÷«ìª¨ i11 = 1). �ªé® k = 2, â®¡â® ¢ ¯¥à¥áâ ®¢æ÷ i1 ¤àã£¨©
¥«¥¬¥â i12 = 2, ¢áâ ®¢«îõ¬® i2 = i1 â  ¯¥à¥å®¤¨¬® ¤®  áâã¯®£® ªà®ªã.
ö ªè¥, ¢¨¡¥à¥¬® âà á¯®§¨æ÷î l2 = (i12, 2) ÷ ¢áâ ®¢¨¬® i2 = l2(i

1); â®¤÷
¤àã£¨© ¥«¥¬¥â ¯¥à¥áâ ®¢ª¨ i2 ¤®à÷¢îõ 2, â®¡â®

i2 = l2(i
1) = (1, 2, i23, . . . , i

2
n).

�§ £ «÷,   m-¬ã ªà®æ÷ áâ ¢¨¬® «  á¢®õ ¬÷áæ¥» ¥«¥¬¥â m, § áâ®á®-
¢ãîç¨ §  ¯®âà¥¡¨ ¢÷¤¯®¢÷¤ã âà á¯®§¨æ÷î.

�â¦¥, ¥ ¯÷§÷è¥ ÷¦ §  n ªà®ª÷¢ (   á¯à ¢¤÷ ¥ ¯÷§÷è¥ ÷¦ §  n− 1
ªà®ª÷¢, ®áª÷«ìª¨ ¥«¥¬¥â n ®¯¨¨âìáï «  á¢®õ¬ã ¬÷áæ÷» ¢¦¥   (n−1)-¬ã
ªà®æ÷ ¡¥§ § áâ®áã¢ ï ®ªà¥¬®ù âà á¯®§¨æ÷ù) ®âà¨¬ãõ¬® èãª ¥ §®¡à -
¦¥ï

(tm ◦ tm−1 ◦ . . . t2 ◦ t1)(i) = (1, 2, . . . , n), m ≤ n− 1,

¤¥ tk (1 ≤ k ≤ m) { âà á¯®§¨æ÷ù, é® ¤®à÷¢îîâì ¢÷¤¯®¢÷¤¨¬ âà á¯®-
§¨æ÷ï¬ lj (1 ≤ j ≤ m).

� ã¢ ¦¥ï 6.12. �à®æ¥¤ãà , § áâ®á®¢   ¤«ï ¤®¢¥¤¥ï «¥¬¨ 6.2,
¢¨§ ç õ ¤®á¨âì ¥ä¥ªâ¨¢¨©  «£®à¨â¬ á®àâã¢ ï, ïª¨© ¤«ï ¬®¦¨¨
§ n ¥«¥¬¥â÷¢ § ª÷çãõ à®¡®âã ¥ ¯÷§÷è¥ ÷¦ §  n − 1 ªà®ª÷¢, ¯à¨ç®¬ã
  ª®¦®¬ã ªà®æ÷ ¢¨ª®ãõâìáï ®¯¥à æ÷ï ¯¥à¥áâ ¢«¥ï ¤¢®å ¥«¥¬¥â÷¢
¬®¦¨¨.
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�®¢¥¤¥ï â¥®à¥¬¨. �¥å © c =

(
1 2 . . . n
i1 i2 . . . in

)
.

�£÷¤® § ¤®¢¥¤¥®î «¥¬®î, ¤«ï ¯¥à¥áâ ®¢ª¨ i = (i1, i2, . . . , in) á¯à -
¢¥¤«¨¢¥ §®¡à ¦¥ï

(tm ◦ tm−1 ◦ . . . t2 ◦ t1)(i) = (1, 2, . . . , n),

¤¥ tk (1 ≤ k ≤ n) { âà á¯®§¨æ÷ù. �®¤÷, ïª ¥¢ ¦ª® ¯¥à¥¢÷à¨â¨,

c−1 =

(
i1 i2 . . . in
1 2 . . . n

)
= tm ◦ tm−1 ◦ . . . t2 ◦ t1.

� à¥èâ÷, ®áª÷«ìª¨ ª®¦  âà á¯®§¨æ÷ï ¤®à÷¢îõ á¢®ù© ®¡¥à¥÷© (à¥-
§ã«ìâ â ¢¯à ¢¨ 6.8), ®âà¨¬ãõ¬®

c = t−1
1 ◦ t−1

2 ◦ . . . t−1
m = t1 ◦ t2 ◦ . . . tm.

�à¨ª« ¤ 6.19. �®¡à §¨¬® ¯÷¤áâ ®¢ªã c =

(
1 2 3 4 5 6
5 1 6 4 3 2

)

ã ¢¨£«ï¤÷ ª®¬¯®§¨æ÷ù âà á¯®§¨æ÷©, ¤«ï ç®£® ¢÷¤á®àâãõ¬® ¯¥à¥áâ ®¢ªã
i = (5, 1, 6, 4, 3, 2), § áâ®á®¢ãîç¨ ¯à®æ¥¤ãàã á®àâã¢ ï, ã§ïâã § ¤®¢¥¤¥-
ï «¥¬¨ 6.2.

1. �«ï ¢¨å÷¤®ù ¯¥à¥áâ ®¢ª¨ 1 = i2, i1 = 5. �â¦¥,   ¯¥àè®¬ã ªà®æ÷
§ áâ®á®¢ãõ¬® âà á¯®§¨æ÷î l1 = (5, 1):

i1 = (5, 1)(i) = (1, 5, 6, 4, 3, 2).

2. �áª÷«ìª¨ 2 = i16, i12 = 5, § áâ®á®¢ãõ¬® âà á¯®§¨æ÷î l2 = (5, 2):

i2 = (5, 2)(i1) = (1, 2, 6, 4, 3, 5).

3. �áª÷«ìª¨ 3 = i25, i23 = 6, § áâ®á®¢ãõ¬® âà á¯®§¨æ÷î l3 = (6, 3):

i3 = (6, 3)(i2) = (1, 2, 3, 4, 6, 5).

4. �áª÷«ìª¨ i34 = 4 (¥«¥¬¥â 4 à®§â è®¢ ¨© «  á¢®õ¬ã ¬÷áæ÷»), ¢áâ -
®¢«îõ¬® i4 = i3 ÷ ¯¥à¥å®¤¨¬® ¤®  áâã¯®£® ¯ãªâã.

5. �áª÷«ìª¨ 5 = i46, i45 = 6, § áâ®á®¢ãõ¬® âà á¯®§¨æ÷î l4 = (6, 5):

i5 = (6, 5)(i4) = (1, 2, 3, 4, 5, 6).
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�â¦¥, ¤«ï ¯¥à¥áâ ®¢ª¨ (5, 1, 6, 4, 3, 2) ®âà¨¬ «¨ §®¡à ¦¥ï
((6, 5) ◦ (6, 3) ◦ (5, 2) ◦ (5, 1)) ((5, 1, 6, 4, 3, 2)) = (1, 2, 3, 4, 5, 6).

� ª¨¬ ç¨®¬, ¤«ï ¯÷¤áâ ®¢ª¨ c ®âà¨¬ãõ¬® à®§ª« ¤

c =

(
1 2 3 4 5 6
5 1 6 4 3 2

)
= (5, 1) ◦ (5, 2) ◦ (6, 3) ◦ (6, 5).

�®¡à ¦¥ï ¯÷¤áâ ®¢ª¨ ã ¢¨£«ï¤÷ ª®¬¯®§¨æ÷ù âà á¯®§¨æ÷© ÷ª®«¨
¥ õ õ¤¨¨¬ (  ¢÷¤¬÷ã ¢÷¤ §®¡à ¦¥ï ¯÷¤áâ ®¢ª¨ ïª ª®¬¯®§¨æ÷ù ¥-
§ «¥¦¨å æ¨ª«÷¢). �®ªà¥¬ , ¤® ª®¬¯®§¨æ÷ù âà á¯®§¨æ÷© § ¢¦¤¨ ¬®¦ 
«¤®¯¨á â¨» ¢¨à § t ◦ t, ¤¥ t { ¤®¢÷«ì  âà á¯®§¨æ÷ï (  ®â¦¥, t ◦ t = e).
�à÷¬ â®£®, ¬®¦  §¬÷¨â¨ ç¥à£®¢÷áâì à®§â è®¢ã¢ ï ¥«¥¬¥â÷¢ «  á¢®ù
¬÷áæï» (ã  ¢¥¤¥®¬ã  «£®à¨â¬÷ ¡ã«® § áâ®á®¢ ® ç¥à£®¢÷áâì ¢÷¤ 1 ¤® n),
é®, ïª ¯à ¢¨«®, á¯à¨ç¨îõ ÷è¨© ¢ à÷ â à®§ª« ¤ã.

�à¨ª« ¤ 6.20. � ¢¥¤¥¬® ÷è÷ ¢ à÷ â¨ §®¡à ¦¥ï ïª ª®¬¯®§¨æ÷ù
âà á¯®§¨æ÷© ¤«ï ¯÷¤áâ ®¢ª¨ c ÷§ ¯à¨ª«. 6.19:

c =

(
1 2 3 4 5 6
5 1 6 4 3 2

)
= (5, 1) ◦ (5, 2) ◦ (6, 3) ◦ (6, 5) =

= (6, 2) ◦ (3, 5) ◦ (2, 3) ◦ (1, 2) = (1, 2) ◦ (1, 6) ◦ (1, 5) ◦ (3, 5) =

= (5, 1) ◦ (5, 2) ◦ (6, 3) ◦ (6, 5) ◦ (2, 4) ◦ (2, 4) =

= (5, 1) ◦ (1, 3) ◦ (1, 3) ◦ (5, 2) ◦ (6, 3) ◦ (6, 5).

�¥àè¨© à®§ª« ¤ ®âà¨¬ ®  «£®à¨â¬®¬, § ¯à®¯®®¢ ¨¬ ã ¤®¢¥¤¥÷
«¥¬¨ 6.2 (¤¨¢. ¯à¨ª«. 6.19). �àã£¨© ÷ âà¥â÷© à®§ª« ¤¨ ®âà¨¬ ® §¬÷®î
ç¥à£®¢®áâ÷ à®§â è®¢ã¢ ï ¥«¥¬¥â÷¢: ¡ã¤ãîç¨ ¤àã£¨© à®§ª« ¤, á¯®ç â-
ªã à®§â èã¢ «¨ «  á¢®õ¬ã ¬÷áæ÷» ¥«¥¬¥â 6, ¯®â÷¬ { ¥«¥¬¥â 5, ÷ â ª ¤ «÷
¤® 1; ¡ã¤ãîç¨ âà¥â÷© à®§ª« ¤, á¯®ç âªã à®§â èã¢ «¨ «  á¢®ùå ¬÷áæïå»
¯ à÷ ¥«¥¬¥â¨,   ¯®â÷¬ { ¥¯ à÷. �¥â¢¥àâ¨© ÷ ¯'ïâ¨© à®§ª« ¤¨ ®âà¨¬ -
® § ¯¥àè®£® ¤®¤ ¢ ï¬ ¤® ª®¬¯®§¨æ÷ù âà á¯®§¨æ÷© ¤¥ïª®ù «â®â®¦®ù
¯ à¨» t ◦ t, ¤¥ t { âà á¯®§¨æ÷ï.

6.3.3. � à÷ â  ¥¯ à÷ ¯÷¤áâ ®¢ª¨
�®§£«ï¥¬® ¤¢  ¥ª¢÷¢ «¥â÷ ¯÷¤å®¤¨ ¤® ¢¨§ ç¥ï ¯ à®áâ÷ ¯÷¤áâ -

®¢®ª: ¯÷¤å÷¤, ¯®¢'ï§ ¨© § ¯®ïââï¬ ÷¢¥àá÷ù, â  ¯÷¤å÷¤, ¯®¢'ï§ ¨© ÷§
§®¡à ¦¥ï¬ ¯÷¤áâ ®¢ª¨ ã ¢¨£«ï¤÷ ª®¬¯®§¨æ÷ù âà á¯®§¨æ÷©.

124



6.3. �àã¯  ¯÷¤áâ ®¢®ª

�§ ç¥ï 6.11. � ¦ãâì, é® ¥¢¯®àï¤ª®¢   ¯ à  ¥«¥¬¥â÷¢ ik1 , ik2

ãâ¢®àîõ ÷¢¥àá÷î ¢ ¯¥à¥áâ ®¢æ÷ i = (i1, i2, . . . , in), ïªé® ¢¨ª®ãõâìáï ®¤-
  § ¤¢®å ¯ à ã¬®¢:

• k1 < k2 â  ik1 > ik2 ;
• k1 > k2 â  ik1 < ik2 ,

â®¡â® ¡÷«ìè¨© § ¥«¥¬¥â÷¢ ik1 , ik2 à®§â è®¢ ¨© ã ¯¥à¥áâ ®¢æ÷ i §«÷¢  ¢÷¤
¬¥è®£®.

�à¨ª« ¤ 6.21. � ¯¥à¥áâ ®¢æ÷ i = (1, 4, 3, 2) ÷¢¥àá÷î ãâ¢®àîîâì
â ª÷ ¯ à¨ ¥«¥¬¥â÷¢ ( £ ¤ õ¬®, é® ¯®àï¤®ª ¥«¥¬¥â÷¢ ã ¯ à÷ ik1 , ik2 ¥
¢à å®¢ãîâì):

• ÷¢¥àá÷©, é® ¬÷áâïâì ¥«¥¬¥â 1, ¥¬ õ (¥«¥¬¥â 1 õ  ©¬¥è¨¬, ÷ ¢
¯¥à¥áâ ®¢æ÷ ¥¬ õ ¦®¤®£® ¥«¥¬¥â  §«÷¢  ¢÷¤ ì®£®);

• ÷¢¥àá÷ù, ãâ¢®à¥÷ ¥«¥¬¥â®¬ 4 â  ¥«¥¬¥â ¬¨, à®§â è®¢ ¨¬¨ ¢ ¯¥-
à¥áâ ®¢æ÷ ¯à ¢®àãç ¢÷¤ 4:

{4, 3}, {4, 2};

• ÷¢¥àá÷ù, ãâ¢®à¥÷ ¥«¥¬¥â®¬ 3 â  ¥«¥¬¥â ¬¨, à®§â è®¢ ¨¬¨ ¢ ¯¥-
à¥áâ ®¢æ÷ ¯à ¢®àãç ¢÷¤ 3:

{3, 2}.

�â¦¥, ¢ª § ® ¢á÷ ÷¢¥àá÷ù, ¯®¢'ï§ ÷ § ¯¥à¥áâ ®¢ª®î i = (1, 4, 3, 2),
§®ªà¥¬  © â÷, é® ¬÷áâïâì ¥«¥¬¥â 2. �«÷¤ ¯ ¬'ïâ â¨, é® ÷¢¥àá÷ù, §  ®§ -
ç¥ï¬ 6.11, ãâ¢®àîîâìáï ¥¢¯®àï¤ª®¢ ¨¬¨ ¯ à ¬¨ (§®ªà¥¬ , ¥ ¯®-
âà÷¡® ®ªà¥¬® ¢à å®¢ã¢ â¨ ÷¢¥àá÷î {2, 3}, ®áª÷«ìª¨ ¢¦¥ ¢ª § ® ÷¢¥àá÷î
{3, 2}).

�§ ç¥ï 6.12. �¥à¥áâ ®¢ªã  §¨¢ îâì ¯ à®î, ïªé® ¢®  ¤®-
¯ãáª õ ¯ àã ª÷«ìª÷áâì ÷¢¥àá÷©, ÷ ¥¯ à®î, ïªé® ¢®  ¤®¯ãáª õ ¥¯ à-
ã ª÷«ìª÷áâì ÷¢¥àá÷©. � à÷áâî ¯¥à¥áâ ®¢ª¨ i = (i1, i2, . . . , in)  §¢¥¬®
ç¨á«®

k(i) =

{
0, ïªé® i ¯ à ,

1, ïªé® i ¥¯ à .
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�¥ à §  £ ¤ õ¬®, é® ¯¥à¥áâ ®¢ª¨ ãâ¢®àîîâìáï ¥¢¯®àï¤ª®¢ ¨¬¨
¯ à ¬¨,   ®â¦¥, ¥ ¯®âà÷¡® ¢à å®¢ã¢ â¨ ®¤ã ÷¢¥àá÷î {ik1 , ik2} ¤¢÷ç÷, ®á-
ª÷«ìª¨ ¥¢¯®àï¤ª®¢ ÷ ¯ à¨ {ik1 , ik2} â  {ik2 , ik1} §¡÷£ îâìáï. � ã¢ ¦¨¬®,
é® ïªé® á¯à®¡ã¢ â¨ ¯÷¤à åã¢ â¨ ®¤ã ÷¢¥àá÷î ¤¢÷ç÷, â® ¢á÷ ¯¥à¥áâ ®¢ª¨
¢¨ï¢«ïâìáï ¯ à¨¬¨.

�à¨ª« ¤ 6.22. 1. �¥à¥áâ ®¢ª  (1, 4, 3, 2) ¤®¯ãáª õ âà¨ ÷¢¥àá÷ù
({4, 3}, {4, 2}, {3, 2}),   ®â¦¥, õ ¥¯ à®î (¯ à÷áâì 1).

2. �¥à¥áâ ®¢ª  (2, 3, 1, 4) ¤®¯ãáª õ ¤¢÷ ÷¢¥àá÷ù ({2, 1}, {3, 1}),   ®â¦¥,
õ ¯ à®î (¯ à÷áâì 0).

3. �¥à¥áâ ®¢ª  ¢¨£«ï¤ã (1, 2, . . . , n) ¥ ¤®¯ãáª õ ¦®¤®ù ÷¢¥àá÷ù,
  ®â¦¥, õ ¯ à®î (0 { ¯ à¥ ç¨á«®).

�¥¬  6.3. � áâ®áã¢ ï âà á¯®§¨æ÷ù §¬÷îõ ¯ à÷áâì ¯¥à¥áâ -
®¢ª¨, â®¡â®

k(i) 6= k(t(i)),

¤¥ t { âà á¯®§¨æ÷ï; i = (i1, i2, . . . , in) { ¯¥à¥áâ ®¢ª .

�®¢¥¤¥ï. �¥å © i = (i1, . . . , ik1 , . . . , ik2 , . . . , in), t = (ik1 , ik2) (k2 > k1).
�®¤÷ t(i) = (i1, . . . , ik2 , . . . , ik1 , . . . , in).

�«ï ¤®¢¥¤¥ï «¥¬¨ à®§£«ï¥¬®, ïª÷ ¯ à¨ ¥«¥¬¥â÷¢ {im1 , im2} ¬ îâì
«à÷§ã ÷¢¥àá÷©÷áâì» ã ¯¥à¥áâ ®¢ª å i â  t(i), â®¡â® ãâ¢®àîîâì ÷¢¥à-
á÷î ¢ ¯¥à¥áâ ®¢æ÷ i â  ¥ ãâ¢®àîîâì ÷¢¥àá÷î ¢ t(i),  ¡®  ¢¯ ª¨ { ãâ¢®-
àîîâì ÷¢¥àá÷î ¢ t(i) â  ¥ ãâ¢®àîîâì ¢ i. �ªé® ª÷«ìª÷áâì â ª¨å ¯ à
¢¨ï¢¨âìáï ¥¯ à®î, «¥¬ã ¡ã¤¥ ¤®¢¥¤¥®.

1. �®§£«ï¥¬® ¯ àã {im1 , im2}, ïªé® {im1 , im2} ∩ {ik1 , ik2} = ∅. � ª 
¯ à  ¬ õ ®¤ ª®¢ã ÷¢¥àá÷©÷áâì ã ¯¥à¥áâ ®¢ª å i â  t(i), (â®¡â® ¢ ®¡®å
¯¥à¥áâ ®¢ª å õ ÷¢¥àá÷õî  ¡® ¢ ®¡®å ¯¥à¥áâ ®¢ª å ¥ õ ÷¢¥àá÷õî), ®á-
ª÷«ìª¨ âà á¯®§¨æ÷ï t = (ik1 , ik2) ¥ §¬÷îõ à®§â èã¢ ï ¥«¥¬¥â÷¢ im1

â  im2 .
2. �®§£«ï¥¬® ¯ àã {ik, im}, ïªé® 1 ≤ k < k1, m ∈ {k1, k2}. � ª  ¯ à 

¬ õ ®¤ ª®¢ã ÷¢¥àá÷©÷áâì ã ¯¥à¥áâ ®¢ª å i â  t(i), ®áª÷«ìª¨ âà á¯®-
§¨æ÷ï t ¥ §¬÷îõ ¢§ õ¬®£® à®§â èã¢ ï ¥«¥¬¥â÷¢ ik â  im.

3. � «®£÷ç® ¯®¯¥à¥¤ì®¬ã ¯ãªâã, ¯ à  ¥«¥¬¥â÷¢ {im, ik} ¯à¨
k2 < k ≤ n, m ∈ {k1, k2} â ª®¦ ¬ õ ®¤ ª®¢ã ÷¢¥àá÷©÷áâì ã ¯¥à¥áâ -
®¢ª å i â  t(i).

4. �¥å © k1 < k < k2, â®¤÷:
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• ¯ à  {ik1 , ik} ¬ õ à÷§ã ÷¢¥àá÷©÷áâì ã ¯¥à¥áâ ®¢ª å i â  t(i), ®á-
ª÷«ìª¨ âà á¯®§¨æ÷ï t §¬÷îõ ¢§ õ¬¥ à®§â èã¢ ï ¥«¥¬¥â÷¢ ik1

â  ik. �ç¥¢¨¤®, é® ¢áì®£® ÷áãõ k2 − k1 − 1 ¯ à ¢¨£«ï¤ã {ik1 , ik}
(k1 < k < k2);

• ¯ à  {ik, ik2} ¬ õ à÷§ã ÷¢¥àá÷©÷áâì ã ¯¥à¥áâ ®¢ª å i â  t(i), ®á-
ª÷«ìª¨ âà á¯®§¨æ÷ï t §¬÷îõ ¢§ õ¬¥ à®§â èã¢ ï ¥«¥¬¥â÷¢ ik
â  ik2 . �ç¥¢¨¤®, é® ¢áì®£® ÷áãõ k2 − k1 − 1 ¯ à ¢¨£«ï¤ã {ik, ik2}
(k1 < k < k2).

5. � à  {ik1 , ik2} (®áâ ï, é® § «¨è¨« áì ¥à®§£«ïãâ®î) ¬ õ à÷§ã
÷¢¥àá÷©÷áâì ã ¯¥à¥áâ ®¢ª å i â  t(i), ®áª÷«ìª¨ âà á¯®§¨æ÷ï t §¬÷îõ
¢§ õ¬¥ à®§â èã¢ ï ¥«¥¬¥â÷¢ ik1 â  ik2 .

�â¦¥, ¢áì®£® ÷áãõ 2(k2−k1−1)+1 (¥¯ à  ª÷«ìª÷áâì) ¯ à, ïª÷ ¬ îâì
à÷§ã ÷¢¥àá÷©÷áâì ã ¯¥à¥áâ ®¢ª å i â  t(i).

�¢¥à¤¦¥ï «¥¬¨ ¤®¢¥¤¥®.

�à¨ª« ¤ 6.23. �¥à¥áâ ®¢ª  i = (1, 4, 3, 2) ¤®¯ãáª õ âà¨ ÷¢¥àá÷ù:
{4, 3}, {4, 2}, {3, 2}. � áâ®á®¢ãîç¨ âà á¯®§æ÷î t = (1, 3), ®âà¨¬ãõ¬® ¯¥-
à¥áâ ®¢ªã t(i) = (3, 4, 1, 2), ïª  ¤®¯ãáª õ ç®â¨à¨ ÷¢¥àá÷ù: {3, 1}, {3, 2},
{4, 1}, {4, 2}. �â¦¥, ¯¥à¥áâ ®¢ª  i = (1, 4, 3, 2) õ ¥¯ à®î,   ¯¥à¥áâ -
®¢ª  t(i) { ¯ à®î.

�§ ç¥ï 6.13 (¯¥àè¥ ®§ ç¥ï ¯ à®áâ÷ ¯÷¤áâ ®¢ª¨). �÷¤-
áâ ®¢ªã c =

(
i
j

)
 §¨¢ îâì ¯ à®î, ïªé® ¯¥à¥áâ ®¢ª¨ i â  j ¬ îâì

®¤ ª®¢ã ¯ à÷áâì, ÷ ¥¯ à®î, ïªé® ¯¥à¥áâ ®¢ª¨ i â  j ¬ îâì à÷§ã
¯ à÷áâì. � à÷áâî ¯÷¤áâ ®¢ª¨ c  §¢¥¬® ç¨á«®

k(c) =

{
0, ïªé® c ¯ à ,

1, ïªé® c ¥¯ à .

�«ï  ¢¥¤¥®£® ®§ ç¥ï ¯ à®áâ÷ ¯÷¤áâ ®¢ª¨ ¯®âà÷¡® ®¡óàãâã-
¢ ï ª®à¥ªâ®áâ÷ (¥§ «¥¦÷áâì ¯ à®áâ÷ ¢÷¤ ¢¨¡®àã ¬ âà¨æ÷ ¤«ï §®¡à -
¦¥ï ¯÷¤áâ ®¢ª¨). �÷¤¯®¢÷¤¥ â¢¥à¤¦¥ï ¡ã¤¥  ¢¥¤¥® ¢ â¥®à¥¬÷ 6.5.

�à¨ª« ¤ 6.24. 1. �¡ç¨á«¨¬® ¯ à÷áâì ¯÷¤áâ ®¢ª¨

c =

(
1 2 3 4
3 2 1 4

)
.
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�¥à¥áâ ®¢ª  i = (1, 2, 3, 4) õ ¯ à®î (¥ ¬÷áâ¨âì ÷¢¥àá÷©); ¯¥à¥áâ -
®¢ª  j = (3, 2, 1, 4) ¤®¯ãáª õ âà¨ ÷¢¥àá÷ù ({3, 2}, {3, 1}, {2, 1}),   ®â¦¥,
õ ¥¯ à®î. � ª¨¬ ç¨®¬, ¢¨å÷¤  ¯÷¤áâ ®¢ª  c =

(
i
j

)
õ ¥¯ à®î,

®áª÷«ìª¨ ¯÷¤áâ ®¢ª¨ i â  j ¬ îâì à÷§ã ¯ à÷áâì.
2. �¡ç¨á«¨¬® ¯ à÷áâì ¯÷¤áâ ®¢ª¨ c =

(
1 2 3 4
4 1 3 2

)
.

�¥à¥áâ ®¢ª  i = (1, 2, 3, 4) õ ¯ à®î (¥ ¬÷áâ¨âì ÷¢¥àá÷©); ¯¥à¥áâ -
®¢ª  j = (4, 1, 3, 2) ¤®¯ãáª õ ç®â¨à¨ ÷¢¥àá÷ù ({4, 1}, {4, 3}, {4, 2}, {3, 2}),
  ®â¦¥, õ ¯ à®î. � ª¨¬ ç¨®¬, ¢¨å÷¤  ¯÷¤áâ ®¢ª  c =

(
i
j

)
õ ¯ à®î,

®áª÷«ìª¨ ¯÷¤áâ ®¢ª¨ i â  j ¬ îâì ®¤ ª®¢ã ¯ à÷áâì.

�¯à ¢  6.9. �®¢¥áâ¨ â ª÷ â¢¥à¤¦¥ï:
1. �÷¤áâ ®¢ª¨ c â  c−1 ¬ îâì ®¤ ª®¢ã ¯ à÷áâì.
2. � à÷áâì ª®¬¯®§¨æ÷ù c = c2 ◦ c1 ¬®¦  ®¡ç¨á«¨â¨ §  ä®à¬ã«®î

k(c) = k(c1)⊕ k(c2),

â®¡â® c õ ¯ à®î â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ c1 â  c2 ¬ îâì ®¤ ª®¢ã ¯ à-
÷áâì.

�ª §÷¢ª . �ª®à¨áâ â¨áì § ã¢. 6.8.
3. �®â®¦  ¯÷¤áâ ®¢ª  õ ¯ à®î.
4. �à á¯®§¨æ÷ï õ ¥¯ à®î ¯÷¤áâ ®¢ª®î.
5. �¨ª« ¯ à®ù ¤®¢¦¨¨ õ ¥¯ à¨¬, æ¨ª« ¥¯ à®ù ¤®¢¦¨¨ { ¯ à-

¨¬.
�ª §÷¢ª . �®¢¥áâ¨, é® æ¨ª« (i1, i2, . . . , ik) ¬®¦  §®¡à §¨â¨ ã ¢¨£«ï¤÷

ª®¬¯®§¨æ÷ù k − 1 âà á¯®§¨æ÷©:

(i1, i2, . . . , ik) = (i1, i2) ◦ (i2, i3) ◦ · · · ◦ (ik−1, ik),

¯÷á«ï ç®£® áª®à¨áâ â¨áï à¥§ã«ìâ â ¬¨ ¯¯. 2 â  4.

� áâã¯  â¥®à¥¬  ¯®áâã«îõ ª®à¥ªâ÷áâì ®§ ç¥ï 6.13.

�¥®à¥¬  6.5 (ª®à¥ªâ÷áâì ®§ ç¥ï ¯ à®áâ÷ ¯÷¤áâ ®¢ª¨).
� à÷áâì ¯÷¤áâ ®¢ª¨ c ¥ § «¥¦¨âì ¢÷¤ á¯®á®¡ã §®¡à ¦¥ï c ã ¢¨-
£«ï¤÷ ¬ âà¨æ÷.
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�®¢¥¤¥ï. �¢¥à¤¦¥ï â¥®à¥¬¨ õ ¯à®áâ¨¬  á«÷¤ª®¬ «¥¬¨ 6.3. �÷©á-
®, ¬ âà¨æî ¤«ï §®¡à ¦¥ï ¯÷¤áâ ®¢ª¨ c =

(
i
j

)
¬®¦  §¬÷î¢ â¨

«¨è¥ ¯¥à¥áâ ¢«¥ï¬ áâ®¢¯æ÷¢, â®¡â® § áâ®áã¢ ï¬ ¤® ¯¥à¥áâ ®¢®ª i
â  j ¤®¢÷«ì®ù ¯÷¤áâ ®¢ª¨ c0:

c =

(
i
j

)
=

(
c0(i)
c0(j)

)
.

�ªé® c0 õ âà á¯®§¨æ÷õî, ¯ à÷áâì ¯¥à¥áâ ®¢®ª i â  c0(i) à÷§  («¥-
¬  6.3). �«¥ ¯ à÷áâì ¯¥à¥áâ ®¢®ª j â  c0(j) â ª®¦ à÷§ , â®¡â® ¯ à÷áâì
¯÷¤áâ ®¢®ª

(
i
j

)
â 

(
c0(i)
c0(j)

)
(â®ç÷è¥, à÷§¨å §®¡à ¦¥ì ®¤÷õù ¯÷¤áâ -

®¢ª¨ c) ®¤ ª®¢ .
� § £ «ì®¬ã ¢¨¯ ¤ªã, ª®«¨ c0 õ ¤®¢÷«ì®î ¯÷¤áâ ®¢ª®î   ¬®¦¨÷

A = {1, 2, . . . , n}, ¤®áâ âì® §®¡à §¨â¨ c0 ã ¢¨£«ï¤÷ ª®¬¯®§¨æ÷ù âà á¯®§¨-
æ÷© (ä ªâ¨ç® ®âà¨¬ãîç¨ ¬ âà¨æî

(
c0(i)
c0(j)

)
÷§ ¬ âà¨æ÷

(
i
j

)
§  ¤¥ª÷«ìª 

ªà®ª÷¢,   ª®¦®¬ã ªà®æ÷ ¬÷ïîç¨ ¬÷áæï¬¨ «¨è¥ ¤¢  áâ®¢¯æ÷).

�à¨ª« ¤ 6.25. �®§£«ï¥¬® ¯÷¤áâ ®¢ªã c =

(
1 2 3
2 3 1

)
. �¥à¥áâ ®¢-

ª  i = (1, 2, 3) õ ¯ à®î (¥ ¬÷áâ¨âì ÷¢¥àá÷©), ¯¥à¥áâ ®¢ª  j = (2, 3, 1)
â ª®¦ õ ¯ à®î (¬÷áâ¨âì ¤¢÷ ÷¢¥àá÷ù: {2, 1} ÷ {3, 1}). �â¦¥, ¢¨å÷¤  ¯÷¤-
áâ ®¢ª  c =

(
i
j

)
õ ¯ à®î, ®áª÷«ìª¨ ¯¥à¥áâ ®¢ª¨ i = (1, 2, 3) â 

j = (2, 3, 1) ¬ îâì ®¤ ª®¢ã ¯ à÷áâì.
�¥¯¥à ã ¬ âà¨æ÷

(
1 2 3
2 3 1

)
¯®¬÷ïõ¬® ¬÷áæï¬¨ ¯¥àè¨© â  ®áâ ÷©

áâ®¢¯æ÷, ®âà¨¬ ¢è¨ ÷è¥ §®¡à ¦¥ï ¤«ï ¯÷¤áâ ®¢ª¨ c:

c =

(
3 2 1
1 3 2

)
.

�£÷¤® § â¥®à¥¬®î 6.5, ¯ à÷áâì ¯÷¤áâ ®¢ª¨ c ¥ ¬ õ § «¥¦ â¨ ¢÷¤
¢¨¡®àã ¬ âà¨æ÷ ¤«ï ùù §®¡à ¦¥ï. �÷©á®, ã æì®¬ã ¢¨¯ ¤ªã ¬ õ¬®: ¯¥-
à¥áâ ®¢ª  ĩ = (3, 2, 1) ¥¯ à  (âà¨ ÷¢¥àá÷ù: {3, 2}, {3, 1}, {2, 1}); ¯¥à¥-
áâ ®¢ª  j̃ = (1, 3, 2) â ª®¦ ¥¯ à  (®¤  ÷¢¥àá÷ï: {3, 2}); ®â¦¥, ¬ âà¨-
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æï
(

ĩ

j̃

)
â ª®¦ ¢¨§ ç õ ¯ àã ¯÷¤áâ ®¢ªã (¯¥à¥áâ ®¢ª¨ ĩ â  j̃ ¬ îâì

®¤ ª®¢ã ¯ à÷áâì { ®¡¨¤¢÷ ¥¯ à÷).

�§ ç¥ï 6.14 (¤àã£¥ ®§ ç¥ï ¯ à®áâ÷ ¯÷¤áâ ®¢ª¨). �÷¤-
áâ ®¢ªã  §¨¢ îâì ¯ à®î, ïªé® ùù §®¡à ¦ãîâì ã ¢¨£«ï¤÷ ª®¬¯®§¨æ÷ù
¯ à®ù ª÷«ìª®áâ÷ âà á¯®§¨æ÷©, ÷ ¥¯ à®î, ïªé® ùù §®¡à ¦ãîâì ã ¢¨£«ï¤÷
ª®¬¯®§¨æ÷ù ¥¯ à®ù ª÷«ìª®áâ÷ âà á¯®§¨æ÷©.

� § ç¨¬®, é® ¥ª¢÷¢ «¥â÷áâì ®§ ç¥ì 6.13 â  6.14,   §¢÷¤á¨ ÷ ª®-
à¥ªâ÷áâì ®§ ç¥ï 6.14 (¥§ «¥¦÷áâì ¢÷¤ á¯®á®¡ã §®¡à ¦¥ï ¯÷¤áâ -
®¢ª¨ ã ¢¨£«ï¤÷ ª®¬¯®§¨æ÷ù âà á¯®§¨æ÷©), ®¤à §ã ¢¨¯«¨¢ õ § à¥§ã«ìâ â÷¢
¢¯à ¢¨ 6.9.

�à¨ª« ¤ 6.26. �®§£«ï¥¬® ¯÷¤áâ ®¢ªã c =

(
1 2 3 4
2 4 3 1

)
, ïª  õ ¯ à-

®î ¢ á¥á÷ ®§ ç¥ï 6.13 (¯¥à¥áâ ®¢ª¨ (1, 2, 3, 4) â  (2, 4, 3, 1) ®¡¨¤¢÷
¯ à÷).

�«ï § áâ®áã¢ ï ®§ ç¥ï 6.14 §®¡à §¨¬® ¯÷¤áâ ®¢ªã c ã ¢¨£«ï¤÷
ª®¬¯®§¨æ÷ù âà á¯®§¨æ÷©:

(
1 2 3 4
2 4 3 1

)
= (2, 1) ◦ (2, 4).

�÷«ìª÷áâì âà á¯®§¨æ÷© ¢ ®âà¨¬ ®¬ã §®¡à ¦¥÷ ¯ à , ®â¦¥, ¯÷¤-
áâ ®¢ª  c õ ¯ à®î ÷ ¢ á¥á÷ ®§ ç¥ï 6.14.

�à®¤¥¬®áâàãõ¬®   ¯à¨ª« ¤÷ ¯÷¤áâ ®¢ª¨ c ª®à¥ªâ÷áâì ®§ ç¥-
ï 6.14, â®¡â® ¢¨¯¨è¥¬® ¤«ï c ª÷«ìª  ÷è¨å á¯®á®¡÷¢ à®§ª« ¤ ï ¢
ª®¬¯®§¨æ÷î âà á¯®§¨æ÷©:

c =

(
1 2 3 4
2 4 3 1

)
= (1, 4)◦(1, 2) = (2, 4)◦(1, 4) = (2, 1)◦(2, 3)◦(2, 3)◦(2, 4).

�ª ¡ ç¨¬®, ¢ ãá÷å  ¢¥¤¥¨å à®§ª« ¤ å ª÷«ìª÷áâì âà á¯®§¨æ÷© § «¨-
è õâìáï ¯ à®î (å®ç  á ¬  ª÷«ìª÷áâì ¬®¦¥ §¬÷î¢ â¨áï).

�à¨ª« ¤ 6.27. �¡ç¨á«¨¬® ¯ à÷áâì ¯÷¤áâ ®¢®ª ã £àã¯ å S2 â  S3.
�àã¯  S2 ¬÷áâ¨âì â®â®¦ã ¯÷¤áâ ®¢ªã e ÷ âà á¯®§¨æ÷î t = (1, 2)

(¤¨¢. ¯à¨ª«. 6.14). � ª¨¬ ç¨®¬, S2 ¬÷áâ¨âì ®¤ã ¯ àã (â®â®¦ã) ¯÷¤-
áâ ®¢ªã e â  ®¤ã ¥¯ àã ¯÷¤áâ ®¢ªã (âà á¯®§¨æ÷î) t.

130



6.3. �àã¯  ¯÷¤áâ ®¢®ª

�àã¯  S3 ¬÷áâ¨âì â®â®¦ã ¯÷¤áâ ®¢ªã e, âà¨ âà á¯®§¨æ÷ù c1, c2, c3,
  â ª®¦ ¤¢  æ¨ª«¨ ¤®¢¦¨®î 3: f1 â  f2 (¤«ï ¯÷¤áâ ®¢®ª £àã¯¨ S3

¢¨ª®à¨áâ õ¬® ¯®§ ç¥ï § ¯à¨ª«. 6.14). �â¦¥, S3 ¬÷áâ¨âì âà¨ ¯ à÷ ¯÷¤-
áâ ®¢ª¨ (æ¨ª«¨ ¥¯ à®ù ¤®¢¦¨¨ e, f1, f2) ÷ âà¨ ¥¯ à÷ ¯÷¤áâ ®¢ª¨
(âà á¯®§¨æ÷ù c1, c2, c3).

�®¦  § à®§£«ïãâ¨å £àã¯ S2 â  S3 ¬÷áâ¨âì ®¤ ª®¢ã ª÷«ìª÷áâì ¯ à-
¨å ÷ ¥¯ à¨å ¯÷¤áâ ®¢®ª (®¤  ¯ à  © ®¤  ¥¯ à  ¢ S2, ÷ âà¨ ¯ à÷
â  âà¨ ¥¯ à÷ ¢ S3). � «÷ (¯÷¤à®§¤. 6.12) ¡ã¤¥ ¤®¢¥¤¥® ¡÷«ìè § £ «ì-
¨© ä ªâ: ª®¦  £àã¯  Sn ¯à¨ n ≥ 2 ¬÷áâ¨âì n!

2
¯ à¨å â  n!

2
¥¯ à¨å

¯÷¤áâ ®¢®ª.

� ¢¥àèãîç¨ ¯÷¤à®§¤÷«,  ¢¥¤¥¬® ®¤¨ ¯à¨ª« ¤ ¢¨ª®à¨áâ ï â¥®à÷ù
¯÷¤áâ ®¢®ª ã «÷÷©÷©  «£¥¡à÷.

�à¨ª« ¤ 6.28. � ªãàáã «÷÷©®ù  «£¥¡à¨ ( ¯à¨ª« ¤, [10]) ¤®¡à¥ ¢÷-
¤®¬® ä®à¬ã«ã ¤«ï ®¡ç¨á«¥ï ¢¨§ ç¨ª  ¬ âà¨æ÷:

∣∣∣∣∣∣∣∣

a1,1 a1,2 . . . a1,n

a2,1 a2,2 . . . a2,n

. . . . . . . . . . . . . . . . . . .
an,1 an,2 . . . an,n

∣∣∣∣∣∣∣∣
=

∑
c∈Sn

(−1)k(c) · a1,c(1) · a2,c(2) . . . an,c(n)

(¯÷¤áã¬®¢ãîâìáï ¤®¤ ª¨ ¤«ï ¢á÷å c ∈ Sn; k(c), ïª ÷ à ÷è¥, ¯®§ ç õ
¯ à÷áâì ¯÷¤áâ ®¢ª¨ c).

�®§£«ï¥¬® ª®ªà¥â÷ ¢¨¯ ¤ª¨ ¤«ï n = 1, 2, 3.
1. �àã¯  S1 ¬÷áâ¨âì ®¤ã (â®â®¦ã) ¯÷¤áâ ®¢ªã e. �â¦¥, ®âà¨¬ãõ¬®

‖a1,1‖ =
∑
c∈S1

(−1)k(c)a1,c(1) = (−1)k(e)a1,e(1) = a1,1.

2. �àã¯  S2 ¬÷áâ¨âì ¤¢÷ ¯÷¤áâ ®¢ª¨ { â®â®¦ã ¯÷¤áâ ®¢ªã e ÷ âà á-
¯®§¨æ÷î c = (1, 2). �â¦¥, ®âà¨¬ãõ¬®

∣∣∣∣
a1,1 a1,2

a2,1 a2,2

∣∣∣∣ =
∑
c∈S2

(−1)k(c)a1,c(1)a2,c(2) =

= (−1)k(e)a1,e(1)a2,e(2) + (−1)k(t)a1,t(1)a2,t(2) = a1,1a2,2 − a1,2a2,1.
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3. �àã¯  S3 ¬÷áâ¨âì â®â®¦ã ¯÷¤áâ ®¢ªã e, âà¨ âà á¯®§¨æ÷ù c1, c2,
c3,   â ª®¦ ¤¢  æ¨ª«¨ ¤®¢¦¨®î 3: f1 â  f2 (¯®§ ç¥ï § ¯à¨ª«. 6.9).
�â¦¥, ¤«ï ¢¨§ ç¨ª  ¯®àï¤ªã 3 ®âà¨¬ãõ¬®

∣∣∣∣∣∣

a1,1 a1,2 a1,3

a2,1 a2,2 a2,3

a3,1 a3,2 a3,3

∣∣∣∣∣∣
=

∑
c∈S3

(−1)k(c)a1,c(1)a2,c(2)a3,c(3) =

= (−1)k(e)a1,e(1)a2,e(2)a3,e(3) + (−1)k(c1)a1,c1(1)a2,c1(2)a3,c1(3)+

+(−1)k(c2)a1,c2(1)a2,c2(2)a3,c2(3) + (−1)k(c3)a1,c3(1)a2,c3(2)a3,c3(3)+

+(−1)k(f1)a1,f1(1)a2,f1(2)a3,f1(3) + (−1)k(f2)a1,f2(1)a2,f2(2)a3,f2(3) =

= a1,1a2,2a3,3 − a1,1a2,3a3,2 − a1,3a2,2a3,1−
−a1,2a2,1a3,3 + a1,2a2,3a3,1 + a1,3a2,1a3,2.

�¥â «ì÷è¥ ¯à® £àã¯ã Sn (§®ªà¥¬ , ¯à® à®§ª« ¤ ï ¯÷¤áâ ®¢-
ª¨ ¢ ª®¬¯®§¨æ÷î ¥§ «¥¦¨å æ¨ª«÷¢) ¬®¦  ¯à®ç¨â â¨,  ¯à¨ª« ¤,
ã [7, 10, 14]. �¥ïª÷  «£®à¨â¬÷ç÷  á¯¥ªâ¨ £àã¯¨ ¯÷¤áâ ®¢®ª ¢¨á¢÷â-
«¥® ¢ [15].

6.4. �¤¨â¨¢  â  ¬ã«ìâ¨¯«÷ª â¨¢ 
£àã¯¨ ª« á÷¢ «¨èª÷¢

6.4.1. �®¦¨  ª« á÷¢ «¨èª÷¢
� æì®¬ã ¯÷¤à®§¤÷«÷ ¡ã¤¥ à®§£«ïãâ®  ¤¨â¨¢ã â  ¬ã«ìâ¨¯«÷ª â¨¢ã

£àã¯¨, ¯®¢'ï§ ÷ § ä ªâ®à-¬®¦¨®î Z
/
(mod n)

¬®¦¨¨ æ÷«¨å ç¨á¥« Z
§  ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷ (mod n), ¤¥ n { ä÷ªá®¢ ¥  âãà «ì¥
ç¨á«®.

�÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷ (mod n) (§  ¬®¤ã«¥¬ n) ¤®á¨âì ¤¥â «ì-
® à®§£«ïãâ® ¢ à®§¤. 3, ¯à¨ª«. 3.20. � £ ¤ õ¬®, é® ä ªâ®à-¬®¦¨ 
Z

/
(mod n)

¬ õ ¢¨£«ï¤

Z
/
( mod n)

= {0, 1, . . . , k, . . . , n− 1}, ¤¥ k = {nm + k : m ∈ Z}.
�®¦¨¨ (ª« á¨ ¥ª¢÷¢ «¥â®áâ÷) k (0 ≤ k ≤ n − 1)  §¨¢ îâì ª« -

á ¬¨ «¨èª÷¢ §  ¬®¤ã«¥¬ n. �ç¥¢¨¤®, ª®¦¥ ª« á k áª« ¤ õâìáï § æ÷«¨å
ç¨á¥«, ¯÷á«ï ¤÷«¥ï ª®¦®£® § ïª¨å   n ®¤¥à¦ãîâì ®áâ çã k.
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� ªâ®à-¬®¦¨ã Z
/
(mod n)

¯®§ ç îâì ç¥à¥§ Zn:

Zn = Z
/
(mod n)

= {0, 1, . . . , k, . . . , n− 1}, ¤¥ k = {nm + k : m ∈ Z}.

�¥ à §  £®«®á¨¬®, é® ¥«¥¬¥â ¬¨ ¬®¦¨¨ Zn õ ª« á¨ «¨èª÷¢, â®¡-
â® ¥ ®ªà¥¬÷ æ÷«÷ ç¨á« ,   ¬®¦¨¨ ç¨á¥«. � ¦«¨¢® â ª®¦ ¯ ¬'ïâ â¨, é®
¢¨à § k ¬ õ á¥á ¤«ï ¤®¢÷«ì®£® k ∈ Z (¥ â÷«ìª¨ ¤«ï 0 ≤ k ≤ n − 1).
�à®â¥, ã ¬®¦¨÷ Zn ¬÷áâ¨âìáï à÷¢® n à÷§¨å ª« á÷¢, ÷ æ¥ á ¬¥ ª« á¨ k
¯à¨ 0 ≤ k ≤ n−1; ª« á¨ k § ®¬¥à ¬¨ k ≥ n â  k < 0 §¡÷£ îâìáï § ®¤¨¬
÷§ ª« á÷¢ k ¯à¨ 0 ≤ k ≤ n− 1:

n = 0, n + 1 = 1, − 1 = n− 1, . . . .

�§ £ «÷, «¥£ª® ¯®¡ ç¨â¨, é® k = k mod n. � £ ¤ õ¬®, é® k mod n õ
§ £ «ì®¯à¨©ïâ¨¬ ¯®§ ç¥ï¬ ¤«ï ®áâ ç÷ ¢÷¤ ¤÷«¥ï k   n, â®¡â®
ç¨á«® k0 = k mod n ®¤®§ ç® ¢¨§ ç õâìáï ã¬®¢ ¬¨:

0 ≤ k0 ≤ n− 1; (6.3)
k = n ·m + k0 ¤«ï ¤¥ïª®£® m ∈ Z. (6.4)

� § ç¨¬®, é® ç¨á«® m = k div n â ª®¦ ¢¨§ ç õâìáï ã¬®¢ ¬¨ (6.3)
÷ (6.4) ®¤®§ ç®:

m = max{p ∈ Z : k ≥ n · p}.
�à¨ª« ¤ 6.29. �®§£«ï¥¬® ¬®¦¨¨ Z1, Z2 â  Z3.
1. �®¦¨  Z1 = {0} áª« ¤ õâìáï § ®¤®£® ¥«¥¬¥â  0 = Z (¡ã¤ì-ïª¥

æ÷«¥ ç¨á«® ¤÷«¨âìáï   1 ¡¥§ ®áâ ç÷). �¥© ¢¨¯ ¤®ª ¥æ÷ª ¢¨© ÷ ©®£®, ïª
¯à ¢¨«®, ¥ à®§£«ï¤ îâì.

2. �®¦¨  Z2 = {0, 1} ¬÷áâ¨âì ¤¢  ¥«¥¬¥â¨ { ¬®¦¨ã 0 ¯ à¨å
ç¨á¥« ÷ ¬®¦¨ã 1 ¥¯ à¨å ç¨á¥«. � æì®¬ã ¢¨¯ ¤ªã

k = k mod 2 =

{
0, ïªé® k ¯ à¥,
1, ïªé® k ¥¯ à¥.

�®ªà¥¬ : 0 = 2 = − 2 = 4 = − 4, 1 = − 1 = 3 = − 3.
3. �®¦¨  Z3 = {0, 1, 2} áª« ¤ õâìáï § âàì®å ¥«¥¬¥â÷¢:
• ¬®¦¨¨ 0 ç¨á¥«, ïª÷ ¤÷«ïâìáï   3 ¡¥§ ®áâ ç÷;
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• ¬®¦¨¨ 1 ç¨á¥«, ïª÷ ¤÷«ïâìáï   3 § ®áâ ç¥î 1;
• ¬®¦¨¨ 2 ç¨á¥«, ïª÷ ¤÷«ïâìáï   3 § ®áâ ç¥î 2.

� æì®¬ã ¢¨¯ ¤ªã, §®ªà¥¬ , ¬ õ¬®:

0 = 3 = − 3 = 6 = − 6, 1 = − 2 = 4, 2 = − 1 = 5.

6.4.2. �¤¨â¨¢  £àã¯  Zn

� ä÷ªáãõ¬® n ∈ N.
�  ¬®¦¨÷ Zn = {0, 1, . . . , n− 1} ¢¨§ ç¨¬® ®¯¥à æ÷î «+»:

a + b = a + b, a, b ∈ Z.

� ¢¥¤¥¥ ®§ ç¥ï ¯®âà¥¡ãõ ®¡óàãâã¢ ï ª®à¥ªâ®áâ÷: âà¥¡  ¤®-
¢¥áâ¨, é® à¥§ã«ìâ â ®¯¥à æ÷ù a+ b ¥ § «¥¦¨âì ¢÷¤ ¢¨¡®àã ¯à¥¤áâ ¢¨ª÷¢
§ ª« á÷¢ a â  b.

�¥¬  6.4 (ª®à¥ªâ÷áâì ®¯¥à æ÷ù «+»   Zn). �¥å © a1 = a, b1 = b.
�®¤÷ a1 + b1 = a + b.

�®¢¥¤¥ï. �«ï ¤®¢¥¤¥ï à÷¢®áâ÷ a1 + b1 = a + b ¤®áâ âì® ¯¥à¥¢÷-
à¨â¨, é® ((a1 + b1)− (a + b)) mod n = 0.

�áª÷«ìª¨ a1 = a, b1 = b, ¬ õ¬®

a1 = a + m1n, b1 = b + m2n ¤«ï ¤¥ïª¨å m1, m2 ∈ Z.

�«¥ â®¤÷ ®âà¨¬ãõ¬®

(a1 + b1)− (a + b) = (a1 − a) + (b1 − b) = m1n + m2n = (m1 + m2)n,

â®¡â® ((a1 + b1)− (a + b)) mod n = 0, é® ¤®¢®¤¨âì â¢¥à¤¦¥ï «¥¬¨.

�â¦¥, ¯®¡ã¤®¢ ® § ¬ª¥ã  «£¥¡à¨çã áâàãªâãàã 〈Zn, +〉. �¥£ª® ¤®-
¢¥áâ¨, é® â ª  áâàãªâãà  õ  ¡¥«¥¢®î £àã¯®î, ®áª÷«ìª¨ £àã¯®¢÷ ¢« áâ¨-
¢®áâ÷ ( á®æ÷ â¨¢÷áâì, ª®¬ãâ â¨¢÷áâì,  ï¢÷áâì ¥©âà «ì®£® ¥«¥¬¥-
â  e,   â ª®¦ ÷áã¢ ï ®¡¥à¥®£® x−1,+ ¤«ï ª®¦®£® x ∈ Z) ®¤à §ã
¢¨¯«¨¢ îâì §   «®£÷ç¨å £àã¯®¢¨å ¢« áâ¨¢®áâ¥© ¤«ï áâàãªâãà¨ 〈Z, +〉.
� ª, ã áâàãªâãà÷ 〈Zn, +〉 ¥©âà «ì¨© ¥«¥¬¥â e = 0, ®¡¥à¥¨© ¥«¥¬¥â
(a)

−1,+
= − a = n− a.
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�¯à ¢  6.10. �à®¢¥áâ¨ ¯®¢¥ ¤®¢¥¤¥ï ä ªâã, é® áâàãªâãà 
〈Zn, +〉 õ  ¡¥«¥¢®î £àã¯®î.

�àã¯ã 〈Zn, +〉  §¨¢ îâì  ¤¨â¨¢®î £àã¯®î ª« á÷¢ «¨èª÷¢ §  ¬®-
¤ã«¥¬ n. �«ï æ÷õù £àã¯¨ ç áâ® ¢¦¨¢ îâì áª®à®ç¥¥, ¡¥§ ãª § ï ®¯¥-
à æ÷ù, ¯®§ ç¥ï Zn; ïªé® ¢¨¨ª õ ¬®¦«¨¢÷áâì ª®ä«÷ªâã ¯®§ ç¥ì,
§ áâ®á®¢ãîâì  §¢ã « ¤¨â¨¢  £àã¯  Zn», é® ¢ª §ãõ   ®¯¥à æ÷î «+»
(¤¨¢. § ã¢. 6.5).

�à¨ª« ¤ 6.30. �®§£«ï¥¬® £àã¯¨ Z2 â  Z3.
1. � ¢¥¤¥¬® â ¡«¨æî �¥«÷ ¤«ï  ¤¨â¨¢®ù £àã¯¨ Z2 (â ¡«. 6.3).

� ¡«¨æï 6.3. � ¡«¨æï �¥«÷ ¤«ï  ¤¨â¨¢®ù £àã¯¨ Z2

+ 0 1
0 0 1
1 1 0

�ç¥¢¨¤®, ®¡¥à¥÷ ¥«¥¬¥â¨ ¢ Z2 ¬ îâì ¢¨£«ï¤

(0)
−1,+

= 0, (1)
−1,+

= 1.

2. � ¢¥¤¥¬® â ¡«¨æî �¥«÷ ¤«ï  ¤¨â¨¢®ù £àã¯¨ Z3 (â ¡«. 6.4).

� ¡«¨æï 6.4. � ¡«¨æï �¥«÷ ¤«ï  ¤¨â¨¢®ù £àã¯¨ Z3

+ 0 1 2
0 0 1 2
1 1 2 0
2 2 0 1

�¥£ª® ¯¥à¥¢÷à¨â¨, é® ®¡¥à¥÷ ¥«¥¬¥â¨ ¢ Z3 ¬ îâì ¢¨£«ï¤

(0)
−1,+

= 0, (1)
−1,+

= − 1 = 2, (2)
−1,+

= − 2 = 1.

� ã¢ ¦¥ï 6.13. �¤¨â¨¢  £àã¯  Zn õ ¯à¨ª« ¤®¬ § £ «ì®£® â¨¯ã
áâàãªâãà { â ª §¢ ¨å ä ªâ®à-£àã¯, ïª÷ ¡ã¤¥ à®§£«ïãâ® ¢ ¯÷¤à®§¤. 6.12.
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6.4.3. �ã«ìâ¨¯«÷ª â¨¢  £àã¯  Zp
∗

� ä÷ªáãõ¬® p ∈ N.
�  ¬®¦¨÷ Zp = {0, 1, . . . , p− 1} ¢¨§ ç¨¬® ®¯¥à æ÷î ¬®¦¥ï «·»:

a · b = ab, a, b ∈ Z.

�ª ÷ ã ¢¨¯ ¤ªã ®¯¥à æ÷ù «+», ®§ ç¥ï ®¯¥à æ÷ù «·» â ª®¦ ¯®âà¥¡ãõ
®¡óàãâã¢ ï ª®à¥ªâ®áâ÷.

�¥¬  6.5 (ª®à¥ªâ÷áâì ®¯¥à æ÷ù «·»   Zp). �¥å © a1 = a, b1 = b.
�®¤÷ a1 · b1 = ab.

�®¢¥¤¥ï. �«ï ¤®¢¥¤¥ï à÷¢®áâ÷ a1 · b1 = ab ¤®áâ âì® ¯¥à¥¢÷à¨â¨,
é® (a1b1 − ab) mod p = 0.

�áª÷«ìª¨ a1 = a, b1 = b, ¬ õ¬®

a1 = a + m1p, b1 = b + m2p ¤«ï ¤¥ïª¨å m1,m2 ∈ Z.

�«¥ â®¤÷ ®âà¨¬ãõ¬®

a1b1 − ab = a1b1 − a1b + a1b− ab = a1(b1 − b) + b(a1 − a) = a1m2p + bm1p,

â®¡â® (a1b1 − ab) mod p = 0, é® ¤®¢®¤¨âì â¢¥à¤¦¥ï «¥¬¨.

�â¦¥, ¯®¡ã¤®¢ ® § ¬ª¥ã  «£¥¡à¨çã áâàãªâãàã 〈Zp, ·〉. �¥£ª® ¤®¢¥-
áâ¨, é® æï áâàãªâãà  õ ª®¬ãâ â¨¢¨¬ ¬®®ù¤®¬, ®áª÷«ìª¨ ¥®¡å÷¤÷ ¢« -
áâ¨¢®áâ÷ ( á®æ÷ â¨¢÷áâì, ª®¬ãâ â¨¢÷áâì ÷  ï¢÷áâì ¥©âà «ì®£® ¥«¥-
¬¥â ) ®¤à §ã ¢¨¯«¨¢ îâì §   «®£÷ç¨å ¢« áâ¨¢®áâ¥© ¤«ï ¬®®ù¤  〈Z, ·〉.
� ª, ã áâàãªâãà÷ 〈Zp, ·〉 ¥©âà «ì¨© ¥«¥¬¥â e = 1.

�¤ ª áâàãªâãà  〈Zp, ·〉, ïª ÷ 〈Z, ·〉 (¤¨¢. ¯à¨ª«. 6.5), §  ¦®¤®£® p ≥ 2
¥ õ £àã¯®î, ®áª÷«ìª¨ ¤«ï ¥«¥¬¥â  0 ã æì®¬ã à §÷ ¥ ÷áãõ ®¡¥à¥®£®.

�«ï ¯®¡ã¤®¢¨ ¬ã«ìâ¨¯«÷ª â¨¢®ù £àã¯¨   ¬®¦¨÷ ª« á÷¢ «¨èª÷¢
¡ã¤¥¬® ¤®¤ âª®¢® ¢¨¬ £ â¨, é®¡ p ∈ N ¡ã«® ¯à®áâ¨¬ ç¨á«®¬1. �à÷¬ â®£®,
£àã¯ã ¡ã¤ã¢ â¨¬¥¬®   «¬®¦¨÷ ¡¥§ ã«ï»:

Zp
∗ = Zp \ {0} = {1, 2, . . . , p− 1}.

1ö®¤÷ ¢ «÷â¥à âãà÷, ®á®¡«¨¢® ¢ ¤¥ïª¨å èª÷«ì¨å ¯÷¤àãç¨ª å, ç¨á«® 1 ¢¢ ¦ îâì
¯à®áâ¨¬. �ãâ ¡ã¤¥¬® ¢¢ ¦ â¨, é® ¯à®áâ¥ ç¨á«® ¯®¢¨® ¬ â¨ à÷¢® ¤¢  à÷§÷  âã-
à «ì÷ ¤÷«ì¨ª¨, â®¡â® ç¨á«® 1 ¥ õ ¯à®áâ¨¬.
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�¥®à¥¬  6.6. �«£¥¡à¨ç  áâàãªâãà  〈Zp
∗, ·〉 ¤«ï ¯à®áâ®£® p ∈ N õ

 ¡¥«¥¢®î £àã¯®î.
�®¢¥¤¥ï. �¥àè §  ¢á¥, ¯®âà÷¡® ¤®¢¥áâ¨ § ¬ª¥÷áâì áâàãªâãà¨

〈Zp
∗, ·〉, ®áª÷«ìª¨ ¯à æîõ¬® ¥   ¢á÷© ¬®¦¨÷ ª« á÷¢ «¨èª÷¢. �«ï æì®£®

¥®¡å÷¤® ¤®¢¥áâ¨, é® a · b ∈ Zp
∗ ¯à¨ a, b ∈ Zp

∗, â®¡â® é® a · b 6= 0 ¤«ï
a 6= 0, b 6= 0.

�à¨¯ãáâ÷¬®, é® a · b = 0. �¥ ®§ ç õ, é® ab mod p = 0, â®¡â® ¤®¡ãâ®ª
ab ¤÷«¨âìáï   p ¡¥§ ®áâ ç÷. �«¥ â®¤÷, ®áª÷«ìª¨ ç¨á«® p õ ¯à®áâ¨¬, ®¤¥ §
ç¨á¥« a ç¨ b ¬ õ ¤÷«¨â¨áï   p ¡¥§ ®áâ ç÷, é® áã¯¥à¥ç¨âì ã¬®¢÷ a, b 6= 0.
�â¦¥, § ¬ª¥÷áâì áâàãªâãà¨ 〈Zp

∗, ·〉 ¤®¢¥¤¥®.
�á®æ÷ â¨¢÷áâì ÷ ª®¬ãâ â¨¢÷áâì áâàãªâãà¨ 〈Zp

∗, ·〉 ¢¨¯«¨¢ õ §   «®-
£÷ç¨å ¢« áâ¨¢®áâ¥© ã áâàãªâãà÷ 〈Zp, ·〉. �¥©âà «ì¨¬ ¥«¥¬¥â®¬ ã áâàãª-
âãà÷ 〈Zp

∗, ·〉 õ ª« á 1 (§ § ç¨¬®, é® 1 6= 0).
� à¥èâ÷, ¤®¢¥¤¥¬® ÷áã¢ ï ®¡¥à¥®£® ¥«¥¬¥â  ¤«ï ¤®¢÷«ì®£®

a 6= 0 ¢÷¤®á® ®¯¥à æ÷ù ¬®¦¥ï (â®¡â® ¢ ¬¥¦ å áâàãªâãà¨ 〈Zp
∗, ·〉).

� ä÷ªáãõ¬® ç¨á«® a, â ª¥, é® 1 ≤ a ≤ p − 1, ÷ à®§£«ï¥¬®  ¡÷à ª« á÷¢
«¨èª÷¢:

a · 1, a · 2, . . . , a · (p− 1). (6.5)
ö§ ¢¨é¥¤®¢¥¤¥®ù § ¬ª¥®áâ÷ 〈Zp

∗, ·〉 ¢¨¯«¨¢ õ, é® ak 6= 0 ¯à¨
1 ≤ k ≤ p− 1, â®¡â®  ¡÷à ª« á÷¢ (6.5) «¥¦¨âì ã Zp

∗.
�®¢¥¤¥¬® ¤ «÷, é® ¢á÷ ª« á¨ (6.5) ¯®¯ à® à÷§÷, â®¡â® ak1 6= ak2 ¯à¨

1 ≤ k1 < k2 ≤ p− 1. �à¨¯ãáâ¨¢è¨, é® ak1 = ak2, ®âà¨¬ãõ¬®
(ak2 − ak1) mod p = 0, â®¡â® (a · (k2 − k1)) mod p = 0.

�¢÷¤á¨ ¢¨¯«¨¢ õ, é® ¬®¦¨ª a  ¡® ¬®¦¨ª (k2 − k1) ¬ õ ¤÷«¨â¨áï
¡¥§ ®áâ ç÷   ¯à®áâ¥ ç¨á«® p, é® áã¯¥à¥ç¨âì ã¬®¢ ¬ 1 ≤ (k2− k1) ≤ p− 1
â  1 ≤ a ≤ p− 1.

�â¦¥, ãá÷ ª« á¨ ¢  ¡®à÷ (6.5) ¯®¯ à® à÷§÷, â®¡â®  ¡÷à (6.5) ¬÷á-
â¨âì p − 1 ª« á÷¢ «¨èª÷¢, ª®¦¥ § ïª¨å «¥¦¨âì ã Zp

∗. �«¥ Zp
∗ â ª®¦

¬÷áâ¨âì p− 1 ¥«¥¬¥â÷¢, â®¡â® ¥ ¬®¦¥ ¬÷áâ¨â¨ ª« á÷¢, ïª÷ ¥ ¢å®¤ïâì ¤®
 ¡®àã (6.5). �¥ ®§ ç õ, é®  ¡÷à (6.5) §¡÷£ õâìáï § ¬®¦¨®î Zp

∗:

{1, 2, . . . , p− 1} = {a · 1, a · 2, . . . , a · (p− 1)}.
�÷ §¡÷£ã  ¢¥¤¥¨å ¬®¦¨ ¢¨¯«¨¢ õ, é® ®¤¨ § ¥«¥¬¥â÷¢ ¬®¦¨¨

{a · 1, a · 2, . . . , a · (p− 1)} ¬ õ ¤®à÷¢î¢ â¨ 1; ¯®§ ç¨¬® æ¥© ¥«¥¬¥â ç¥-
à¥§ a · ka, ¤¥ 1 ≤ ka ≤ p − 1. �«¥ â®¤÷ ª« á «¨èª÷¢ ka ∈ Zp

∗ ¢¨§ ç õ
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¥«¥¬¥â, ®¡¥à¥¨© ¤® a, ®áª÷«ìª¨ §  ¯®¡ã¤®¢®î

a · ka = a · ka = 1.

�¢¥à¤¦¥ï â¥®à¥¬¨ ¯®¢÷áâî ¤®¢¥¤¥®.

�àã¯ã 〈Zp
∗, ·〉 (¤«ï ¯à®áâ®£® ç¨á«  p)  §¨¢ îâì ¬ã«ìâ¨¯«÷ª â¨¢-

®î £àã¯®î ª« á÷¢ «¨èª÷¢ §  ¬®¤ã«¥¬ p; ¤«ï æ÷õù £àã¯¨ ç áâ® ¢¦¨¢ îâì
áª®à®ç¥¥, ¡¥§ ãª § ï ®¯¥à æ÷ù, ¯®§ ç¥ï Zp

∗; ïªé® ¢¨¨ª õ ¬®¦-
«¨¢÷áâì ª®ä«÷ªâã ¯®§ ç¥ì, § áâ®á®¢ãîâì  §¢ã «¬ã«ìâ¨¯«÷ª â¨¢ 
£àã¯  Zp

∗», é® ¢ª §ãõ   ®¯¥à æ÷î «·» (¤¨¢. § ã¢. 6.5).
�à¨ª« ¤ 6.31. � ¢¥¤¥¬® â ¡«¨æî �¥«÷ ¤«ï £àã¯¨ Z5

∗ (â ¡«. 6.5).

� ¡«¨æï 6.5. � ¡«¨æï �¥«÷ ¤«ï ¬ã«ìâ¨¯«÷ª â¨¢®ù £àã¯¨ Z5
∗

× 1 2 3 4
1 1 2 3 4
2 2 4 1 3
3 3 1 4 2
4 4 3 2 1

�¥£ª® ¯¥à¥¢÷à¨â¨, é® ®¡¥à¥÷ ¥«¥¬¥â¨ ¢ Z5
∗ ¬ îâì â ª¨© ¢¨£«ï¤:

(1)
−1

= 1, (2)
−1

= 3, (3)
−1

= 2, (4)
−1

= 4.

6.5. �®ïââï ¯÷¤£àã¯¨. �à¨â¥à÷© ¯÷¤£àã¯¨
�¥å © 〈G, ∗〉 { ¤®¢÷«ì  £àã¯ .
�§ ç¥ï 6.15. �÷¤£àã¯®î £àã¯¨ 〈G, ∗〉  §¨¢ îâì ¯÷¤¬®¦¨ã

H ⊂ G, ïª  õ £àã¯®î §  â÷õî á ¬®î ®¯¥à æ÷õî, é® ÷ £àã¯  〈G, ∗〉 (â®¡â®
áâàãªâãà  〈H, ∗〉 õ £àã¯®î).

� ã¢ ¦¥ï 6.14. 1. �®«¨ à®§£«ï¤ îâì £àã¯ã 〈G, ∗〉, á«÷¤ ¢ª § â¨ ¥
â÷«ìª¨ ¬®¦¨ã G,  «¥ © ®¯¥à æ÷î «∗»; ª®«¨ ¦ ¡¥àãâì ¤® à®§£«ï¤ã ¯÷¤-
£àã¯ã H ⊂ G, ¬®¦  ¥ ¢ª §ã¢ â¨ ®¯¥à æ÷î «∗», ïª , §  ®§ ç¥ï¬
¯÷¤£àã¯¨, ¬ õ §¡÷£ â¨áï § ®¯¥à æ÷õî £àã¯¨ 〈G, ∗〉.

2. � ®§ ç¥÷ ¯÷¤£ã¯¨ ¥ ¢¨¬ £ õâìáï, é®¡ ¥©âà «ì¨© ¥«¥¬¥â e1

¯÷¤£àã¯¨ H §¡÷£ ¢áï § ¥©âà «ì¨¬ ¥«¥¬¥â®¬ e £àã¯¨ G, ®áª÷«ìª¨ æ¥©
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6.5. �®ïââï ¯÷¤£àã¯¨. �à¨â¥à÷© ¯÷¤£àã¯¨

ä ªâ «¥£ª® ¢¨¯«¨¢ õ § ¢« áâ¨¢®áâ¥© £àã¯¨. �÷©á®, § ä÷ªáã¢ ¢è¨ ¤®¢÷«ì-
¨© ¥«¥¬¥â h ∈ H, §  ¤®¬®¬®£®î ¯à ¢¨«  áª®à®ç¥ï (6.1) ®âà¨¬ãõ¬®

(h = e ∗ h = e1 ∗ h) ⇒ (e = e1).

�à¨ª« ¤ 6.32. 1. �®¦¨  Z õ ¯÷¤£àã¯®î £àã¯¨ 〈Q, +〉.
2. �®¦¨  Q õ ¯÷¤£àã¯®î £àã¯¨ 〈R, +〉.
3. �®¦¨  R õ ¯÷¤£àã¯®î £àã¯¨ 〈C, +〉.
4. �®¦¨  (0, +∞) õ ¯÷¤£àã¯®î £àã¯¨ 〈R∗, ·〉.
5. �®¦¨  {−1, 1} õ ¯÷¤£àã¯®î £àã¯¨ 〈R∗, ·〉.
6. �®¦¨  ¥¢¨à®¤¦¥¨å ¨¦÷å âà¨ªãâ¨å ¬ âà¨æì

{(
a1,1 0
a2,1 a2,2

)
: a1,1, a2,1, a2,2 ∈ R, a1,1a2,2 6= 0

}

õ ¯÷¤£àã¯®î ¬ã«ìâ¨¯«÷ª â¨¢®ù £àã¯¨ ¬ âà¨æì GL2.
7. �®¦¨  ¬ âà¨æì § ®¤¨¨ç¨¬ ¢¨§ ç¨ª®¬

SLn = {A ∈ GLn : |A| = 1}
õ ¯÷¤£àã¯®î ¬ã«ìâ¨¯«÷ª â¨¢®ù £àã¯¨ ¬ âà¨æì GLn. �¥© ä ªâ ¥£ ©®
¢¨¯«¨¢ õ § ä®à¬ã«¨, ¢÷¤®¬®ù § ªãàáã «÷÷©®ù  «£¥¡à¨ ( ¯à¨ª« ¤, [10]):

|AB| = |A| · |B|, (6.6)
¤¥ A, B ∈ Mn×n.

�¯à ¢  6.11. �¥å © H1, H2 { ¯÷¤£àã¯¨ £àã¯¨ 〈G, ∗〉. �®¢¥áâ¨, é® ¯¥-
à¥â¨ H1∩H2 â ª®¦ õ ¯÷¤£àã¯®î £àã¯¨ 〈G, ∗〉. �§ £ «ì¨â¨ æ¥ â¢¥à¤¦¥-
ï   ¤®¢÷«ìã (¬®¦«¨¢ã ¥áª÷ç¥ã) ª÷«ìª÷áâì ¯÷¤£àã¯ £àã¯¨ 〈G, ∗〉.

�  ¯à ªâ¨æ÷ ¤«ï ¯¥à¥¢÷àª¨, ç¨ õ ¥¯®à®¦ï ¯÷¤¬®¦¨  £àã¯¨ ¯÷¤-
£àã¯®î, §àãç® ª®à¨áâã¢ â¨áï â ª®î â¥®à¥¬®î.

�¥®à¥¬  6.7 (ªà¨â¥à÷© ¯÷¤£àã¯¨). �¥å © ∅ 6= H ⊂ G, â®¡â® H {
¥¯®à®¦ï ¯÷¤¬®¦¨  £àã¯¨ 〈G, ∗〉.

�«ï â®£®, é®¡ ¯÷¤¬®¦¨  H ¡ã«  ¯÷¤£àã¯®î £àã¯¨ 〈G, ∗〉, ¥®¡å÷¤®
÷ ¤®áâ âì® ¢¨ª® ï ¤¢®å ã¬®¢:
(a, b ∈H) ⇒(a ∗ b ∈H) (§ ¬ª¥÷áâì H ¢÷¤®á® ®¯¥à æ÷ù «∗»); (6.7)
(a∈H) ⇒(a−1∈H) (§ ¬ª¥÷áâì H ¢÷¤®á® ¢§ïââï ®¡¥à¥®£®). (6.8)

139



�®§¤÷« 6. �«¥¬¥â¨ â¥®à÷ù £àã¯

�®¢¥¤¥ï. �¥®¡å÷¤÷áâì ®ç¥¢¨¤ , ®áª÷«ìª¨ ã¬®¢¨ § ¬ª¥®áâ÷ ¬®-
¦¨¨ H ¢÷¤®á® ¡÷ à®ù £àã¯®¢®ù ®¯¥à æ÷ù,   â ª®¦ ÷áã¢ ï ®¡¥à-
¥¨å a−1 ∈ H ¤«ï ª®¦®£® a ∈ H, ¥£ ©® ¢¨¯«¨¢ îâì § ¢¨§ ç¥ï
£àã¯¨.

�«ï ¤®¢¥¤¥ï ¤®áâ â®áâ÷ § ã¢ ¦¨¬®:
• § ¬ª¥÷áâì áâàãªâãà¨ 〈H, ∗〉 ¢÷¤®á® ®¯¥à æ÷ù «∗» õ ã¬®¢®î (6.7);
•  á®æ÷ â¨¢÷áâì áâàãªâãà¨ 〈H, ∗〉 ¢¨¯«¨¢ õ §  á®æ÷ â¨¢®áâ÷ ®¯¥à -

æ÷ù «∗»   ¢á÷© ¬®¦¨÷ G (  ®â¦¥, ÷   ¯÷¤¬®¦¨÷ H ⊂ G);
• § ¬ª¥÷áâì áâàãªâãà¨ H ¢÷¤®á® ®¯¥à æ÷ù ¢§ïââï ®¡¥à¥®£® õ

ã¬®¢®î (6.8).
�â¦¥, âà¥¡  «¨è¥ ¤®¢¥áâ¨, é® áâàãªâãà  〈H, ∗〉 ¬÷áâ¨âì ¥©âà «ì¨©

¥«¥¬¥â e ∈ G ¢¨å÷¤®ù £àã¯¨ 〈G, ∗〉.
� ä÷ªáãõ¬® ¤®¢÷«ì¨© ¥«¥¬¥â a ∈ H (æ¥ ¬®¦  §à®¡¨â¨, ®áª÷«ìª¨

H 6= ∅). �®¤÷, ïª  á«÷¤®ª ã¬®¢ (6.7), (6.8), ®âà¨¬ãõ¬®

(a ∈ H) ⇒ (a−1 ∈ H) ⇒ (e = a ∗ a−1 ∈ H).

�¢¥à¤¦¥ï â¥®à¥¬¨ ¯®¢÷áâî ¤®¢¥¤¥®.

� á«÷¤®ª. �¬®¢¨ (6.7) â  (6.8) ¢ â¥®à¥¬÷ 6.7 ¬®¦  § ¬÷¨â¨ ®¤-
÷õî ã¬®¢®î:

(a, b ∈ H) ⇒ (a ∗ b−1 ∈ H). (6.9)

�®¢¥¤¥ï. �÷©á®, § ä÷ªáã¢ ¢è¨ a ∈ H, ®âà¨¬ãõ¬®

e = a ∗ a−1 ∈ H.

� «÷ ¤«ï ¤®¢÷«ì®£® b ∈ H ®¤¥à¦¨¬®

b−1 = e ∗ b−1 ∈ H.

� à¥èâ÷, ¤«ï ¤®¢÷«ì¨å a, b ∈ H ¤÷áâ ¥¬®

a ∗ b = a ∗ (b−1)
−1 ∈ H.

�â¦¥, ¤®¢¥¤¥® ¢¨ª® ï ã¬®¢ (6.7) â  (6.8) ®á®¢®ù â¥®à¥¬¨.
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6.6. �®¬®¬®àä÷§¬¨ £àã¯: ®á®¢÷ ¢¨§ ç¥ï â  â¥®à¥¬¨

�à¨ª« ¤ 6.33. �¥å © An { ¬®¦¨  ¯ à¨å ¯÷¤áâ ®¢®ª   ¬®-
¦¨÷ A = {1, 2, . . . , n}. �®¦¨  An õ ¯÷¤£àã¯®î á¨¬¥âà¨ç®ù £àã¯¨ Sn,
®áª÷«ìª¨ ¤«ï ¤®¢÷«ì¨å ¯ à¨å c1,c2 ∈ Sn ®âà¨¬ ® ¯ à÷áâì ¯÷¤áâ ®¢-
ª¨ c−1

2 ,   ¯®â÷¬ ÷ ¯ à÷áâì c1 ∗ c−1
2 (¤¨¢. à¥§ã«ìâ â ¢¯à ¢¨ 6.9). �àã¯ã

〈An, ◦〉  §¨¢ îâì § ª®§¬÷®î £àã¯®î áâ¥¯¥ï n.

�ç¥¢¨¤®, é® ¡ã¤ì-ïª  £àã¯  〈G, ∗〉 § ¢¦¤¨ ¬÷áâ¨âì ¯à¨ ©¬÷ ¤¢÷
¯÷¤£àã¯¨: ¬®¦¨ã {e} (e { ¥©âà «ì¨© ¥«¥¬¥â ã £àã¯÷ 〈G, ∗〉) â  á -
¬ã ¬®¦¨ã G. �÷ ¯÷¤£àã¯¨  §¨¢ îâì âà¨¢÷ «ì¨¬¨; ¯÷¤£àã¯ã, é® ¥
õ âà¨¢÷ «ì®î,  §¨¢ îâì ¢« á®î. �÷¤£àã¯ã {e} ç áâ®  §¨¢ îâì ®¤¨-
¨ç®î, ¯÷¤£àã¯ã H = G ¡ã¤¥¬®  §¨¢ â¨ ¯®¢®î. � ã¢ ¦¨¬®, é® ã
¢¨¯ ¤ªã ®¤®¥«¥¬¥â®ù £àã¯¨ G = {e} âà¨¢÷ «ì÷ ¯÷¤£àã¯¨ §¡÷£ îâìáï.

6.6. �®¬®¬®àä÷§¬¨ £àã¯: ®á®¢÷ ¢¨§ ç¥ï
â  â¥®à¥¬¨

� æì®¬ã ¯÷¤à®§¤÷«÷ ¯à æî¢ â¨¬¥¬® § ¤¢®¬  £àã¯ ¬¨: 〈G1, ∗〉 â  〈G2,~〉
§ ¥©âà «ì¨¬¨ ¥«¥¬¥â ¬¨ e1 ∈ G1 â  e2 ∈ G2.

�§ ç¥ï 6.16. �÷¤®¡à ¦¥ï f : G1 → G2  §¨¢ îâì £®¬®¬®à-
ä÷§¬®¬,  ¡® £®¬®¬®àä¨¬ ¢÷¤®¡à ¦¥ï¬, £àã¯¨ 〈G1, ∗〉 ¢ £àã¯ã 〈G2,~〉,
ïªé®

f(a ∗ b) = f(a) ~ f(b) ¤«ï ¤®¢÷«ì¨å a, b ∈ G1.

ö'õªâ¨¢¨© £®¬®¬®àä÷§¬  §¨¢ îâì ¬®®¬®àä÷§¬®¬, áîà'õªâ¨¢¨©
£®¬®¬®àä÷§¬ { ¥¯÷¬®àä÷§¬®¬, ¡÷õªâ¨¢¨© £®¬®¬®àä÷§¬ { ÷§®¬®àä÷§¬®¬.
�ªé® f : G1 → G2 { ÷§®¬®àä÷§¬, â® £àã¯¨ 〈G1, ∗〉 ÷ 〈G2,~〉  §¨¢ îâì
÷§®¬®àä¨¬¨. �«ï ä ªâã ÷§®¬®àä®áâ÷ £àã¯ 〈G1, ∗〉 â  〈G2,~〉 ¢¦¨¢ îâì
¯®§ ç¥ï

〈G1, ∗〉 ∼ 〈G2,~〉 .

� ã¢ ¦¥ï 6.15. ö§ ®§ ç¥ï ¡÷õªâ¨¢®áâ÷ ¢¨¯«¨¢ õ, é® f õ ÷§®¬®à-
ä÷§¬®¬ â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ f õ ®¤®ç á® ¬®®- â  ¥¯÷¬®àä÷§¬®¬.

�à¨ª« ¤ 6.34. 1. �÷¤®¡à ¦¥ï

f : R→ R∗, f(a) = 2a
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õ ¬®®¬®àä÷§¬®¬ § £àã¯¨ 〈R, +〉 ¢ £àã¯ã 〈R∗, ·〉. �à®â¥ f ¥ õ ¥¯÷¬®àä÷§-
¬®¬,   ®â¦¥, ¥ õ ÷§®¬®àä÷§¬®¬.

2. �÷¤®¡à ¦¥ï

f : R→ (0, +∞), f(a) = 2a

õ ÷§®¬®àä÷§¬®¬ § £àã¯¨ 〈R, +〉 ¢ £àã¯ã 〈(0, +∞), ·〉.
3. �÷¤®¡à ¦¥ï

f : R→ {z ∈ C : z 6= 0}, f(a) = ei·a

õ £®¬®¬®àä÷§¬®¬ § £àã¯¨ 〈R, +〉 ¢ £àã¯ã 〈C∗, ·〉, ¤¥ C∗ = C \ {0}. �à®â¥
f ¥ õ ¬®®-  ¡® ¥¯÷¬®àä÷§¬®¬. � æì®¬ã ¯à¨ª« ¤÷ ª®áâ â  e ¯®§ ç õ
®á®¢ã  âãà «ì®£® «®£ à¨ä¬ ,   ç¨á«® i { ª®¬¯«¥ªáã ®¤¨¨æî.

� £®¬®¬®àä÷§¬®¬ £àã¯ ¯®¢'ï§ ® ¡ £ â® æ÷ª ¢¨å ÷ ¢ ¦«¨¢¨å ¢« áâ¨-
¢®áâ¥©. � æì®¬ã ¯÷¤à®§¤÷«÷ ¡ã¤¥ à®§£«ïãâ® ¤¢÷ ¢« áâ¨¢®áâ÷ £®¬®¬®àä-
®£® ¢÷¤®¡à ¦¥ï £àã¯; ¤¥ïª÷ ÷è÷ ¢« áâ¨¢®áâ÷ ¡ã¤ãâì à®§£«ïãâ÷ ã
¯÷¤à®§¤. 6.13.

�¥®à¥¬  6.8. �¥å © f : G1 → G2 { £®¬®¬®àä÷§¬ £àã¯¨ 〈G1, ∗〉 ¢ £àã¯ã
〈G2,~〉. �®¤÷:

1) f(e1) = e2 (£®¬®¬®àä÷§¬ £àã¯ §¡¥à÷£ õ ¥©âà «ì¨© ¥«¥¬¥â
£àã¯¨);

2) ∀ a ∈ G1 : f(a−1) = (f(a))−1 (£®¬®¬®àä÷§¬ £àã¯ §¡¥à÷£ õ ®¯¥à æ÷î
¢§ïââï ®¡¥à¥®£® ¥«¥¬¥â ).

�®¢¥¤¥ï. 1. �  ®§ ç¥ï¬ ¥©âà «ì®£® ¥«¥¬¥â 

f(e1) = f(e1 ∗ e1) = f(e1) ~ f(e1).

�¥¯¥à §  ¯à ¢¨«®¬ «÷¢®£® áª®à®ç¥ï (6.2) ®âà¨¬ãõ¬®

(f(e1) ~ f(e1) = f(e1)) ⇒
⇒ (f(e1) ~ f(e1) = f(e1) ~ e2) ⇒ (f(e1) = e2) .

2. �¥å © a ∈ G1. �  ®§ ç¥ï¬ £®¬®¬®àä®áâ÷ ¢÷¤®¡à ¦¥ï ®âà¨-
¬ãõ¬®

f(a−1) ~ f(a) = f(a−1 ∗ a) = f(e1) = e2,

§¢÷¤ª¨ f(a−1) = (f(a))−1.
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6.7. �¨ª«÷ç÷ £àã¯¨

�®¬®¬®àä÷§¬ ÷§ £àã¯¨ 〈G, ∗〉 ¢ 〈G, ∗〉 (â®¡â® § £àã¯¨ ¢ á¥¡¥)  §¨¢ îâì
¥¤®¬®àä÷§¬®¬ £àã¯¨ 〈G, ∗〉. �®¦¨ã ¢á÷å ¥¤®¬®àä÷§¬÷¢ £àã¯¨ 〈G, ∗〉
¯®§ ç îâì ç¥à¥§ End〈G,∗〉  ¡® ¯à®áâ® ç¥à¥§ EndG.

�¯à ¢  6.12. �®¢¥áâ¨, é® 〈EndG, ◦〉 õ ¬®®ù¤®¬.

6.7. �¨ª«÷ç÷ £àã¯¨
�¥å © 〈G, ∗〉 { ¤®¢÷«ì  £àã¯  § ¥©âà «ì¨¬ ¥«¥¬¥â®¬ e ∈ G.
� ä÷ªáãõ¬® ¤¥ïª¨© ¥«¥¬¥â a ∈ G ÷ à®§£«ï¥¬® ¬®¦¨ã ¢á÷å æ÷«¨å

áâ¥¯¥÷¢ ¥«¥¬¥â  a:

[a] = {an : n ∈ Z} = {. . . , a−n, . . . , a−2, a−1, e, a, a2, . . . , an, . . . }.

�¯à ¢  6.13. �®¢¥áâ¨, é® ¬®¦¨  [a] õ ¯÷¤£àã¯®î £àã¯¨ 〈G, ∗〉.
�ª §÷¢ª . �ª®à¨áâ â¨áï ªà¨â¥à÷õ¬ ¯÷¤£àã¯¨ (â¥®à¥¬  6.7) â  ¢« áâ¨-

¢®áâï¬¨ áâ¥¯¥ï ¥«¥¬¥â  £àã¯¨ (¯÷¤à®§¤. 6.2, § ãà åã¢ ï¬ § ã¢. 6.7).

�÷¤£àã¯ã [a] ⊂ G  §¨¢ îâì æ¨ª«÷ç®î ¯÷¤£àã¯®î, ¯®à®¤¦¥®î ¥«¥-
¬¥â®¬ a ∈ G. �«¥¬¥â a ∈ G  §¨¢ îâì â¢÷à®î ¯÷¤£àã¯¨ [a] ⊂ G.

�â®á®¢® ¬®¦¨¨ æ÷«¨å áâ¥¯¥÷¢ ¥«¥¬¥â  a ∈ G à®§£«ï¥¬® ¤¢ 
¢ ¦«¨¢÷ ¢¨¯ ¤ª¨: ÷áãõ ç¨ ¥ ÷áãõ ¯®ª §¨ª n > 0, â ª¨©, é® an = e.

1. öáãõ ¯®ª §¨ª n > 0, â ª¨©, é® an = e.
�¨¡¥à¥¬®  ©¬¥è¨© ¤®¤ â¨© ®¬¥à n, ¤«ï ïª®£® an = e:

n = min{k ∈ N : ak = e}. (6.10)

�¨á«® n ∈ N, ¢¨§ ç¥¥ ä®à¬ã«®î (6.10),  §¨¢ îâì ¯®àï¤ª®¬ ¥«¥-
¬¥â  a ∈ G â  ¯®§ ç îâì ç¥à¥§ |a|: n = |a|.

�¯à ¢  6.14. �®¢¥áâ¨, é® õ¤¨¨¬ ¥«¥¬¥â®¬ ¯®àï¤ªã 1 õ ¥©âà «ì-
¨© ¥«¥¬¥â: (|a| = 1) ⇔ (a = e).

�¯à ¢  6.15. �®¢¥áâ¨ à÷¢÷áâì: ak mod n = ak.
�ª §÷¢ª . �ª®à¨áâ â¨áì ã¬®¢ ¬¨ (6.3) ÷ (6.4), é® ¢¨§ ç îâì k mod n.

�¥¬  6.6. ak1 6= ak2, ïªé® 0 ≤ k1 < k2 ≤ n− 1.
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�®¢¥¤¥ï. �¥å © 0 ≤ k1 < k2 ≤ n−1. �à¨¯ãáâ÷¬®, é® ak1 = ak2 . �®¤÷
®âà¨¬ãõ¬®

ak2−k1 = ak2 ∗ (
ak1

)−1
= e,

é® áã¯¥à¥ç¨âì ã¬®¢÷ (6.10), ®áª÷«ìª¨ 0 < k2 − k1 < n.

�à å®¢ãîç¨ à¥§ã«ìâ â «¥¬¨ 6.6 â  à÷¢÷áâì ak mod n = ak, ®âà¨¬ãõ¬®
ï¢¨© ¢¨£«ï¤ æ¨ª«÷ç®ù ¯÷¤£àã¯¨, ¯®à®¤¦¥®ù ¥«¥¬¥â®¬ a ∈ G:

[a] = {ak : 0 ≤ k ≤ n− 1} = {e, a, a2, . . . , an−1}.
�â¦¥, ¯÷¤£àã¯  [a] ¬÷áâ¨âì à÷¢® n à÷§¨å ¥«¥¬¥â÷¢; áâ¥¯¥÷ § ¯®-

ª §¨ª ¬¨ k ≥ n  ¡® k < 0 §¡÷£ â¨¬ãâìáï § ®¤¨¬ §÷ áâ¥¯¥÷¢ ak

(0 ≤ k ≤ n− 1):

an = a0 = e, an+1 = a1 = a, a−1 = an−1, . . .

(ã § £ «ì®¬ã ¢¨¯ ¤ªã, ïª ¢¦¥ § § ç «®áì, ak = ak mod n).
�¥®à¥¬  6.9. �¥å © a ∈ G { ¥«¥¬¥â ¯®àï¤ªã |a| = n. �®¤÷ £àã¯ 

〈[a], ∗〉 ÷§®¬®àä   ¤¨â¨¢÷© £àã¯÷ Zn:

〈[a], ∗〉 ∼ 〈Zn, +〉 .
�®¢¥¤¥ï. �ãª ¨© ÷§®¬®àä÷§¬ f : [a] → Zn ¢áâ ®¢«îõâìáï á¯÷¢-

¢÷¤®è¥ï¬
f(ak) = k ∈ Zn, 0 ≤ k ≤ n− 1.

�¯à ¢  6.16. �®¢¥áâ¨, é® ¢¢¥¤¥¥ ¢÷¤®¡à ¦¥ï f : [a] → Zn { ÷§®-
¬®àä÷§¬ £àã¯ 〈[a], ∗〉 â  Zn.

�ª §÷¢ª . �®¬®¬®àäã ¢« áâ¨¢÷áâì ÷ áîà'õªâ¨¢÷áâì f «¥£ª® ¢¨¢¥áâ¨
§ ¢¨§ ç¥ï ¢÷¤®¡à ¦¥ï f ; ÷'õªâ¨¢÷áâì f ¢¨¯«¨¢ õ § «¥¬¨ 6.6.

2. �¥ ÷áãõ ¯®ª §¨ª  n > 0, â ª®£®, é® an = e. � æì®¬ã ¢¨¯ ¤ªã
£®¢®àïâì, é® ¥«¥¬¥â a ∈ G ¬ õ ¥áª÷ç¥¨© ¯®àï¤®ª : |a| = ∞.

�¥¬  6.7. ak1 6= ak2, ïªé® k1 6= k2.
�®¢¥¤¥ï. �à¨¯ãáâ÷¬®, é® ak1 = ak2 ¯à¨ k1 6= k2. �¥§ ¢âà â¨ § £ «ì-

®áâ÷ ¢¢ ¦ â¨¬¥¬®, é® k1 < k2. �®¤÷ ®âà¨¬ãõ¬®

ak2−k1 = ak2 ∗ (
ak1

)−1
= e,

é® áã¯¥à¥ç¨âì ã¬®¢÷ |a| = ∞, ®áª÷«ìª¨ k2 − k1 > 0.
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�à å®¢ãîç¨ à¥§ã«ìâ â «¥¬¨ 6.7, ®âà¨¬ãõ¬® ï¢¨© ¢¨£«ï¤ æ¨ª«÷ç®ù
¯÷¤£àã¯¨, ¯®à®¤¦¥®ù ¥«¥¬¥â®¬ a ∈ G:

[a] = {ak : k ∈ Z} = {. . . , a−n, . . . , a−2, a−1, e, a, a2, . . . , an, . . . }.

�â¦¥, ¯÷¤£àã¯  [a] ¬÷áâ¨âì ¥áª÷ç¥ã (§«÷ç¥ã) ª÷«ìª÷áâì à÷§¨å
¥«¥¬¥â÷¢.

�¥®à¥¬  6.10. �¥å © a ∈ G { ¥«¥¬¥â ¥áª÷ç¥®£® ¯®àï¤ªã
(|a| = ∞). �®¤÷ £àã¯  〈[a], ∗〉 ÷§®¬®àä   ¤¨â¨¢÷© £àã¯÷ Z:

〈[a], ∗〉 ∼ 〈Z, +〉 .

�®¢¥¤¥ï. �ãª ¨© ÷§®¬®àä÷§¬ f : [a] → Z ¢áâ ®¢«îõâìáï á¯÷¢¢÷¤-
®è¥ï¬

f(ak) = k, k ∈ Z.

�¯à ¢  6.17. �®¢¥áâ¨, é® ¢¢¥¤¥¥ ¢÷¤®¡à ¦¥ï f : [a] → Z õ ÷§®-
¬®àä÷§¬®¬ £àã¯ 〈[a], ∗〉 â  〈Z, +〉.

�ª §÷¢ª . �®¬®¬®àäã ¢« áâ¨¢÷áâì ÷ áîà'õªâ¨¢÷áâì f «¥£ª® ¢¨¢¥áâ¨
§ ¢¨§ ç¥ï ¢÷¤®¡à ¦¥ï f ; ÷'õªâ¨¢÷áâì f ¢¨¯«¨¢ õ § «¥¬¨ 6.7.

�â¦¥, ãá÷ æ¨ª«÷ç÷ ¯÷¤£àã¯¨ ¯÷¤¤ îâìáï ¯®¢®¬ã ®¯¨áã (§ â®ç÷áâî
¤® ÷§®¬®àä÷§¬ã), é® ¢áâ ®¢«¥® â¥®à¥¬ ¬¨ 6.9 â  6.10. �âà¨¬ ¨© à¥-
§ã«ìâ â áä®à¬ã«îõ¬® ã ¢¨£«ï¤÷ â¥®à¥¬¨.

�¥®à¥¬  6.11. �¥å © 〈G, ∗〉 { ¤®¢÷«ì  £àã¯ . �®¤÷ æ¨ª«÷ç  ¯÷¤£àã-
¯  [a], ¯®à®¤¦¥  ¥«¥¬¥â®¬ a ∈ G, ÷§®¬®àä   ¤¨â¨¢÷© £àã¯÷ Z ¯à¨
|a| = ∞  ¡®  ¤¨â¨¢÷© £àã¯÷ ª« á÷¢ «¨èª÷¢ Zn ¯à¨ |a| = n:

1) [a] ∼ 〈Zn, +〉, ïªé® |a| = n < ∞;
2) [a] ∼ 〈Z, +〉, ïªé® |a| = ∞.

�àã¯ã, ïª  §¡÷£ õâìáï § ®¤÷õî §÷ á¢®ùå æ¨ª«÷ç¨å ¯÷¤£àã¯, â®¡â®
G = [a] ¤«ï ¤¥ïª®£® a ∈ G,  §¨¢ îâì æ¨ª«÷ç®î. �«¥¬¥â a ∈ G, é®
¯®à®¤¦ãõ £àã¯ã 〈G, ∗〉, õ â¢÷à®î £àã¯¨ [a] = G.

� ã¢ ¦¥ï 6.16. �¥®à¥¬  6.11 ¢áâ ®¢«îõ (§ â®ç÷áâî ¤® ÷§®¬®àä÷§-
¬ã) ¯®¢¨© ®¯¨á æ¨ª«÷ç¨å £àã¯, ®áª÷«ìª¨ æ¨ª«÷çã £àã¯ã ¬®¦  ¢¢ -
¦ â¨ ®ªà¥¬¨¬ ¢¨¯ ¤ª®¬ æ¨ª«÷ç®ù ¯÷¤£àã¯¨.
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�à¨ª« ¤ 6.35. 1. �¤¨â¨¢  £àã¯  Zn (n ∈ N) { ®¤¨ §  ©¢ ¦«¨-
¢÷è¨å ¯à¨ª« ¤÷¢ áª÷ç¥®ù æ¨ª«÷ç®ù ¯÷¤£àã¯¨. �¥£ª® ¯¥à¥¢÷à¨â¨, é®
â¢÷à¨¬¨ æ¨ª«÷ç®ù £àã¯¨ Zn ¤«ï ¡ã¤ì-ïª®£® n ≥ 2 ¬®¦ãâì ¡ãâ¨, §®ªà¥-
¬ , ¥«¥¬¥â¨ 1 â  − 1 = n− 1:

[1] = [n− 1] = Zn, n ≥ 2

(ã ¢¨¯ ¤ªã n = 2 ª« á¨ 1 â  − 1 §¡÷£ îâìáï; ¢¨¯ ¤®ª n = 1 õ ª®à¥ªâ¨¬,
 «¥ ¥æ÷ª ¢¨¬). � § ç¨¬®, é® ¤«ï ¤¥ïª¨å n ∈ N (§®ªà¥¬ , ïªé® n = 5)
÷áãîâì ÷è÷ â¢÷à÷ æ¨ª«÷ç®ù £àã¯¨ Zn. �®§£«ï¥¬® æ¨ª«÷ç÷ ¯÷¤£àã¯¨
£àã¯¨ Zn ¤«ï n = 3, 4, 5, 6:

1) n = 3. Z3 = [1] = [2];
2) n = 4. Z4 = [1] = [3]; [2] = {2, 0};
3) n = 5. Z5 = [1] = [2] = [3] = [4];
4) n = 6. Z6 = [1] = [5]; [2] = {2, 4, 0}; [3] = {3, 0}.
�«¥¬¥â 0 ®ªà¥¬® ¥ à®§£«ï¤ ¢áï, ®áª÷«ìª¨ §  ¢á÷å n ∈ N ¢÷ õ

â¢÷à®î âà¨¢÷ «ì®ù (®¤¨¨ç®ù) æ¨ª«÷ç®ù ¯÷¤£àã¯¨, â®¡â® [0] = {0}
(¤¨¢. ¢¯à ¢ã 6.14).

2. �¤¨â¨¢  £àã¯  Z õ ®á®¢¨¬ ¯à¨ª« ¤®¬ ¥áª÷ç¥®ù æ¨ª«÷ç®ù
£àã¯¨. �¨ª«÷ç  £àã¯  〈Z, +〉 ¤®¯ãáª õ ¤¢÷ â¢÷à÷:

Z = [1] = [−1].

�®§£«ï¥¬® ÷è÷ æ¨ª«÷ç÷ ¯÷¤£àã¯¨ £àã¯¨ 〈Z, +〉. �«ï ¤®¢÷«ì®£®
k ≥ 2 ®âà¨¬ãõ¬®

[k] = [−k] = {k ·m : m ∈ Z} = {0, k,−k, 2k,−2k, . . . } = kZ.

� ã¢ ¦¨¬®, é® ¯®§ ç¥ï kZ (k ∈ Z) õ § £ «ì®¯à¨©ïâ¨¬ ¤«ï ¬®-
¦¨¨ {k · m : m ∈ Z} (§®ªà¥¬ , 2Z õ ¬®¦¨®î ¯ à¨å æ÷«¨å ç¨á¥«).
� à¥èâ÷, § § ç¨¬®, é® ¢¨¯ ¤®ª [0] = {0} õ âà¨¢÷ «ì¨¬ ¢¨¯ ¤ª®¬ ®¤¨-
¨ç®ù ¯÷¤£àã¯¨.

3. �®§£«ï¥¬® æ¨ª«÷ç÷ ¯÷¤£àã¯¨ á¨¬¥âà¨ç®ù £àã¯¨ S3 (¤«ï ¯÷¤áâ -
®¢®ª £àã¯¨ S3 ¢¨ª®à¨áâ õ¬® ¯®§ ç¥ï § ¯à¨ª«. 6.14):

[c1] = {c1, e}, [c2] = {c2, e}, [c3] = {c3, e},
[f1] = [f2] = {f1,f2, e}, [e] = {e}.
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�â¦¥, £àã¯  S3 { ¥ æ¨ª«÷ç , ®áª÷«ìª¨ ¥ ¤®à÷¢îõ ¦®¤÷© §÷ á¢®ùå
æ¨ª«÷ç¨å ¯÷¤£àã¯ (¢â÷¬ £àã¯  S3 ¥ ¬®£«  ¡ãâ¨ æ¨ª«÷ç®î, ®áª÷«ìª¨
¢®  ¥ õ ª®¬ãâ â¨¢®î,   ®â¦¥, ¥ ÷§®¬®àä  ¦®¤÷© § ª®¬ãâ â¨¢¨å
£àã¯ Zn  ¡® Z).

6.8. �ã¬÷¦÷ ª« á¨
�¥å © H ⊂ G { ¯÷¤£àã¯  £àã¯¨ 〈G, ∗〉. �«ï ä÷ªá®¢ ®£® ¥«¥¬¥â 

g ∈ G ¢¢¥¤¥¬® ¯®§ ç¥ï:

g ∗H = {g ∗ h : h ∈ H};
H ∗ g = {h ∗ g : h ∈ H}.

�®¦¨ã g ∗ H  §¨¢ îâì «÷¢¨¬ áã¬÷¦¨¬ ª« á®¬ £àã¯¨ 〈G, ∗〉 § 
¯÷¤£àã¯®î H, é® ¯®à®¤¦¥¨© ¥«¥¬¥â®¬ g. �®¦¨ã H ∗ g  §¨¢ îâì
¯à ¢¨¬ áã¬÷¦¨¬ ª« á®¬ £àã¯¨ 〈G, ∗〉 §  ¯÷¤£àã¯®î H, é® ¯®à®¤¦¥¨©
¥«¥¬¥â®¬ g.

�à¨ª« ¤ 6.36. � ¬  ¯÷¤£àã¯  H õ áã¬÷¦¨¬ ª« á®¬ (ïª ¯à ¢¨¬,
â ª ÷ «÷¢¨¬), ¯®à®¤¦¥¨¬ ¥©âà «ì¨¬ ¥«¥¬¥â®¬ e ∈ G:

e ∗H = {e ∗ h : h ∈ H} = {h : h ∈ H} = H;

H ∗ e = {h ∗ e : h ∈ H} = {h : h ∈ H} = H.

�à¨ª« ¤ 6.37. �®§£«ï¥¬® áã¬÷¦÷ ª« á¨ §  âà¨¢÷ «ì¨¬¨ ¯÷¤£àã-
¯ ¬¨.

�«ï ®¤¨¨ç®ù ¯÷¤£àã¯¨ H = {e} ®âà¨¬ãõ¬®

a ∗ {e} = {e} ∗ a = {a} ¤«ï ¤®¢÷«ì®£® a ∈ G,

â®¡â® ÷ ¯à ¢÷, ÷ «÷¢÷ áã¬÷¦÷ ª« á¨ ¢÷¤®á® ®¤¨¨ç®ù ¯÷¤£àã¯¨ §¡÷£ îâìáï
÷ ¤®à÷¢îîâì ®¤®¥«¥¬¥â÷© ¬®¦¨÷ {a}, é® ¬÷áâ¨âì ¯®à®¤¦ã¢ «ì¨©
¥«¥¬¥â a ∈ G.

� ¢¨¯ ¤ªã ¯®¢®ù ¯÷¤£àã¯¨ H = G ®âà¨¬ãõ¬®

a ∗G = G ∗ a = G ¤«ï ¤®¢÷«ì®£® a ∈ G,
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®áª÷«ìª¨ ¡ã¤ì-ïª¨© x ∈ G ¬®¦  §®¡à §¨â¨ ïª ¥«¥¬¥â áã¬÷¦®£® ª« áã
(ïª ¯à ¢®£®, â ª ÷ «÷¢®£®):

x = a ∗ (
a−1 ∗ x

) ∈ a ∗G, x =
(
x ∗ a−1

) ∗ a ∈ G ∗ a.

�â¦¥, ÷áãõ «¨è¥ ®¤¨ ¯à ¢¨© (¢÷ ¦¥ «÷¢¨©) áã¬÷¦¨© ª« á ¢÷¤®á®
¯®¢®ù ¯÷¤£àã¯¨ H = G { æ¥ á ¬  £àã¯  G.

� ã¢ ¦¥ï 6.17. �÷¢÷áâì a ∗G = G ∗ a = G ®¤à §ã ¢¨¯«¨¢ õ â ª®¦
÷ §  áâã¯®ù â¥®à¥¬¨ 6.12.

� ª®¬ãâ â¨¢¨å £àã¯ å, ®ç¥¢¨¤®, ¯à ¢¨© ÷ «÷¢¨© áã¬÷¦÷ ª« á¨ §¡÷-
£ îâìáï: a∗H = H ∗a ¤«ï ¢á÷å a ∈ G. � ¥ª®¬ãâ â¨¢¨å £àã¯ å ¬®¦«¨¢®
a ∗H 6= H ∗ a (¤¨¢. ¯à¨ª«. 6.38).

�¥®à¥¬  6.12. �÷¢÷ áã¬÷¦÷ ª« á¨ £àã¯¨ 〈G, ∗〉 ¢÷¤®á® ¯÷¤£àã¯¨ H
 ¡® ¥ ¯¥à¥à÷§ îâìáï,  ¡® §¡÷£ îâìáï. �à ¢÷ áã¬÷¦÷ ª« á¨ £àã¯¨ 〈G, ∗〉
¢÷¤®á® ¯÷¤£àã¯¨ H  ¡® ¥ ¯¥à¥à÷§ îâìáï,  ¡® §¡÷£ îâìáï.

�®¢¥¤¥ï. �¢¥à¤¦¥ï â¥®à¥¬¨ ¡ã¤¥¬® ¤®¢®¤¨â¨ ¤«ï «÷¢¨å áã¬÷¦-
¨å ª« á÷¢ (¢¨¯ ¤®ª ¯à ¢¨å áã¬÷¦¨å ª« á÷¢ õ á¨¬¥âà¨ç¨¬). � ªâ¨ç®
 ¬ ¤®áâ âì® ¤«ï a, b ∈ G ¤®¢¥áâ¨ â ª¥ â¢¥à¤¦¥ï:

((a ∗H) ∩ (b ∗H) 6= ∅) ⇒ ((a ∗H) = (b ∗H)) .

�â¦¥, ¥å © a, b ∈ G â  (a ∗ H) ∩ (b ∗ H) 6= ∅, â®¡â® ¯¥à¥â¨
(a ∗ H) ∩ (b ∗ H) ¬÷áâ¨âì ¯à¨ ©¬÷ ®¤¨ ¥«¥¬¥â c ∈ (a ∗ H) ∩ (b ∗ H).
�®¤÷ ®âà¨¬ãõ¬® §¢'ï§®ª ¬÷¦ ¥«¥¬¥â ¬¨ a â  b:

(c ∈ a ∗H) ⇔ (c = a ∗ h1 ¤«ï ¤¥ïª®£® h1 ∈ H);

(c ∈ b ∗H) ⇔ (c = b ∗ h2 ¤«ï ¤¥ïª®£® h2 ∈ H);

a = c ∗ h−1
1 = b ∗ h2 ∗ h−1

1 = b ∗ h, ¤¥ h = h2 ∗ h−1
1 ∈ H.

� à¥èâ÷, ¤«ï ¤®¢÷«ì®£® x ∈ G ®âà¨¬ãõ¬®
(x ∈ a ∗H) ⇒ (x = a ∗ ha ¤«ï ¤¥ïª®£® ha ∈ H) ⇒

⇒ (x = b ∗ (h ∗ ha)) ⇒ (x ∈ b ∗H).

�â¦¥, a∗H ⊂ b∗H. �ª« ¤¥ï b∗H ⊂ a∗H ¬®¦  ¤®¢¥áâ¨   «®£÷ç®:
(x ∈ b ∗H) ⇒ (x = b ∗ hb ¤«ï ¤¥ïª®£® hb ∈ H) ⇒

⇒ (x = a ∗ (h−1 ∗ hb)) ⇒ (x ∈ a ∗H).

� ª¨¬ ç¨®¬, a ∗H = b ∗H, é® ¤®¢®¤¨âì â¢¥à¤¦¥ï â¥®à¥¬¨.
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�¥£ª® §à®§ã¬÷â¨, é® ®¡'õ¤ ï ¢á÷å «÷¢¨å (  «®£÷ç®, ãá÷å ¯à ¢¨å)
áã¬÷¦¨å ª« á÷¢ §¡÷£ õâìáï § ¬®¦¨®î G, ®áª÷«ìª¨ ª®¦¥ ¥«¥¬¥â a ∈ G
®¡®¢'ï§ª®¢® ¢å®¤¨âì ã «÷¢¨© áã¬÷¦¨© ª« á a∗H (  «®£÷ç®, a ∈ H ∗a).
�â¦¥, ®âà¨¬ ® ¤¢  à®§¡¨ââï ¬®¦¨¨ G ¢ ®¡'õ¤ ï «÷¢¨å áã¬÷¦¨å
ª« á÷¢ â  ¯à ¢¨å áã¬÷¦¨å ª« á÷¢ §  ¯÷¤£àã¯®î H:

G =
⋃
g∈G

g ∗H =
⋃
g∈G

H ∗ g.

� § ç¨¬®, é® ¤¥ïª÷ «÷¢÷ áã¬÷¦÷ ª« á¨ a ∗ H â  b ∗ H (  «®£÷ç®,
¯à ¢÷ áã¬÷¦÷ ª« á¨ H ∗ a â  H ∗ b) ¬®¦ãâì §¡÷£ â¨áï ¤«ï a 6= b. �¤ ª
¤«ï H ∗a 6= H ∗ b, §  â¥®à¥¬®î 6.12 ª« á¨ H ∗a â  H ∗ b ¥ ¯¥à¥à÷§ îâìáï
(  «®£÷ç®, a ∗H ∩ b ∗H = ∅, ïªé® a ∗H 6= b ∗H). � ã¢ ¦¨¬® â ª®¦,
é® â¥®à¥¬  6.12 áä®à¬ã«ì®¢   ®ªà¥¬® ¤«ï ¯à ¢¨å ÷ ®ªà¥¬® ¤«ï «÷¢¨å
áã¬÷¦¨å ª« á÷¢, â®¡â® «÷¢¨© a∗H â  ¯à ¢¨© H ∗b áã¬÷¦÷ ª« á¨ ¬®¦ãâì
¥ §¡÷£ â¨áï â  ¬ â¨ ¥¯®à®¦÷© ¯¥à¥â¨.

�à¨ª« ¤ 6.38. 1. �®§£«ï¥¬® «÷¢÷ â  ¯à ¢÷ áã¬÷¦÷ ª« á¨ á¨¬¥âà¨ç-
®ù £àã¯¨ S3 §  ¯÷¤£àã¯®î [c1] = {c1, e} (¢¨ª®à¨áâ®¢ãîç¨ ¯®§ ç¥ï §
¯à¨ª«. 6.14):

e ◦ {c1, e} = {c1, e}, {c1, e} ◦ e = {c1, e};
c1 ◦ {c1, e} = {e,c1}, {c1, e} ◦ c1 = {e,c1};
c2 ◦ {c1, e} = {f2,c2}, {c1, e} ◦ c2 = {f1,c2};
c3 ◦ {c1, e} = {f1,c3}, {c1, e} ◦ c3 = {f2,c3};
f1 ◦ {c1, e} = {c3,f1}, {c1, e} ◦ f1 = {c2,f1};
f2 ◦ {c1, e} = {c2,f2}, {c1, e} ◦ f2 = {c3,f2}.

� § ç¨¬®, é® á¥à¥¤ «÷¢¨å (ïª ÷ á¥à¥¤ ¯à ¢¨å) áã¬÷¦¨å ª« á÷¢ õ â ª÷,
é® §¡÷£ îâìáï:

e ◦ [c1] = c1 ◦ [c1], c2 ◦ [c1] = f2 ◦ [c1], c3 ◦ [c1] = f1 ◦ [c1];

[c1] ◦ e = [c1] ◦ c1, [c1] ◦ c2 = [c1] ◦ f1, [c1] ◦ c3 = [c1] ◦ f2 .

�â¦¥, ¬ õ¬® âà¨ à÷§÷ «÷¢÷ (÷ âà¨ à÷§÷ ¯à ¢÷) áã¬÷¦÷ ª« á¨, é® ¯®-
¯ à® ¥ ¯¥à¥à÷§ îâìáï. � ª¨¬ ç¨®¬, «÷¢÷ â  ¯à ¢÷ áã¬÷¦÷ ª« á¨ §  [c1]
¤ îâì  ¬ ¤¢  à÷§÷ à®§¡¨ââï S3   âà¨ ¬®¦¨¨:

S3 = {c1, e} ∪ {f1,c3} ∪ {f2,c2} = {e,c1} ∪ {f1,c2} ∪ {f2,c3}.
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�®§¤÷« 6. �«¥¬¥â¨ â¥®à÷ù £àã¯

� à¥èâ÷, § ã¢ ¦¨¬®, é® ®âà¨¬ ® «÷¢÷ â  ¯à ¢÷ áã¬÷¦÷ ª« á¨, ïª÷ ¥
§¡÷£ îâìáï,  «¥ ¬ îâì ¥¯®à®¦÷© ¯¥à¥â¨; â ª¨¬¨,  ¯à¨ª« ¤, õ «÷¢¨©
â  ¯à ¢¨© áã¬÷¦÷ ª« á¨, ¯®à®¤¦¥÷ ¥«¥¬¥â®¬ c2:

c2 ◦ [c1] = {f2,c2} 6= [c1] ◦ c2 = {f1,c2}; (c2 ◦ [c1]) ∩ ([c1] ◦ c2) = {c2}.
2. �®§£«ï¥¬® «÷¢÷ â  ¯à ¢÷ áã¬÷¦÷ ª« á¨ á¨¬¥âà¨ç®ù £àã¯¨ S3 § 

¯÷¤£àã¯®î [f1] = {f1,f2, e}:
e ◦ [f1] = [f1] ◦ e = {f1,f2, e};
c1 ◦ [f1] = [f1] ◦ c1 = {c1,c2,c3};
c2 ◦ [f1] = [f1] ◦ c2 = {c1,c2,c3};
c3 ◦ [f1] = [f1] ◦ c3 = {c1,c2,c3};
f1 ◦ [f1] = [f1] ◦ f1 = {f1,f2, e};
f2 ◦ [f1] = [f1] ◦ f2 = {f1,f2, e}.

� æì®¬ã ¢¨¯ ¤ªã «÷¢÷ â  ¯à ¢÷ áã¬÷¦÷ ª« á¨, ¯®à®¤¦¥÷ á¯÷«ì¨¬
¥«¥¬¥â®¬, §¡÷£«¨áï. � ª¨¬ ç¨®¬, ®âà¨¬ ® ¤¢  à÷§÷ «÷¢÷ (ïª÷ § à §
§¡÷£«¨áï § ¢÷¤¯®¢÷¤¨¬¨ ¯à ¢¨¬¨) áã¬÷¦÷ ª« á¨, é® ¯®¯ à® ¥ ¯¥à¥à÷-
§ îâìáï. �â¦¥, «÷¢÷ â  ¯à ¢÷ áã¬÷¦÷ ª« á¨ ¯® [f1] ¤ îâì  ¬ ®¤¥ © â¥
á ¬¥ à®§¡¨ââï S3   ¤¢÷ ¬®¦¨¨:

S3 = {f1,f2, e} ∪ {c1,c2,c3}.

6.9. �ª÷ç¥÷ £àã¯¨. �¥®à¥¬  � £à ¦ 
� æì®¬ã ¯÷¤à®§¤÷«÷ ®á®¢¨¬ ®¡'õªâ®¬ à®§£«ï¤ã ¡ã¤¥ áª÷ç¥  £àã-

¯  〈G, ∗〉, â®¡â® £àã¯ , é® ¬÷áâ¨âì «¨è¥ áª÷ç¥ã ª÷«ìª÷áâì ¥«¥¬¥â÷¢.
�÷«ìª÷áâì ¥«¥¬¥â÷¢ ã áª÷ç¥÷© £àã¯÷ 〈G, ∗〉  §¨¢ îâì ¯®àï¤ª®¬ £àã-
¯¨ 〈G, ∗〉 ÷ ¯®§ ç îâì ç¥à¥§ |G|:

|G| = card(G).

�¥å © H ⊂ G { ¯÷¤£àã¯  £àã¯¨ 〈G, ∗〉.
�¥¬  6.8. �ã¤ì-ïª¨© áã¬÷¦¨© ª« á (ïª ¯à ¢¨©, â ª ÷ «÷¢¨©) áª÷-

ç¥®ù £àã¯¨ 〈G, ∗〉 §  ¯÷¤£àã¯®î H ¬÷áâ¨âì |H| ¥«¥¬¥â÷¢.
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6.9. �ª÷ç¥÷ £àã¯¨. �¥®à¥¬  � £à ¦ 

�®¢¥¤¥ï. �¢¥à¤¦¥ï «¥¬¨ ¡ã¤¥¬® ¤®¢®¤¨â¨ ¤«ï «÷¢¨å áã¬÷¦¨å
ª« á÷¢ (¢¨¯ ¤®ª ¯à ¢¨å áã¬÷¦¨å ª« á÷¢ õ á¨¬¥âà¨ç¨¬).

�¥å © H = {h1, h2, . . . , hm}, ¤¥ hi 6= hj ¯à¨ i 6= j, â®¡â® ¢á÷ ¥«¥¬¥-
â¨ hi (i = 1, 2, . . . ,m) ¯®¯ à® à÷§÷, â  |H| = m. �®¤÷ ¤«ï ¤®¢÷«ì®£®
ä÷ªá®¢ ®£® a ∈ G ¬ õ¬®

a ∗H = {a ∗ h1, a ∗ h2, . . . , a ∗ hm}.

� «÷ § ¯à ¢¨«  «÷¢®£® áª®à®ç¥ï (6.2) ®âà¨¬ãõ¬®

(a ∗ hi = a ∗ hj) ⇒ (hi = hj).

�â¦¥, a∗hi 6= a∗hj ¤«ï i 6= j, â®¡â® ¢á÷ ¥«¥¬¥â¨ a∗hi (i = 1, 2, . . . ,m)
¯®¯ à® à÷§÷, â  card(a ∗H) = m.

�à¨ª« ¤ 6.39. � ¯à¨ª«. 6.38 ¡ã«® ¢¨¯¨á ® ¢á÷ áã¬÷¦÷ ª« á¨ (¯à ¢÷
â  «÷¢÷) £àã¯¨ S3 §  æ¨ª«÷ç¨¬¨ ¯÷¤£àã¯ ¬¨ [c1] â  [f1]. �ª ¡ ç¨¬®, ª®¦¥
áã¬÷¦¨© ª« á §  ¯÷¤£àã¯®î [c1] = {c1, e} ¬÷áâ¨âì ¤¢  ¥«¥¬¥â¨,   ª®¦¥
áã¬÷¦¨© ª« á §  [f1] = {f1,f2, e} { âà¨ ¥«¥¬¥â¨.

�¥¯¥à ¬®¦  áä®à¬ã«î¢ â¨ ÷ ¤®¢¥áâ¨ ®á®¢ã â¥®à¥¬ã ¯÷¤à®§¤÷«ã.

�¥®à¥¬  6.13 (â¥®à¥¬  � £à ¦ 1 ¤«ï áª÷ç¥¨å £àã¯). �®-
àï¤®ª ¡ã¤ì-ïª®ù ¯÷¤£àã¯¨ H áª÷ç¥®ù £àã¯¨ 〈G, ∗〉 õ ¤÷«ì¨ª®¬ ¯®àï¤ªã
£àã¯¨ 〈G, ∗〉.

�®¢¥¤¥ï. �¥å © H { ¯÷¤£àã¯  áª÷ç¥®ù £àã¯¨ 〈G, ∗〉. �®§£«ï¥-
¬® à®§¡¨ââï £àã¯¨ 〈G, ∗〉 ¢ ®¡'õ¤ ï «÷¢¨å áã¬÷¦¨å ª« á÷¢ §  ¯÷¤£àã-
¯®î H:

G =
⋃
g∈G

g ∗H.

�¥å © ¬®¦¨  {g ∗H : g ∈ G} ¬÷áâ¨âì à÷¢® k à÷§¨å «÷¢¨å áã¬÷¦¨å
ª« á÷¢, ¯®à®¤¦¥¨å ¤¥ïª¨¬¨ ¥«¥¬¥â ¬¨ gj (1 ≤ j ≤ k):

G = (g1 ∗H) ∪ · · · ∪ (gk ∗H) , gi ∗H 6= gj ∗H ¯à¨ i 6= j.

1� £à ¦ �®§¥ä �ãù (1736{1813) { äà æã§ìª¨© ¬ â¥¬ â¨ª ÷ ¬¥å ÷ª;  ¢â®à äã-
¤ ¬¥â «ì¨å à¥§ã«ìâ â÷¢ ã ¢ à÷ æ÷©®¬ã ç¨á«¥÷, ¬ â¥¬ â¨ç®¬ã   «÷§÷,  «£¥¡-
à÷ â®é®; à®¡®â¨ �. �. � £à ¦  § ¬ â¥¬ â¨ª¨, ¬¥å ÷ª¨ â   áâà®®¬÷ù áª« ¤ îâì
14 â®¬÷¢.
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�  â¥®à¥¬®î 6.12 «÷¢÷ áã¬÷¦÷ ª« á¨, é® ¥ §¡÷£ îâìáï, ¬ îâì ¯®à®¦-
÷© ¯¥à¥â¨:

(gi ∗H) ∩ (gj ∗H) = ∅ ¯à¨ i 6= j, 1 ≤ i ≤ k, 1 ≤ j ≤ k.

�®¤÷ §  â¥®à¥¬®î ¯à® ¯®âã¦÷áâì ®¡'õ¤ ï áª÷ç¥¨å ¬®¦¨, é®
¯®¯ à® ¥ ¯¥à¥à÷§ îâìáï, ®âà¨¬ãõ¬®

card(G) = |G| =
k∑

j=1

card(gj ∗H).

� à¥èâ÷, §  «¥¬®î 6.8 ª®¦¨© áã¬÷¦¨© ª« á gj ∗ H (1 ≤ j ≤ k)
¬÷áâ¨âì |H| ¥«¥¬¥â÷¢, §¢÷¤ª¨ ®âà¨¬ãõ¬® â¢¥à¤¦¥ï â¥®à¥¬¨:

card(G) =
k∑

j=1

card(gj ∗H) =
k∑

j=1

|H| = k · |H|. (6.11)

�¢¥à¤¦¥ï â¥®à¥¬¨ ¤®¢¥¤¥®.

�÷«ìª÷áâì «÷¢¨å áã¬÷¦¨å ª« á÷¢ §  ¯÷¤£àã¯®î H (§  «¥¬®î 6.8 §¡÷-
£ õâìáï § ª÷«ìª÷áâî ¯à ¢¨å áã¬÷¦¨å ª« á÷¢ §  H)  §¨¢ îâì ÷¤¥ªá®¬
¯÷¤£àã¯¨ H ÷ ¯®§ ç îâì ç¥à¥§ i(H). �¥à¥¯¨á ¢è¨ à÷¢÷áâì (6.11) § ãà -
åã¢ ï¬ ¢¨§ ç¥ï ÷¤¥ªáã ¯÷¤£àã¯¨, ®âà¨¬ãõ¬® á¯÷¢¢÷¤®è¥ï

|G| = i(H) · |H|.

�â¦¥, ã ¯à®æ¥á÷ ¤®¢¥¤¥ï â¥®à¥¬¨ � £à ¦  ¡ã«® ¢áâ ®¢«¥®, é®
÷¤¥ªá ¯÷¤£àã¯¨ H ⊂ G â ª®¦ õ ¤÷«ì¨ª®¬ ¯®àï¤ªã £àã¯¨ 〈G, ∗〉.

�à¨ª« ¤ 6.40. �«ï á¨¬¥âà¨ç®ù £àã¯¨ S3 (¤¨¢. ¯à¨ª«. 6.38) ®âà¨-
¬ãõ¬®:

i({c1, e}) = 3, |{c1, e}| = 2;

i({f1,f2, e}) = 2, |{f1,f2, e}| = 3.
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6.10. � á«÷¤ª¨ § â¥®à¥¬¨ � £à ¦ 

6.10. � á«÷¤ª¨ § â¥®à¥¬¨ � £à ¦ 

1. �àã¯ , ¯®àï¤®ª ïª®ù õ ¯à®áâ¨¬ ç¨á«®¬ (â ª÷ £àã¯¨ ç áâ®  §¨¢ îâì
¯à®áâ¨¬¨), ¬÷áâ¨âì «¨è¥ âà¨¢÷ «ì÷ ¯÷¤£àã¯¨.

�®¢¥¤¥ï. �¢¥à¤¦¥ï ®¤à §ã ¢¨¯«¨¢ õ § â¥®à¥¬¨ � £à ¦ .

2. �®àï¤®ª ¡ã¤ì-ïª®£® ¥«¥¬¥â  g ∈ G õ ¤÷«ì¨ª®¬ ¯®àï¤ªã £àã-
¯¨ 〈G, ∗〉.

�®¢¥¤¥ï. �®àï¤®ª ¥«¥¬¥â  a ∈ G (é® ¤«ï áª÷ç¥®ù £àã¯¨ 〈G, ∗〉
õ áª÷ç¥¨¬) §  ¢¨§ ç¥ï¬ ¤®à÷¢îõ ¯®àï¤ªã æ¨ª«÷ç®ù ¯÷¤£àã¯¨ [a] ÷
§  â¥®à¥¬®î � £à ¦  õ ¤÷«ì¨ª®¬ ¯®àï¤ªã £àã¯¨ 〈G, ∗〉.

3. �¥å © a ∈ G. �®¤÷

a|G| = e, ¤¥ e { ¥©âà «ì¨© ¥«¥¬¥â £àã¯¨ 〈G, ∗〉.

�®¢¥¤¥ï. �   á«÷¤ª®¬ 2 ÷áãõ k ∈ N, â ª¥, é® |G| = k · |a|. �®-
¤÷, ¢¨ª®à¨áâ®¢ãîç¨ ¢« áâ¨¢®áâ÷ áâ¥¯¥ï ¥«¥¬¥â  ÷ ¢¨§ ç¥ï ¯®àï¤ªã
¥«¥¬¥â , ®âà¨¬ãõ¬®

a|G| = ak·|a| = (a|a|)k = ek = e.

4. � «  â¥®à¥¬  �¥à¬ .
�¥å © n ∈ Z. �®¤÷ ¡ã¤ì-ïª¥ ¯à®áâ¥ ç¨á«® p õ ¤÷«ì¨ª®¬ ç¨á«  np − n.

�®¢¥¤¥ï. � ä÷ªáãõ¬® ¯à®áâ¥ ç¨á«® p ÷ à®§£«ï¥¬® ¬ã«ìâ¨¯«÷ª â¨-
¢ã £àã¯ã Zp

∗. � £ ¤ õ¬®, é®

Zp
∗ = Zp \ {0} = {1, 2, . . . , p− 1},

§¢÷¤ª¨ |Zp
∗| = p− 1.

�®¢¥¤¥ï ¯à®¢¥¤¥¬® ã ¤¢  ¥â ¯¨.
1. �®§£«ï¥¬® ¢¨¯ ¤®ª, ª®«¨ ç¨á«® n ∈ Z ¥ ªà â¥ p. �®¤÷ n ∈ Zp

∗ ÷
§  ¢¨§ ç¥ï¬ ®¯¥à æ÷ù ¢ Zp

∗ â   á«÷¤ª®¬ 3 ¤÷áâ ¥¬®

(np−1) = (n)p−1 = 1
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( £ ¤ õ¬®, é® 1 { ¥©âà «ì¨© ã ¬ã«ìâ¨¯«÷ª â¨¢÷© £àã¯÷ Zp
∗). �â¦¥,

ç¨á«  np−1 â  1 «¥¦ âì ¢ ®¤®¬ã ª« á÷ «¨èª÷¢ §  ¬®¤ã«¥¬ p, â®¡â® ç¨á«®
np−1 − 1 ªà â¥ ç¨á«ã p.

2. � § £ «ì®¬ã ¢¨¯ ¤ªã n ∈ Z §®¡à §¨¬® np − n ïª ¤®¡ãâ®ª:
np − n = n · (np−1 − 1).

�ªé® n ¥ ªà â¥ p, â®, §  ¯®¯¥à¥¤÷¬ ¯ãªâ®¬ ¤®¢¥¤¥ï, ç¨á«® p
õ ¤÷«ì¨ª®¬ ç¨á«  np−1 − 1. �â¦¥, ¯à¨ ©¬÷ ®¤¨ § ¤¢®å ¬®¦¨ª÷¢ (n
 ¡® np−1 − 1) ¤÷«¨âìáï   p, ÷ ç¨á«® np − n ªà â¥ p.

�à¨ª« ¤ 6.41. 1. �à®áâ¥ ç¨á«® 3 õ ¤÷«ì¨ª®¬ ç¨á«  43 − 4 = 60.
2. �à®áâ¥ ç¨á«® 5 õ ¤÷«ì¨ª®¬ ç¨á«  (−6)5 − (−6) = −7770.
3. �¨á«® 6 ¥ õ ¯à®áâ¨¬, ¯à®â¥ õ ¤÷«ì¨ª®¬ ç¨á«  36 − 3 = 726.
4. �¨á«® 4 ¥ õ ¯à®áâ¨¬ ÷ ¥ õ ¤÷«ì¨ª®¬ ç¨á«  64 − 6 = 1290. �â¦¥,

¢¨¬®£  «¯à®áâ®â¨» ç¨á«  p õ ¥®¡å÷¤®î ã ä®à¬ã«î¢ ÷ ¬ «®ù â¥®à¥¬¨
�¥à¬ .

6.11. �®à¬ «ì÷ ¤÷«ì¨ª¨
� æì®¬ã ¯÷¤à®§¤÷«÷ ÷ ¤ «÷ à®§£«ï¤ â¨¬¥¬® ¤®¢÷«ì÷ (¥ ®¡®¢'ï§ª®¢®

áª÷ç¥÷) £àã¯¨.
�¦¥ ¢÷¤®¬® § ¯÷¤à®§¤. 6.8, é® ¯÷¤£àã¯  ¯®à®¤¦ãõ ¤¢  à®§¡¨ââï £àã¯¨ {

  «÷¢÷ â    ¯à ¢÷ áã¬÷¦÷ ª« á¨, ¯à¨ç®¬ã æ÷ ¤¢  à®§¡¨ââï ¬®¦ãâì ¥
§¡÷£ â¨áï (¯à¨ª«. 6.38). � æì®¬ã ¯÷¤à®§¤÷«÷ à®§£«ï¥¬® ¯÷¤£àã¯¨, ¤«ï
ïª¨å à®§¡¨ââï   ¯à ¢÷ â    «÷¢÷ áã¬÷¦÷ ª« á¨ §¡÷£ îâìáï.

�§ ç¥ï 6.17. �÷¤£àã¯ã H £àã¯¨ 〈G, ∗〉  §¨¢ îâì ®à¬ «ì¨¬
¤÷«ì¨ª®¬ (®à¬ «ì®î ¯÷¤£àã¯®î), ïªé®

a ∗H = H ∗ a ¤«ï ¢á÷å a ∈ G.

�«ï ä ªâã, é® H õ ®à¬ «ì¨¬ ¤÷«ì¨ª®¬ £àã¯¨ 〈G, ∗〉, ç áâ® ¢¦¨-
¢ îâì ¯®§ ç¥ï

H C G.

�ç¥¢¨¤®, é® ã ª®¬ãâ â¨¢¨å £àã¯ å ¡ã¤ì-ïª  ¯÷¤£àã¯  õ ®à¬ «ì-
¨¬ ¤÷«ì¨ª®¬. � ¥ª®¬ãâ â¨¢¨å £àã¯ å ¬®¦ãâì ¬÷áâ¨â¨áï ¯÷¤£àã¯¨,
ïª÷ ¥ õ ®à¬ «ì¨¬¨ ¤÷«ì¨ª ¬¨, ®¤ ª ¥ª®¬ãâ â¨¢÷ £àã¯¨ â ª®¦ ¬®-
¦ãâì ¬÷áâ¨â¨ ®à¬ «ì÷ ¯÷¤£àã¯¨.
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6.11. �®à¬ «ì÷ ¤÷«ì¨ª¨

�à¨ª« ¤ 6.42. 1. �à¨¢÷ «ì÷ ¯÷¤£àã¯¨ ¡ã¤ì-ïª®ù £àã¯¨ § ¢¦¤¨ õ ®à-
¬ «ì¨¬¨ ¤÷«ì¨ª ¬¨ (¤¨¢. ¯à¨ª«. 6.37).

2. �  ¤¨â¨¢÷© £àã¯÷ Z, ïª  õ ª®¬ãâ â¨¢®î, ¢á÷ ¯÷¤£àã¯¨ nZ (n ∈ N)
®à¬ «ì÷.

3. � ¥ª®¬ãâ â¨¢÷© á¨¬¥âà¨ç÷© £àã¯÷ S3 ¯÷¤£àã¯  {c1, e} ¥ õ ®à-
¬ «ì®î, ®¤ ª {f1,f2, e} õ ®à¬ «ì¨¬ ¤÷«ì¨ª®¬ (¤¨¢. ¯à¨ª«. 6.38).

�¨¦ç¥¯®¤   â¥®à¥¬  { §àãç¨© ªà¨â¥à÷© ¯¥à¥¢÷àª¨, ç¨ õ ¯÷¤£àã¯ 
®à¬ «ì®î.

�¥®à¥¬  6.14 (ªà¨â¥à÷© ®à¬ «ì®£® ¤÷«ì¨ª ). �«ï â®£®, é®¡
¯÷¤£àã¯  H £àã¯¨ 〈G, ∗〉 ¡ã«  ®à¬ «ì®î, ¥®¡å÷¤® ÷ ¤®áâ âì® ¢¨ª®-
 ï ã¬®¢¨

∀h ∈ H ∀ g ∈ G : g−1 ∗ h ∗ g ∈ H. (6.12)

�®¢¥¤¥ï. �¥®¡å÷¤÷áâì. �¥å © ¯÷¤£àã¯  H { ®à¬ «ì . �®¤÷ § 
¢¨§ ç¥ï¬ ®à¬ «ì®ù ¯÷¤£àã¯¨

∀ g ∈ G : g ∗H = H ∗ g.

�â¦¥, ¤«ï ¤®¢÷«ì¨å g ∈ G, h ∈ H ¬ õ¬®

(h ∗ g ∈ H ∗ g) ⇒ (h ∗ g ∈ g ∗H) ⇒
⇒ (∃ h̃ ∈ H : h ∗ g = g ∗ h̃) ⇒ (g−1 ∗ h ∗ g = h̃ ∈ H).

�®áâ â÷áâì. �¥å © H { ¯÷¤£àã¯  £àã¯¨ 〈G, ∗〉, â ª , é®

∀h ∈ H ∀ g ∈ G : g−1 ∗ h ∗ g ∈ H.

� ä÷ªáãõ¬® g ∈ G ÷ ¤®¢¥¤¥¬® à÷¢÷áâì g ∗ H = H ∗ g ¬®¤¥«ì¨¬
á¯®á®¡®¬:

(x∈H ∗ g) ⇔ (∃h1∈H : x = h1 ∗ g) ⇔ (∃h1∈H : x = (g ∗ g−1) ∗ h1 ∗ g) ⇔

⇔

∃h1 ∈ H : x = g ∗ (g−1 ∗ h1 ∗ g)︸ ︷︷ ︸

h2∈H


 ⇔ (∃h2 ∈ H : x = g ∗ h2 ∈ g ∗H).

�â¦¥, â¥®à¥¬ã ¤®¢¥¤¥®.
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�à¨ª« ¤ 6.43. 1. � £àã¯÷ GL2 ¥¢¨à®¤¦¥¨å ¬ âà¨æì à®§¬÷à®¬ 2×2
à®§£«ï¥¬® ¯÷¤£àã¯ã ¥¢¨à®¤¦¥¨å ¨¦÷å âà¨ªãâ¨å ¬ âà¨æì:

H =

{(
a1,1 0
a2,1 a2,2

)
: a1,1, a2,1, a2,2 ∈ R, a1,1a2,2 6= 0

}
.

�ï ¯÷¤£àã¯  ¥ õ ®à¬ «ì®î, ®áª÷«ìª¨ ¬®¦  ¢¨¡à â¨ ¨¦î âà¨-
ªãâã ¬ âà¨æî A0 ∈ H â  ¥¢¨à®¤¦¥ã A ∈ GL2, â ª÷, é®

A−1 · A0 · A /∈ H.

� ª,  ¯à¨ª« ¤,
(

1 2
1 1

)−1

·
(

1 0
1 1

)
·
(

1 2
1 1

)
=

(
3 4

−1 −1

)
/∈ H.

2. � £àã¯÷ GLn à®§£«ï¥¬® ¯÷¤£àã¯ã SLn ¬ âà¨æì § ®¤¨¨ç¨¬ ¢¨§-
 ç¨ª®¬:

H = SLn = {A ∈ GLn : |A| = 1}.
�ï ¯÷¤£àã¯  ®à¬ «ì , ®áª÷«ìª¨ ¤«ï ¤®¢÷«ì¨å A0 ∈ SLn = H â 

A ∈ GLn, ¢¨ª®à¨áâ®¢ãîç¨ ä®à¬ã«ã (6.6) (®¡ç¨á«¥ï ¢¨§ ç¨ª  ¤®-
¡ãâªã ¬ âà¨æì), ®âà¨¬ãõ¬®

|A−1 · A0 · A| = |A−1| · |A0| · |A| = |A|−1 · |A0| · |A| = 1,

â®¡â® A−1 · A0 · A ∈ SLn = H ÷, §  â¥®à¥¬®î 6.14, SLn C GLn.
� ã¢ ¦¥ï 6.18. �¯÷¢¢÷¤®è¥ï |A−1| = |A|−1 ¢¨¯«¨¢ õ § ä®à-

¬ã«¨ (6.6):
1 = |A · A−1| = |A| · |A−1|.

3. � á¨¬¥âà¨ç÷© £àã¯÷ Sn à®§£«ï¥¬® ¯÷¤£àã¯ã ¯ à¨å ¯÷¤áâ ®¢®ª {
§ ª®§¬÷ã £àã¯ã An (¤¨¢. ¯à¨ª«. 6.33). � ä÷ªáã¢ ¢è¨ c ∈ Sn, t ∈ An ÷
¢¨ª®à¨áâ®¢ãîç¨ à¥§ã«ìâ â ¢¯à ¢¨ 6.9, ®âà¨¬ãõ¬®

k(c−1 ◦ t ◦ c) = k(c−1)⊕ k(t)⊕ k(c) = k(c)⊕ k(t)⊕ k(c) = k(t) = 0

( £ ¤ õ¬®, é® k(f) ¯®§ ç õ ¯ à÷áâì ¯÷¤áâ ®¢ª¨ f). � ª¨¬ ç¨®¬,
c−1◦t◦c ∈ An,   ®â¦¥, ¯÷¤£àã¯¯  An õ ®à¬ «ì¨¬ ¤÷«ì¨ª®¬ ã £àã¯÷ Sn:
An C Sn.
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� ã¢ ¦¥ï 6.19. � áâ®á®¢ãîç¨ â¥®à¥¬ã 6.14, á«÷¤ ®¡®¢'ï§ª®¢® ¯¥à¥-
¢÷àïâ¨, ç¨ õ ¬®¦¨  H ¯÷¤£àã¯®î £àã¯¨ 〈G, ∗〉 (ïª æe ÷ ¯¥à¥¤¡ ç¥®
â¥®à¥¬®î), ®áª÷«ìª¨ ã¬®¢  (6.12) ¬®¦¥ ¢¨ª®ã¢ â¨áì ÷ ¤«ï ¯÷¤¬®¦¨¨
H ⊂ G, é® ¥ õ ¯÷¤£àã¯®î. � ª, ã ª®¬ãâ â¨¢÷© £àã¯÷ 〈G, ∗〉 ã¬®¢  (6.12)
¢¨ª®ãõâìáï ¤«ï ¡ã¤ì-ïª®ù ¯÷¤¬®¦¨¨ H ⊂ G.

6.12. �®ïââï ä ªâ®à-£àã¯¨
6.12.1. �ã¬÷¦÷ ª« á¨ §  ®à¬ «ì®î ¯÷¤£àã¯®î

�¥å © H { ®à¬ «ì  ¯÷¤£àã¯  £àã¯¨ 〈G, ∗〉. �«ï ¥«¥¬¥â  a ∈ G
¢¢¥¤¥¬® ¯®§ ç¥ï

a = a ∗H = H ∗ a.

�®¦¨ã a  §¨¢ îâì áã¬÷¦¨¬ ª« á®¬ £àã¯¨ 〈G, ∗〉 §  ®à¬ «ì®î
¯÷¤£àã¯®î H, ïª¨© ¯®à®¤¦¥¨© ¥«¥¬¥â®¬ a (ã æì®¬ã ¯÷¤à®§¤÷«÷ à®§£«ï-
¤ õ¬® ¢¨¯ ¤®ª ®à¬ «ì®ù ¯÷¤£àã¯¨ H,   ®â¦¥, ¯à ¢÷ â  «÷¢÷ áã¬÷¦÷
ª« á¨ §¡÷£ îâìáï).

�¥à¥§ G
/
H

¯®§ ç¨¬® ¬®¦¨ã áã¬÷¦¨å ª« á÷¢ £àã¯¨ 〈G, ∗〉 §  H:

G
/
H

= {a : a ∈ G}.

�ª ã¦¥ ¡ã«® § § ç¥® (¤¨¢. ¯à¨ª«. 6.38), ¤¥ïª÷ áã¬÷¦÷ ª« á¨ ¬®-
¦ãâì §¡÷£ â¨áï. � §¢¨ç ©, ã ¬®¦¨÷ G

/
H

®¤ ª®¢÷ áã¬÷¦÷ ª« á¨ ¥
à®§à÷§ïîâì, â®¡â® ¢¢ ¦ îâì ®¤¨¬ ¥«¥¬¥â®¬.

�¯à ¢  6.18. �®¢¥áâ¨, é® ¤«ï ¤®¢÷«ì¨å a, b ∈ G ¬ õ ¬÷áæ¥ ¥ª¢÷¢ -
«¥â÷áâì:

(a ∈ b) ⇔ (b ∈ a) ⇔ (a = b).

�«ï ¢¨¢ç¥ï ¢« áâ¨¢®áâ¥© ÷ ¯à ªâ¨ç®£® ®¡ç¨á«¥ï ¬®¦¨¨ G
/
H

§ ¤®¡¨âìáï â ª¨© ¯à®áâ¨© à¥§ã«ìâ â.

�¥¬  6.9. �¥å © a, b ∈ G. �®¤÷ ¬ õ ¬÷áæ¥ ¥ª¢÷¢ «¥â÷áâì

(a = b) ⇔ (a ∗ b−1 ∈ H).
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�®¢¥¤¥ï. 1. �¥å © a = b. �®¤÷ a ∈ b (®áª÷«ìª¨ a ∈ a),   ®â¦¥, a = h∗b
¤«ï ¤¥ïª®£® h ∈ H. �â¦¥, ®âà¨¬ãõ¬® a ∗ b−1 = h ∈ H.

2. �¥å © a ∗ b−1 ∈ H. �®¤÷ a ∗ b−1 = h ∈ H,   ®â¦¥, a = h ∗ b ∈ b.
�â¦¥, áã¬÷¦÷ ª« á¨ a â  b ¬÷áâïâì ¯à¨ ©¬÷ ®¤¨ á¯÷«ì¨© ¥«¥¬¥â a
÷ §  â¥®à¥¬®î 6.12 ¬ îâì §¡÷£ â¨áï, â®¡â® a = b.

�¯à ¢  6.19. �«ï ¤®¢÷«ì¨å a, b ∈ G ¤®¢¥áâ¨ ¥ª¢÷¢ «¥â÷áâì

(a = b) ⇔ (b−1 ∗ a ∈ H).

�áª÷«ìª¨ ¬®¦¨  G
/
H

§ ¤ õ à®§¡¨ââï ¬®¦¨¨ G ¢ ®¡'õ¤ ï ¬®-
¦¨ (áã¬÷¦¨å ª« á÷¢), é® ¯®¯ à® ¥ ¯¥à¥à÷§ îâìáï,   G ¬®¦  ¢¢¥áâ¨
¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷

(a ∼ b) ⇔ (a = b),

¯à¨ç®¬ã (¤¨¢. à¥§ã«ìâ â ¢¯à ¢¨ 3.14) ¬®¦¨  G
/
H

§¡÷£ õâìáï § ä ªâ®à-
¬®¦¨®î G §  ¢÷¤®è¥ï¬ ¥ª¢÷¢ «¥â®áâ÷ «∼»:

G
/
H

= G
/
∼.

� ¢¤ïª¨ «¥¬÷ 6.9 (à §®¬ § à¥§ã«ìâ â®¬ ¢¯à ¢¨ 6.19) ¬ õ¬® §àãçã
ä®à¬ã ¤«ï ¢¢¥¤¥®£® ¢÷¤®è¥ï ¥ª¢÷¢ «¥â®áâ÷:

(a ∼ b) ⇔ (a = b) ⇔ (a ∗ b−1 ∈ H) ⇔ (b−1 ∗ a ∈ H).

�â¦¥, ¬®¦¨ã G
/
H

¬®¦  ®¡ç¨á«î¢ â¨ ïª ä ªâ®à-¬®¦¨ã G
/
∼,

§ áâ®á®¢ãîç¨ ¢÷¤¯®¢÷¤÷ ¬¥â®¤¨ (¤¨¢. ¯÷¤à®§¤. 3.6).

�à¨ª« ¤ 6.44. �¡ç¨á«¨¬® ¬®¦¨ã GLn

/
SLn

. �«ï ¤®¢÷«ì¨å ¬ â-
à¨æì A,B ∈ GLn ¬ õ¬®

(A = B) ⇔ (A ∼ B) ⇔ ((A ·B−1) ∈ SLn) ⇔ (|A ·B−1| = 1) ⇔ (|A| = |B|).

�â¦¥, áã¬÷¦¨© ª« á, ¯®à®¤¦¥¨© ¬ âà¨æ¥î A ∈ GLn § ¢¨§ ç¨ª®¬
|A| = a, ¬÷áâ¨âì â÷ ÷ â÷«ìª¨ â÷ ¬ âà¨æ÷, ¢¨§ ç¨ª ïª¨å ¤®à÷¢îõ a:

A = {X ∈ GLn : |X| = |A|} = {X ∈ GLn : |X| = a}.

158



6.12. �®ïââï ä ªâ®à-£àã¯¨

�â¦¥, ª®¦¥ ª« á ¥ª¢÷¢ «¥â®áâ÷ (¢÷ ¦¥ áã¬÷¦¨© ª« á) ¬÷áâ¨âì
¬ âà¨æ÷ § ä÷ªá®¢ ¨¬ § ç¥ï¬ ¢¨§ ç¨ª . �à å®¢ãîç¨, é® ¤«ï ¡ã¤ì-
ïª®£® a 6= 0 ÷áãõ ¯à¨ ©¬÷ ®¤  ¬ âà¨æï A ∈ GLn § ¢¨§ ç¨ª®¬
|A| = a, ¬®¦¥¬® ¢¨¯¨á â¨ § £ «ì¨© ¢¨£«ï¤ áã¬÷¦¨å ª« á÷¢ GLn §  SLn:

Aa = {X ∈ GLn : |X| = a}, a 6= 0.

�¥¯¥à ¬®¦  ¢¨¯¨á â¨ ¬®¦¨ã GLn

/
SLn

:

GLn

/
SLn

= {Aa : a 6= 0}.
�¥ à §  £®«®á¨¬®, é® ª®¦  ¬®¦¨  Aa (a > 0) õ áã¬÷¦¨¬ ª« -

á®¬, © ÷è¨å áã¬÷¦¨å ª« á÷¢ ¥¬ õ.
�à¨ª« ¤ 6.45. �¡ç¨á«¨¬® ¬®¦¨ã Sn

/
An

(®¡¬¥¦¨¬®áì ¥âà¨¢÷ «ì-
¨¬ ¢¨¯ ¤ª®¬ n ≥ 2). �«ï ¤®¢÷«ì¨å ¯÷¤áâ ®¢®ª c1,c2 ∈ Sn ¬ õ¬®

(c1 = c2) ⇔ (c1 ∼ c2) ⇔ ((c1 ◦ c−1
2 ) ∈ An) ⇔

⇔ (k(c1 ◦ c−1
2 ) = 0) ⇔ (k(c1) = k(c2)).

�â¦¥, áã¬÷¦¨© ª« á, ¯®à®¤¦¥¨© ¯÷¤áâ ®¢ª®î c ∈ Sn, ¬÷áâ¨âì â÷ ÷
â÷«ìª¨ â÷ ¯÷¤áâ ®¢ª¨, ¯ à÷áâì ïª¨å §¡÷£ õâìáï § ¯ à÷áâî c:

c = {t ∈ Sn : k(t) = k(c)} =

{
An, ïªé® c ¯ à ,

Sn \ An, ïªé® c ¥¯ à .

�à å®¢ãîç¨, é® ¯à¨ n ≥ 2 £àã¯  Sn ¬÷áâ¨âì ¯à¨ ©¬÷ ®¤ã ¯ à-
ã ÷ ¯à¨ ©¬÷ ®¤ã ¥¯ àã ¯÷¤áâ ®¢ªã, ®âà¨¬ãõ¬® ¤¢  áã¬÷¦÷ ª« -
á¨ { ¬®¦¨ã ¯ à¨å ¯÷¤áâ ®¢®ª An â  ¬®¦¨ã ¥¯ à¨å ¯÷¤áâ ®-
¢®ª Sn \ An:

Sn

/
An

= {An, Sn \ An}.
�ª  á«÷¤®ª, ¤®¢¥¤¥® ä ªâ, ïª¨© ÷âãùâ¨¢® ®ç¥¢¨¤¨©: ¯à¨ n ≥ 2

ª÷«ìª÷áâì ¯ à¨å ¯÷¤áâ ®¢®ª ã Sn ¤®à÷¢îõ ª÷«ìª®áâ÷ ¥¯ à¨å, ®áª÷«ìª¨
§  «¥¬®î 6.8 card(An) = card(Sn \ An).

�à¨ª« ¤ 6.46. �¡ç¨á«¨¬® ¬®¦¨ã Z
/
nZ (n ∈ N). �«ï ¤®¢÷«ì¨å

k1, k2 ∈ Z ¬ õ¬®

(k1 = k2) ⇔ (k1 ∼ k2) ⇔ ((k1 + (k2)
−1,+) ∈ nZ) ⇔

⇔ ((k1 − k2) ∈ nZ) ⇔ ((k1 mod n) = (k2 mod n)).
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�â¦¥, ¢ ®¤®¬ã áã¬÷¦®¬ã ª« á÷ ¬÷áâïâìáï ç¨á« , é® ¤ îâì ®¤ ª®¢ã
®áâ çã ¢÷¤ ¤÷«¥ï   n. �¥£ª® §à®§ã¬÷â¨, é® ¬ õ¬® n à÷§¨å áã¬÷¦¨å
ª« á÷¢:

Z
/
nZ = {0, 1, . . . , k, . . . , n− 1}, ¤¥ k = {km : m ∈ Z}.

�â¦¥, ¬®¦¨  áã¬÷¦¨å ª« á÷¢ Z
/
nZ §¡÷£« áï § ¢÷¤®¬®î  ¬ ä ªâ®à-

¬®¦¨®î Zn = Z
/
( mod n)

.

6.12.2. �¨§ ç¥ï ä ªâ®à-£àã¯¨
�¥å © H { ®à¬ «ì  ¯÷¤£àã¯  £àã¯¨ 〈G, ∗〉.
�  ¬®¦¨ã áã¬÷¦¨å ª« á÷¢ G

/
H

¯¥à¥¥á¥¬® ¡÷ àã ®¯¥à æ÷î «∗»,
¢¨§ ç¥ã   ¬®¦¨÷ G:

a ∗ b = a ∗ b, ¤«ï a, b ∈ G. (6.13)

�â¦¥, á¯÷¢¢÷¤®è¥ï (6.13) ¢¨§ ç õ a∗ b ¤«ï ¡ã¤ì-ïª®ù ¯ à¨ áã¬÷¦-
¨å ª« á÷¢ a, b ∈ G

/
H

, ®áª÷«ìª¨ ¤«ï ®¡ç¨á«¥ï a ∗ b ¤®áâ âì®:
• ¢¨¡à â¨ ¤®¢÷«ì¨å ¯à¥¤áâ ¢¨ª÷¢ a ∈ a â  b ∈ b;
• ®¡ç¨á«¨â¨ a ∗ b;
• ¢¨ª®à¨áâ®¢ãîç¨ á¯÷¢¢÷¤®è¥ï (6.13), ®âà¨¬ â¨: a ∗ b = a ∗ b.
�¤ ª ¯®âà÷¡® ¤®¢¥áâ¨ ª®à¥ªâ÷áâì ¢¨§ ç¥®ù ®¯¥à æ÷ù, â®¡â® ¥§ -

«¥¦÷áâì à¥§ã«ìâ âã a ∗ b ¢÷¤ ¢¨¡®àã ¯à¥¤áâ ¢¨ª÷¢ a ∈ a, b ∈ b.

�¥¬  6.10 (ª®à¥ªâ÷áâì ®¯¥à æ÷ù «∗»   G
/
H

). �¥å © a1 = a,
b1 = b, ¤¥ a, a1, b, b1 ∈ G. �®¤÷

a1 ∗ b1 = a ∗ b.

�®¢¥¤¥ï. �  «¥¬®î 6.9 ¤«ï ¤®¢¥¤¥ï ¤®áâ âì® ¯¥à¥¢÷à¨â¨ ¢¨ª®-
 ï ã¬®¢¨ (a1 ∗ b1) ∗ (a ∗ b)−1 ∈ H:

(a1 ∗ b1) ∗ (a ∗ b)−1 = a1 ∗ b1 ∗ b−1 ∗ a−1 = a1 ∗ h1 ∗ a−1, ¤¥ h1 = b1 ∗ b−1∈ H;

a1 ∗ h1 ∈ a1 ∗H = a1 = H ∗ a1 3 h2 ∗ a1 ¤«ï ¤¥ïª®£® h2 ∈ H;

(a1 ∗ b1) ∗ (a ∗ b)−1 = h2 ∗ a1 ∗ a−1 = h2 ∗ h3 ∈ H, ¤¥ h3 = a1 ∗ a−1 ∈ H.

�¥¬ã ¯®¢÷áâî ¤®¢¥¤¥®.
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�â¦¥, ®¯¥à æ÷ï «∗»   ¬®¦¨÷ G
/
H

¢¨§ ç¥  ª®à¥ªâ®, ÷ ¬ õ¬®
§ ¬ª¥ã  «£¥¡à¨çã áâàãªâãàã

〈
G

/
H

, ∗〉.

�¥®à¥¬  6.15. �«£¥¡à¨ç  áâàãªâãà 
〈
G

/
H

, ∗〉 õ £àã¯®î.

�®¢¥¤¥ï. �«ï ¯¥à¥¢÷àª¨ â¢¥à¤¦¥ï â¥®à¥¬¨ ¥®¡å÷¤® ¤®¢¥áâ¨
 á®æ÷ â¨¢÷áâì áâàãªâãà¨

〈
G

/
H

, ∗〉,  ï¢÷áâì ¥©âà «ì®£® ¥«¥¬¥â  â 
 ï¢÷áâì ®¡¥à¥®£® (a)−1 ¤«ï ª®¦®£® (a) ∈ G

/
H

.
�á®æ÷ â¨¢÷áâì ®¯¥à æ÷ù «∗»   ¬®¦¨÷ G

/
H

¢¨¯«¨¢ õ §  á®æ÷ â¨¢®á-
â÷ «∗»   ¬®¦¨÷ G â  ¢¨§ ç¥ï «∗»   G

/
H

(á¯÷¢¢÷¤®è¥ï (6.13)):

a ∗ (b ∗ c) = a ∗ (b ∗ c) = a ∗ (b ∗ c) =

= (a ∗ b) ∗ c = (a ∗ b) ∗ c = (a ∗ b) ∗ c.

�¥å © e ∈ G { ¥©âà «ì¨© ¥«¥¬¥â £àã¯¨ 〈G, ∗〉. �®¤÷ ¥«¥¬¥â e = H
õ ¥©âà «ì¨¬ ã áâàãªâãà÷

〈
G

/
H

, ∗〉:

x ∗ e = x ∗ e = x ¤«ï ¤®¢÷«ì®£® x ∈ G.

�«ï ª®¦®£® (a) ∈ G
/
H

(a ∈ G) ã áâàãªâãà÷
〈
G

/
H

, ∗〉 ÷áãõ ®¡¥à¥¨©
(a)−1 = a−1:

a−1 ∗ a = a−1 ∗ a = e = H; a ∗ a−1 = a ∗ a−1 = e = H.

�àã¯ã
〈
G

/
H

, ∗〉  §¨¢ îâì ä ªâ®à-£àã¯®î £àã¯¨ G §  ®à¬ «ì®î
¯÷¤£àã¯®î H. � ¯à®æ¥á÷ ¤®¢¥¤¥ï â¥®à¥¬¨ 6.15 ¡ã«® ¯®ª § ®, é® ¥©-
âà «ì¨¬ ¥«¥¬¥â®¬ ä ªâ®à-£àã¯¨ õ ®à¬ «ì¨© ¤÷«ì¨ª H, §  ïª¨¬
¯à®¢®¤ïâì ä ªâ®à¨§ æ÷î.

�«ï ¯à ªâ¨ç®£® § å®¤¦¥ï ä ªâ®à-£àã¯¨
〈
G

/
H

, ∗〉 ¥®¡å÷¤®:

• § ©â¨ ï¢¨© ¢¨£«ï¤ ¬®¦¨¨ G
/
H

(ã ¡ £ âì®å ¢¨¯ ¤ª å ¤«ï æì®£®
§àãç® § áâ®á®¢ã¢ â¨ ¬¥â®¤¨, ¢¨ª®à¨áâ ÷ ã ¯à¨ª«. 6.44 { 6.46);

• § ä÷ªáã¢ ¢è¨ ¡ã¤ì-ïª¨å ¯à¥¤áâ ¢¨ª÷¢ ã áã¬÷¦¨å ª« á å a â  b,
¢¨§ ç¨â¨ ¢¨£«ï¤ áã¬÷¦®£® ª« áã a ∗ b = a ∗ b (ãà å®¢ãîç¨ ¤®-
¢÷«ì÷áâì ¢¨¡®àã ¯à¥¤áâ ¢¨ª÷¢ a ∈ a, b ∈ b, ùå ¢¨¡¨à îâì â ª, é®¡
¬ ªá¨¬ «ì® á¯à®áâ¨â¨ ®¡ç¨á«¥ï a ∗ b â  a ∗ b);
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• § ä÷ªáã¢ ¢è¨ ¡ã¤ì-ïª®£® ¯à¥¤áâ ¢¨ª  ¢ áã¬÷¦®¬ã ª« á÷ a, ¢¨-
§ ç¨â¨ ¢¨£«ï¤ ®¡¥à¥®£® áã¬÷¦®£® ª« áã (a)−1 = a−1 ( £ ¤ õ-
¬®, é® ¥©âà «ì¨¬ ¥«¥¬¥â®¬ ä ªâ®à-£àã¯¨ õ ®à¬ «ì¨© ¤÷«ì-
¨ª H, §  ïª¨¬ ¯à®¢®¤ïâì ä ªâ®à¨§ æ÷î).

�à¨ª« ¤ 6.47. �¡ç¨á«¨¬® ä ªâ®à-£àã¯ã GLn

/
SLn

. � ªâ®à-¬®¦¨-
ã GLn

/
SLn

¡ã«® § ©¤¥® ¢ ¯à¨ª«. 6.44:

GLn

/
SLn

= {Aa : a 6= 0},
¤¥ Aa = {X ∈ GLn : |X| = a}, a 6= 0.

� áã¬÷¦¨å ª« á å Aa1 â  Aa2 (a1, a2 6= 0) ¢¨¡¥à¥¬® â ª¨å ¯à¥¤áâ ¢-
¨ª÷¢:



a1 0 0 . . . 0 0
0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 0
0 0 0 . . . 0 1



∈ Aa1 ,




a2 0 0 . . . 0 0
0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 0
0 0 0 . . . 0 1



∈ Aa2 .

�«ï ¢¨¡à ¨å ¯à¥¤áâ ¢¨ª÷¢ ¥¢ ¦ª® ®¡ç¨á«¨â¨ Aa1 ∗ Aa2 :


a1 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . . .
0 0 0 . . . 1



·




a2 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . . .
0 0 0 . . . 1




=




a1 · a2 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0

. . . . . . . . . . . . . . . . . . .
0 0 0 . . . 1




Aa1 ∗ Aa2 = {X ∈ GLn : |X| = a1 · a2} = Aa1·a2 .

�¥©âà «ì¨¬ ¥«¥¬¥â®¬ ã ä ªâ®à-£àã¯÷ GLn

/
SLn

, ïª ÷ ¢ § £ «ì®¬ã
¢¨¯ ¤ªã, õ ®à¬ «ì¨© ¤÷«ì¨ª SLn. � § ç¨¬®, é® ¢ æì®¬ã ª®â¥ªáâ÷
SLn §àãç® à®§£«ï¤ â¨ ïª áã¬÷¦¨© ª« á, ¯®à®¤¦¥¨© ®¤¨¨ç®î ¬ â-
à¨æ¥î I { ¥©âà «ì¨¬ ¥«¥¬¥â®¬ £àã¯¨ GLn.

� à¥èâ÷, ¤«ï áã¬÷¦®£® ª« áã Aa ®¡ç¨á«¨¬® ®¡¥à¥¨©. �¨¡à ¢è¨
¯à¥¤áâ ¢¨ª  



a 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . 1



∈ Aa,
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®âà¨¬ãõ¬®

(Aa)
−1 =




a 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . 1




−1

=




a−1 0 0 . . . 0
0 1 0 . . . 0
0 0 1 . . . 0

. . . . . . . . . . . . . . . . .
0 0 0 . . . 1




= Aa−1 .

�â¦¥, ¤«ï ä ªâ®à-£àã¯¨ GLn

/
SLn

¡÷ à  ®¯¥à æ÷ï «·» â  ®¡¥à¥¨©
¥«¥¬¥â ¢¨§ ç îâì â ª÷ á¯÷¢¢÷¤®è¥ï:

Aa1 · Aa2 = Aa1·a2 ; (6.14)
(Aa)

−1 = Aa−1 . (6.15)

� £ ¤ õ¬®, é® ¥©âà «ì¨¬ ¥«¥¬¥â®¬ ã ä ªâ®à-£àã¯÷ GLn

/
SLn

, ïª ÷
¢ § £ «ì®¬ã ¢¨¯ ¤ªã, õ ®à¬ «ì¨© ¤÷«ì¨ª SLn.

�¯÷¢¢÷¤®è¥ï (6.14) ¢¨§ ç õ ÷§®¬®àä÷áâì ä ªâ®à-£àã¯¨ GLn

/
SLnâ  ¬ã«ìâ¨¯«÷ª â¨¢®ù £àã¯¨ ¤÷©á¨å ç¨á¥« R∗ § ÷§®¬®àä÷§¬®¬

f : GLn

/
SLn

→ R∗, f(Aa) = a.

� ã¢ ¦¥ï 6.20. ö§®¬®àä÷áâì GLn

/
SLn

∼ R∗ â ª®¦ ¢¨¯«¨¢ õ §
®á®¢®ù â¥®à¥¬¨ ¯à® £®¬®¬®àä÷§¬¨ £àã¯ (¯÷¤à®§¤. 6.14).

� ã¢ ¦¥ï 6.21. �«ï ®âà¨¬ ï á¯÷¢¢÷¤®è¥ì (6.14), (6.15) ã áã-
¬÷¦¨å ª« á å ¡ã«® ®¡à ® ¯à¥¤áâ ¢¨ª÷¢ á¯¥æ÷ «ì®£® ¢¨£«ï¤ã (¤÷ £®-
 «ì÷ ¬ âà¨æ÷). �à®â¥ æ÷ á¯÷¢¢÷¤®è¥ï ¬®¦  ¡ã«® ¡ ®âà¨¬ â¨, ®¡¨à -
îç¨ ¤®¢÷«ì¨å ¯à¥¤áâ ¢¨ª÷¢ ÷ ¤ «÷ ¢¨ª®à¨áâ®¢ãîç¨ ä®à¬ã«ã (6.6) ¤«ï
¢¨§ ç¨ª  ¤®¡ãâªã ¬ âà¨æì.

�à¨ª« ¤ 6.48. �¡ç¨á«¨¬® ä ªâ®à-£àã¯ã Sn

/
An

. �®¦¨ã Sn

/
An

¡ã-
«® § ©¤¥® ¢ ¯à¨ª«. 6.45:

Sn

/
An

= {A0, A1},
¤¥ A0 = An, A1 = Sn \ An.

�¨¡à ¢è¨ ¤®¢÷«ì¨å ¯à¥¤áâ ¢¨ª÷¢ c0 ∈ A0, c1 ∈ A1, â®¡â® ¢¨¡à ¢è¨
¢ Sn ¤¥ïªã ¯ àã ¯÷¤áâ ®¢ªã c0 â  ¥¯ àã c1 (æ¥ ¬®¦  §à®¡¨â¨ ¤«ï
¡ã¤ì-ïª®£® n ≥ 2), ®âà¨¬ãõ¬®:

c1 ◦ c1 ∈ A0, c0 ◦ c0 ∈ A0, c0 ◦ c1 ∈ A1, c1 ◦ c0 ∈ A1.
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�â¦¥, ¬®¦¥¬® ¯®¡ã¤ã¢ â¨ â ¡«¨æî �¥«÷ ¤«ï ®¯¥à æ÷ù ã ä ªâ®à-£àã¯÷
Sn

/
An

(â ¡«. 6.6).
�ï â ¡«¨æï ¢¨§ ç õ ÷§®¬®àä÷áâì ä ªâ®à-£àã¯¨ Sn

/
An

â   ¤¨â¨¢®ù
£àã¯¨ Z2 § ÷§®¬®àä÷§¬®¬

f : Sn

/
An
→ Z2, f(A0) = 0, f(A1) = 1

(¤«ï ¤®¢¥¤¥ï ¤®áâ âì® ¯®à÷¢ïâ¨ â ¡«. 6.6 â  6.3).
� ã¢ ¦¥ï 6.22. ö§®¬®àä÷áâì Sn

/
An
∼ Z2 â ª®¦ ¬®¦  ¤®¢¥áâ¨, ª®-

à¨áâãîç¨áì ®á®¢®î â¥®à¥¬®î ¯à® £®¬®¬®àä÷§¬¨ £àã¯ (¯÷¤à®§¤. 6.14).

� ¡«¨æï 6.6. � ¡«¨æï �¥«÷ ¤«ï ä ªâ®à-£àã¯¨ Sn
/
An

◦ A0 A1

A0 A0 A1

A1 A1 A0

�à¨ª« ¤ 6.49. �¡ç¨á«¨¬® ä ªâ®à-£àã¯ã Z
/
nZ (n ∈ N). �®¦¨ã

Z
/
nZ ¡ã«® § ©¤¥® ¢ ¯à¨ª«. 6.46:

Z
/
nZ = Zn = {0, 1, . . . , k, . . . , n− 1}, ¤¥ k = {km : m ∈ Z}.

�¯¥à æ÷ï ã ä ªâ®à-£àã¯÷ Z
/
nZ ¢¨§ ç õâìáï á¯÷¢¢÷¤®è¥ï¬ (6.13),

ïª¥ ¤«ï ¤ ®£® ¢¨¯ ¤ªã ¬ õ ¢¨£«ï¤

a + b = a + b.

�â¦¥, ä ªâ®à-£àã¯  Z
/
nZ §¡÷£ õâìáï §  ¤¨â¨¢®î £àã¯®î ª« á÷¢ «¨è-

ª÷¢ Zn (¯÷¤à®§¤. 6.4.2):
Z

/
nZ = Zn.

6.13. �®¬®¬®àä÷§¬¨ £àã¯: â¥®à¥¬¨ ¯à® ï¤à®
â  ®¡à § £®¬®¬®àä÷§¬ã

�à®¤®¢¦¨¬® ¢¨¢ç¥ï £®¬®¬®àä¨å ¢÷¤®¡à ¦¥ì £àã¯, à®§¯®ç â¥ ¢
¯÷¤à®§¤. 6.6.
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6.13. �®¬®¬®àä÷§¬¨ £àã¯: â¥®à¥¬¨ ¯à® ï¤à® â  ®¡à § £®¬®¬®àä÷§¬ã

�â¦¥, ã æì®¬ã ¯÷¤à®§¤÷«÷ ¯à æî¢ â¨¬¥¬® § £àã¯ ¬¨ 〈G1, ∗〉 (¥©â-
à «ì¨© ¥«¥¬¥â e1) â  〈G2, ~〉 (¥©âà «ì¨© ¥«¥¬¥â e2), ¬÷¦ ïª¨¬¨
¢áâ ®¢«¥® £®¬®¬®àä÷§¬ f : G1 → G2.

�§ ç¥ï 6.18. �¤à®¬ £®¬®¬®àä÷§¬ã f : G1 → G2  §¨¢ îâì ¬®-
¦¨ã Kerf ⊂ G1, é® ¬÷áâ¨âì â÷ ÷ â÷«ìª¨ â÷ x ∈ G1, ¤«ï ïª¨å f(x) = e2:

Kerf = {x ∈ G1 : f(x) = e2}.
� £ ¤ã¢ ï. �¡à §®¬ £®¬®¬®àä÷§¬ã (ïª ÷ ¡ã¤ì-ïª®£® ÷è®£® ¢÷-

¤®¡à ¦¥ï) f : G1 → G2  §¨¢ îâì ¬®¦¨ã Imf ⊂ G2, é® áª« ¤ õâìáï
§ ¥«¥¬¥â÷¢ f(x) (x ∈ G1):

Imf = {f(x) : x ∈ G1}.
� § ç¨¬®, é® ï¤à® £®¬®¬®àä÷§¬ã § ¢¦¤¨ ¬÷áâ¨âì ¯à¨ ©¬÷ ®¤¨

¥«¥¬¥â { e1 (¥©âà «ì¨© ¥«¥¬¥â £àã¯¨ G1), ®áª÷«ìª¨, §  â¥®à¥¬®î 6.8,
f(e1) = e2. �¤à® Kerf , é® ¬÷áâ¨âì «¨è¥ ®¤¨ ¥«¥¬¥â (Kerf = {e1}),
 §¨¢ îâì âà¨¢÷ «ì¨¬.

�à¨ª« ¤ 6.50. 1. �®§£«ï¥¬® ¢÷¤®¡à ¦¥ï
f : R→ R∗, f(a) = 2a.

�¥ ¢÷¤®¡à ¦¥ï õ £®¬®¬®àä÷§¬®¬ § £àã¯¨ 〈R, +〉 (¥©âà «ì¨©
e1 = 0) ¢ £àã¯ã 〈R∗, ·〉 (¥©âà «ì¨© e2 = 1). �¡ç¨á«¨¬® ©®£® ï¤à® â 
®¡à §:

Kerf = {x ∈ R : 2x = 1} = {0};
Imf = {2x : x ∈ R} = (0, +∞).

�â¦¥, ï¤à® Kerf âà¨¢÷ «ì¥.
2. �®§£«ï¥¬® ¢÷¤®¡à ¦¥ï

f : R→ {z ∈ C : |z| = 1}, f(x) = eix

(âãâ e ≈ 2,718 ¯®§ ç õ ®á®¢ã  âãà «ì®£® «®£ à¨ä¬ ). �¥ ¢÷¤®¡à -
¦¥ï õ £®¬®¬®àä÷§¬®¬ § £àã¯¨ 〈R, +〉 (¥©âà «ì¨© e1 = 0) ã £àã¯ã
〈{z ∈ C : |z| = 1}, ·〉 (¥©âà «ì¨© e2 = 1). �¡ç¨á«¨¬® ©®£® ï¤à® â  ®¡-
à §:

Kerf = {x ∈ R : eix = 1} = {x = 2pk : k ∈ Z};
Imf = {eix : x ∈ R} = {z ∈ C : |z| = 1}.

�â¦¥, ï¤à® Kerf ¥ õ âà¨¢÷ «ì¨¬.
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� ï¤à®¬ â  ®¡à §®¬ ¯®¢'ï§ ® ¡ £ â® æ÷ª ¢¨å ¢« áâ¨¢®áâ¥© £®¬®¬®à-
ä÷§¬÷¢ £àã¯. �®§£«ï¥¬® ¤¥ïª÷ § ¨å.

�¥®à¥¬  6.16. �®¬®¬®àä÷§¬ f : G1 → G2 õ ¬®®¬®àä÷§¬®¬ â®¤÷ ÷
â÷«ìª¨ â®¤÷, ª®«¨ ï¤à® Kerf âà¨¢÷ «ì¥.

�®¢¥¤¥ï. 1. �¥å © f { ¬®®¬®àä÷§¬. �®¤÷ âà¨¢÷ «ì÷áâì ï¤à  ¢÷¤-
à §ã ¢¨¯«¨¢ õ § ¢¨§ ç¥ï ÷'õªâ¨¢®áâ÷:

(x ∈ Kerf ) ⇒ (f(x) = e2) ⇒ (x = e1),

®áª÷«ìª¨ f(e1) = e2.
2. �¥å © Kerf { âà¨¢÷ «ì¥. � ä÷ªáã¢ ¢è¨ ¤®¢÷«ì÷ x1, x2 ∈ G1 ÷ ¯à¨-

¯ãáâ¨¢è¨, é® f(x1) = f(x2), ®âà¨¬ãõ¬®

(f(x1) = f(x2)) ⇒ (f(x1) ~ (f(x2))
−1 = e2) ⇒

⇒ (f(x1 ∗ x−1
2 ) = e2) ⇒ (x1 ∗ x−1

2 ∈ Kerf ).

�â¦¥, x1 ∗x−1
2 ∈ Kerf . �«¥ ï¤à® Kerf { âà¨¢÷ «ì¥, â®¡â® Kerf = {e1},

§¢÷¤ª¨ ®âà¨¬ãõ¬®
(x1 ∗ x−1

2 = e1) ⇒ (x1 = x2).

�â¦¥, ¤«ï x1, x2 ∈ G1 ¬ õ ¬÷áæ¥ «®£÷ç¨©  á«÷¤®ª

(f(x1) = f(x2)) ⇒ (x1 = x2),

é® ¢¨§ ç õ ÷'õªâ¨¢÷áâì ¢÷¤®¡à ¦¥ï f .

�à¨ª« ¤ 6.51. �®§£«ï¥¬® £®¬®¬®àä÷§¬¨ § ¯à¨ª«. 6.50.
1. �÷¤®¡à ¦¥ï

f : R→ R∗, f(a) = 2a

õ £®¬®¬®àä÷§¬®¬ § £àã¯¨ 〈R, +〉 ã £àã¯ã 〈R∗, ·〉. �¤à® æì®£® £®¬®¬®àä÷§¬ã
Kerf = {0} âà¨¢÷ «ì¥, ÷ £®¬®¬®àä÷§¬ f õ ¬®®¬®àä÷§¬®¬.

2. �÷¤®¡à ¦¥ï

f : R→ {z ∈ C : |z| = 1}, f(x) = eix

õ £®¬®¬®àä÷§¬®¬ § £àã¯¨ 〈R, +〉 ã £àã¯ã 〈{z ∈ C : |z| = 1}, ·〉. �®£® ï¤-
à® Kerf = {x = 2pk : k ∈ Z} ¥ õ âà¨¢÷ «ì¨¬, ÷ £®¬®¬®àä÷§¬ f ¥ õ
¬®®¬®àä÷§¬®¬.
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�¥®à¥¬  6.17. �¥å © f : G1 → G2 { £®¬®¬®àä÷§¬ ¬÷¦ £àã¯ ¬¨
〈G1, ∗〉 â  〈G2, ~〉. �®¤÷:

1) ï¤à® Kerf õ ®à¬ «ì¨¬ ¤÷«ì¨ª®¬ ã G1;
2) ®¡à § Imf õ ¯÷¤£àã¯®î ã G2.

�®¢¥¤¥ï. 1. �®§£«ï¥¬® ï¤à® Kerf ⊂ G1. �¯®ç âªã ¤®¢¥¤¥¬®, é®
Kerf õ ¯÷¤£àã¯®î £àã¯¨ 〈G1, ∗〉:

1) ¬®¦¨  Kerf ¥¯®à®¦ï, ®áª÷«ìª¨ Kerf 3 e1;
2) ¤«ï ¤®¢÷«ì¨å x, y ∈ Kerf ®âà¨¬ãõ¬®

f(x ∗ y−1) = f(x) ~ f(y)−1 = e2 ~ e−1
2 = e2,

â®¡â® x ∗ y−1 ∈ Kerf .
�â¦¥, ¢¨ª®ãîâìáï ã¬®¢¨ â¥®à¥¬¨ 6.7 § ãà åã¢ ï¬  á«÷¤ªã, â®¡â®

Kerf õ ¯÷¤£àã¯®î £àã¯¨ 〈G1, ∗〉.
�®¢¥¤¥¬®, é® Kerf õ ®à¬ «ì®î ¯÷¤£àã¯®î £àã¯¨ 〈G1, ∗〉. � ä÷ªáã-

¢ ¢è¨ ¤®¢÷«ì÷ x ∈ G1, a ∈ Kerf , ®âà¨¬ãõ¬®

f(x−1 ∗ a ∗ x) = (f(x))−1 ~ f(a) ~ f(x) = (f(x))−1 ~ e2 ~ f(x) = e2,

â®¡â® x−1∗a∗x ∈ Kerf . �â¦¥, ¤«ï ¯÷¤£àã¯¨ Kerf ⊂ G1 ¢¨ª®ãõâìáï ã¬®¢ 
(6.12) â¥®à¥¬¨ 6.14, â®¡â® Kerf õ ®à¬ «ì¨¬ ¤÷«ì¨ª®¬ £àã¯¨ 〈G1, ∗〉.

2. �®§£«ï¥¬® ®¡à § Imf ⊂ G2 ¢÷¤®¡à ¦¥ï f : G1 → G2. �¥à¥¢÷à¨¬®
¢¨ª® ï ã¬®¢ â¥®à¥¬¨ 6.7 (ãà å®¢ãîç¨ ùù  á«÷¤®ª):

1) ¬®¦¨  Imf ¥¯®à®¦ï, ®áª÷«ìª¨ Imf 3 e2 = f(e1);
2) § ä÷ªáãõ¬® ¤®¢÷«ì÷ y1, y2 ∈ Imf . �à å®¢ãîç¨ ¢¨§ ç¥ï ®¡à §ã

¢÷¤®¡à ¦¥ï ¢¢ ¦ â¨¬¥¬®, é® y1 = f(x1), y2 = f(x2), ¤¥ x1, x2 ∈ G1.
�¥à¥¢÷à¨¬® ¢¨ª® ï ã¬®¢¨ (6.9):

y1 ~ y−1
2 = f(x1) ~ (f(x2))

−1 = f(x1 ∗ x−1
2 ) ∈ Imf .

�â¦¥, ¢¨ª®ãîâìáï ã¬®¢¨ â¥®à¥¬¨ 6.7 § ãà åã¢ ï¬  á«÷¤ªã, â®¡â®
Imf õ ¯÷¤£àã¯®î £àã¯¨ 〈G2, ~〉.

�à¨ª« ¤ 6.52. �®§£«ï¥¬® £àã¯¨ 〈R, +〉 â  〈C∗, ·〉, ¤¥ C∗ = C \ {0}.
�÷¤®¡à ¦¥ï

f : R→ C∗, f(x) = eix
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¢áâ ®¢«îõ £®¬®¬®àä÷§¬ ¬÷¦ ¤ ¨¬¨ £àã¯ ¬¨. �¨¯¨è¥¬® ï¤à® â  ®¡à §
¢÷¤®¡à ¦¥ï f :

Kerf = {x ∈ R : eix = 1} = {x = 2pk : k ∈ Z};
Imf = {eix : x ∈ R} = {z ∈ C : |z| = 1}.

�¥£ª® ¯¥à¥¢÷à¨â¨, é® ï¤à® Kerf = {x = 2pk : k ∈ Z} ¤÷©á® õ ®à-
¬ «ì®î ¯÷¤£àã¯®î ¢ 〈R, +〉, ®¡à § Imf = {z ∈ C : |z| = 1} õ ¯÷¤£àã¯®î
£àã¯¨ 〈C∗, ·〉.

�à¨ª« ¤ 6.53. �®§£«ï¥¬® £®¬®¬®àä÷§¬ ¬÷¦ ¬ã«ìâ¨¯«÷ª â¨¢¨¬¨
£àã¯ ¬¨ GLn â  R∗:

f : GLn → R∗, f(A) = |A|.

�¡ç¨á«¨¬® ï¤à® â  ®¡à § ¢÷¤®¡à ¦¥ï f :

Kerf = {A ∈ GLn : |A| = 1} = SLn;

Imf = {|A| : A ∈ GLn} = R∗.

�â¦¥, ï¤à® Kerf = SLn ¤÷©á® õ ®à¬ «ì®î ¯÷¤£àã¯®î £àã¯¨ GLn,
®¡à § Imf õ âà¨¢÷ «ì®î ¯÷¤£àã¯®î £àã¯¨ R∗.

� ¯à¨ª«. 6.52 â  6.53 ®¡à § £®¬®¬®àä÷§¬ã f : G1 → G2 ¢¨ï¢¨¢áï ®à-
¬ «ì®î ¯÷¤£àã¯®î ¢ 〈G2, ~〉. �à®â¥ ¢ § £ «ì®¬ã ¢¨¯ ¤ªã ®¡à § Imf

{ ¯÷¤£àã¯  〈G2,~〉 ÷, ïª ¯®ª §ãõ  áâã¯¨© ¯à¨ª« ¤, ¬®¦¥ ¥ ¡ãâ¨ ®à-
¬ «ì¨¬ ¤÷«ì¨ª®¬.

�à¨ª« ¤ 6.54. �®§£«ï¥¬® ¬ã«ìâ¨¯«÷ª â¨¢ã £àã¯ã G ¥¢¨à®¤¦¥-
¨å ¨¦÷å âà¨ªãâ¨å ¬ âà¨æì à®§¬÷à®¬ 2× 2:

G =

{(
a1 0
b a2

)
: a1a2 6= 0

}
.

�®§£«ï¥¬® ¢÷¤®¡à ¦¥ï

f : G → G, f :

(
a1 0
b a2

)
7→

(
a1 0
0 a2

)
.
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�÷¤®¡à ¦¥ï f õ £®¬®¬®àä÷§¬®¬ ÷§ £àã¯¨ 〈G, ·〉 ã âã á ¬ã £àã-
¯ã 〈G, ·〉:

(
a1 0
b a2

)
·
(

c1 0
d c2

)
=

(
a1c1 0

bc1 + da2 a2c2

)
;

f :

(
a1c1 0

bc1 + da2 a2c2

)
7→

(
a1c1 0
0 a2c2

)
=

(
a1 0
0 a2

)
·
(

c1 0
0 c2

)
.

�¡à §®¬ ãáâ ®¢«¥®£® £®¬®¬®àä÷§¬ã, ®ç¥¢¨¤®, õ ¬®¦¨  ¥¢¨à®¤-
¦¥¨å ¤÷ £® «ì¨å ¬ âà¨æì à®§¬÷à®¬ 2× 2:

Imf =

{(
a1 0
0 a2

)
: a1a2 6= 0

}
.

�¥£ª® ¯¥à¥¢÷à¨â¨, ª®à¨áâãîç¨áì â¥®à¥¬®î 6.14, é® Imf ¥ õ ®à¬ «ì-
¨¬ ¤÷«ì¨ª®¬ (å®ç ÷ õ ¯÷¤£àã¯®î) ¢ 〈G, ·〉:

(
1 0
1 1

)
∈ G,

(
1 0
0 2

)
∈ Imf ,

(
1 0
1 1

)−1

·
(

1 0
0 2

)
·
(

1 0
1 1

)
=

(
1 0
1 2

)
/∈ Imf .

�¯à ¢  6.20. �®à¨áâãîç¨áì â¥®à¥¬®î 6.14, ¯¥à¥¢÷à¨â¨, é® ï¤à®

Kerf =

{(
1 0
b 1

)
: b ∈ R

}

¤÷©á® õ ®à¬ «ì¨¬ ¤÷«ì¨ª®¬ ¢ 〈G, ·〉,  «¥ ¥ õ ®à¬ «ì¨¬ ¤÷«ì¨ª®¬
(å®ç ÷ õ ¯÷¤£àã¯®î) ¢ GL2.

� áâã¯¨© ¯à¨ª« ¤ ¤ã¦¥ ¢ ¦«¨¢¨©, ®áª÷«ìª¨, ã ¯¥¢®¬ã à®§ã¬÷÷,
¤ õ ¯®¢¨© ®¯¨á ãá÷å ®à¬ «ì¨å ¤÷«ì¨ª÷¢ ¤ ®ù £àã¯¨.

�à¨ª« ¤ 6.55. �¥å © 〈G, ∗〉 { ¤®¢÷«ì  £àã¯  § ¥©âà «ì¨¬ ¥«¥¬¥-
â®¬ e ∈ G, H C G. �®§£«ï¥¬® ¢÷¤®¡à ¦¥ï

r : G → G
/
H

, r(a) = a.
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�¥£ª® ¯¥à¥¢÷à¨â¨, é® r õ £®¬®¬®àä÷§¬®¬ § £àã¯¨ 〈G, ∗〉 ã ä ªâ®à-
£àã¯ã G

/
H

. �÷©á®, §  ¢¨§ ç¥ï¬ ®¯¥à æ÷ù   ä ªâ®à-£àã¯÷ (á¯÷¢¢÷¤®-
è¥ï (6.13)), ®âà¨¬ãõ¬®

r(x ∗ y) = x ∗ y = x ∗ y = r(x) ∗ r(y).

�¨§ ç¥¨© £®¬®¬®àä÷§¬ r  §¨¢ îâì ¯à¨à®¤¨¬,  ¡® ª ®÷ç¨¬.
�¡ç¨á«¨¬® ï¤à® â  ®¡à § ¯à¨à®¤®£® £®¬®¬®àä÷§¬ã r:

Kerr = {x ∈ G : r(x) = e = H} = {x ∈ G : x = e} = {x ∈ G : x ∈ H} = H;

Imr = {r(x) : x ∈ G} = {x : x ∈ G} = G
/
H

.

�â¦¥, ï¤à® Kerr §¡÷£ õâìáï § ®à¬ «ì¨¬ ¤÷«ì¨ª®¬ H. � ª¨¬ ç¨®¬,
¡ã¤ì-ïª¨© ®à¬ «ì¨© ¤÷«ì¨ª H £àã¯¨ 〈G, ∗〉 õ ï¤à®¬ ¤¥ïª®£® £®¬®¬®à-
ä÷§¬ã (¯à¨ ©¬÷, § ï¤à®¬ ¢÷¤¯®¢÷¤®£® ¯à¨à®¤®£® £®¬®¬®àä÷§¬ã r),
¢¨§ ç¥®£®   〈G, ∗〉.

� § ç¨¬®, é® ®¡à § Imr ¢÷¤®¡à ¦¥ï r : G → G
/
H

§¡÷£ õâìáï §
ä ªâ®à-£àã¯®î G

/
H

, â®¡â® ¯à¨à®¤¨© £®¬®¬®àä÷§¬ õ ¥¯÷¬®àä÷§¬®¬.

6.14. �¥®à¥¬  ¯à® £®¬®¬®àä÷§¬¨ £àã¯
� æì®¬ã ¯÷¤à®§¤÷«÷ à®§£«ï¥¬® ¢ ¦«¨¢ã â¥®à¥¬ã, ïª  ¢áâ ®¢«îõ

§¢'ï§®ª ¬÷¦ £®¬®¬®àä÷§¬ ¬¨ £àã¯, ®à¬ «ì¨¬¨ ¤÷«ì¨ª ¬¨ ÷ ä ªâ®à-
£àã¯ ¬¨.

�¥å © f : G1 → G2 { £®¬®¬®àä÷§¬ ¬÷¦ £àã¯ ¬¨ 〈G1, ∗〉 (¥©âà «ì¨©
¥«¥¬¥â e1) â  〈G2, ~〉 (¥©âà «ì¨© ¥«¥¬¥â e2). � £ ¤ õ¬®:

• ï¤à® Kerf £®¬®¬®àä÷§¬ã f õ ®à¬ «ì¨¬ ¤÷«ì¨ª®¬ ã £àã¯÷ 〈G1, ∗〉,
  ®â¦¥, ¬®¦  à®§£«ï¤ â¨ ä ªâ®à-£àã¯ã G1

/
Kerf

;
• ®¡à § Imf £®¬®¬®àä÷§¬ã f õ ¯÷¤£àã¯®î £àã¯¨ 〈G2, ~〉,   ®â¦¥, ¬®¦-

  à®§£«ï¤ â¨ Imf ïª £àã¯ã 〈Imf ,~〉.

�¥®à¥¬  6.18 (®á®¢  â¥®à¥¬  ¯à® £®¬®¬®àä÷§¬¨ £àã¯).
1. � ªâ®à-£àã¯  G1

/
Kerf

§  ï¤à®¬ Kerf ÷§®¬®àä  ®¡à §ã Imf :

G1

/
Kerf

∼ Imf ;
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2. öáãõ â ª¨© ÷§®¬®àä÷§¬ f : G1

/
Kerf

→ Imf , é®

f ◦ r = f, (6.16)

¤¥ r : G1 → G1

/
Kerf

{ ¯à¨à®¤¨© £®¬®¬®àä÷§¬ (∀x ∈ G1 : r(x) = x).

�®¢¥¤¥ï. � ¤ ¬® ¢÷¤®¡à ¦¥ï f : G1

/
Kerf

→ Imf â ª¨¬ á¯÷¢¢÷¤®-
è¥ï¬:

f(x) = f(x), x ∈ G1. (6.17)
�®¢¥¤¥¬®, é® ¢÷¤®¡à ¦¥ï f : G1

/
Kerf

→ Imf ¢¨§ ç¥® ª®à¥ªâ® ÷
¢áâ ®¢«îõ èãª ¨© ÷§®¬®àä÷§¬ ¬÷¦ £àã¯ ¬¨ G1

/
Kerf

â  Imf .
1. �¨§ ç¥ï ¢÷¤®¡à ¦¥ï f : G1

/
Kerf

→ Imf ç¥à¥§ á¯÷¢¢÷¤®è¥ï
(6.17) ¯®âà¥¡ãõ ®¡óàãâã¢ ï ª®à¥ªâ®áâ÷, â®¡â® ¥§ «¥¦®áâ÷ § ç¥ï
f(x) = f(x) ¢÷¤ ¢¨¡®àã ¯à¥¤áâ ¢¨ª  x ∈ x.

�¥å © x1 = x2 (x1, x2 ∈ G1), â®¡â® ¥«¥¬¥â¨ x1 â  x2  «¥¦ âì ®¤-
®¬ã áã¬÷¦®¬ã ª« áã. �à å®¢ãîç¨, é® ®à¬ «ì¨¬ ¤÷«ì¨ª®¬ õ Kerf ,
®âà¨¬ãõ¬®

f(x1) ~ (f(x2))
−1 = f(x1 ∗ x−1

2 ) = e2,

®áª÷«ìª¨, §  «¥¬®î 6.9, x1 ∗ x−1
2 ∈ Kerf .

�â¦¥, f(x1) ~ (f(x2))
−1 = e2, §¢÷¤ª¨ ®¤à §ã ¢¨¯«¨¢ õ à÷¢÷áâì

f(x1) = f(x2).
� ª¨¬ ç¨®¬,

f(x1) = f(x2) ¯à¨ x1 = x2, x1, x2 ∈ G1,

â®¡â® ¢÷¤®¡à ¦¥ï f : G1

/
Kerf

→ Imf ª®à¥ªâ® ¢¨§ ç õâìáï á¯÷¢¢÷¤®-
è¥ï¬ (6.17).

2. �®¢¥¤¥¬®, é® ¢÷¤®¡à ¦¥ï f : G1

/
Kerf

→ Imf õ £®¬®¬®àä÷§¬®¬
¬÷¦ £àã¯ ¬¨ G1

/
Kerf

â  Imf ( £ ¤ õ¬®, é® Imf à®§£«ï¤ õâìáï ïª ¯÷¤-
£àã¯  £àã¯¨ 〈G2,~〉, â®¡â® ïª £àã¯  〈Imf , ~〉).

�«ï ¤®¢÷«ì¨å x1, x2 ∈ G1

/
Kerf

(x1, x2 ∈ G1) ®âà¨¬ãõ¬®

f(x1 ∗ x2) = f(x1 ∗ x2) = f(x1 ∗ x2) = f(x1) ~ f(x2) = f(x1) ~ f(x2).

�â¦¥,
f(x1 ∗ x2) = f(x1) ~ f(x2),
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â®¡â® ¢÷¤®¡à ¦¥ï f : G1

/
Kerf

→ Imf õ £®¬®¬®àä÷§¬®¬ ¬÷¦ £àã¯ ¬¨
G1

/
Kerf

â  Imf .
3. �®¢¥¤¥¬®, é® £®¬®¬®àä÷§¬ f : G1

/
Kerf

→ Imf õ ¬®®¬®àä÷§¬®¬.
�¥å © x ∈ Kerf, â®¡â® x ∈ G1, f(x) = f(x) = e2.
�à å®¢ãîç¨, é® ä ªâ®à¨§ãõ¬® G1 §  ï¤à®¬ Kerf ÷ ¥©âà «ì¨¬ ¥«¥-

¬¥â®¬ ã ä ªâ®à-£àã¯÷ G1

/
Kerf

õ ®à¬ «ì¨© ¤÷«ì¨ª Kerf = e1, ®âà¨¬ã-
õ¬®

(f(x) = e2) ⇒ (x ∈ Kerf ) ⇒ (x = e1 = Kerf ).

�â¦¥, õ¤¨¨¬ ¥«¥¬¥â®¬ x, é®  «¥¦¨âì ï¤àã Kerf, õ áã¬÷¦¨© ª« á
Kerf = e1 { ¥©âà «ì¨© ¥«¥¬¥â ä ªâ®à-£àã¯¨ G1

/
Kerf

:

Kerf =
{

e1

}
= { Kerf︸︷︷︸

e1

}.

�¥ ®§ ç õ âà¨¢÷ «ì÷áâì ï¤à  £®¬®¬®àä÷§¬ã f,   ®â¦¥, §  â¥®à¥-
¬®î 6.16, £®¬®¬®àä÷§¬ f õ ¬®®¬®àä÷§¬®¬.

4. �®¢¥¤¥¬®, é® £®¬®¬®àä÷§¬ f : G1

/
Kerf

→ Imf õ ¥¯÷¬®àä÷§¬®¬.
� ä÷ªáãõ¬® ¤®¢÷«ì¨© ¥«¥¬¥â y ∈ Imf . �à å®¢ãîç¨ ¢¨§ ç¥ï ®¡-

à §ã ¢÷¤®¡à ¦¥ï ¢¢ ¦ â¨¬¥¬®, é® y = f(x), ¤¥ x ∈ G1. �  ¢¨§ ç¥ï¬
¢÷¤®¡à ¦¥ï f (á¯÷¢¢÷¤®è¥ï (6.17)) ®âà¨¬ãõ¬®

y = f(x) = f(x), x ∈ G1

/
Kerf

,

â®¡â® y ∈ Imf. �â¦¥, ¤®¢¥¤¥® áîà'õªâ¨¢÷áâì f : G1

/
Kerf

→ Imf , â®¡â®
£®¬®¬®àä÷§¬ f õ ¥¯÷¬®àä÷§¬®¬.

5. �®¢¥¤¥¬® á¯÷¢¢÷¤®è¥ï (6.16).
�«ï ¤®¢÷«ì®£® x ∈ G1, §  á¯÷¢¢÷¤®è¥ï¬ (6.17), ¬ õ¬®

f(x) = f(x) = f(r(x)) = (f ◦ r)(x),

é® ¤®¢®¤¨âì à÷¢÷áâì (6.16).
�â¦¥, ¢÷¤®¡à ¦¥ï f : G1

/
Kerf

→ Imf , ¢¨§ ç¥¥ á¯÷¢¢÷¤®è¥-
ï¬ (6.17), õ ¬®®- â  ¥¯÷¬®àä÷§¬®¬ (  ®â¦¥, © ÷§®¬®àä÷§¬®¬), ïª¨© § -
¤®¢®«ìïõ ã¬®¢ã (6.16).

�¢¥à¤¦¥ï â¥®à¥¬¨ ¯®¢÷áâî ¤®¢¥¤¥®.
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�à¨ª« ¤ 6.56. 1. �®§£«ï¥¬® ä ªâ®à-£àã¯ã GLn

/
SLn

. �¥£ª® ¯¥à¥ª®-
 â¨áï, é® ®à¬ «ì¨© ¤÷«ì¨ª

SLn = {A ∈ GLn : |A| = 1}

õ ï¤à®¬ £®¬®¬®àä÷§¬ã f(A) = |A|, ïª¨© ¤÷õ § GLn ¤® ¬ã«ìâ¨¯«÷ª â¨¢®ù
£àã¯¨ ¤÷©á¨å ç¨á¥«:

f : GLn → R∗, f(A) = |A|, Kerf = {A ∈ GLn : |A| = 1} = SLn.

�¡ç¨á«¨¬® ®¡à § £®¬®¬®àä÷§¬ã f . �à å®¢ãîç¨, é® ¤«ï ¡ã¤ì-ïª®£®
a 6= 0 ÷áãõ ¯à¨ ©¬÷ ®¤  ¬ âà¨æï A ∈ GLn § ¢¨§ ç¨ª®¬ |A| = a,
®âà¨¬ãõ¬®

Imf = {|A| : A ∈ GLn} = R∗.

�â¦¥, §  â¥®à¥¬®î 6.18 ¯à® £®¬®¬®àä÷§¬¨ £àã¯, ®âà¨¬ãõ¬® ÷§®¬®àä-
÷áâì

GLn

/
SLn

∼ R∗.
� ª¨¬ ç¨®¬, ¯÷¤â¢¥à¤¦¥® à¥§ã«ìâ â, ®âà¨¬ ¨© áª« ¤÷è¨¬¨ ®¡-

ç¨á«¥ï¬¨ ¢ ¯à¨ª«. 6.44.
2. �®§£«ï¥¬® ä ªâ®à-£àã¯ã Sn

/
An

, ®¡¬¥¦¨¢è¨áì ¥âà¨¢÷ «ì¨¬ ¢¨-
¯ ¤ª®¬ n ≥ 2. �¥£ª® ¯¥à¥ª® â¨áï, é® ®à¬ «ì¨© ¤÷«ì¨ª

An = {c ∈ Sn : k(c) = 0}

õ ï¤à®¬ £®¬®¬®àä÷§¬ã k(c), é® ¤÷õ § Sn ã £àã¯ã 〈{0, 1},⊕〉:

k : Sn → {0, 1}, k(c) =

{
0, ïªé® c ¯ à ,

1, ïªé® c ¥¯ à ,
Kerk = An.

�¡ç¨á«¨¬® ®¡à § £®¬®¬®àä÷§¬ã k:

Imk = {k(c) : c ∈ Sn} = {0, 1}.

(¯à¨ n ≥ 2 ¬®¦¨  Sn ¬÷áâ¨âì ¯à¨ ©¬÷ ®¤ã ¯ àã â  ¯à¨ ©¬÷ ®¤ã
¥¯ àã ¯÷¤áâ ®¢ªã). �â¦¥, §  â¥®à¥¬®î 6.18 ¯à® £®¬®¬®àä÷§¬¨ £àã¯,
®âà¨¬ãõ¬® ÷§®¬®àä÷áâì

Sn

/
An
∼ 〈{0, 1},⊕〉 .
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�à å®¢ãîç¨ ®ç¥¢¨¤ã ÷§®¬®àä÷áâì

〈{0, 1},⊕〉 ∼ Z2, 0 7→ 0, 1 7→ 1,

¤÷áâ ¥¬®
Sn

/
An
∼ 〈{0, 1},⊕〉 ∼ Z2.

�â¦¥, ¯÷¤â¢¥à¤¦¥® à¥§ã«ìâ â, ®âà¨¬ ¨© áª« ¤÷è¨¬¨ ®¡ç¨á«¥ï-
¬¨ ¢ ¯à¨ª«. 6.45.

3. �®§£«ï¥¬® ä ªâ®à-£àã¯ã ¬ã«ìâ¨¯«÷ª â¨¢®ù £àã¯¨ C∗ = C \ {0}
§  ®à¬ «ì®î ¯÷¤£àã¯®î {z ∈ C∗ : |z| = 1}. �¥£ª® ¯¥à¥ª® â¨áï, é®
®à¬ «ì¨© ¤÷«ì¨ª õ ï¤à®¬ £®¬®¬®àä÷§¬ã f(z) = |z|, ïª¨© ¤÷õ § C∗ ¢
¬ã«ìâ¨¯«÷ª â¨¢ã £àã¯ã ¤÷©á¨å ç¨á¥«:

f : C∗ → R∗, f(z) = |z|, Kerf = {z ∈ C∗ : |z| = 1}.

�¡ç¨á«¨¬® ®¡à § £®¬®¬®àä÷§¬ã f :

Imf = {|z| : z ∈ C∗} = (0, +∞).

�â¦¥, §  â¥®à¥¬®î 6.18 ¯à® £®¬®¬®àä÷§¬¨ £àã¯, ®¤¥à¦¨¬® ÷§®¬®àä-
÷áâì

C∗
/
{z∈C∗:|z|=1} ∼ 〈(0, +∞), ·〉 .

4. �®§£«ï¥¬® ä ªâ®à-£àã¯ã ¬ã«ìâ¨¯«÷ª â¨¢®ù £àã¯¨ C∗ §  ®à¬ «ì-
®î ¯÷¤£àã¯®î (0, +∞). �¥£ª® ¯¥à¥ª® â¨áï, é® ®à¬ «ì¨© ¤÷«ì¨ª õ
ï¤à®¬ £®¬®¬®àä÷§¬ã f(z) = z

|z| , ïª¨© ¤÷õ § C∗ ¢ ¬ã«ìâ¨¯«÷ª â¨¢ã £àã¯ã
{z ∈ C∗ : |z| = 1}:

f : C∗ → {z ∈ C∗ : |z| = 1}, f(z) =
z

|z| , Kerf = (0, +∞).

�¡ç¨á«¨¬® ®¡à § £®¬®¬®àä÷§¬ã f :

Imf =

{
z

|z| : z ∈ C∗} = {z ∈ C∗ : |z| = 1

}
.

�â¦¥, §  â¥®à¥¬®î 6.18 ¯à® £®¬®¬®àä÷§¬¨ £àã¯, ®âà¨¬ãõ¬® ÷§®¬®àä÷áâì

C∗
/
(0,+∞)

∼ 〈{z ∈ C∗ : |z| = 1}, ·〉 .
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�¥®à¥¬  6.18 ¯à® £®¬®¬®àä÷§¬¨ £àã¯ ã ¡ £ âì®å ¯à ªâ¨ç¨å ¢¨¯ ¤-
ª å (¤¨¢. ¯à¨ª«. 6.56) ¤®§¢®«ïõ, ¥ ®¡ç¨á«îîç¨ ä ªâ®à-£àã¯ã 〈G1, ∗〉

/
H

ï¢®, ¢áâ ®¢¨â¨ ÷§®¬®àä÷§¬ ¬÷¦ 〈G1, ∗〉
/
H

â  ¤¥ïª®î ¤®¡à¥ ¢¨¢ç¥®î
£àã¯®î 〈G2,~〉.

�à®â¥, ïªé® ¯®âà÷¡® ®âà¨¬ â¨ ï¢¨© ¢¨£«ï¤ ä ªâ®à-£àã¯¨ 〈G1, ∗〉
/
H

(â®¡â® ï¢¨© ¢¨£«ï¤ áã¬÷¦¨å ª« á÷¢ â  ®¯¥à æ÷ù «∗» ã £àã¯÷ G1

/
H

), ¬®¦-
  â ª®¦ áª®à¨áâ â¨áï â¥®à¥¬®î 6.18.

�à¨ª« ¤ 6.57. �¨ª®à¨áâ®¢ãîç¨ á¯÷¢¢÷¤®è¥ï (6.16), ¢¨¯¨è¥¬®
ï¢¨© ¢¨£«ï¤ ÷§®¬®àä÷§¬ã f : GLn

/
SLn

→ R∗:

f(A) = f(r(A)) = |A|, A ∈ GLn.

� «÷, ãà å®¢ãîç¨ ¡÷õªâ¨¢÷áâì f : GLn

/
SLn

→ R∗, ¤÷áâ ¥¬® ï¢¨©
¢¨£«ï¤ ¥«¥¬¥â÷¢ ä ªâ®à-£àã¯¨ GLn

/
SLn

, â®¡â® ï¢¨© ¢¨£«ï¤ áã¬÷¦¨å
ª« á÷¢ A (A ∈ GLn):

A = {X ∈ GLn : X ∈ A} = {X ∈ GLn : X = A} =

= {X ∈ GLn : f(X) = f(A)} = {X ∈ GLn : |X| = |A|}.
�à å®¢ãîç¨, é® ¤«ï ¡ã¤ì-ïª®£® a 6= 0 ÷áãõ ¯à¨ ©¬÷ ®¤  ¬ âà¨æï

A ∈ GLn § ¢¨§ ç¨ª®¬ |A| = a, ¬®¦¥¬® ¢¨¯¨á â¨ § £ «ì¨© ¢¨£«ï¤
áã¬÷¦¨å ª« á÷¢ GLn §  SLn:

Aa = {X ∈ GLn : |X| = a}, a 6= 0.

�â¦¥, ¯÷¤â¢¥à¤¦¥® à¥§ã«ìâ â, ®âà¨¬ ¨© ¤¥é® áª« ¤÷è¨¬¨ ®¡ç¨á-
«¥ï¬¨ ¢ ¯à¨ª«. 6.44:

GLn

/
SLn

= {Aa : a 6= 0}.
�÷ àã ®¯¥à æ÷î â  ¯à ¢¨«® ®¡ç¨á«¥ï ®¡¥à¥®£® ã ä ªâ®à-£àã¯÷

GLn

/
SLn

«¥£ª® ¢áâ ®¢¨â¨ ç¥à¥§ ÷§®¬®àä÷§¬ f:

f(Aa1 · Aa2) = f(Aa1) · f(Aa2) = a1 · a2 = f(Aa1·a2)

⇓
Aa1 · Aa2 = Aa1a2 ;(

f
(
(Aa)

−1
)

= (f(Aa))
−1 = a−1 = f (Aa−1)

)
⇒

(
(Aa)

−1 = Aa−1

)
.
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�âà¨¬ ¨© à¥§ã«ìâ â §¡÷£ õâìáï § à¥§ã«ìâ â®¬ ¯à¨ª«. 6.47.
�â¦¥, § ¢¤ïª¨ ¢¨ª®à¨áâ î â¥®à¥¬¨ 6.18, ¯®¢÷áâî ¯÷¤â¢¥à¤¦¥®

à¥§ã«ìâ â¨ áâ®á®¢® ä ªâ®à-£àã¯¨ GLn

/
SLn

, ®âà¨¬ ÷ ¢ ¯à¨ª«. 6.44 â  6.47.

�ª ¯®ª §ãõ  ¢¥¤¥¨© ¯à¨ª« ¤, ã ¤¥ïª¨å ¯à ªâ¨ç¨å ¢¨¯ ¤ª å ¢¨-
ª®à¨áâ ï â¥®à¥¬¨ ¯à® £®¬®¬®àä÷§¬¨ £àã¯ á¯à®éãõ ï¢¥ ®¡ç¨á«¥ï
ä ªâ®à-£àã¯¨, ®áª÷«ìª¨ ¤®§¢®«ïõ ã¨ªãâ¨ ¡¥§¯®á¥à¥¤ì®£® ®¡ç¨á«¥ï
áã¬÷¦¨å ª« á÷¢.

�¥ïª÷ ÷è÷ ¢ ¦«¨¢÷ â¥®à¥¬¨ ¯à® £®¬®¬®àä÷§¬¨ £àã¯, ïª÷ á¯à®éãîâì
®¡ç¨á«¥ï ä ªâ®à-£àã¯, ¬®¦  § ©â¨,  ¯à¨ª« ¤, ã à®¡®â÷ [10].
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�«¥¬¥â¨ â¥®à÷ù ª÷«¥æì

7.1. �¨§ ç¥ï â  ¯à¨ª« ¤¨ ª÷«¥æì
�÷«ìæ¥ { ®á®¢¨© ®¡'õªâ à®§£«ï¤ã ¢ æì®¬ã à®§¤÷«÷ { ¯à¨ª« ¤  «£¥¡-

à¨ç®ù áâàãªâãà¨ § ¤¢®¬  ¡÷ à¨¬¨ ®¯¥à æ÷ï¬¨.
�§ ç¥ï 7.1. �÷«ìæ¥¬  §¨¢ îâì  «£¥¡à¨çã áâàãªâãàã 〈R, +, ·〉

÷§ § ¬ª¥¨¬¨ ¡÷ à¨¬¨ ®¯¥à æ÷ï¬¨ «+» (¤®¤ ¢ ï) â  «·» (¬®¦¥ï),
¢¨§ ç¥¨¬¨   ¬®¦¨÷ R 6= ∅, ïª÷ § ¤®¢®«ìïîâì ã¬®¢¨:

1) ∀ a, b, c ∈ R : (a + b) + c = a + (b + c) ( á®æ÷ â¨¢÷áâì ¤®¤ ¢ ï);
2) ∀ a, b ∈ R : a + b = b + a (ª®¬ãâ â¨¢÷áâì ¤®¤ ¢ ï);
3) ∃ 0 ∈ R ∀ a ∈ R : a+0 = a (÷áã¢ ï ¥©âà «ì®£® §  ¤®¤ ¢ ï¬);
4) ∀ a ∈ R ∃−a ∈ R : a + (−a) = 0 (÷áã¢ ï ®¡¥à¥¨å § 

¤®¤ ¢ ï¬);
5) ∀ a, b, c ∈ R : (a · b) · c = a · (b · c) ( á®æ÷ â¨¢÷áâì ¬®¦¥ï);
6) ∀ a, b, c ∈ R : (a + b) · c = (a · c) + (b · c), c · (a + b) = (c · a) + (c · b)

(¤¨áâà¨¡ãâ¨¢÷áâì ¬®¦¥ï ¢÷¤®á® ¤®¤ ¢ ï).
�«¥¬¥â 0 ∈ R (¥©âà «ì¨© §  ¤®¤ ¢ ï¬)  §¨¢ îâì ã«¥¬

ª÷«ìæï. � § ç¨¬®, é® õ¤¨÷áâì ã«ï ª÷«ìæï ïª ¥©âà «ì®£® §  ¤®¤ -
¢ ï¬ ¢¨¯«¨¢ õ § â¥®à¥¬¨ 6.1.

�«¥¬¥â −a, ®¡¥à¥¨© §  ¤®¤ ¢ ï¬ ¤® a ∈ R,  §¨¢ îâì ¯à®â¨-
«¥¦¨¬ a ¢ ª÷«ìæ÷ R. �ç¥¢¨¤®, é® õ¤¨÷áâì ¯à®â¨«¥¦®£® ¥«¥¬¥â 
¤«ï ä÷ªá®¢ ®£® a ∈ R õ ¯à®áâ¨¬  á«÷¤ª®¬ § â¥®à¥¬¨ 6.2.

�¬®¢¨ 1{4 ®§ ç¥ï 7.1 ¢¨§ ç îâì, é® ª÷«ìæ¥ õ  ¡¥«¥¢®î £àã¯®î
§  ¤®¤ ¢ ï¬; ã¬®¢  5 ¢¨§ ç õ, é® ª÷«ìæ¥ õ ¯÷¢£àã¯®î (¬®¦«¨¢®, ¥ª®-
¬ãâ â¨¢®î) §  ¬®¦¥ï¬; ã¬®¢  6 ¢¨§ ç õ §¢'ï§®ª ¬÷¦ ¤®¤ ¢ ï¬
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÷ ¬®¦¥ï¬. �â¦¥, ã¬®¢¨ ®§ ç¥ï 7.1 ¤«ï ª÷«ìæï 〈R, +, ·〉 ¬®¦  ¯®-
¤ â¨ ã ¢¨£«ï¤÷:

• 1{4 {  «£¥¡à¨ç  áâàãªâãà  〈R, +〉 õ  ¡¥«¥¢®î £àã¯®î;

• 5 {  «£¥¡à¨ç  áâàãªâãà  〈R, ·〉 õ ¯÷¢£àã¯®î;

• 6 { ®¯¥à æ÷ï «·» ¤¨áâà¨¡ãâ¨¢  c¯à ¢  ÷ §«÷¢  ¢÷¤®á® «+».

�à¨ª« ¤ 7.1. � ª÷  «£¥¡à¨ç÷ áâàãªâãà¨ õ ª÷«ìæï¬¨:
1. �«£¥¡à¨ç  áâàãªâãà  〈R, +, ·〉 { ª÷«ìæ¥ ¤÷©á¨å ç¨á¥« §  ¯à¨à®¤-

¨¬¨ ®¯¥à æ÷ï¬¨ ¤®¤ ¢ ï â  ¬®¦¥ï.
2. �«£¥¡à¨ç  áâàãªâãà  〈Z, +, ·〉 { ª÷«ìæ¥ æ÷«¨å ç¨á¥« §  ¯à¨à®¤¨¬¨

®¯¥à æ÷ï¬¨ ¤®¤ ¢ ï â  ¬®¦¥ï.
3. �«£¥¡à¨ç  áâàãªâãà  〈Mn×n, +, ·〉 { ª÷«ìæ¥ ¬ âà¨æì n× n §  ¯à¨-

à®¤¨¬¨ ®¯¥à æ÷ï¬¨ ¤®¤ ¢ ï â  ¬®¦¥ï.
4. �«£¥¡à¨ç  áâàãªâãà  〈Zn, +, ·〉 { ª÷«ìæ¥ ª« á÷¢ «¨èª÷¢ §  ¬®¤ã-

«¥¬ n ∈ N (®¯¥à æ÷ù «+» â  «·»   Zn ¡ã«® ¢¢¥¤¥® ¢ ¯÷¤à®§¤. 6.4).
5. �«£¥¡à¨ç  áâàãªâãà  〈R[x], +, ·〉, ¤¥ R[x] { ¬®¦¨  ¬®£®ç«¥÷¢

áª÷ç¥®£® áâ¥¯¥ï  ¤ §¬÷®î x § ¤÷©á¨¬¨ ª®¥ä÷æ÷õâ ¬¨:

R[x] = {a0 + a1x + a2x
2 + · · ·+ anx

n : ak ∈ R (1 ≤ k ≤ n), n ∈ N ∪ {0}}.

�¯¥à æ÷ù «+» â  «·»   R[x] ¢¢®¤ïâì ¯®â®çª®¢® (ç¥à¥§ § ç¥ï ¬®-
£®ç«¥÷¢ ¤«ï ª®¦®£® x ∈ R), â®¡â® ¤«ï ¬®£®ç«¥÷¢ a(x) =

n∑
i=0

aix
i,

b(x) =
m∑

j=0

bjx
j ¤«ï ä÷ªá®¢ ®£® x ∈ R ¢¨§ ç õ¬®:

a(x) + b(x) = b(x) + a(x) =

max(n,m)∑

k=0

ckx
k, ¤¥ ck = ak + bk;

a(x) · b(x) = b(x) · a(x) =
n+m∑

k=0

ckx
k, ¤¥ ck =

∑

i,j: i+j=k

aibj,

¢¢ ¦ îç¨ ak = 0 ¯à¨ k > n, bk = 0 ¯à¨ k > m.
6. �«£¥¡à¨ç  áâàãªâãà  〈S, M,∩〉, ¤¥ S { ª÷«ìæ¥ ¬®¦¨. � £ ¤ õ¬®

(¤¨¢. ¯÷¤à®§¤. 2.5), é® ª÷«ìæ¥¬ ¬®¦¨  §¨¢ îâì ¥¯®à®¦î áãªã¯÷áâì
¬®¦¨ S, § ¬ª¥ã ¢÷¤®á® ®¯¥à æ÷© á¨¬¥âà¨ç®ù à÷§¨æ÷ â  ¯¥à¥â¨ã.
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�  ¤®¤ ¢ ï â  ¬®¦¥ï ¢ ª÷«ìæ÷ ¬®¦¨ S ¢¨¡¨à õ¬® ¢÷¤¯®¢÷¤®
á¨¬¥âà¨çã à÷§¨æî â  ¯¥à¥â¨:

A + B = A M B, A ·B = A ∩B, (A,B ∈ S).

�¥£ª® ¯¥à¥¢÷à¨â¨, é® ã«¥¬ ã ª÷«ìæ÷ 〈S, M,∩〉 õ ¯®à®¦ï ¬®¦¨ :

A M∅ = ∅ M A = A (A ∈ S).

�«÷¤ § § ç¨â¨, é® ¥«¥¬¥â, ¯à®â¨«¥¦¨© A, §¡÷£ õâìáï ÷§ á ¬®î ¬®-
¦¨®î A:

A M A = ∅ (A ∈ S).

�¥à¥¯¨è¥¬® ¤«ï áâàãªâãà¨ 〈S, M,∩〉 ã¬®¢¨ ®§ ç¥ï 7.1:
1) (A M B) M C = A M (B M C);
2) A M B = B M A;
3) A M∅ = ∅ M A = A (ã«ì®¢¨¬ ¥«¥¬¥â®¬ õ ¯®à®¦ï ¬®¦¨ );
4) A M A = ∅ (¥«¥¬¥â, ¯à®â¨«¥¦¨© A, §¡÷£ õâìáï § A);
5) (A ∩B) ∩ C = A ∩ (B ∩ C);
6) (A M B)∩C = (A∩C) M (B ∩C), C ∩ (A M B) = (C ∩A) M (C ∩B).
�ª § ÷ â®â®¦®áâ÷ ¥¢ ¦ª® ¤®¢¥áâ¨ § á®¡ ¬¨  «£¥¡à¨ ¬®¦¨.
�¥© ¯à¨ª« ¤ ®¡óàãâ®¢ãõ  §¢ã «ª÷«ìæ¥» ¤«ï ª÷«ìæï ¬®¦¨ S ïª

¤«ï ®ªà¥¬®£® ¢¨¯ ¤ªã  ¡áâà ªâ®£® ª÷«ìæï 〈S, M,∩〉.
7. �¥å © 〈G, +〉 { ¤¥ïª   ¤¨â¨¢   ¡¥«¥¢  £àã¯ . �«ï ¥¤®¬®àä÷§¬÷¢

f1, f2 ∈ EndG ¢¢¥¤¥¬® ¯®â®çª®¢¥ ¤®¤ ¢ ï:

(f1 + f2)(x) = f1(x) + f2(x) (x ∈ G).

�¯à ¢  7.1. �®¢¥áâ¨, é® áâàãªâãà  〈EndG, +, ◦〉 { ª÷«ìæ¥.

�÷«ìæ¥ 〈EndG , + , ◦ 〉  §¨¢ îâì ª÷«ìæ¥¬ ¥¤®¬®àä÷§¬÷¢  ¡¥«¥¢®ù
£àã¯¨ 〈G, +〉.

� ã¢ ¦¥ï 7.1. �«ï ª÷«¥æì 〈R, +, ·〉, ïª÷ ç áâ® âà ¯«ïîâìáï ¢ à÷§-
¨å à®§¤÷« å ¬ â¥¬ â¨ª¨ (§®ªà¥¬ , æ¥ áâ®áãõâìáï ª÷«¥æì § ¯à¨ª«. 7.1),
ç áâ® ¢ª §ãîâì «¨è¥ ¬®¦¨ã R, ¥ ¢ª §ãîç¨ ï¢® ®¯¥à æ÷ù ¤®¤ ¢ -
ï â  ¬®¦¥ï. � ª, ïªé® £®¢®àïâì ¯à® ª÷«ìæ¥ ¤÷©á¨å ç¨á¥«, ª÷«ìæ¥
¬ âà¨æì, ª÷«ìæ¥ ª« á÷¢ «¨èª÷¢, ª÷«ìæ¥ ¬®£®ç«¥÷¢ â®é®, ¬ îâì   ã¢ §÷
ª« á¨ç÷ (¯à¨à®¤÷) ®¯¥à æ÷ù ¤®¤ ¢ ï â  ¬®¦¥ï. � àâ® § § ç¨â¨,
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é® ¤«ï ª÷«ìæï ¬®¦¨ S ¯à¨à®¤¨¬¨ ¤®¤ ¢ ï¬ ÷ ¬®¦¥ï¬ ¢¢ ¦ -
îâì ¢÷¤¯®¢÷¤® á¨¬¥âà¨çã à÷§¨æî â  ¯¥à¥â¨: ã ¬®¤¥«ì®¬ã ¤®¢¥¤¥÷
â®â®¦®áâ¥© ¢  «£¥¡à÷ ¬®¦¨ á¨¬¥âà¨ç÷© à÷§¨æ÷ â  ¯¥à¥â¨ã ¢÷¤¯®¢÷-
¤ îâì «®£÷ç÷ ®¯¥à æ÷ù «⊕» â  «∧», ïª÷ (ïªé® ®â®â®¦¨â¨ «®£÷ç÷ 0 â  1
§ ª« á ¬¨ «¨èª÷¢ 0 â  1 §  ¬®¤ã«¥¬ 2) §¡÷£ îâìáï § ¤®¤ ¢ ï¬ ÷ ¬®-
¦¥ï¬   Z2 = {0, 1}.

�÷«ìæ¥ 〈R, +, ·〉 § ª®¬ãâ â¨¢®î ®¯¥à æ÷õî ¬®¦¥ï  §¨¢ îâì ª®-
¬ãâ â¨¢¨¬:

a · b = b · a ∀ a, b ∈ R.

�ªé® ®¯¥à æ÷ï ¬®¦¥ï ¥ª®¬ãâ â¨¢ , ª÷«ìæ¥  §¨¢ îâì ¥ª®¬ã-
â â¨¢¨¬.

�à¨ª« ¤ 7.2. � ª÷ ª÷«ìæï õ ª®¬ãâ â¨¢¨¬¨:
1) ª÷«ìæ¥ 〈R, +, ·〉 ¤÷©á¨å ç¨á¥«;
2) ª÷«ìæ¥ 〈Zn, +, ·〉 ª« á÷¢ «¨èª÷¢ §  ¬®¤ã«¥¬ n ∈ N;
3) ª÷«ìæ¥ 〈R[x], +, ·〉 ¬®£®ç«¥÷¢ § ¤÷©á¨¬¨ ª®¥ä÷æ÷õâ ¬¨;
4) ª÷«ìæ¥ ¬®¦¨ 〈S, M,∩〉.
� ©¯à®áâ÷è¨© ¯à¨ª« ¤ ¥ª®¬ãâ â¨¢®£® ª÷«ìæï { ª÷«ìæ¥ ª¢ ¤à â¨å

¬ âà¨æì 〈Mn×n, +, ·〉 ã ¢¨¯ ¤ªã n ≥ 2.

�÷«ìæ¥ 〈R, +, ·〉  §¨¢ îâì ª÷«ìæ¥¬ § ®¤¨¨æ¥î, ïªé® ¢ áâàãªâãà÷
〈R, ·〉 ÷áãõ ¥©âà «ì¨© ¥«¥¬¥â 1 ∈ R (¥©âà «ì¨© §  ¬®¦¥ï¬),
ïª¨© ã æì®¬ã ¢¨¯ ¤ªã  §¨¢ îâì ®¤¨¨æ¥î ª÷«ìæï. � § ç¨¬®, é® õ¤¨-
÷áâì ®¤¨¨æ÷ ª÷«ìæï ïª ¥©âà «ì®£® ¥«¥¬¥â  §  ¬®¦¥ï¬ ¢¨¯«¨¢ õ
§ â¥®à¥¬¨ 6.1.

�à¨ª« ¤ 7.3. 1. �á÷ ª÷«ìæï, à®§£«ïãâ÷ ¢ ¯à¨ª«. 7.1, §  ¢¨ïâª®¬
ª÷«ìæï ¬®¦¨ 〈S, M,∩〉, õ ª÷«ìæï¬¨ § ®¤¨¨æ¥î.

2. �÷«ìæ¥ 〈nZ, +, ·〉 ã ¢¨¯ ¤ªã n ≥ 2 õ ª÷«ìæ¥¬ ¡¥§ ®¤¨¨æ÷, ®áª÷«ì-
ª¨ 1 (¥©âà «ì¨© ¥«¥¬¥â §  ¬®¦¥ï¬   ¬®¦¨÷ æ÷«¨å ç¨á¥«) ¥
 «¥¦¨âì ¬®¦¨÷ nZ ¯à¨ n ≥ 2.

�¯à ¢  7.2. �¨§ ç¨â¨ ®¤¨¨æ÷ ¤«ï ª÷«¥æì § ¯à¨ª«. 7.1 (®ª-
à÷¬ 〈S, M,∩〉).

�¯à ¢  7.3. �®¢¥áâ¨, é® ª÷«ìæ¥ ¬®¦¨ 〈S, M,∩〉 õ ª÷«ìæ¥¬ § ®¤¨¨-
æ¥î â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ S õ  «£¥¡à®î ¬®¦¨, ¯à¨ç®¬ã ®¤¨¨æ¥î ¢
ª÷«ìæ÷ 〈S, M,∩〉 (ïªé® S {  «£¥¡à ) õ ã÷¢¥àá «ì  ¬®¦¨ .

180



7.2. �á®¢÷ ¢« áâ¨¢®áâ÷ ª÷«¥æì

�÷«ìæï § ®¤¨¨æ¥î ¡ã¤¥ à®§£«ïãâ® ¡÷«ìè ¤¥â «ì® ¢ ¯÷¤à®§¤. 7.4.
� ã¢ ¦¥ï 7.2. �ã«ì â  ®¤¨¨æï ¢  ¡áâà ªâ®¬ã ª÷«ìæ÷ 〈R, +, ·〉 ¯®-

§ ç îâì, ïª ¡ã«® § § ç¥®, ¢÷¤¯®¢÷¤® ç¥à¥§ 0 â  1. �à®â¥ ¢ ª®ªà¥â®-
¬ã ª÷«ìæ÷ ¤«ï ã«ï â  ®¤¨¨æ÷ ¢¨ª®à¨áâ®¢ãîâì ¯®§ ç¥ï, ïª÷ õ § £ «ì-
®¯à¨©ïâ¨¬¨ á ¬¥ ¤«ï æì®£® ª÷«ìæï ÷ ¬®¦ãâì §¡÷£ â¨áï  ¡® ¥ §¡÷£ â¨áï
§  ¡áâà ªâ¨¬¨ ¯®§ ç¥ï¬¨ 0 â  1. � ª, ã ª÷«ìæ÷ ¤÷©á¨å ç¨á¥« ã-
«¥¬ â  ®¤¨¨æ¥î õ ç¨á«  0 â  1, ®¤ ª ã ª÷«ìæ÷ ¬ âà¨æì Mn×n ã«¥¬ â 
®¤¨¨æ¥î õ ¢÷¤¯®¢÷¤® ã«ì®¢  â  ®¤¨¨ç  ¬ âà¨æ÷ (ïª÷ ¥ ¯à¨©ïâ®
¯®§ ç â¨ ç¥à¥§ 0 â  1).

� ã¢ ¦¥ï 7.3. �«ï á¯à®é¥ï ¯®§ ç¥ì ¢¢ ¦ â¨¬¥¬®, é® ®¯¥à -
æ÷ï ¬®¦¥ï ¢ ª÷«ìæ÷ ¬ õ ¢¨é¨© ¯à÷®à¨â¥â, ÷¦ ¤®¤ ¢ ï, â®¡â® ¤ã¦ª¨
 ¢ª®«® ¤®¡ãâªã ¡ã¤¥¬® ®¯ãáª â¨: a + (b · c) = a + b · c.

� ã¢ ¦¥ï 7.4. �à÷¬ â®£®, §    «®£÷õî ¤® ¡ £ âì®å ¬ã«ìâ¨¯«÷ª â¨¢-
¨å áâàãªâãà (ãà å®¢ãîç¨ ¤÷©á÷ ç¨á«  â  ¬ âà¨æ÷), ¯®§ ç¥ï ®¯¥à æ÷ù
«·» ¢ ¤®¡ãâªã ÷®¤÷ ®¯ãáª â¨¬¥¬®: a · b = ab.

7.2. �á®¢÷ ¢« áâ¨¢®áâ÷ ª÷«¥æì
�®§£«ï¥¬®  ©¯à®áâ÷è÷ ¢« áâ¨¢®áâ÷ ¤®¢÷«ì®£® ª÷«ìæï 〈R, +, ·〉.
1. ∀ a ∈ R : 0 · a = a · 0 = 0.
�®¢¥¤¥ï. �®¢¥¤¥¬® â®â®¦÷áâì 0 ·a = 0 (â®â®¦÷áâì a ·0 = 0 ¬®¦ 

¤®¢¥áâ¨ §    «®£÷õî). �  ®§ ç¥ï¬ ã«ï â  ¢« áâ¨¢÷áâî ¤¨áâà¨¡ãâ¨¢-
®áâ÷ ¬ õ¬®

0 · a = (0 + 0) · a = 0 · a + 0 · a.

�«¥ ª÷«ìæ¥ õ £àã¯®î §  ®¯¥à æ÷õî «+»,   ®â¦¥, §  ¯à ¢¨«®¬ «÷¢®£®
áª®à®ç¥ï (6.2) ®âà¨¬ãõ¬® ¯®âà÷¡¨©  á«÷¤®ª:

0 · a + 0 · a = 0 · a ⇒ 0 · a + 0 · a = 0 · a + 0 ⇒ 0 · a = 0.

2. ∀ a, b ∈ R : a · (−b) = (−a) · b = −(a · b).
�®¢¥¤¥ï. �®¢¥¤¥¬® â®â®¦÷áâì a · (−b) = −(a · b) (â®â®¦÷áâì

(−a) · b = −(a · b) ¬®¦  ¤®¢¥áâ¨ §    «®£÷õî). �«ï ¤®¢¥¤¥ï ¤®áâ â-
ì® ¯¥à¥¢÷à¨â¨, é® ¥«¥¬¥â a · (−b) õ ¯à®â¨«¥¦¨¬ a · b. �®à¨áâãîç¨áì
¢¨§ ç¥ï¬ ª÷«ìæï â  ¤®¢¥¤¥®î ¢« áâ¨¢÷áâî 1, ®âà¨¬ãõ¬®

a · b + a · (−b) = a · (−b) + a · b = a · (b + (−b)) = a · 0 = 0.
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�¯à ¢  7.4. �®¢¥áâ¨, é® ¢ ª÷«ìæ÷ § ®¤¨¨æ¥î ¬ õ ¬÷áæ¥ â®â®¦÷áâì

−a = (−1) · a ∀ a ∈ R.

�«ï ¥«¥¬¥â÷¢ a, b ∈ R ã¢¥¤¥¬® ®¯¥à æ÷î à÷§¨æ÷ :

a− b = a + (−b).

� ª, § ®§ ç¥ï ¯à®â¨«¥¦®£® ¥«¥¬¥â  ¢¨¯«¨¢ õ a−a=a+(−a) = 0.

7.3. �÷¤ª÷«ìæ¥. �à¨â¥à÷© ¯÷¤ª÷«ìæï
�¥å © 〈R, +, ·〉 { ¤®¢÷«ì¥ ª÷«ìæ¥.

�§ ç¥ï 7.2. �÷¤ª÷«ìæ¥¬ ª÷«ìæï 〈R, +, ·〉  §¨¢ îâì ¯÷¤¬®¦¨-
ã R1 ⊂ R, ïª  õ ª÷«ìæ¥¬ 〈R1, +, ·〉 §  â¨¬¨ á ¬¨¬¨ ®¯¥à æ÷ï¬¨ «+» â 
«·», é® © ª÷«ìæ¥ 〈R, +, ·〉.

�  ¯à ªâ¨æ÷ ¤«ï ¯¥à¥¢÷àª¨, ç¨ õ ¥¯®à®¦ï ¯÷¤¬®¦¨  ª÷«ìæï ¯÷¤-
ª÷«ìæ¥¬, §àãç® ª®à¨áâã¢ â¨áì ¨¦ç¥¯®¤ ¨¬ ªà¨â¥à÷õ¬,   «®£÷ç¨¬
ªà¨â¥à÷î ¯÷¤£àã¯¨ (â¥®à¥¬  6.7 §  á«÷¤ª®¬).

�¥®à¥¬  7.1 (ªà¨â¥à÷© ¯÷¤ª÷«ìæï). �¥å © ∅ 6= R1 ⊂ R, â®¡â®
R1 { ¥¯®à®¦ï ¯÷¤¬®¦¨  ª÷«ìæï 〈R, +, ·〉.

�«ï â®£®, é®¡ ¯÷¤¬®¦¨  R1 ¡ã«  ¯÷¤ª÷«ìæ¥¬ ª÷«ìæï 〈R, +, ·〉, ¥-
®¡å÷¤® ÷ ¤®áâ âì® ¢¨ª® ï â ª¨å ã¬®¢:

(a, b ∈ R1) ⇒ (a + b ∈ R1); (7.1)
(a, b ∈ R1) ⇒ (a · b ∈ R1);

(a ∈ R1) ⇒ (−a ∈ R1). (7.2)

� á«÷¤®ª. �¬®¢¨ (7.1) â  (7.2) ¢ â¥®à¥¬÷ 7.1 ¬®¦  § ¬÷¨â¨ ®¤-
÷õî ã¬®¢®î:

(a, b ∈ R1) ⇒ (a− b ∈ R1).

�¯à ¢  7.5. �®¢¥áâ¨ â¥®à¥¬ã 7.1 ÷  á«÷¤®ª á ¬®áâ÷©®.
� ã¢ ¦¥ï 7.5. �®¢¥¤¥ï æ÷«ª®¬   «®£÷ç¥ ¤®¢¥¤¥î â¥®à¥-

¬¨ 6.7.
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�à¨ª« ¤ 7.4. 1. �®¦¨  nZ (n ∈ N) õ ¯÷¤ª÷«ìæ¥¬ ª÷«ìæï æ÷«¨å
ç¨á¥« Z.

2. �®¦¨  R1 = {A ∈ Mn×n : Aij = 0 ¯à¨ j > i} ¨¦÷å âà¨ªãâ¨å
¬ âà¨æì à®§¬÷à®¬ n× n õ ¯÷¤ª÷«ìæ¥¬ ª÷«ìæï ¬ âà¨æì Mn×n.

3. �®¦¨  ¬®£®ç«¥÷¢ § ã«ì®¢¨¬ ¢÷«ì¨¬ ç«¥®¬

R1 =

{
n∑

k=1

akx
k : ak ∈ R (1 ≤ k ≤ n), n ∈ N

}
=

= {f(x) ∈ R[x] : f(0) = 0}
õ ¯÷¤ª÷«ìæ¥¬ ª÷«ìæï ¬®£®ç«¥÷¢ R[x].

�ç¥¢¨¤®, é® ¡ã¤ì-ïª¥ ª÷«ìæ¥ 〈R, +, ·〉 ¬÷áâ¨âì âà¨¢÷ «ì÷ ¯÷¤ª÷«ìæï {
¬®¦¨ã {0} ÷ ¬®¦¨ã R. �÷¤ª÷«ìæ¥, é® ¥ õ âà¨¢÷ «ì¨¬,  §¨¢ îâì
¢« á¨¬.

�÷«ìæ¥, é® ¬÷áâ¨âì «¨è¥ ®¤¨ ¥«¥¬¥â (æ¥ ¬ õ ¡ãâ¨ 0)  §¨¢ îâì
ã«ì®¢¨¬. �â¦¥, ¡ã¤ì-ïª¥ ª÷«ìæ¥ 〈R, +, ·〉 ¬÷áâ¨âì ¤¢  âà¨¢÷ «ì÷ ª÷«ìæï {
ã«ì®¢¥ ª÷«ìæ¥ {0} ÷ á ¬¥ ª÷«ìæ¥ R. �ç¥¢¨¤®, é® ¤«ï ã«ì®¢®£® ª÷«ìæï
®¡¨¤¢  âà¨¢÷ «ì÷ ¯÷¤ª÷«ìæï §¡÷£ îâìáï.

7.4. �÷«ìæï § ®¤¨¨æ¥î
� æì®¬ã ¯÷¤à®§¤÷«÷ ®¡'õªâ®¬ à®§£«ï¤ã ¡ã¤¥ ª÷«ìæ¥ 〈R, +, ·〉, é® ¬÷áâ¨âì

®¤¨¨ç¨© ¥«¥¬¥â 1 ∈ R. �®¢¥¤¥¬® ¯à®áâ¨© ä ªâ é®¤® ¬®¦«¨¢®áâ÷
§¡÷£ã ã«ï â  ®¤¨¨æ÷ ª÷«ìæï.

�¥¬  7.1. � ¥ã«ì®¢®¬ã ª÷«ìæ÷ 0 6= 1.
�®¢¥¤¥ï. �¥å © ª÷«ìæ¥ § ®¤¨¨æ¥î 〈R, +, ·〉 õ ¥ã«ì®¢¨¬, â®¡â® ¬÷á-

â¨âì ¯à¨ ©¬÷ ®¤¨ ¥«¥¬¥â a 6= 0. �®¤÷ ®âà¨¬ãõ¬®

a · 0 = 0 6= a = a · 1,
é® ã¥¬®¦«¨¢«îõ à÷¢÷áâì 0 = 1.

� ã¢ ¦¥ï 7.6. �ç¥¢¨¤®, é® ¢ ã«ì®¢®¬ã ª÷«ìæ÷ ¥«¥¬¥â¨ 0 â  1
§¡÷£ îâìáï: ã«ì®¢¥ ª÷«ìæ¥ ¬÷áâ¨âì «¨è¥ ®¤¨ ¥«¥¬¥â 0, ïª¨© ¤«ï ®¤-
®¥«¥¬¥â®ù ¬®¦¨¨ õ ¥©âà «ì¨¬ §  ¡ã¤ì-ïª®î ¡÷ à®î ®¯¥à æ÷õî
(0 · 0 = 0).
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�§ ç¥ï 7.3. �«¥¬¥â a ∈ R  §¨¢ îâì ®¡®à®â¨¬ ã ª÷«ìæ÷ R,
 ¡® ¤÷«ì¨ª®¬ ®¤¨¨æ÷, ïªé® ÷áãõ ¥«¥¬¥â a−1 { ®¡¥à¥¨© ¤® a §  ¬®-
¦¥ï¬:

∃ a−1 ∈ R : a−1 · a = a · a−1 = 1.

�«¥¬¥â a−1  §¨¢ îâì ®¡¥à¥¨¬ ¤® a ¢ ª÷«ìæ÷ R.
�â¦¥, ¢ ª÷«ìæ÷ § ®¤¨¨æ¥î ÷áãîâì ¥©âà «ì÷ ¥«¥¬¥â¨ ¤«ï ®¡®å ¡÷-

 à¨å ®¯¥à æ÷©: 0 { ¥©âà «ì¨© §  ¤®¤ ¢ ï¬, 1 { ¥©âà «ì¨© § 
¬®¦¥ï¬. �ª ã¦¥ § § ç «¨, ®¡¥à¥¨© ¤® a ∈ R §  ¤®¤ ¢ ï¬  §¨-
¢ îâì ¯à®â¨«¥¦¨¬ ÷ ¯®§ ç îâì ç¥à¥§ −a, é® ã¥¬®¦«¨¢«îõ ª®ä«÷ªâ
§ â¥à¬÷®¬ «®¡¥à¥¨©» (¡¥§ ï¢®ù  §¢¨ ¢÷¤¯®¢÷¤®ù ¡÷ à®ù ®¯¥à æ÷ù)
â  ¯®§ ç¥ï¬ a−1 ¤«ï ®¡¥à¥®£® §  ¬®¦¥ï¬.

�¡¥à¥÷ ¥«¥¬¥â¨ ¬®¦ãâì ÷áã¢ â¨ ¥ ¤«ï ¢á÷å a ∈ R. �÷«ìè¥ â®-
£®, ã ¡ã¤ì-ïª®¬ã ¥ã«ì®¢®¬ã ª÷«ìæ÷ § ®¤¨¨æ¥î ÷áãõ ¯à¨ ©¬÷ ®¤¨
¥®¡®à®â¨© ¥«¥¬¥â { ã«ì ª÷«ìæï:

0 · a = a · 0 = 0 6= 1 ∀ a ∈ R.

�¤ ª, ã ¡ã¤ì-ïª®¬ã ª÷«ìæ÷ 〈R, +, ·〉 (§ ®¤¨¨æ¥î) ®¡®à®â¨¬¨ õ ¥«¥-
¬¥â¨ 1 â  −1:

1−1 = 1, (−1)−1 = −1,

®áª÷«ìª¨ 1 · 1 = (−1) · (−1) = 1.
�®¦¨ã ¢á÷å ®¡®à®â¨å ¥«¥¬¥â÷¢ ª÷«ìæï 〈R, +, ·〉 ¯®§ ç îâì ç¥-

à¥§ R∗.
�à¨ª« ¤ 7.5. 1. � ª÷«ìæ÷ ¤÷©á¨å ç¨á¥« R ¢á÷ ¥ã«ì®¢÷ ¥«¥¬¥â¨

®¡®à®â÷:
a−1 =

1

a
∈ R, a 6= 0,

â®¡â® R∗ = R \ {0}.
2. � ª÷«ìæ÷ æ÷«¨å ç¨á¥« Z ®¡®à®â÷ «¨è¥ ¥«¥¬¥â¨ 1 â  −1:

1−1 = 1, (−1)−1 = −1, a−1 =
1

a
/∈ Z ¯à¨ |a| 6= 1,

â®¡â® Z∗ = {1,−1}.
3. � ª÷«ìæ÷ ¬ âà¨æì Mn×n ®¡®à®â÷ ¢á÷ ¥¢¨à®¤¦¥÷ ¬ âà¨æ÷:

A · A−1 = A−1 · A = I,

â®¡â® (Mn×n)∗ = GLn.
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4. � ª÷«ìæ÷ ª« á÷¢ «¨èª÷¢ Z6 ®¡®à®â¨¬¨ õ ¥«¥¬¥â¨ 1 â  5:

(1)
−1

= 1, (5)
−1

= 5,

â®¡â® Z6
∗ = {1, 5}.

5. � ª÷«ìæ÷ ª« á÷¢ «¨èª÷¢ Z2 ®¡®à®â¨¬ õ «¨è¥ ¥«¥¬¥â 1:

(1)
−1

= 1,

â®¡â® Z2
∗ = {1}.

�¥®à¥¬  7.2. �®¦¨  R∗ ®¡®à®â¨å ¥«¥¬¥â÷¢ ª÷«ìæï 〈R, +, ·〉
ãâ¢®àîõ £àã¯ã §  ®¯¥à æ÷õî ¬®¦¥ï.

�®¢¥¤¥ï. �®§£«ï¥¬®  «£¥¡à¨çã áâàãªâãàã 〈R∗, ·〉.
1. �®¢¥¤¥¬® § ¬ª¥÷áâì áâàãªâãà¨ 〈R∗, ·〉. �«ï a, b ∈ R∗ ¡¥§¯®á¥-

à¥¤ì® ¯¥à¥¢÷à¨¬®, é® (a · b)−1 = b−1 · a−1 :
(a · b) · (b−1 · a−1) = a · (b · b−1) · a−1 = 1;

(b−1 · a−1) · (a · b) = b−1 · (a−1 · a) · b = 1,

â®¡â® a · b ∈ R∗ (¥«¥¬¥â a · b ®¡®à®â¨©).
2. �âàãªâãà  〈R∗, ·〉  á®æ÷ â¨¢  (§  ¢¨§ ç¥ï¬ ª÷«ìæï).
3. �âàãªâãà  〈R∗, ·〉 ¬÷áâ¨âì ¥©âà «ì¨© ¥«¥¬¥â { ®¤¨¨æî ª÷«ì-

æï 〈R, +, ·〉 :
(1−1 = 1) ⇒ (1 ∈ R∗).

4. �®¢¥¤¥¬®, é® ã áâàãªâãà÷ 〈R∗, ·〉 ¤«ï ¡ã¤ì-ïª®£® a ∈ R∗ ÷áãõ ®¡¥à-
¥¨© a−1 ∈ R∗. �¥§¯®á¥à¥¤ì® ¯¥à¥¢÷à¨¬®, é® (a−1)

−1
= a :

a−1 · a = 1, a · a−1 = 1,

â®¡â® a−1 ∈ R∗.
�â¦¥,  «£¥¡à¨ç  áâàãªâãà  〈R∗, ·〉 õ § ¬ª¥®î,  á®æ÷ â¨¢®î, ¬÷á-

â¨âì ¥©âà «ì¨© ¥«¥¬¥â 1 ∈ R∗, ÷ ¤«ï ª®¦®£® a ∈ R∗ ÷áãõ ®¡¥à¥¨©
a−1 ∈ R∗. � ª¨¬ ç¨®¬, §  ®§ ç¥ï¬ 6.5 áâàãªâãà  〈R∗, ·〉 õ £àã¯®î.

�«£¥¡à¨çã áâàãªâãàã 〈R∗, ·〉  §¨¢ îâì ¬ã«ìâ¨¯«÷ª â¨¢®î £àã-
¯®î ª÷«ìæï 〈R, +, ·〉. �«ï ¬ã«ìâ¨¯«÷ª â¨¢®ù £àã¯¨ § ¤ ®£® ª÷«ìæï
〈R, +, ·〉 ¢¨ª®à¨áâ®¢ãîâì áª®à®ç¥¥ ¯®§ ç¥ï R∗ (¥ ¢ª §ãîç¨ ï¢®
£àã¯®¢ã ®¯¥à æ÷î, ïª  §¡÷£ õâìáï § ®¯¥à æ÷î ¬®¦¥ï ¢ ª÷«ìæ÷ R).

�®ïââï ®¡®à®â®£® ¥«¥¬¥â  (¤÷«ì¨ª  ®¤¨¨æ÷) â÷á® ¯®¢'ï§ ¥ §
¯®ïââï¬ ¤÷«ì¨ª  ã«ï, ïª¥ ¡ã¤¥ à®§£«ïãâ® ¢  áâã¯®¬ã ¯÷¤à®§¤÷«÷.
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7.5. �÷«ì¨ª¨ ã«ï. �®ïââï ®¡« áâ÷
æ÷«÷á®áâ÷

�¥å © 〈R, +, ·〉 { ¤®¢÷«ì¥ ª÷«ìæ¥.

�§ ç¥ï 7.4. �«¥¬¥â¨ a, b∈R  §¨¢ îâì ¤÷«ì¨ª ¬¨ ã«ï, ïªé®

a 6= 0, b 6= 0, ab = 0.

�«¥¬¥â a ¢ æì®¬ã ¢¨¯ ¤ªã  §¨¢ îâì «÷¢¨¬ ¤÷«ì¨ª®¬ ã«ï, ¥«¥-
¬¥â b { ¯à ¢¨¬ ¤÷«ì¨ª®¬ ã«ï.

�ç¥¢¨¤®, é® ¢ ª®¬ãâ â¨¢®¬ã ª÷«ìæ÷ ¯®ïââï ¯à ¢®£® â  «÷¢®£® ¤÷«ì-
¨ª÷¢ ã«ï §¡÷£ îâìáï.

�à¨ª« ¤ 7.6. 1. �÷«ìæ¥ ¤÷©á¨å ç¨á¥« R ¥ ¬÷áâ¨âì ¤÷«ì¨ª÷¢ ã«ï:

(a 6= 0) ∧ (b 6= 0) ⇒ (ab 6= 0)

¤«ï ¤®¢÷«ì¨å a, b ∈ R.
2. �÷«ìæ¥ Z6 ¬÷áâ¨âì âà¨ ¤÷«ì¨ª¨ ã«ï { ¥«¥¬¥â¨ 2, 3 â  4:

2 · 3 = 3 · 4 = 0.

�¥£ª® ¯¥à¥¢÷à¨â¨, é® 1 â  5 = − 1 ¥ õ ¤÷«ì¨ª ¬¨ ã«ï ¢ Z6.
3. �÷«ìæ¥ Z4 ¬÷áâ¨âì ®¤¨ ¤÷«ì¨ª ã«ï { ¥«¥¬¥â 2:

2 · 2 = 0.

�¥£ª® ¯¥à¥¢÷à¨â¨, é® 1 â  3 = − 1 ¥ õ ¤÷«ì¨ª ¬¨ ã«ï ¢ Z4.
4. �÷«ìæ¥ Z3 ¥ ¬÷áâ¨âì ¤÷«ì¨ª÷¢ ã«ï:

1 · 1 = 1 6= 0, 1 · 2 = 2 6= 0, 2 · 2 = 4 = 1 6= 0.

� áâã¯  â¥®à¥¬  ¢áâ ®¢«îõ §¢'ï§®ª ¬÷¦ ¯®ïââï¬¨ ¤÷«ì¨ª  ã«ï
â  ®¡®à®â®£® ¥«¥¬¥â  ¢ ª÷«ìæ÷ § ®¤¨¨æ¥î.

�¥®à¥¬  7.3. � ª÷«ìæ÷ 〈R, +, ·〉 § ®¤¨¨æ¥î 1 ∈ R ¦®¤¥ ®¡®à®â¨©
¥«¥¬¥â ¥ õ ¤÷«ì¨ª®¬ ã«ï.
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�®¢¥¤¥ï. �à¨¯ãáâ÷¬®, é® a ∈ R õ ®¤®ç á® ¤÷«ì¨ª®¬ ã«ï © ®¡®-
à®â¨¬ ¥«¥¬¥â®¬. �¢ ¦ â¨¬¥¬®, é® a 6= 0 { «÷¢¨© ¤÷«ì¨ª ã«ï (¢¨¯ -
¤®ª ¯à ¢®£® ¤÷«ì¨ª  ã«ï à®§£«ï¤ õâìáï   «®£÷ç®), â®¡â®

ab = 0 ¤«ï ¤¥ïª®£® b ∈ R, b 6= 0.

�®¤÷ ®âà¨¬ãõ¬®
(ab = 0) ⇒ (a−1 · (a ·b) = a−1 ·0) ⇒ ((a−1 ·a) ·b = 0) ⇒ (1 ·b = 0) ⇒ (b = 0),

é® áã¯¥à¥ç¨âì ã¬®¢÷ b 6= 0.
�â¦¥, ®¡®à®â¨© ¥«¥¬¥â (¤÷«ì¨ª ®¤¨¨æ÷) ¥ õ ¤÷«ì¨ª®¬ ã«ï, ®¤-

 ª §¢®à®â¥ â¢¥à¤¦¥ï ¢ § £ «ì®¬ã ¢¨¯ ¤ªã ¥¯à ¢¨«ì¥: ¥«¥¬¥â,
ïª¨© ¥ õ ¤÷«ì¨ª®¬ ã«ï, ¥ ®¡®¢'ï§ª®¢® õ ®¡®à®â¨¬.

�à¨ª« ¤ 7.7. � ª÷«ìæ÷ æ÷«¨å ç¨á¥« Z ¥¬ õ ¤÷«ì¨ª÷¢ ã«ï, ®¤ ª
«¨è¥ ¥«¥¬¥â¨ 1 â  (−1) õ ®¡®à®â¨¬¨.

� ¤÷«ì¨ª ¬¨ ã«ï (â®ç÷è¥, § ùå ¢÷¤áãâ÷áâî) ¯®¢'ï§ ® ¢¨ª® ï
§ ª®÷¢ áª®à®ç¥ï ¢ ¤®¢÷«ì®¬ã ª÷«ìæ÷ 〈R, +, ·〉:

(ax = bx) ⇔ (a = b) (¯à ¢¥ áª®à®ç¥ï); (7.3)
(xa = xb) ⇔ (a = b) («÷¢¥ áª®à®ç¥ï), (7.4)

¤¥ a, b, x ∈ R, x 6= 0.
�¥®à¥¬  7.4. � ª®¨ áª®à®ç¥ï (7.3) ÷ (7.4) ã ¤®¢÷«ì®¬ã ª÷«ìæ÷

〈R, +, ·〉 ¢¨ª®ãîâìáï â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ª÷«ìæ¥ 〈R, +, ·〉 ¥ ¬÷á-
â¨âì ¦®¤®£® ¤÷«ì¨ª  ã«ï.

�®¢¥¤¥ï. 1. �¥å © ª÷«ìæ¥ 〈R, +, ·〉 ¥ ¬÷áâ¨âì ¤÷«ì¨ª÷¢ ã«ï. �®¢¥-
¤¥¬®, é® ¢ æì®¬ã ª÷«ìæ÷ ¢¨ª®ãõâìáï § ª® (7.3) (§ ª® (7.4) à®§£«ï¤ -
õâìáï   «®£÷ç®). �à å®¢ãîç¨, é® ¢ ª÷«ìæ÷ ¥¬ õ ¤÷«ì¨ª÷¢ ã«ï, ¤«ï
a, b, x ∈ R (x 6= 0) ®âà¨¬ãõ¬®

(ax = bx) ⇒ ((a− b) · x = 0) ⇒ (a− b = 0) ⇒ (a = b).

2. �¥å © ã ª÷«ìæ÷ 〈R, +, ·〉 ¢¨ª®ãîâìáï § ª®¨ (7.3) ÷ (7.4). �®¢¥¤¥¬®,
é® ¢ ª÷«ìæ÷ 〈R, +, ·〉 ¥¬ õ ¤÷«ì¨ª÷¢ ã«ï.

�à¨¯ãáâ÷¬®, é® a, b ∈ R, a 6= 0, b 6= 0, ab = 0. �®¤÷ ¤÷áâ ¥¬®
(a · b = 0) ⇒ (a · b = a · (b · 0)) ⇒ (b = b · 0) ⇒ (b = 0),

é® áã¯¥à¥ç¨âì ã¬®¢÷ b 6= 0.
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� ã¢ ¦¥ï 7.7. � ¯. 2 ¤®¢¥¤¥ï â¥®à¥¬¨ 7.4 ¡ã«® ¢¨ª®à¨áâ ® «¨è¥
§ ª® «÷¢®£® áª®à®ç¥ï (7.4). � «®£÷ç® ¬®¦  ¡ã«® ¡ ¢¨ª®à¨áâ â¨ ÷
¯à ¢¨© § ª® áª®à®ç¥ï (7.3), ¥ ª®à¨áâãîç¨áì «÷¢¨¬. �â¦¥, ïªé® ¢
ª÷«ìæ÷ á¯à ¢¤¦ãõâìáï å®ç  ¡ ®¤¨ ÷§ § ª®÷¢ áª®à®ç¥ï, â® â ª¥ ª÷«ìæ¥ ¥
¬÷áâ¨âì ¦®¤®£® ¤÷«ì¨ª  ã«ï, ÷ ¢ æì®¬ã ª÷«ìæ÷ á¯à ¢¤¦ãîâìáï ®¡¨¤¢ 
§ ª®¨ (7.3) ÷ (7.4).

�à¨ª« ¤ 7.8. 1. �÷«ìæ¥ ¤÷©á¨å ç¨á¥« 〈R, +, ·〉 ¥ ¬÷áâ¨âì ¤÷«ì¨ª÷¢
ã«ï,   ®â¦¥, ¤®¯ãáª õ § ª® áª®à®ç¥ï (7.3)

(ax = bx) ⇒ (a = b)

¤«ï ¡ã¤ì-ïª¨å a, b, x ∈ R, x 6= 0.
2. �÷«ìæ¥ ¬ âà¨æì M2×2 ¬÷áâ¨âì ¤÷«ì¨ª¨ ã«ï. � ª, §®ªà¥¬ ,

(
1 0
0 0

)
·
(

0 0
0 1

)
=

(
0 0
0 0

)
.

�â¦¥, ã ª÷«ìæ÷ M2×2 ¦®¤¥ § ¤¢®å § ª®÷¢ áª®à®ç¥ï ¥ á¯à ¢¤¦ã-
õâìáï:

(
1 0
0 0

)
·
(

0 0
0 1

)
=

(
2 0
0 0

)
·
(

0 0
0 1

)
,  «¥

(
1 0
0 0

)
6=

(
2 0
0 0

)
;

(
1 0
0 0

)
·
(

0 0
0 1

)
=

(
1 0
0 0

)
·
(

0 0
0 2

)
,  «¥

(
0 0
0 1

)
6=

(
0 0
0 2

)
.

� ã¢ ¦¥ï 7.8. �®¦  ¤®¢¥áâ¨, é® ¤÷«ì¨ª®¬ ã«ï ¢ ª÷«ìæ÷ Mn×n

(n ∈ N) õ ¡ã¤ì-ïª  ¢¨à®¤¦¥  ¬ âà¨æï.

�ª ¡ ç¨¬®, ¢ ¤®¢÷«ì®¬ã ª÷«ìæ÷ 〈R, +, ·〉 § ®¤¨¨æ¥î ÷áãõ â÷á¨© §¢'ï-
§®ª ¬÷¦ ¯®ïââï¬¨ ¤÷«ì¨ª  ã«ï â  ®¡®à®â®£® ¥«¥¬¥â  (¤÷«ì¨ª 
®¤¨¨æ÷). �¥© §¢'ï§®ª áâ õ é¥ â÷á÷è¨¬ ã ¢¨¯ ¤ªã áª÷ç¥®£® ª÷«ìæï
〈R, +, ·〉, â®¡â® ª®«¨ card R < ∞.

�¥®à¥¬  7.5. �¥å © 〈R, +, ·〉 { áª÷ç¥¥ ª÷«ìæ¥ § ®¤¨¨æ¥î, ¥«¥¬¥â
a ∈ R ¥ õ ¤÷«ì¨ª®¬ ã«ï â  a 6= 0. �®¤÷ ¥«¥¬¥â a ®¡®à®â¨©.

�®¢¥¤¥ï. �¥å © card R = n ≥ 2 (ã ã«ì®¢®¬ã ª÷«ìæ÷, â®¡â® ã ¢¨¯ ¤-
ªã card R = 1, â¢¥à¤¦¥ï â¥®à¥¬¨ ®ç¥¢¨¤® ¢¨ª®ãõâìáï), a ∈ R, a 6= 0.
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�«ï ¯®èãªã ¥«¥¬¥â , ®¡¥à¥®£® ¤® a, § áâ®áãõ¬® ¬¥â®¤, ¢¨ª®à¨áâ ¨©
ã ¤®¢¥¤¥÷ â¥®à¥¬¨ 6.6.

�®§£«ï¥¬® ¬®¦¨ã a · R = {a · b : b ∈ R} ¤«ï ä÷ªá®¢ ®£® a ∈ R.
�¯®ç âªã ¤®¢¥¤¥¬®, é® ¬®¦¨  a·R ¬÷áâ¨âì n à÷§¨å ¥«¥¬¥â÷¢ ¢¨£«ï¤ã
a · b (b ∈ R), â®¡â®

a · b1 6= a · b2 ¯à¨ b1 6= b2 (b1, b2 ∈ R).

�÷©á®, ®áª÷«ìª¨ a ¥ õ ¤÷«ì¨ª®¬ ã«ï â  a 6= 0, ®âà¨¬ãõ¬®

(a · b1 = a · b2) ⇒ (a · (b1 − b2) = 0) ⇒ (b1 − b2 = 0) ⇒ (b1 = b2).

�â¦¥, card(a ·R) = card(R) = n; ªà÷¬ â®£®, ®ç¥¢¨¤®, a ·R ⊂ R. �¢÷¤á¨
¢¨¯«¨¢ õ, é® ¬®¦¨¨ a ·R â  R §¡÷£ îâìáï.

�áª÷«ìª¨ a ·R = R 3 1 (ª÷«ìæ¥ 〈R, +, ·〉 ¬÷áâ¨âì ®¤¨¨æî), ®âà¨¬ãõ¬®

(1 ∈ a ·R) ⇒ (∃ br ∈ R : a · br = 1).

�â¦¥, ¤«ï ¥«¥¬¥â  a ã áâàãªâãà÷ 〈R, ·〉 ÷áãõ ¯à ¢¨© ®¡¥à¥¨© br.
� «®£÷ç® ¤®¢¥¤¥¬® ÷áã¢ ï ¤«ï a ∈ R (a 6= 0) «÷¢®£® ®¡¥à¥®£® bl:

(1 ∈ R = R · a = {b · a : b ∈ R}) ⇒ (∃ bl ∈ R : bl · a = 1).

�â¦¥, ¤«ï a ∈ R (a 6= 0) ã áâàãªâãà÷ 〈R, ·〉 ÷áãõ ¯à ¢¨© ®¡¥à¥¨© br

â  «÷¢¨© ®¡¥à¥¨© bl. � à¥èâ÷, §  â¥®à¥¬®î 6.2, ¯à ¢¨© â  «÷¢¨© ®¡¥à¥÷
¤«ï ä÷ªá®¢ ®£® a ∈ R ¬ îâì §¡÷£ â¨áï:

br = bl = a−1.

�â¦¥, ¤®¢¥¤¥®, é® ¥«¥¬¥â a ∈ R õ ®¡®à®â¨¬.

�à¨ª« ¤ 7.9. �÷«ìæ¥ ª« á÷¢ «¨èª÷¢ Zp ã ¢¨¯ ¤ªã ¯à®áâ®£® p ¥ ¬÷á-
â¨âì ¤÷«ì¨ª÷¢ ã«ï:

(k1 · k2 = 0) ⇒ ((k1 · k2) mod p = 0) ⇒
⇒ ((k1 mod p = 0) ∨ (k2 mod p = 0)) ⇒ ((k1 = 0) ∨ (k2 = 0)).

�â¦¥, ã ¢¨¯ ¤ªã ¯à®áâ®£® p ¢á÷ ¥ã«ì®¢÷ ¥«¥¬¥â¨ ª÷«ìæï Zp ®¡®à®â÷:

Zp
∗ = Zp \ {0}.
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�ª  á«÷¤®ª § â¥®à¥¬¨ 7.5 ®âà¨¬ ® â¢¥à¤¦¥ï â¥®à¥¬¨ 6.6. � ª¨©
à¥§ã«ìâ â æ÷«ª®¬ ¢¨¯à ¢¤®¢ãõ ¯®§ ç¥ï

Zp
∗ = Zp \ {0} = {1, 2, . . . , p− 1},

¢¢¥¤¥¥ ¤«ï ¢¨¯ ¤ªã ¯à®áâ¨å p ã ¯÷¤à®§¤. 6.4.
�§ ç¥ï 7.5. �¡« áâî æ÷«÷á®áâ÷  §¨¢ îâì ª®¬ãâ â¨¢¥ ª÷«ìæ¥

§ ®¤¨¨æ¥î, ïª¥ ¥ ¬÷áâ¨âì ¤÷«ì¨ª÷¢ ã«ï.
�à¨ª« ¤ 7.10. 1. �÷«ìæ¥ æ÷«¨å ç¨á¥« 〈Z, +, ·〉 õ ª®¬ãâ â¨¢¨¬ ª÷«ì-

æ¥¬ § ®¤¨¨æ¥î, ¥ ¬÷áâ¨âì ¤÷«ì¨ª÷¢ ã«ï,   ®â¦¥, õ ®¡« áâî æ÷«÷á®áâ÷.
2. �÷«ìæ¥ Z5 õ ª®¬ãâ â¨¢¨¬ ª÷«ìæ¥¬ § ®¤¨¨æ¥î, ¥ ¬÷áâ¨âì ¤÷«ì¨ª÷¢

ã«ï,   ®â¦¥, õ ®¡« áâî æ÷«÷á®áâ÷.
3. �÷«ìæ¥ Z4 õ ª®¬ãâ â¨¢¨¬ ª÷«ìæ¥¬ § ®¤¨¨æ¥î,  «¥ ¬÷áâ¨âì ¤÷«ì¨ª

ã«ï (¥«¥¬¥â 2),   ®â¦¥, ¥ õ ®¡« áâî æ÷«÷á®áâ÷.
�§ ç¥ï 7.6. �®«¥¬  §¨¢ îâì ¥ã«ì®¢¥ ª®¬ãâ â¨¢¥ ª÷«ìæ¥ §

®¤¨¨æ¥î, ¢á÷ ¥ã«ì®¢÷ ¥«¥¬¥â¨ ïª®£® õ ®¡®à®â¨¬¨.
�à¨ª« ¤ 7.11. � ª÷ ª÷«ìæï õ ¯®«ï¬¨:
1) ª÷«ìæ¥ ¤÷©á¨å ç¨á¥« R;
2) ª÷«ìæ¥ à æ÷® «ì¨å ç¨á¥« Q;
3) ª÷«ìæ¥ ª®¬¯«¥ªá¨å ç¨á¥« C;
4) ª÷«ìæ¥

〈{a + b · √2: a, b ∈ Q}, +, ·〉;
5) ª÷«ìæ¥ 〈{a + b · i : a, b ∈ Q}, +, ·〉, ¤¥ i ∈ C { ª®¬¯«¥ªá  ®¤¨¨æï.
�¯à ¢  7.6. �¥à¥¢÷à¨â¨, é® ¢á÷ ª÷«ìæï § ¯à¨ª«. 7.11 õ ¯®«ï¬¨.
� â¥®à¥¬¨ 7.3 ¢¨¯«¨¢ õ, é® ¡ã¤ì-ïª¥ ¯®«¥ õ ®¡« áâî æ÷«÷á®áâ÷. �¢®-

à®â¥ â¢¥à¤¦¥ï ¥¯à ¢¨«ì¥ { ª÷«ìæ¥ æ÷«¨å ç¨á¥« õ ®¤¨¬ § ¯à¨ª« ¤÷¢
®¡« áâ÷ æ÷«÷á®áâ÷, ïª  ¥ õ ¯®«¥¬. �à®â¥, § ãà åã¢ ï¬ â¥®à¥¬¨ 7.5, ¬®-
¦¥¬® áä®à¬ã«î¢ â¨ â ª¨© à¥§ã«ìâ â.

�¥®à¥¬  7.6. �ã¤ì-ïª  áª÷ç¥  ®¡« áâì æ÷«÷á®áâ÷, é® ¬÷áâ¨âì
¥ ¬¥è¥ ¤¢®å ¥«¥¬¥â÷¢ (â®¡â® ¥ õ ã«ì®¢¨¬ ª÷«ìæ¥¬), õ ¯®«¥¬.

� ©¯à®áâ÷è¨¬ (÷ ¤ã¦¥ ¢ ¦«¨¢¨¬) ¯à¨ª« ¤®¬ áª÷ç¥¨å ¯®«÷¢ õ ¯®«ï
ª« á÷¢ «¨èª÷¢ Zp, ¤¥ p { ¯à®áâ¥ ç¨á«®. � ã¢ ¦¨¬®, é® Zn ã ¢¨¯ ¤ªã
áª« ¤¥®£® n ∈ N ¥ õ ¯®«¥¬, ®áª÷«ìª¨ ¬÷áâ¨âì ¤÷«ì¨ª¨ ã«ï:

(n = k ·m, k 6= n, m 6= n) ⇒ (k 6= 0, m 6= 0, k ·m = 0).
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�à¨ª« ¤ 7.12. 1. �÷«ìæï Z2, Z3, Z5, Z97 { ¯®«ï.
2. �÷«ìæï Z4, Z6, Z15 ¥ õ ¯®«ï¬¨, ®áª÷«ìª¨ ¬÷áâïâì ¤÷«ì¨ª¨ ã«ï.
�§ £ «÷, ¬ã«ìâ¨¯«÷ª â¨¢  £àã¯  ª÷«ìæï «¨èª÷¢ Zn ¤«ï ¤®¢÷«ì®£®

n ∈ N ¬ õ ¤®á¨âì ¯à®áâã ÷ æ÷ª ¢ã áâàãªâãàã.
�¯à ¢  7.7. �®¢¥áâ¨, é® ¬ã«ìâ¨¯«÷ª â¨¢  £àã¯  ª÷«ìæï Zn áª« ¤ -

õâìáï ÷§ ª« á÷¢ «¨èª÷¢ k, ¤¥ k { ¢§ õ¬® ¯à®áâ¥ § n:
Zn

∗ = {k : ���(n, k) = 1},
¤¥ ���(k1, k2) {  ©¡÷«ìè¨© á¯÷«ì¨© ¤÷«ì¨ª ç¨á¥« k1 â  k2.

�à¨ª« ¤ 7.13. 1) Z6
∗ = {1, 5};

2) Z8
∗ = {1, 3, 5, 7};

3) Z9
∗ = {1, 2, 4, 5, 7, 8}.

�¥â «ì÷è¥ ¯à® áâàãªâãàã ¬ã«ìâ¨¯«÷ª â¨¢®ù £àã¯¨ ª÷«ìæï «¨èª÷¢,
§®ªà¥¬ , ¯à® ã¬®¢ã ùù æ¨ª«÷ç®áâ÷, ¬®¦  ¯à®ç¨â â¨ ¢ [10].

7.6. ö¤¥ « ª÷«ìæï
�®§£«ï¥¬® á¯¥æ÷ «ì¨© ª« á ¯÷¤ª÷«¥æì, ïª¨© ¯®á÷¤ õ ¢ â¥®à÷ù ª÷«¥æì

¬ ©¦¥ â¥ á ¬¥ ¬÷áæ¥, é® ÷ ®à¬ «ì÷ ¤÷«ì¨ª¨ ¢ â¥®à÷ù £àã¯.
�§ ç¥ï 7.7. ö¤¥ «®¬ ª÷«ìæï 〈R, +, ·〉  §¨¢ îâì ¥¯®à®¦î ¯÷¤-

¬®¦¨ã J ⊂ R, â ªã, é®:
• áâàãªâãà  〈J, +〉 { ¯÷¤£àã¯  £àã¯¨ 〈R, +〉;
• ¤«ï ¡ã¤ì-ïª¨å r ∈ R â  j ∈ J ¤®¡ãâª¨ rj â  jr ¬÷áâïâìáï ¢ J .
�ç¥¢¨¤®, é® ¢ ¡ã¤ì-ïª®¬ã ª÷«ìæ÷ 〈R, +, ·〉 âà¨¢÷ «ì÷ ¯÷¤ª÷«ìæï {0}

â  R § ¢¦¤¨ õ ÷¤¥ « ¬¨. ö¤¥ «¨ {0} â  R  §¨¢ îâì âà¨¢÷ «ì¨¬¨; ÷¤¥ «,
é® ¥ õ âà¨¢÷ «ì¨¬,  §¨¢ îâì ¢« á¨¬.

�à¨ª« ¤ 7.14. 1. �÷«ìæ¥ Z ¬÷áâ¨âì ÷¤¥ «¨ nZ (n ∈ N∪ {0}). �ç¥¢¨-
¤®, é® ÷¤¥ «¨ 0Z = {0} â  1Z = Z âà¨¢÷ «ì÷, ÷¤¥ «¨ nZ ¯à¨ n ≥ 2 {
¢« á÷.

2. �÷«ìæ¥ ¤÷©á¨å ç¨á¥« R ¬÷áâ¨âì «¨è¥ âà¨¢÷ «ì÷ ÷¤¥ «¨, ®áª÷«ìª¨
¤«ï a ∈ J (J { ¤¥ïª¨© ÷¤¥ « ª÷«ìæï R) ®âà¨¬ãõ¬®

(a 6= 0) ⇒ (∀ r ∈ R : r = a · (r · a−1) ∈ R),

â®¡â® ¡ã¤ì-ïª¨© ÷¤¥ « J 6= {0} ¬ õ ¬÷áâ¨â¨ ¢á÷ ¤÷©á÷ ç¨á«  r ∈ R.
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�¯à ¢  7.8. �®¢¥áâ¨ â ª÷ â¢¥à¤¦¥ï ¤«ï ÷¤¥ «ã J ª÷«ìæï 〈R, +, ·〉:
• (1 ∈ J) ⇒ (J = R) (ã ¯à¨¯ãé¥÷, é® R ¬÷áâ¨âì ®¤¨¨æî);
• (a ∈ J ∩R∗) ⇒ (J = R) (ã ¯à¨¯ãé¥÷, é® R ¬÷áâ¨âì ®¤¨¨æî);
• ¡ã¤ì-ïª¥ ¯®«¥ ¬÷áâ¨âì «¨è¥ âà¨¢÷ «ì÷ ÷¤¥ «¨.
� ¦«¨¢¨© ª« á ÷¤¥ «÷¢ áâ ®¢«ïâì ÷¤¥ «¨, ¯®à®¤¦¥÷ ä÷ªá®¢ ¨¬ ¥«¥-

¬¥â®¬ ª÷«ìæï. � ©¯à®áâ÷èã áâàãªâãàã æ÷ ÷¤¥ «¨ ¬ îâì ã ª®¬ãâ â¨¢¨å
ª÷«ìæïå § ®¤¨¨æ¥î.

�¥¬  7.2. �¥å © 〈R, +, ·〉 { ª®¬ãâ â¨¢¥ ª÷«ìæ¥ § ®¤¨¨æ¥î, a ∈ R.
�®¤÷ ¬®¦¨  aR = {ar : r ∈ R} õ ÷¤¥ «®¬ ã ª÷«ìæ÷ 〈R, +, ·〉.

�®¢¥¤¥ï. �¥àãç¨ ¤® ã¢ £¨ áâàãªâãàã ¬®¦¨¨ aR ÷ ª®à¨áâãîç¨áì
ª®¬ãâ â¨¢÷áâî ª÷«ìæï 〈R, +, ·〉, ®âà¨¬ãõ¬®:

(x1, x2 ∈ aR) ⇒
{

x1 = ar1, r1 ∈ R

x2 = ar2, r2 ∈ R
⇒ (x1 − x2 = a(r1 − r2) ∈ aR);

(x ∈ aR, r0 ∈ R) ⇒ (x = ar, r ∈ R) ⇒ (r0x = xr0 = arr0 ∈ aR).

ö¤¥ « aR  §¨¢ îâì £®«®¢¨¬ ÷¤¥ «®¬, ¯®à®¤¦¥¨¬ ¥«¥¬¥â®¬ a, ÷
¯®§ ç îâì ç¥à¥§ (a).

�¯à ¢  7.9. �®¢¥áâ¨, é® £®«®¢¨© ÷¤¥ « (a) ¬÷÷¬ «ì¨© (§  ¢÷¤®-
è¥ï¬ «⊂») ÷¤¥ «, ïª¨© ¬÷áâ¨âì ¥«¥¬¥â a, â®¡â®

(J { ÷¤¥ « ª÷«ìæï 〈R, +, ·〉, a ∈ J) ⇒ ((a) ⊂ J).

�à¨ª« ¤ 7.15. 1. � ¡ã¤ì-ïª®¬ã ª®¬ãâ â¨¢®¬ã ª÷«ìæ÷ 〈R, +, ·〉 § ®¤¨-
¨æ¥î ®¡¨¤¢  âà¨¢÷ «ì÷ ÷¤¥ «¨ £®«®¢÷: {0} = 0R = (0), R = 1R = (1).

2. � ª÷«ìæ÷ æ÷«¨å ç¨á¥« Z ¤«ï n ∈ Z ®âà¨¬ãõ¬®

(n) = (−n) = nZ.

3. �÷«ìæ¥ ¬®£®ç«¥÷¢ R[x] ¬÷áâ¨âì â ª÷ £®«®¢÷ ÷¤¥ «¨ (p(x) ∈ R[x]):

(p(x)) = {p(x)q(x) : q(x) ∈ R[x]},
â®¡â® £®«®¢¨© ÷¤¥ « (p(x)) ¬÷áâ¨âì â÷ ÷ â÷«ìª¨ â÷ ¬®£®ç«¥¨, ïª÷ ¤÷«ïâìáï
¡¥§ ®áâ ç÷   ¬®£®ç«¥ p(x). � ª, ÷¤¥ « (x−a) (a ∈ R) ¬÷áâ¨âì â÷ ÷ â÷«ìª¨
â÷ ¬®£®ç«¥¨, ¤«ï ïª¨å ç¨á«® a õ ª®à¥¥¬:

(x− a) = {(x− a)q(x) : q(x) ∈ R[x]}.
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�¯à ¢  7.10. �¥å © 〈R, +, ·〉 { ®¡« áâì æ÷«÷á®áâ÷, r1, r2 ∈ R. �®¢¥áâ¨:
• (r1 = r2a, a ∈ R) ⇒ ((r1) ⊂ (r2));
• (r1 = r2a, a ∈ R∗) ⇒ ((r1) = (r2)).
�§ ç¥ï 7.8. �¡« áâì æ÷«÷á®áâ÷, ïª  ¬÷áâ¨âì «¨è¥ £®«®¢÷ ÷¤¥ «¨,

 §¨¢ îâì ª÷«ìæ¥¬ £®«®¢¨å ÷¤¥ «÷¢.
�à¨ª« ¤ 7.16. 1. �÷«ìæ¥ æ÷«¨å ç¨á¥« Z õ ª÷«ìæ¥¬ £®«®¢¨å ÷¤¥ -

«÷¢. �÷©á®, ª÷«ìæ¥ Z { ®¡« áâì æ÷«÷á®áâ÷. �®¢¥¤¥¬®, é® Z ¬÷áâ¨âì «¨è¥
£®«®¢÷ ÷¤¥ «¨.

�¥å © J { ¤¥ïª¨© ¥ã«ì®¢¨© ÷¤¥ « ª÷«ìæï Z (ïª ã¦¥ § § ç «¨, ã-
«ì®¢¨© ÷¤¥ « {0} = 0Z õ £®«®¢¨¬). � ä÷ªáãõ¬® ¬÷÷¬ «ì¥ ¤®¤ â¥ ç¨á-
«®, é® ¬÷áâ¨âìáï ¢ J :

m = min{n ∈ J : n > 0}. (7.5)

�à å®¢ãîç¨ ®§ ç¥ï ÷¤¥ «ã, ®âà¨¬ãõ¬®

(∀ k ∈ Z : mk ∈ J) ⇒ ((m) ⊂ J).

� à¥èâ÷ ¤®¢¥¤¥¬®, é® ª®¦¥ ¥«¥¬¥â ÷¤¥ «ã J ¬÷áâ¨âìáï ¢ £®«®¢®¬ã
÷¤¥ «÷ (m). �«ï ¤®¢÷«ì®£® n ∈ J ¤÷áâ ¥¬®

(n,m ∈ J) ⇒ (∀ k ∈ Z : n + mk ∈ J) ⇒ ((n mod m) ∈ J).

�¢÷¤á¨, ¢à å®¢ãîç¨ (7.5), ®âà¨¬ãõ¬®

(0 ≤ n mod m ≤ m− 1) ⇒ (n mod m = 0) ⇒ (n ∈ (m)).

� ª¨¬ ç¨®¬, (m) ⊂ J ⊂ (m) ⇒ J = (m). �â¦¥, ª®¦¥ ÷¤¥ « J ª÷«ìæï
Z ¤÷©á® £®«®¢¨©, ÷ ª÷«ìæ¥ æ÷«¨å ç¨á¥« Z õ ª÷«ìæ¥¬ £®«®¢¨å ÷¤¥ «÷¢.

2. �÷«ìæ¥ R[x] ¬®£®ç«¥÷¢ § ¤÷©á¨¬¨ ª®¥ä÷æ÷õâ ¬¨ õ ª÷«ìæ¥¬ £®«®¢-
¨å ÷¤¥ «÷¢. �÷©á®, ª÷«ìæ¥ R[x] õ ®¡« áâî æ÷«÷á®áâ÷. �®¢¥¤¥¬®, é® R[x]
¬÷áâ¨âì «¨è¥ £®«®¢÷ ÷¤¥ «¨.

�¥å © J { ¤¥ïª¨© ¥ã«ì®¢¨© ÷¤¥ « ª÷«ìæï R[x]. �¥å © m {  ©¬¥è¨©
¤®¤ â¨© áâ¥¯÷ì á¥à¥¤ áâ¥¯¥÷¢ ¬®£®ç«¥÷¢ ÷¤¥ «ã J , â®¡â® J ¬÷áâ¨âì
¯à¨ ©¬÷ ®¤¨ ¬®£®ç«¥ áâ¥¯¥ï m ÷ ¥ ¬÷áâ¨âì ¦®¤®£® ¬®£®ç«¥-
  ¤®¤ â®£® áâ¥¯¥ï k < n. � ä÷ªáãõ¬® ¤¥ïª¨© ¬®£®ç«¥ p(x) ∈ J
áâ¥¯¥ï m:

p (x) = amxm + am−1x
m−1 + · · ·+ a1x + a0, am 6= 0.
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�à å®¢ãîç¨ ®§ ç¥ï ÷¤¥ «ã, ®âà¨¬ õ¬®

(∀ q(x) ∈ R[x] : p(x)q(x) ∈ J) ⇒ ((p(x)) ⊂ J).

�®¢¥¤¥¬®, é® ª®¦¥ ¬®£®ç«¥ ÷¤¥ «ã J ¬÷áâ¨âìáï ¢ £®«®¢®¬ã ÷¤¥ «÷
(p(x)). �®¢÷«ì¨© ¬®£®ç«¥ q(x) ∈ J ¬®¦¥¬® ¯®¤÷«¨â¨   p(x):

q(x) = p(x)s(x) + r(x),

¤¥ s(x), r(x) ∈ R[x], ¯à¨ç®¬ã áâ¥¯÷ì ¬®£®ç«¥  r(x) { ®áâ ç÷ ¢÷¤ ¤÷«¥-
ï { õ áâà®£® ¬¥è®î §  m. �â¦¥, ¢à å®¢ãîç¨ ¢¨¡÷à ¬®£®ç«¥  p(x),
¬ õ¬®

(r(x) = q(x)− p(x)s(x) ∈ J) ⇒ (r(x) = 0) ⇒
⇒ (q(x) = p(x)s(x) ∈ (p(x))).

� ª¨¬ ç¨®¬, (p(x)) ⊂ J ⊂ (p(x)) ⇒ J = (p(x)). �â¦¥, ª®¦¥ ÷¤¥ « J
ª÷«ìæï R[x] £®«®¢¨©, ÷ ª÷«ìæ¥ R[x] õ ª÷«ìæ¥¬ £®«®¢¨å ÷¤¥ «÷¢.

3. �®§£«ï¥¬® ª÷«ìæ¥ R[x, y] ¬®£®ç«¥÷¢ ¢÷¤ §¬÷¨å x â  y:

R[x, y] =

{
n∑

i=0

m∑
j=0

ai,jx
iyj : ai,j ∈ R (0 ≤ i ≤ n, 0 ≤ j ≤ m), n, m ≥ 0

}
.

�¯¥à æ÷ù ¤®¤ ¢ ï â  ¬®¦¥ï   R[x, y] ¢¢®¤ïâì ¯®â®çª®¢® (  -
«®£÷ç® ®¯¥à æ÷ï¬ ã ª÷«ìæ÷ R[x]).

�÷«ìæ¥ R[x, y] õ ®¡« áâî æ÷«÷á®áâ÷ (æ¥ «¥£ª® ¯¥à¥¢÷à¨â¨),  «¥ ¥ õ
ª÷«ìæ¥¬ £®«®¢¨å ÷¤¥ «÷¢. � ª, ¬®¦¨  ¬®£®ç«¥÷¢

J = {p(x, y) ∈ R[x, y] : p(0, 0) = 0}
õ, ®ç¥¢¨¤®, ÷¤¥ «®¬ ã ª÷«ìæ÷ R[x, y]. �®¢¥¤¥¬®, é® J { ¥ £®«®¢¨© ÷¤¥ «.

�ªé® ¯à¨¯ãáâ¨â¨, é® J = (p(x, y)) ¤«ï ¤¥ïª®£® p(x, y) ∈ R[x, y], â®
®âà¨¬ãõ¬®:

(x ∈ J) ⇒ (x = p(x, y)q1(x, y)) (7.6)
¤«ï ¤¥ïª®£® q1(x, y) ∈ R[x, y];

(y ∈ J) ⇒ (y = p(x, y)q2(x, y)) (7.7)

¤«ï ¤¥ïª®£® q2(x, y) ∈ R[x, y].
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7.7. � ªâ®à-ª÷«ìæ¥

�¥£ª® §à®§ã¬÷â¨, é® § â¢¥à¤¦¥ï (7.6) ¢¨¯«¨¢ õ ¥§ «¥¦÷áâì ¬®-
£®ç«¥÷¢ p(x, y) â  q1(x, y) ¢÷¤ §¬÷®ù y: ¬®£®ç«¥ x = p(x, y)q1(x, y) ¬ õ
§  §¬÷®î y áâ¥¯÷ì n + m, ¤¥ n â  m { áâ¥¯¥÷ §  §¬÷®î y ¬®£®-
ç«¥÷¢ p(x, y) â  q(x, y) ¢÷¤¯®¢÷¤®. �«¥ n + m = 0, §¢÷¤ª¨, ¢à å®¢ãîç¨
¥¢÷¤'õ¬÷áâì n â  m, ®âà¨¬ãõ¬® n = m = 0.

� «®£÷ç®, § (7.7) ¢¨¯«¨¢ õ ¥§ «¥¦÷áâì p(x, y) ¢÷¤ §¬÷®ù x (¬®-
£®ç«¥ q2(x, y) â ª®¦ ¥ ¬÷áâ¨âì x,  «¥ æ¥ § à § ¥¢ ¦«¨¢®). �â¦¥, p(x, y)
¥ ¬÷áâ¨âì ÷ §¬÷®ù x, ÷ §¬÷®ù y, â®¡â® õ ª®áâ â®î: p(x, y) = c. �«¥
¢ â ª®¬ã à §÷ ÷¤¥ « J = (p(x, y)) = (c) õ  ¡® á ¬¨¬ ª÷«ìæ¥¬ R[x, y] (ïªé®
c 6= 0),  ¡® ã«ì®¢¨¬ ¯÷¤ª÷«ìæ¥¬ {0} (ïªé® c = 0). �¥£ª® §à®§ã¬÷â¨, é®
¢ ®¡®å ¢¨¯ ¤ª å ®âà¨¬ãõ¬® áã¯¥à¥ç÷áâì:

(J 3 x 6= 0) ⇒ (J 6= {0}); (x + 1 ∈ R[x, y] \ J) ⇒ (J 6= R[x, y]).

�â¦¥, J = {p(x, y) ∈ R[x, y] : p(0, 0) = 0} ¤÷©á® ¥ õ £®«®¢¨¬ ÷¤¥ «®¬
ã ª÷«ìæ÷ R[x, y].

7.7. � ªâ®à-ª÷«ìæ¥
�¥å © J { ÷¤¥ « ª÷«ìæï 〈R, +, ·〉. �  ¢¨§ ç¥ï¬ ÷¤¥ « õ ¯÷¤£àã¯®î

£àã¯¨ 〈R, +〉 ÷, ¢à å®¢ãîç¨ ª®¬ãâ â¨¢÷áâì £àã¯¨ 〈R, +〉, ùù ®à¬ «ì¨¬
¤÷«ì¨ª®¬. �â¦¥, ¬®¦  à®§£«ï¤ â¨ ä ªâ®à-£àã¯ã

〈
R

/
J
, +

〉
:

R
/
J

= {a = a + J : a ∈ R}, a + b = a + b = (a + b) + J.

�®è¨à¨¬®   ¬®¦¨ã R
/
J

®¯¥à æ÷î ¬®¦¥ï:

a · b = a · b, (a, b ∈ R).

�¥¬  7.3. �¯¥à æ÷î ¬®¦¥ï   R
/
J

¢¢¥¤¥® ª®à¥ªâ®, â®¡â®
¤®¡ãâ®ª ¥ § «¥¦¨âì ¢÷¤ ¢¨¡®àã ¯à¥¤áâ ¢¨ª÷¢ áã¬÷¦¨å ª« á÷¢:

a1 · b1 = a · b, ïªé® a1 = a, b1 = b.

�®¢¥¤¥ï. �¥å © a1 = a, b1 = b. �®¢¥¤¥¬®, é® a1 · b1 = a · b, ¤«ï ç®£®
áª®à¨áâ õ¬®áì «¥¬®î 6.9:

(a1 = a) ⇔ (a1 − a ∈ J) ; (b1 = b) ⇔ (b1 − b ∈ J).
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�  ¢¨§ ç¥ï¬ ÷¤¥ «ã ®âà¨¬ãõ¬®

a1 · b1 − a · b = a1 · b1 − a1 · b + a1 · b− a · b = a1 · (b1 − b) + (a1 − a) · b ∈ J.

�â¦¥, §  «¥¬®î 6.9, ¤÷áâ ¥¬®

(a1 ·b1−a·b ∈ J) ⇔ (a1 · b1 = a · b).

� ª¨¬ ç¨®¬, ¯®¡ã¤®¢ ®  «£¥¡à¨çã áâàãªâãàã
〈
R

/
J
, +, ·〉, ïª  ãá-

¯ ¤ª®¢ãõ ¡ £ â® ¢« áâ¨¢®áâ¥© ª÷«ìæï 〈R, +, ·〉.
�¯à ¢  7.11. �®¢¥áâ¨, é®  «£¥¡à¨ç  áâàãªâãà 

〈
R

/
J
, +, ·〉 { ª÷«ìæ¥.

�®¡ã¤®¢ ¥ ª÷«ìæ¥
〈
R

/
J
, +, ·〉  §¨¢ îâì ä ªâ®à-ª÷«ìæ¥¬ ª÷«ìæï R § 

÷¤¥ «®¬ J .
�«ï ¯à ªâ¨ç®£® ®¡ç¨á«¥ï ä ªâ®à-ª÷«¥æì §¤¥¡÷«ìè®£® §àãç® ¢¨-

ª®à¨áâ®¢ã¢ â¨ «¥¬ã 6.9, ïª  ¤«ï ¢¨¯ ¤ªã ä ªâ®à-£àã¯¨
〈
R

/
J
, +

〉
 ¡ã¢ õ

¢¨£«ï¤ã
(a = b) ⇔ (a− b ∈ J),

¤¥ a, b ∈ R.

�à¨ª« ¤ 7.17. 1. � ªâ®à-ª÷«ìæ¥ ª÷«ìæï æ÷«¨å ç¨á¥« Z §  ÷¤¥ «®¬
nZ (n ∈ N) §¡÷£ õâìáï § ¢÷¤¯®¢÷¤¨¬ ª÷«ìæ¥¬ ª« á÷¢ «¨èª÷¢:

Z
/
nZ = Zn = {0, . . . , n− 1}.

� £ ¤ õ¬®, é® ®¯¥à æ÷ù «+» â  «·»   ¬®¦¨÷ Z
/
nZ = Zn ¡ã«® ¢¢¥¤¥®

¢ ¯à®æ¥á÷ ¢¨¢ç¥ï ª« á÷¢ «¨èª÷¢ (¯÷¤à®§¤. 6.4).
2. �¡ç¨á«¨¬® ä ªâ®à-ª÷«ìæ¥ ª÷«ìæï ¬®£®ç«¥÷¢ R[x] §  £®«®¢¨¬ ÷¤¥-

 «®¬ J = (x). �¨§ ç¨¬® ¢¨£«ï¤ áã¬÷¦¨å ª« á÷¢, áª®à¨áâ ¢è¨áì «¥-
¬®î 6.9:

( p1(x) = p2(x) ) ⇔ (p1(x)− p2(x) ∈ (x)) ⇔ (p1(0) = p2(0)).

�â¦¥, ª®¦¨© áã¬÷¦¨© ª« á Pa ä ªâ®à-ª÷«ìæï R
/
(x)

¬÷áâ¨âì ¬®-
£®ç«¥¨, ïª÷  ¡ã¢ îâì ã â®çæ÷ 0 ä÷ªá®¢ ®£® (ã ¬¥¦ å ¤ ®£® ª« áã)
§ ç¥ï a:

Pa = {p(x) ∈ R[x] : p(0) = a}, a ∈ R.
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�â¦¥, èãª ¥ ä ªâ®à-ª÷«ìæ¥ ¬ õ ¢¨£«ï¤
R

/
(x)

= {Pa : a ∈ R}.
�¥£ª® ¯¥à¥¢÷à¨â¨, é® ®¯¥à æ÷ù   ä ªâ®à-ª÷«ìæ÷ R

/
(x)

¢¨§ ç îâìáï
â ª¨¬¨ á¯÷¢¢÷¤®è¥ï¬¨:

Pa + Pb = Pa+b; Pa · Pb = Pa·b .

7.8. �®¬®¬®àä÷§¬¨ ª÷«¥æì
� æì®¬ã ¯÷¤à®§¤÷«÷ ¢¢¥¤¥¬® ¤® à®§£«ï¤ã ¤¢  ª÷«ìæï: 〈R1, +, ·〉 â 

〈R2, +, ·〉. � § ç¨¬®, é® ¤®¤ ¢ ï â  ¬®¦¥ï   R1 ¢÷¤à÷§ïîâìáï
¢÷¤ ¢÷¤¯®¢÷¤¨å ®¯¥à æ÷©   R2. �à®â¥ ¥ ¢¢®¤¨â¨¬¥¬® à÷§÷ ¯®§ ç¥ï
¤«ï ®¯¥à æ÷©   R1 â  R2 (  ªèâ «â «+1» â  «+2»), ®áª÷«ìª¨ æ¥ § ç®
ãáª« ¤¨âì à®§ã¬÷ï â¥ªáâã.

�§ ç¥ï 7.9. �÷¤®¡à ¦¥ï f : R1 → R2  §¨¢ îâì £®¬®¬®à-
ä÷§¬®¬,  ¡® £®¬®¬®àä¨¬ ¢÷¤®¡à ¦¥ï¬, ª÷«ìæï 〈R1, +, ·〉 ¢ ª÷«ìæ¥
〈R2, +, ·〉, ïªé®

f(a + b) = f(a) + f(b), f(a · b) = f(a) · f(b)

¤«ï ¤®¢÷«ì¨å a, b ∈ R1.
ö'õªâ¨¢¨© £®¬®¬®àä÷§¬  §¨¢ îâì ¬®®¬®àä÷§¬®¬, áîà'õªâ¨¢¨© {

¥¯÷¬®àä÷§¬®¬, ¡÷õªâ¨¢¨© { ÷§®¬®àä÷§¬®¬. �ªé® f : R1 → R2 { ÷§®-
¬®àä÷§¬, ª÷«ìæï 〈R1, +, ·〉 â  〈R2, +, ·〉  §¨¢ îâì ÷§®¬®àä¨¬¨. �«ï
ä ªâã ÷§®¬®àä®áâ÷ ª÷«¥æì 〈R1, +, ·〉 â  〈R2, +, ·〉 ¢¦¨¢ îâì ¯®§ ç¥ï
〈R1, +, ·〉 ∼ 〈R2, +, ·〉  ¡® (ïªé® ®¯¥à æ÷ù ¢¦¥ ¢¨§ ç¥÷) R1 ∼ R2.

�â¦¥, ¢¨§ ç¥ï £®¬®¬®àä÷§¬ã ª÷«¥æì æ÷«ª®¬   «®£÷ç¥ ¢¨§ ç¥-
î £®¬®¬®àä÷§¬ã £àã¯: £®¬®¬®àä÷§¬ ¬ õ «§¡¥à÷£ â¨» ¢÷¤¯®¢÷¤÷ ®¯¥à æ÷ù
 «£¥¡à¨ç¨å áâàãªâãà. �ç¥¢¨¤®, é® £®¬®¬®àä÷§¬ (¬®®¬®àä÷§¬, ¥¯÷-
¬®àä÷§¬) f ª÷«ìæï 〈R1, +, ·〉 ã ª÷«ìæ¥ 〈R2, +, ·〉 õ ®¤®ç á® £®¬®¬®àä÷§-
¬®¬ (¢÷¤¯®¢÷¤® ¬®®-  ¡® ¥¯÷¬®àä÷§¬®¬) £àã¯¨ 〈R1, +〉 ã £àã¯ã 〈R2, +〉,
é® ¤ õ §¬®£ã áä®à¬ã«î¢ â¨ â ª÷ ¢« áâ¨¢®áâ÷ ¤«ï £®¬®¬®àä÷§¬ã ª÷«¥æì:

• f(0) = 0 (§ § ç¨¬®, é® ã«÷ ¢ ª÷«ìæïå R1 â  R2 ¬®¦ãâì ¡ãâ¨
à÷§¨¬¨);

• f(−a) = −f(a) ¤«ï ¡ã¤ì-ïª®£® a ∈ R1.
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�à¨ª« ¤ 7.18. 1. �÷¦ ¡ã¤ì-ïª¨¬¨ ª÷«ìæï¬¨ 〈R1, +, ·〉 S 〈R2, +, ·〉
¬®¦  ¢áâ ®¢¨â¨ £®¬®¬®àä÷§¬, ïª¨©  §¨¢ îâì ã«ì®¢¨¬:

O : R1 → R2, ∀x ∈ R1 : O(x) = 0.

2. �¥å © J { ÷¤¥ « ª÷«ìæï 〈R, +, ·〉. �®§£«ï¥¬® â ª¥ ¢÷¤®¡à ¦¥ï ÷§
ª÷«ìæï R ã ä ªâ®à-ª÷«ìæ¥ R

/
J
:

r : R → R
/
J
, r(x) = x.

�¥£ª® ¯¥à¥¢÷à¨â¨, é® æ¥ ¢÷¤®¡à ¦¥ï õ £®¬®¬®àä÷§¬®¬. �¨§ ç¥¨©
£®¬®¬®àä÷§¬ r : R → R

/
J

 §¨¢ îâì ¯à¨à®¤¨¬,  ¡® ª ®÷ç¨¬.

3. � âà¨ç¥ ª÷«ìæ¥ V1 =

{(
a b
−b a

)
: a, b ∈ R

}
§ ¯à¨à®¤¨¬¨ ¤®¤ ¢ -

ï¬ ÷ ¬®¦¥ï¬ ÷§®¬®àä¥ ª÷«ìæî ª®¬¯«¥ªá¨å ç¨á¥« C; ¡¥§¯®á¥à¥¤ì®
¯¥à¥¢÷àïõâìáï, é® ÷§®¬®àä÷§¬ ¬®¦  § ¤ â¨ â ª¨¬ ¢÷¤®¡à ¦¥ï¬:

f : V1 → C, f :

(
a b
−b a

)
7→ a + bi.

4. � âà¨ç¥ ª÷«ìæ¥ V2 =

{(
a b
−b a

)
: a, b ∈ Z

}
§ ¯à¨à®¤¨¬¨ ¤®¤ ¢ -

ï¬ ÷ ¬®¦¥ï¬ ÷§®¬®àä¥ ª÷«ìæî V3 = {a + bi : a, b ∈ Z} ª®¬¯«¥ªá¨å
ç¨á¥« § æ÷«¨¬¨ ¤÷©á®î â  ª®¬¯«¥ªá®î ç áâ¨ ¬¨; ¡¥§¯®á¥à¥¤ì® ¯¥à¥-
¢÷àïõâìáï, é® ÷§®¬®àä÷§¬ ¬®¦  § ¤ â¨ â ª¨¬ ¢÷¤®¡à ¦¥ï¬:

f : V2 → V3, f :

(
a b
−b a

)
7→ a + bi.

5. � âà¨ç¥ ª÷«ìæ¥ V4 =

{(
a b
2b a

)
: a, b ∈ Z

}
§ ¯à¨à®¤¨¬¨ ®¯¥à æ÷-

ï¬¨ ÷§®¬®àä¥ ç¨á«®¢®¬ã ª÷«ìæî V5 = {a+b
√

2: a, b ∈ Z}; ¡¥§¯®á¥à¥¤ì®
¯¥à¥¢÷àïõâìáï, é® ÷§®¬®àä÷§¬ ¬®¦  § ¤ â¨ â ª¨¬ ¢÷¤®¡à ¦¥ï¬:

f : V4 → V5, f :

(
a b
2b a

)
7→ a + b

√
2.
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�¯à ¢  7.12. �®¢¥áâ¨, é® ª÷«ìæï V3 â  V5 ¥÷§®¬®àä÷.

�§ ç¥ï 7.10. �¤à®¬ £®¬®¬®àä÷§¬ã f : R1 → R2  §¨¢ îâì ¬®-
¦¨ã Kerf ⊂ R1, é® ¬÷áâ¨âì â÷ ÷ â÷«ìª¨ â÷ x ∈ R1, ¤«ï ïª¨å f(x) = 0:

Kerf = {x ∈ R1 : f(x) = 0}.

� § ç¨¬®, é® ï¤à® £®¬®¬®àä÷§¬ã ª÷«¥æì § ¢¦¤¨ ¬÷áâ¨âì ¯à¨ ©¬÷
®¤¨ ¥«¥¬¥â: 0 ∈ R1, ®áª÷«ìª¨ f(0) = 0. �¤à® Kerf , é® ¬÷áâ¨âì «¨è¥
®¤¨ ¥«¥¬¥â (Kerf = {0}),  §¨¢ îâì âà¨¢÷ «ì¨¬.

�à®áâ¨¬  á«÷¤ª®¬ ÷§ â¥®à¥¬¨ 6.16 õ â¥®à¥¬  7.7.

�¥®à¥¬  7.7. �®¬®¬®àä÷§¬ ª÷«¥æì f : R1 → R2 õ ¬®®¬®àä÷§¬®¬
â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ï¤à® Kerf âà¨¢÷ «ì¥.

�à¨ª« ¤ 7.19. 1. �¥å © O : R1 → R2 { ã«ì®¢¨© £®¬®¬®à-
ä÷§¬ ÷§ ¥ã«ì®¢®£® ª÷«ìæï 〈R1, +, ·〉 ã ª÷«ìæ¥ 〈R2, +, ·〉. �ç¥¢¨¤®, é®
KerO = R1, â®¡â® ï¤à® ¥ õ âà¨¢÷ «ì¨¬, ÷ ã«ì®¢¨© £®¬®¬®àä÷§¬ ¥ õ
¬®®¬®àä÷§¬®¬.

2. �¥å © J { ¥âà¨¢÷ «ì¨© ÷¤¥ « ª÷«ìæï 〈R, +, ·〉, ¢÷¤®¡à ¦¥ï
r : R → R

/
J

{ ¢÷¤¯®¢÷¤¨© ¯à¨à®¤¨© £®¬®¬®àä÷§¬. �¥£ª® ¯¥à¥¢÷à¨â¨,
é® Kerr = J , â®¡â® ï¤à® ¥ õ âà¨¢÷ «ì¨¬, ÷ ¯à¨à®¤¨© £®¬®¬®àä÷§¬ ¥
õ ¬®®¬®àä÷§¬®¬.

3. �®§£«ï¥¬® ¢÷¤®¡à ¦¥ï ÷§ ª÷«ìæï ¬®£®ç«¥÷¢ § ¤÷©á¨¬¨ ª®¥ä÷-
æ÷õâ ¬¨ ¢ ª÷«ìæ¥ ¤÷©á¨å ç¨á¥«, é® ¤÷õ §  § ª®®¬:

f : R[x] → R, f : p(x) 7→ p(0) (p(x) ∈ R[x]).

�¥£ª® ¯¥à¥¢÷à¨â¨, é® f õ £®¬®¬®àä÷§¬®¬, ï¤à® ïª®£® ¬ õ ¢¨£«ï¤

Kerf = {p(x) ∈ R[x] : p(0) = 0}.

�¤à® Kerf , ®ç¥¢¨¤®, ¥ õ âà¨¢÷ «ì¨¬, ÷ à®§£«ïãâ¨© £®¬®¬®àä÷§¬
f ¥ õ ¬®®¬®àä÷§¬®¬.

�¥®à¥¬  6.17 â ª®¦ ¬ õ   «®£ ã â¥®à÷ù ª÷«¥æì.

�¥®à¥¬  7.8. �¥å © f : R1 → R2 { £®¬®¬®àä÷§¬ ¬÷¦ ª÷«ìæï¬¨
〈R1, +, ·〉 â  〈R2, +, ·〉. �®¤÷:
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1) ï¤à® Kerf õ ÷¤¥ «®¬ ã R1;
2) ®¡à § Imf õ ¯÷¤ª÷«ìæ¥¬ ã R2.

�®¢¥¤¥ï. 1. �®¢¥¤¥¬®, é® ï¤à® Kerf õ ÷¤¥ «®¬ ã R1:
• § â¥®à¥¬¨ 6.17 ¢¨¯«¨¢ õ, é® Kerf õ ¯÷¤£àã¯®î ¢ 〈R1, +〉;
• § ä÷ªáã¢ ¢è¨ r ∈ R1, j ∈ Kerf , ®âà¨¬ãõ¬®:

f(rj) = f(r) · f(j) = f(r) · 0 = 0; f(jr) = f(j) · f(r) = 0 · f(r) = 0.

� ª¨¬ ç¨®¬, rj ∈ Kerf â  jr ∈ Kerf .
�â¦¥, Kerf § ¤®¢®«ìïõ ®¡¨¤¢÷ ¢¨¬®£¨ ®§ ç¥ï ÷¤¥ «ã ª÷«ìæï.
2. �®¢¥¤¥¬®, é® Imf õ ¯÷¤ª÷«ìæ¥¬ ã R2. � â¥®à¥¬¨ 6.17 ¢¨¯«¨¢ õ, é®

Imf õ ¯÷¤£àã¯®î ¢ 〈R2, +〉. �¥à¥¢÷à¨¬® § ¬ª¥÷áâì Imf ¢÷¤®á® ¬®-
¦¥ï. � ä÷ªáãõ¬® ¤®¢÷«ì÷ y1, y2 ∈ Imf ; ¢à å®¢ãîç¨ ¢¨§ ç¥ï ®¡à §ã
¢÷¤®¡à ¦¥ï, ¢¢ ¦ â¨¬¥¬®, é® y1 = f(x1), y2 = f(x2), ¤¥ x1, x2 ∈ R1.
�«ï ¤®¡ãâªã f(x1) · f(x2) ®âà¨¬ãõ¬®

f(x1) · f(x2) = f(x1 · x2) ∈ Imf .

�â¦¥, §  â¥®à¥¬®î 7.1, Imf { ¯÷¤ª÷«ìæ¥ ª÷«ìæï R2.

�¯à ¢  7.13. �¥à¥¢÷à¨â¨ â¢¥à¤¦¥ï â¥®à¥¬¨ 7.8   £®¬®¬®àä÷§¬ å
§ ¯à¨ª«. 7.19.

7.9. �¥®à¥¬  ¯à® £®¬®¬®àä÷§¬¨ ª÷«¥æì
� â¥®à÷ù ª÷«¥æì â ª®¦ ÷áãõ â¥®à¥¬  ¯à® £®¬®¬®àä÷§¬¨ {   «®£ ¢÷¤-

¯®¢÷¤®ù â¥®à¥¬¨ ¢ â¥®à÷ù £àã¯. �ª ÷ ¢ â¥®à÷ù £àã¯, â¥®à¥¬  ¯à® £®¬®-
¬®àä÷§¬¨ ª÷«¥æì ¢áâ ®¢«îõ §¢'ï§®ª ¬÷¦ £®¬®¬®àä÷§¬ ¬¨, ÷¤¥ « ¬¨ â 
ä ªâ®à-ª÷«ìæï¬¨.

�¥å © f : R1 → R2 { £®¬®¬®àä÷§¬ ¬÷¦ ª÷«ìæï¬¨ 〈R1, +, ·〉 â  〈R2, +, ·〉.
� £ ¤ õ¬®:

• ï¤à® Kerf £®¬®¬®àä÷§¬ã f õ ÷¤¥ «®¬ ã ª÷«ìæ÷ 〈R1, +, ·〉,   ®â¦¥,
¬®¦  à®§£«ï¤ â¨ ä ªâ®à-ª÷«ìæ¥ R1

/
Kerf

;
• ®¡à § Imf £®¬®¬®àä÷§¬ã f õ ¯÷¤ª÷«ìæ¥¬ ª÷«ìæï 〈R2, +, ·〉,   ®â¦¥,

¬®¦  à®§£«ï¤ â¨ Imf ïª ª÷«ìæ¥ 〈Imf , +, ·〉.
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7.9. �¥®à¥¬  ¯à® £®¬®¬®àä÷§¬¨ ª÷«¥æì

�¥®à¥¬  7.9 (®á®¢  â¥®à¥¬  ¯à® £®¬®¬®àä÷§¬¨ ª÷«¥æì).
1. � ªâ®à-ª÷«ìæ¥ R1

/
Kerf

§  ï¤à®¬ Kerf ÷§®¬®àä¥ ®¡à §ã Imf :

R1

/
Kerf

∼ Imf .

2. öáãõ â ª¨© ÷§®¬®àä÷§¬ f : R1

/
Kerf

→ Imf , é®

f ◦ r = f,

¤¥ r : R1 → R1

/
Kerf

{ ¯à¨à®¤¨© £®¬®¬®àä÷§¬ (∀x ∈ R1 : r(x) = x).

�®¢¥¤¥ï. � ¤ ¬® ¢÷¤®¡à ¦¥ï f : R1

/
Kerf

→ Imf á¯÷¢¢÷¤®è¥ï¬

f(x) = f(x), x ∈ R1.

� ¯à®æ¥á÷ ¤®¢¥¤¥ï â¥®à¥¬¨ ¯à® £®¬®¬®àä÷§¬¨ £àã¯ (â¥®à¥¬  6.18)
¡ã«® ¤®¢¥¤¥®, é® ¢÷¤®¡à ¦¥ï f § ¤ ® ª®à¥ªâ® ÷ õ ÷§®¬®àä÷§¬®¬
¬÷¦ £àã¯ ¬¨

〈
R1

/
J
, +

〉
â  〈Imf , +〉. � à¥èâ÷, ¤«ï ¤®¢÷«ì¨å x1, x2 ∈ R1

/
J

®âà¨¬ãõ¬®

f(x1 · x2) = f(x1 · x2) = f(x1 · x2) = f(x1) · f(x2) = f(x1) · f(x2).

�¥®à¥¬ã ¯®¢÷áâî ¤®¢¥¤¥®.

�à¨ª« ¤ 7.20. � ª÷«ìæ÷ ¬®£®ç«¥÷¢ R[x] à®§£«ï¥¬® £®«®¢¨© ÷¤¥ «
(x− a), a ∈ R. �«ï § áâ®áã¢ ï â¥®à¥¬¨ 7.9 à®§£«ï¥¬® £®¬®¬®àä÷§¬ f
÷§ ª÷«ìæï R[x] ã ª÷«ìæ¥ ¤÷©á¨å ç¨á¥«:

f : R[x] → R, f(p(·)) = p(a)

(¢¨ª®à¨áâ ï á¨¬¢®«ã «·» ¢ § ¯¨áã f(p(·)) ®§ ç õ, é®  à£ã¬¥â®¬ ¢÷-
¤®¡à ¦¥ï f õ ¬®£®ç«¥ p ∈ R[x],   ¥ ©®£® § ç¥ï ¢ ª®ªà¥â÷©
â®çæ÷). �¥£ª® ¯¥à¥¢÷à¨â¨, é® ï¤à® â  ®¡à § £®¬®¬®àä÷§¬ã f ¬ îâì â -
ª¨© ¢¨£«ï¤:

Kerf = {p(x) ∈ R[x] : p(a) = 0} = (x− a);

Imf = {p(a) : p(x) ∈ R[x]} = R.
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�â¦¥, §  â¥®à¥¬®î 7.9 ®âà¨¬ãõ¬®

R[x]
/
(x−a)

∼ R.

�ª ÷ ¢ â¥®à÷ù £àã¯, ¯. 2 â¥®à¥¬¨ 7.9 ¤®§¢®«ïõ ï¢® ¢ª § â¨ ¢¨£«ï¤
áã¬÷¦¨å ª« á÷¢ ä ªâ®à-ª÷«ìæï R[x]

/
(x−a)

. �¨¯¨è¥¬® ï¢¨© ¢¨£«ï¤ ÷§®-
¬®àä÷§¬ã f : R[x]

/
(x−a)

→ R:

f
(
p(·)

)
= f(p(·)) = p(a).

�â¦¥, ª®¦¥ áã¬÷¦¨© ª« á Aa ä ªâ®à-ª÷«ìæï R[x]
/
(x−a)

¬÷áâ¨âì ¬®-
£®ç«¥¨ § ®¤ ª®¢¨¬ § ç¥ï¬ a ã â®çæ÷ a:

R[x]
/
(x−a)

= {Aa : a ∈ R}, Aa = {p(x) ∈ R[x] : p(a) = a}.

�à¨ª« ¤ 7.21. � ª÷«ìæ÷ ¬®£®ç«¥÷¢ R[x] à®§£«ï¥¬® £®«®¢¨© ÷¤¥ «
(x2 + 1). �«ï § áâ®áã¢ ï â¥®à¥¬¨ 7.9 à®§£«ï¥¬® £®¬®¬®àä÷§¬ f ÷§
ª÷«ìæï R[x] ã ª÷«ìæ¥ ª®¬¯«¥ªá¨å ç¨á¥«:

f : R[x] → C, f(p(·)) = p(i)

(§ ã¢ ¦¨¬®, é® ¤«ï p(x) ∈ R[x] ¬ õ¬® à÷¢÷áâì: |p(i)| = |p(−i)|). �¥£ª®
¯¥à¥¢÷à¨â¨, é® ï¤à® â  ®¡à § £®¬®¬®àä÷§¬ã f ¬ îâì â ª¨© ¢¨£«ï¤:

Kerf = {p(·) ∈ R[x] : p(i) = p(−i) = 0} = (x2 + 1);

Imf = {p(i) : p(·) ∈ R[x]} = C.

�â¦¥, §  â¥®à¥¬®î 7.9 ¤÷áâ ¥¬®

R[x]
/
(x2+1)

∼ C.

� ã¢ ¦¥ï 7.9. �âà¨¬ ¨© à¥§ã«ìâ â ¬®¦  ã§ £ «ì¨â¨   ¢¨¯ -
¤®ª £®«®¢®£® ÷¤¥ «ã (ax2 + bx + c), ¤¥ a 6= 0 â  ¬®£®ç«¥ ax2 + bx + c
¥ ¬ õ ¤÷©á¨å ª®à¥÷¢:

R[x]
/
(ax2+bx+c)

∼ C.
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�à¨ª« ¤ 7.22. � ª÷«ìæ÷ ¬®£®ç«¥÷¢ R[x] à®§£«ï¥¬® £®«®¢¨© ÷¤¥-
 « ((x − a)(x − b)), ¤¥ a, b ∈ R, a 6= b. �«ï § áâ®áã¢ ï â¥®à¥¬¨ 7.9
à®§£«ï¥¬® £®¬®¬®àä÷§¬ f ÷§ ª÷«ìæï R[x] ã ª÷«ìæ¥ ¬ âà¨æì:

f : R[x] → M2×2, f : p(·) 7→ p

((
a 0
0 b

))
.

�÷î ¬®£®ç«¥  p(x) =
n∑

k=0

akx
k   ¬ âà¨æî X ∈ M2×2 ¢¨§ ç îâì

áâ ¤ àâ®:

p(X) =
n∑

k=0

akX
k, X0 = I.

�®¡ á¯à®áâ¨â¨ ®¡ç¨á«¥ï ï¤à  â  ®¡à §ã ¢÷¤®¡à ¦¥ï f ,  £ ¤ õ¬®
¬¥â®¤ ®¡ç¨á«¥ï äãªæ÷ù ¢÷¤ ¤÷ £® «ì®ù ¬ âà¨æ÷:

p

((
x1 0
0 x2

))
=

(
p(x1) 0

0 p(x2)

)
.

�¥¯¥à «¥£ª® ¤®¢¥áâ¨, é® ï¤à® â  ®¡à § £®¬®¬®àä÷§¬ã f ¬ îâì â ª¨©
¢¨£«ï¤:

Kerf =

{
p(·) ∈ R[x] : p

((
a 0
0 b

))
=

(
0 0
0 0

)}
=

=

{
p(·) ∈ R[x] :

(
p(a) 0
0 p(b)

)
=

(
0 0
0 0

)}
=

= {p(·) ∈ R[x] : p(a) = p(b) = 0} = ((x− a)(x− b));

Imf =

{
p

((
a 0
0 b

))
: p (·) ∈ R[x]

}
=

=

{(
p(a) 0
0 p(b)

)
: p (·) ∈ R[x]

}
=

{(
a1 0
0 a2

)
: a1, a2 ∈ R

}
.

�â¦¥, §  â¥®à¥¬®î 7.9, ®âà¨¬ãõ¬®

R[x]
/
((x−a)(x−b))

∼
{(

a1 0
0 a2

)
: a1, a2 ∈ R

}

(¤®¤ ¢ ï â  ¬®¦¥ï ¢ ª÷«ìæ÷ ¤÷ £® «ì¨å ¬ âà¨æì ¢¢ ¦ õ¬® ¯à¨-
à®¤¨¬¨).
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�à¨ª« ¤ 7.23. � ª÷«ìæ÷ ¬®£®ç«¥÷¢ R[x] à®§£«ï¥¬® £®«®¢¨© ÷¤¥ «
((x − a)2), ¤¥ a ∈ R. �«ï § áâ®áã¢ ï â¥®à¥¬¨ 7.9 à®§£«ï¥¬® â ª¨©
£®¬®¬®àä÷§¬ ÷§ ª÷«ìæï R[x] ã ª÷«ìæ¥ ¬ âà¨æì:

f : R[x] → M2×2, f : p(·) 7→ p

((
a 1
0 a

))
.

�®¡ á¯à®áâ¨â¨ ®¡ç¨á«¥ï ï¤à  â  ®¡à §ã ¢÷¤®¡à ¦¥ï f ,  £ ¤ õ-
¬® ¬¥â®¤ ®¡ç¨á«¥ï ¬®£®ç«¥÷¢ ¢÷¤ ¬ âà¨æì â¨¯ã

(
a 1
0 a

)
(â ª §¢ ¨å

¦®à¤ ®¢¨å ¬ âà¨æì):

p

((
x 1
0 x

))
=

(
p(x) p′(x)

0 p(x)

)
, p(·) ∈ R[x]. (7.8)

� ã¢ ¦¥ï 7.10. � ªãàá÷ «÷÷©®ù  «£¥¡à¨ (¤¨¢. [16]) ¤®¢¥¤¥® ä®à¬ã-
«ã â¨¯ã (7.8) ¤«ï äãªæ÷© ¢÷¤ ¦®à¤ ®¢¨å ¬ âà¨æì ¤®¢÷«ì®£® ¯®àï¤ªã.

�¥¯¥à, §  ¤®¯®¬®£®î ä®à¬ã«¨ (7.8), «¥£ª® ®¡ç¨á«¨â¨ ï¤à® â  ®¡à §
£®¬®¬®àä÷§¬ã f :

Kerf =

{
p(·) ∈ R[x] : p

((
a 1
0 a

))
=

(
0 0
0 0

)}
=

=

{
p(·) ∈ R[x] :

(
p(a) p′(a)
0 p(a)

)
=

(
0 0
0 0

)}
=

= {p(·) ∈ R[x] : p(a) = p′(a) = 0} = ((x− a)2);

Imf =

{
p

((
a 1
0 a

))
: p (·) ∈ R[x]

}
=

=

{(
p(a) p′(a)
0 p(a)

)
: p (·) ∈ R[x]

}
=

{(
a1 a2

0 a1

)
: a1, a2 ∈ R

}
.

�â¦¥, §  â¥®à¥¬®î 7.9, ®âà¨¬ãõ¬®

R[x]
/
((x−a)2)

∼
{(

a1 a2

0 a1

)
: a1, a2 ∈ R

}
.

204
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7.10. � ªá¨¬ «ì÷ ÷¤¥ «¨
�®§£«ï¥¬® á¯¥æ÷ «ì¨© ª« á ÷¤¥ «÷¢, ïª¨© ¢÷¤÷£à õ ¤ã¦¥ ¢ ¦«¨¢ã

à®«ì ã ¢¨¢ç¥÷ ®¡« áâ¥© æ÷«÷á®áâ÷.
�¥å © 〈R, +, ·〉 { ®¡« áâì æ÷«÷á®áâ÷.

�§ ç¥ï 7.11. �¥âà¨¢÷ «ì¨© ÷¤¥ « J ®¡« áâ÷ æ÷«÷á®áâ÷ 〈R, +, ·〉
 §¨¢ îâì ¬ ªá¨¬ «ì¨¬, ïªé® ¢ 〈R, +, ·〉 ¥ ÷áãõ ÷¤¥ «ã J1, â ª®£®, é®

J $ J1 6= R.

�à¨ª« ¤ 7.24. 1. �÷«ìæ¥ æ÷«¨å ç¨á¥« Z õ ª÷«ìæ¥¬ £®«®¢¨å ÷¤¥ «÷¢
(¤¨¢. ¯à¨ª«. 7.16),   ®â¦¥, ¬÷áâ¨âì «¨è¥ ÷¤¥ «¨ (n), n ∈ Z. �¥£ª® §à®§ã-
¬÷â¨, é® ¥âà¨¢÷ «ì¨© ÷¤¥ « nZ (n ≥ 2) õ ¬ ªá¨¬ «ì¨¬ â®¤÷ ÷ â÷«ìª¨
â®¤÷, ª®«¨ ç¨á«® n ¯à®áâ¥. � ª, ÷¤¥ «¨ 2Z, 3Z, 5Z ¬ ªá¨¬ «ì÷, ®¤ ª
6Z ⊂ 2Z â  6Z ⊂ 3Z.

2. �÷«ìæ¥ R[x] ¬®£®ç«¥÷¢ § ¤÷©á¨¬¨ ª®¥ä÷æ÷õâ ¬¨ õ ª÷«ìæ¥¬ £®-
«®¢¨å ÷¤¥ «÷¢ (¤¨¢. ¯à¨ª«. 7.16),   ®â¦¥, ¬÷áâ¨âì «¨è¥ ÷¤¥ «¨ (p(x)),
p(x) ∈ R[x]. �¥£ª® §à®§ã¬÷â¨, é® ÷¤¥ « (p(x)) ¬ ªá¨¬ «ì¨© â®¤÷ ÷ â÷«ìª¨
â®¤÷, ª®«¨ ¬®£®ç«¥ p(x) ¬ õ ¢¨£«ï¤:

• p(x) = a1x + a0 (a1 6= 0);
• p(x) = a2x

2 + a1x + a0 (D = a2
1 − 4a2a0 < 0),

â®¡â® ª®«¨ p(x) ¥ ¬®¦  à®§ª« áâ¨ ¢ ¤®¡ãâ®ª ¬®£®ç«¥÷¢ ¥ã«ì®¢®£®
áâ¥¯¥ï. � ª, ÷¤¥ «¨ (x − 1), (x2 + 1), (x2 + 2x + 2) ¬ ªá¨¬ «ì÷, ®¤ ª
(x2 − 1) ⊂ (x− 1) â  (x2 − 1) ⊂ (x + 1).

� ã¢ ¦¥ï 7.11. �¥£ª® ¯¥à¥¢÷à¨â¨, é® ¢ ª÷«ìæ÷ R[x] ÷¤¥ «¨ (p(x)) â 
(a ·p(x)) §¡÷£ îâìáï ¤«ï ¡ã¤ì-ïª®£® a 6= 0 (¤¨¢. ¢¯à ¢ã 7.10), é® ¤®§¢®«ïõ
¤«ï § ¯¨áã £®«®¢®£® ÷¤¥ «ã ®¡¨à â¨ ¬®£®ç«¥ § ®¤¨¨ç¨¬ ª®¥ä÷æ÷õ-
â®¬ ã ç«¥÷ áâ àè®£® áâ¥¯¥ï. � ª,  ¯à¨ª« ¤,

(a1x + a0) =
(
x + a1

a0

)
, (a2x

2 + a1x + a0) =
(
x2 + a1

a2
x + a0

a2

)
.

�¥§ã«ìâ â¨ ¯à¨ª«. 7.24 õ  á«÷¤ª®¬ ¯®¤ ®ù ¨¦ç¥ â¥®à¥¬¨ 7.10.

�¥®à¥¬  7.10. � ª÷«ìæ÷ £®«®¢¨å ÷¤¥ «÷¢ 〈R, +, ·〉 ¥âà¨¢÷ «ì¨© ÷¤¥-
 « (r) ¬ ªá¨¬ «ì¨© â®¤÷ ÷ â÷«ìª¨ â®¤÷, ª®«¨ ¥«¥¬¥â r ∈ R ¥ ¬®¦ 
§®¡à §¨â¨ ã ¢¨£«ï¤÷ ¤®¡ãâªã ¤¢®å ¥®¡®à®â¨å ¥«¥¬¥â÷¢ (â ª¨© ¥«¥-
¬¥â r  §¨¢ îâì ¯à®áâ¨¬).
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�®¢¥¤¥ï. 1. �¥å © r ∈ R { ¯à®áâ¨© ¥«¥¬¥â. � ä÷ªáãõ¬® r1 ∈ R ÷
¯à¨¯ãáâ÷¬®, é® (r) $ (r1) 6= R. �®¤÷ ®âà¨¬ãõ¬®

(r ∈ (r) ⊂ (r1)) ⇒ (r ∈ (r1)) ⇒ (∃ q ∈ R : r = r1q).

�áª÷«ìª¨ ¥«¥¬¥â r §  ¯à¨¯ãé¥ï¬ ¯à®áâ¨©, ®¤¨ § ¤¢®å ¬®¦¨-
ª÷¢ ã ¤®¡ãâªã r = r1q ¬ õ ¡ãâ¨ ®¡®à®â¨¬; ¢ ®¡®å ¢¨¯ ¤ª å ®âà¨¬ãõ¬®
áã¯¥à¥ç÷áâì (¢¨ª®à¨áâ®¢ãõ¬® à¥§ã«ìâ â ¢¯à ¢¨ 7.10):

(r1 ∈ R∗) ⇒ ((r1) = R);

(q ∈ R∗) ⇒ ((r1) = (r)).

2. �¥å © ¥âà¨¢÷ «ì¨© ÷¤¥ « (r) ¬ ªá¨¬ «ì¨©. �à¨¯ãáâ÷¬®, é® r
à®§ª« ¤ õâìáï ¢ ¤®¡ãâ®ª ¤¢®å ¥®¡®à®â¨å ¥«¥¬¥â÷¢: r = r1 · r2. �®¤÷,
§  à¥§ã«ìâ â®¬ ¢¯à ¢¨ 7.10, ®âà¨¬ãõ¬® (r) ⊂ (r1). �áª÷«ìª¨ ÷¤¥ « (r)
¬ ªá¨¬ «ì¨©, ¤«ï ÷¤¥ «ã (r1) ¬ õ ¬÷áæ¥ ®¤¨ § ¤¢®å ¢¨¯ ¤ª÷¢: (r1) = (r)
 ¡® (r1) = R. � ®¡®å ¢¨¯ ¤ª å ®âà¨¬ãõ¬® áã¯¥à¥ç÷áâì § ¥®¡®à®â÷áâî r1

â  r2 (ã ¯¥àè®¬ã ¢¨¯ ¤ªã ª®à¨áâãõ¬®áì § ª®®¬ áª®à®ç¥ï (7.4), ïª¨©
¢¨ª®ãõâìáï ¢ ®¡« áâ÷ æ÷«÷á®áâ÷):

((r1) = (r)) ⇒ (r1 = rq, q ∈ R) ⇒ (r1 = r1r2q) ⇒ (1 = r2q) ⇒ (q = r−1
2 );

((r1) = R) ⇒ (1 ∈ R = (r1)) ⇒ (1 = r1q, q ∈ R) ⇒ (q = r−1
1 ).

� § ç¨¬®, é® ¢ ¤®¢÷«ì÷© ®¡« áâ÷ æ÷«÷á®áâ÷ ¯¥àè¨© ¯ãªâ é®©® ¤®-
¢¥¤¥®ù â¥®à¥¬¨ § «¨è õâìáï á¯à ¢¥¤«¨¢¨¬, â®¡â® £®«®¢¨© ¬ ªá¨¬ «ì-
¨© ÷¤¥ « (a) ¬®¦¥ ¯®à®¤¦ã¢ â¨áì «¨è¥ ¯à®áâ¨¬ ¥«¥¬¥â®¬ a; ®¤ ª ã
¤®¢÷«ì÷© ®¡« áâ÷ æ÷«÷á®áâ÷ ¥ ¢áïª¨© ¯à®áâ¨© ¥«¥¬¥â a ¯®à®¤¦ãõ £®-
«®¢¨© ¬ ªá¨¬ «ì¨© ÷¤¥ « (a).

�à¨ª« ¤ 7.25. � ª÷«ìæ÷ R[x, y] ¬®£®ç«¥÷¢ ¢÷¤ §¬÷¨å x â  y ¬®£®-
ç«¥ p(x, y) = x õ ¯à®áâ¨¬ ¥«¥¬¥â®¬, ®¤ ª ÷¤¥ « (x) ¥ ¬ ªá¨¬ «ì¨©,
®áª÷«ìª¨ õ ¢« á®î ¯÷¤¬®¦¨®î ÷è®£® ¥âà¨¢÷ «ì®£® ÷¤¥ «ã:

(x) $ J = {p(x, y) ∈ R[x, y] : p(0, 0) = 0} 6= R.

�¨¦ç¥¯®¤   â¥®à¥¬  7.11 ¤¥¬®áâàãõ ¢ ¦«¨¢ã à®«ì ¬ ªá¨¬ «ì¨å
÷¤¥ «÷¢ ¤«ï ä ªâ®à¨§ æ÷ù ®¡« áâ÷ æ÷«÷á®áâ÷.
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�¥®à¥¬  7.11. � ªâ®à-ª÷«ìæ¥ ®¡« áâ÷ æ÷«÷á®áâ÷ §  ¬ ªá¨¬ «ì¨¬
÷¤¥ «®¬ õ ¯®«¥¬.

�®¢¥¤¥ï. �¥å © J { ¤¥ïª¨© ¬ ªá¨¬ «ì¨© ÷¤¥ « ¢ ®¡« áâ÷ æ÷«÷á-
®áâ÷ 〈R, +, ·〉. �«ï ä ªâ®à-ª÷«ìæï R

/
J

¯®âà÷¡® ¤®¢¥áâ¨ ª®¬ãâ â¨¢÷áâì,
 ï¢÷áâì ®¤¨¨æ÷,   â ª®¦ ®¡®à®â÷áâì ãá÷å ¥ã«ì®¢¨å ¥«¥¬¥â÷¢. �®-
¬ãâ â¨¢÷áâì ÷  ï¢÷áâì ®¤¨¨æ÷ 1 ®¤à §ã ¢¨¯«¨¢ îâì § ¢÷¤¯®¢÷¤¨å ¢« -
áâ¨¢®áâ¥© ª÷«ìæï R â  ¢¨§ ç¥ï ®¯¥à æ÷©   ä ªâ®à-ª÷«ìæ÷:

a · b = a · b = b · a = b · a;

1 · a = 1 · a = a.

�â¦¥, § «¨è¨«®áì ¤®¢¥áâ¨ ®¡®à®â÷áâì ¤«ï ¤®¢÷«ì®£® ä÷ªá®¢ ®£®
a ∈ R

/
J
, a 6= 0.

�¯®ç âªã § § ç¨¬®, é® 0 = 0 + J = J (ã«ì®¢¨¬ ¥«¥¬¥â®¬ ã ¡ã¤ì-
ïª®¬ã ä ªâ®à-ª÷«ìæ÷ õ ÷¤¥ «, §  ïª¨¬ æ¥ ª÷«ìæ¥ ä ªâ®à¨§ãîâì). �â¦¥,
¤«ï a 6= 0 ®âà¨¬ãõ¬® ã¬®¢ã a /∈ J .

�«ï ¯®èãªã ¥«¥¬¥â , ®¡¥à¥®£® ¤® a, à®§£«ï¥¬® ®¢¨© ÷¤¥ «:

J1 = (a) + J = {ar + j : r ∈ R, j ∈ J}.

�¥£ª® ¯¥à¥¢÷à¨â¨, é® J1 ¤÷©á® õ ÷¤¥ «®¬ ã ª÷«ìæ÷ R, ¯à¨ç®¬ã:

(∀ j ∈ J : j = a · 0 + j ∈ J1) ⇒ (J ⊂ J1);

(a = a · 1 + 0 ∈ J1) ⇒ (J 6= J1).

�â¦¥, J $ J1 ÷, §  ¬ ªá¨¬ «ì÷áâî J , ®âà¨¬ãõ¬®

(J1 = R) ⇒ (1 ∈ J1) ⇒ (1 = ar + j, r ∈ R, j ∈ J) ⇒ (1 = ar + j).

� à¥èâ÷, §  «¥¬®î 6.9, j = 0, ÷ ®¤¥à¦¨¬® ®¡¥à¥¨© ¤® a:
(
1 = ar + 0

) ⇒ (
1 = a · r) ⇒

(
r =

(
a
)−1

)
.

� ª¨¬ ç¨®¬, ¤®¢÷«ì¨© ¥ã«ì®¢¨© áã¬÷¦¨© ª« á a ∈ R
/
J

¬ õ ®¡¥à-
¥¨©, é® § ¢¥àèãõ ¤®¢¥¤¥ï â¥®à¥¬¨.
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�à¨ª« ¤ 7.26. �¥ à § ¯®¢¥à÷¬®áï ¤® ä ªâ®à¨§ æ÷ù ª÷«ìæï æ÷«¨å
ç¨á¥« ÷ ª÷«ìæï ¬®£®ç«¥÷¢ § ¤÷©á¨¬¨ ª®¥ä÷æ÷õâ ¬¨.

1. � ª÷«ìæ÷ Z ÷¤¥ « (p) = pZ (p ∈ N) ¬ ªá¨¬ «ì¨© â®¤÷ ÷ â÷«ìª¨ â®¤÷,
ª®«¨ ç¨á«® p ¯à®áâ¥, ÷ ¢÷¤¯®¢÷¤÷ ä ªâ®à-ª÷«ìæï õ ¯®«ï¬¨:

Z
/
pZ ∼ Zp .

2. � ª÷«ìæ÷ R[x] ¬ ªá¨¬ «ì¨¬¨ õ ÷¤¥ «¨, ¯®à®¤¦¥÷ ¥à®§ª« ¤¨¬¨
¬®£®ç«¥ ¬¨, ÷ ¢÷¤¯®¢÷¤÷ ä ªâ®à-ª÷«ìæï õ ¯®«ï¬¨:

• R[x]
/
(x−a)

∼ R ¤«ï ¤®¢÷«ì®£® a ∈ R;
• R[x]

/
(x2+a1x+a0)

∼ C, ïªé® D = a2
1 − 4a0 < 0.

�®ª« ¤÷è÷ ¢÷¤®¬®áâ÷ ¯à® à®«ì ¬ ªá¨¬ «ì¨å ÷¤¥ «÷¢ ã ª÷«ìæïå £®-
«®¢¨å ÷¤¥ «÷¢ ¬®¦  § ©â¨,  ¯à¨ª« ¤, ã [11, 13].

7.11. �®ïââï ¯à® ÷¤¥¬¯®â¥â÷ ª÷«ìæï
� æì®¬ã ¯÷¤à®§¤÷«÷ à®§£«ï¥¬® ª÷«ìæ¥ 〈R,⊕, ·〉, ¤¥ ®¯¥à æ÷î ¤®¤ ¢ -

ï ¯®§ ç¥® á¨¬¢®«®¬ «⊕» (¤®æ÷«ì÷áâì á ¬¥ â ª®£® ¯®§ ç¥ï áâ ¥
®ç¥¢¨¤®î ¯÷¤ ç á ¯®¤ «ìè®£® ¢¨¢ç¥ï ÷¤¥¬¯®â¥â¨å ª÷«¥æì).

�§ ç¥ï 7.12. �÷«ìæ¥ 〈R,⊕, ·〉  §¨¢ îâì ÷¤¥¬¯®â¥â¨¬, ïªé®

a2 = a ∀ a ∈ R.

�à¨ª« ¤ 7.27. �¥ïª÷ ÷¤¥¬¯®â¥â÷ ª÷«ìæï ¢¦¥ ¡ã«® à®§£«ïãâ®.
1. �÷«ìæ¥ ª« á÷¢ «¨èª÷¢ Z2 õ ÷¤¥¬¯®â¥â¨¬, ®áª÷«ìª¨

(
0
)2

= 0,(
1
)2

= 1. � § ç¨¬®, é® ¢ â¥®à÷ù ÷¤¥¬¯®â¥â¨å ª÷«¥æì § ¬÷áâì Z2 §àãç-
÷è¥ à®§£«ï¤ â¨ ÷è¥ ¤¢®¥«¥¬¥â¥ ª÷«ìæ¥, ÷§®¬®àä¥ Z2:

〈{0, 1},⊕, ·〉 ∼ Z2,

¤¥ «⊕» ¯®§ ç õ áã¬ã §  ¬®¤ã«¥¬ 2.
2. �«£¥¡à¨ç  áâàãªâãà  〈S, M,∩〉, ¤¥ S { ª÷«ìæ¥ ¬®¦¨, õ ÷¤¥¬¯®-

â¥â¨¬ ª÷«ìæ¥¬, ®áª÷«ìª¨ A ∩ A = A ¤«ï ¡ã¤ì-ïª®£® A ∈ S.

208



7.12. �®ïââï ¬®¤ã«ï â   «£¥¡à¨

�®§£«ï¥¬® ¤¢÷  ©¯à®áâ÷è÷ ¢« áâ¨¢®áâ÷ ÷¤¥¬¯®â¥â¨å ª÷«¥æì.
�¥å © 〈R,⊕, ·〉 { ÷¤¥¬¯®â¥â¥ ª÷«ìæ¥.
1. ∀ a ∈ R : −a = a, â®¡â® ¢ ÷¤¥¬¯®â¥â®¬ã ª÷«ìæ÷ ª®¦¥ ¥«¥¬¥â

§¡÷£ õâìáï §÷ á¢®ù¬ ¯à®â¨«¥¦¨¬.

�®¢¥¤¥ï. �®§£«ï¥¬® ¥«¥¬¥â (−a)2. �¨ª®à¨áâ®¢ãîç¨ ¢« áâ¨¢®áâ÷
ª÷«¥æì ÷ ®§ ç¥ï ÷¤¥¬¯®â¥â®£® ª÷«ìæï, ®âà¨¬ãõ¬®:

(−a)2 = (−a) · (−a) = −(−(a · a)) = a2 = a;

(−a)2 = −a,

§¢÷¤ª¨ ¢¨¯«¨¢ õ à÷¢÷áâì a = −a.

2. ∀ a, b ∈ R : ab = ba, â®¡â® ÷¤¥¬¯®â¥â¥ ª÷«ìæ¥ ª®¬ãâ â¨¢¥.

�®¢¥¤¥ï. �®§£«ï¥¬® ¥«¥¬¥â (a⊕b)2. �¨ª®à¨áâ®¢ãîç¨ ¢« áâ¨¢®áâ÷
ª÷«¥æì ÷ ®§ ç¥ï ÷¤¥¬¯®â¥â®£® ª÷«ìæï, ¤÷áâ ¥¬®:

(a⊕ b)2 = (a⊕ b) · (a⊕ b) = a2 ⊕ ab⊕ ba⊕ b2 = a⊕ ab⊕ ba⊕ b;

(a⊕ b)2 = a⊕ b.

�â¦¥, a ⊕ ab ⊕ ba ⊕ b = a ⊕ b, §¢÷¤ª¨ §  § ª® ¬¨ áª®à®ç¥ï (6.1) ÷
(6.2) (ª÷«ìæ¥ §  ®¯¥à æ÷õî ¤®¤ ¢ ï «⊕» õ  ¡¥«¥¢®î £àã¯®î) ¬ õ¬®

(a⊕ ab⊕ ba⊕ b = a⊕ b) ⇒ (ab⊕ ba = 0) ⇒ (ab = −ba) ⇒ (ab = ba).

�  ®áâ ì®¬ã «®£÷ç®¬ã ¯¥à¥å®¤÷ ¡ã«® ¢¨ª®à¨áâ ® ¢« áâ¨¢÷áâì
x = −x, ïªã ¤®¢¥¤¥® ¢¨é¥.

�¯à ¢  7.14. �¥à¥¢÷à¨â¨ ¢¨ª® ï ¤®¢¥¤¥¨å ¢« áâ¨¢®áâ¥© ¤«ï
÷¤¥¬¯®â¥â¨å ª÷«¥æì § ¯à¨ª«. 7.27.

7.12. �®ïââï ¬®¤ã«ï â   «£¥¡à¨
� ¯®ïââï¬ ª÷«ìæï â÷á® ¯®¢'ï§ ÷ ¡÷«ìè áª« ¤÷  «£¥¡à¨ç÷ áâàãªâã-

à¨ { ¬®¤ã«÷ â   «£¥¡à¨.
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7.12.1. �®ïââï ¬®¤ã«ï
�§ ç¥ï 7.13. �¤¨â¨¢ã  ¡¥«¥¢ã £àã¯ã 〈M, +〉  §¨¢ îâì ¬®¤ã-

«¥¬ («÷¢¨¬ ¬®¤ã«¥¬)  ¤ ª÷«ìæ¥¬ 〈R, +, ·〉, ïªé® ¢¨§ ç¥® ®¯¥à æ÷î ¬®-
¦¥ï ¥«¥¬¥â÷¢ ÷§ M §«÷¢    ¥«¥¬¥â¨ ÷§ R, â®¡â® ¤«ï ¡ã¤ì-ïª®ù ¯ à¨
(r,m) ∈ R×M ¢¨§ ç¥® ¤®¡ãâ®ª r ·m ∈ M , ¯à¨ç®¬ã ¢¨ª®ãîâìáï â ª÷
ã¬®¢¨:

• r · (m1 + m2) = (r ·m1) + (r ·m2);
• (r1 + r2) ·m = (r1 ·m) + (r2 ·m);
• (r1 · r2) ·m = r1 · (r2 ·m),

¤¥ r, r1, r2 ∈ R, m,m1,m2 ∈ M .
� ã¢ ¦¥ï 7.12. � ®§ ç¥÷ ¬®¤ã«ï ¢¨ª®à¨áâ ® ¤¢÷ à÷§÷ ®¯¥à æ÷ù

¤®¤ ¢ ï (ã ª÷«ìæ÷ 〈R, +, ·〉 â  ¢ £àã¯÷ 〈M, +〉) ÷ ¤¢  à÷§÷ ¬®¦¥ï
(ã ª÷«ìæ÷ 〈R, +, ·〉 â    ¬®¦¨÷ R ×M ÷§ § ç¥ï¬ ã M). �à®â¥ â ª 
«â ¢â®«®£÷ï ¯®§ ç¥ì» ¥ ¯à¨§¢®¤¨âì ¤® ¥¯®à®§ã¬÷ì, ®áª÷«ìª¨ ®¡« áâì
¤÷ù ®¯¥à æ÷ù «¥£ª® ¢¨§ ç¨â¨ §  ª®â¥ªáâ®¬.

� ã¢ ¦¥ï 7.13. �ªé® à®§£«ï¤ îâì ¬®¤ã«ì M  ¤ ª÷«ìæ¥¬ § ®¤¨¨-
æ¥î 1 ∈ R, â®, ïª ¯à ¢¨«®, ¢¢®¤ïâì ¤®¤ âª®¢ã ã¬®¢ã ∀m ∈ M : 1 ·m = m.

� ã¢ ¦¥ï 7.14. � «®£÷ç® ¤® ¯®ïââï «÷¢®£® ¬®¤ã«ï ¢¢®¤ïâì ¯®-
ïââï ¯à ¢®£® ¬®¤ã«ï â  ¤¢®áâ®à®ì®£® ¬®¤ã«ï.

�à¨ª« ¤ 7.28. 1. �®¢÷«ì¥ ª÷«ìæ¥ 〈R, +, ·〉 õ ¬®¤ã«¥¬ « ¤ á®¡®î»,
â®¡â®  ¡¥«¥¢  £àã¯  〈R, +〉 õ ¬®¤ã«¥¬  ¤ ª÷«ìæ¥¬ 〈R, +, ·〉.

2. �àã¯  〈Rn, +〉 õ ¬®¤ã«¥¬  ¤ ¬ âà¨ç¨¬ ª÷«ìæ¥¬ Mn×n.
3. �àã¯  〈Rn, +〉 õ ¬®¤ã«¥¬  ¤ ¯®«¥¬ R ¤÷©á¨å ç¨á¥«. �â¦¥, «÷÷©¨©

¯à®áâ÷à Rn ¬®¦  ¢¨§ ç¨â¨ ïª ¬®¤ã«ì  ¤¨â¨¢®ù £àã¯¨ Rn  ¤ ¯®«¥¬ R.
�§ £ «÷, ¡ã¤ì-ïª¨© ¬®¤ã«ì 〈M, +〉  ¤ ¯®«¥¬ 〈P, +, ·〉  §¨¢ îâì «÷÷©¨¬
¯à®áâ®à®¬.

�¯à ¢  7.15. �¥å © 〈M, +〉 { ¬®¤ã«ì  ¤ ª÷«ìæ¥¬ 〈R, +, ·〉. �«ï ä÷ª-
á®¢ ®£® ¥«¥¬¥â  r ∈ R ¤®¢¥áâ¨, é® ¢÷¤®¡à ¦¥ï M 3 m 7→ r ·m ∈ M
õ ¥¤®¬®àä÷§¬®¬ £àã¯¨ 〈M, +〉.

�¯à ¢  7.16. �¥å © 〈M, +〉 { ¤®¢÷«ì   ¡¥«¥¢  £àã¯ . � £ ¤ õ¬®
(¤¨¢. ¢¯à ¢ã 7.1), é® ¬®¦¨  ¥¤®¬®àä÷§¬÷¢ EndM £àã¯¨ 〈M, +〉 õ ª÷«ì-
æ¥¬ §  ¯®â®çª®¢¨¬ ¤®¤ ¢ ï¬ â  ®¯¥à æ÷õî ª®¬¯®§¨æ÷ù. �«ï f ∈ EndM

â  m ∈ M ¢¨§ ç¨â¨ ¤®¡ãâ®ª f ·m = f(m). �®¢¥áâ¨, é® 〈M, +〉 õ ¬®¤ã«¥¬
 ¤ ª÷«ìæ¥¬ ¥¤®¬®àä÷§¬÷¢ EndM .
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7.12. �®ïââï ¬®¤ã«ï â   «£¥¡à¨

�  ¬®¤ã«÷ ¯¥à¥®áïâì ¡ £ â® ®§ ç¥ì ÷ â¥®à¥¬ § â¥®à÷ù ª÷«¥æì. �®ªà¥-
¬ , ¢¢®¤ïâì â ª÷ ¯®ïââï, ïª £®¬®¬®àä÷§¬ ¬®¤ã«÷¢ ÷ ä ªâ®à-¬®¤ã«ì, ¤®-
¢®¤ïâì â¥®à¥¬ã ¯à® £®¬®¬®àä÷§¬¨ ¤«ï ¬®¤ã«÷¢ â®é® (¤¨¢.,  ¯à¨ª« ¤,
[11, 13]).

7.12.2. �®ïââï  «£¥¡à¨
�®ïââï  «£¥¡à¨ õ ã§ £ «ì¥ï¬ ¯®ïââï ª÷«ìæï.

�§ ç¥ï 7.14. �«£¥¡à®î  ¤ ¯®«¥¬ 〈P, +, ·〉  §¨¢ îâì ª÷«ìæ¥
〈A, +, ·〉, â ª¥, é® 〈A, +〉 õ «÷÷©¨¬ ¯à®áâ®à®¬  ¤ ¯®«¥¬ P , ¯à¨ç®¬ã
¢¨ª®ãõâìáï ã¬®¢ :

(p1 · p2) · a = p1 · (p2 · a) = p2 · (p1 · a), ¤¥ p1, p2 ∈ P, a ∈ A.

� ã¢ ¦¥ï 7.15. � ®§ ç¥÷  «£¥¡à¨, ïª ÷ ¢ ®§ ç¥÷ ¬®¤ã«ï, ¯à¨©-
ïâ® §¡¥à÷£ â¨ áâ ¤ àâ÷ ¯®§ ç¥ï «+» â  «·» ¤«ï à÷§¨å ®¯¥à æ÷©
¤®¤ ¢ ï â  ¬®¦¥ï. � ª, ¯®§ ç¥ï «·» ¢¨ª®à¨áâ®¢ãîâì â¥¯¥à ¤«ï
âàì®å à÷§¨å ¤®¡ãâª÷¢ { ¤®¡ãâ®ª ã ¯®«÷ 〈P, +, ·〉, ¤®¡ãâ®ª ã ª÷«ìæ÷ 〈A, +, ·〉
â  ¤®¡ãâ®ª ¥«¥¬¥â  ÷§ P   ¥«¥¬¥â ÷§ A. �¤ ª æ¥ ¥ ¯à¨§¢®¤¨âì ¤® ¥-
¯®à®§ã¬÷ì, ®áª÷«ìª¨ ®¡« áâì ¢¨§ ç¥ï ®¯¥à æ÷© § ¢¦¤¨ ¬®¦  ¢¨§ -
ç¨â¨ ÷§ ª®â¥ªáâã.

�à¨ª« ¤ 7.29. 1. �ã¤ì-ïª¥ ¯®«¥ P õ  «£¥¡à®î  ¤ á®¡®î, â®¡â®  ¤
á ¬¨¬ ¯®«¥¬ P .

2. �÷«ìæ¥ ¬ âà¨æì Mn×n õ  «£¥¡à®î  ¤ ¯®«¥¬ R ¤÷©á¨å ç¨á¥«.

�¥®à÷î  «£¥¡à ¤¥â «ì® à®§£«ïãâ®, §®ªà¥¬ , ¢ [13].
� â¥®à÷ù ª÷«¥æì ÷  «£¥¡à ç áâ® ¢÷¤¬®¢«ïîâìáï ¢÷¤ ã¬®¢¨  á®æ÷ â¨¢®á-

â÷, â®¡â® à®§£«ï¤ îâì â ª §¢ ÷ ¥ á®æ÷ â¨¢÷ ª÷«ìæï â   «£¥¡à¨. � ª, ¤ã-
¦¥ ¢ ¦«¨¢¨¬ ¢¨¯ ¤ª®¬ ¥ á®æ÷ â¨¢®ù  «£¥¡à¨ õ  «£¥¡à¨ �÷1, ¤¥ § ¬÷áâì
 á®æ÷ â¨¢®áâ÷ ¢¢®¤ïâì â ª÷ ¤¢÷ ã¬®¢¨ (¤®¡ãâ®ª ¢  «£¥¡à å �÷ ¯®§ ç îâì
ç¥à¥§ [a, b], ¤¥ a, b ∈ A):

•  â¨á¨¬¥âà¨ç÷áâì: [a, a] = 0 (a ∈ A),
1�÷ � à÷ãá �®äãá (1842{1899) { ®à¢¥§ìª¨© ¬ â¥¬ â¨ª; à®§à®¡¨¢ â¥®à÷î ¥¯¥à¥à-

¢¨å £àã¯, ã  è ç á ¢÷¤®¬¨å ïª £àã¯¨ �÷.
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• â®â®¦÷áâì �ª®¡÷:

[a, [b, c]] + [b, [c, a]] + [c, [a, b]] = 0, (a, b, c ∈ A).

�à¨ª« ¤ 7.30. �÷÷©¨© ¯à®áâ÷à R3 §  ®¯¥à æ÷î ¢¥ªâ®à®£® ¤®¡ãâ-
ªã, â®¡â® ¥ á®æ÷ â¨¢¥ ª÷«ìæ¥ 〈R3, +, «[, ]»〉 ïª «÷÷©¨© ¯à®áâ÷à  ¤ R,
ãâ¢®àîõ  «£¥¡àã �÷ ( â¨á¨¬¥âà¨ç÷áâì ÷ â®â®¦÷áâì �ª®¡÷ ¤«ï æì®£®
¢¨¯ ¤ªã ¤®¢¥¤¥® ¢ ªãàá÷ «÷÷©®ù  «£¥¡à¨).

�«£¥¡à¨ �÷ ¤¥â «ì® à®§£«ïãâ®, §®ªà¥¬ , ¢ [17, 18].
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Ä Ä Ä Ä Ä ª®¬ãâ â¨¢  107
Ä Ä Ä Ä Ä ¥ª®¬ãâ â¨¢  107
�«£®à¨â¬ �«¥à÷ 80

�÷õªæ÷ï (¢§ õ¬® ®¤®§ ç¥
¢÷¤®¡à ¦¥ï) 56
�÷®¬ �ìîâ®  (¡÷®¬÷ «ì  ä®à¬ã« ) 66
�÷®¬÷ «ì  ä®à¬ã«  ¤¨¢. �÷®¬ �ìî-
â® 
�÷®¬÷ «ì÷ ª®¥ä÷æ÷õâ¨ 62

�¥àè¨  ÷§®«ì®¢   72
Ä ª®à¥¥¢  (ª®à÷ì) 86
Ä ¥¯ à  72
Ä ¯ à  72
�¥àè¨¨ ÷æ¨¤¥â÷ à¥¡àã 71
Ä áã¬÷¦÷ 71
�§ õ¬® ®¤®§ ç¥ ¢÷¤®¡à ¦¥ï ¤¨¢.
�÷õªæ÷ï
�¨¡÷àª  59
Ä ¡¥§ ¯®¢â®à¥ì 59
Ä § ¯®¢â®à¥ï¬¨ 59
Ä ¥¢¯®àï¤ª®¢   (ª®¬¡÷ æ÷ï) 59
Ä ã¯®àï¤ª®¢   (à®§¬÷é¥ï) 59
�¨¤ «¥ï ¢¥àè¨ 73

Ä à¥¡¥à 73
�¨á«®¢«¥ï 7
�¨â÷ª 104
�÷¤®è¥ï 33
Ä  â¨à¥ä«¥ªá¨¢¥ 42
Ä  â¨á¨¬¥âà¨ç¥ 42
Ä ¤®¯®¢ï«ì¥ 38
Ä ¥ª¢÷¢ «¥â®áâ÷ (¥ª¢÷¢ «¥â÷áâì) 45
Ä ÷'õªâ¨¢¥ 54
Ä ÷¢¥àá¥ (®¡¥à¥¥) 39
Ä ®¡¥à¥¥ ¤¨¢. �÷¤®è¥ï ÷¢¥àá¥
Ä ¯®à®¦õ, ¯®¢¥ 33
Ä ¯®àï¤ªã (¥áâà®£® ç áâª®¢®£®) 47
Ä Ä «÷÷©®£® 48
Ä Ä ¥áâà®£®£® 49
Ä Ä áâà®£®£® 49
Ä à¥ä«¥ªá¨¢¥ 41
Ä á¨¬¥âà¨ç¥ 42
Ä áîà'õªâ¨¢¥ 54
Ä â®â®¦¥ 34
Ä âà §¨â¨¢¥ 43
Ä ã à¥, ¡÷ à¥, â¥à à¥ 33
Ä äãªæ÷® «ì¥ 54
�÷¤®¡à ¦¥ï 55
Ä £®¬®¬®àä¥ £àã¯ ¤¨¢. �®¬®¬®àä÷§¬
£àã¯
Ä Ä ª÷«¥æì ¤¨¢. �®¬®¬®àä÷§¬ ª÷«¥æì

�®¬®¬®àä÷§¬ £àã¯ 141
Ä Ä ª ®÷ç¨© ¤¨¢. �®¬®¬®àä÷§¬ £àã¯
¯à¨à®¤¨©
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Ä Ä ¯à¨à®¤¨© 170
Ä ª÷«¥æì 197
Ä Ä ª ®÷ç¨© ¤¨¢. �®¬®¬®àä÷§¬ ª÷-
«¥æì ¯à¨à®¤¨©
Ä Ä ã«ì®¢¨© 198
Ä Ä ¯à¨à®¤¨© 198
�à ÷ áã¬÷¦÷ 103
�à ì 92
Ä ¢ãâà÷èï 93
Ä §®¢÷èï 93
�à ä 70
Ä k-ª®«÷à¨© 100
Ä £ ¬÷«ìâ®÷¢ 81
Ä ¤¢®¤®«ì¨© 85
Ä ¤®¯®¢ï«ì¨© 75
Ä ¤àã£¨© ¤ã «ì¨© 96
Ä ¤ã «ì¨© (¯¥àè¨© ¤ã «ì¨©) 95
Ä ¥©«¥à÷¢ 77
Ä § ä à¡®¢ ¨¬¨ ¢¥àè¨ ¬¨ 100
Ä §¢'ï§¨© 75
Ä ¬÷ç¥¨© (¬¥à¥¦ ) 87
Ä  ¯÷¢£ ¬÷«ìâ®÷¢ 81
Ä  ¯÷¢¥©«¥à÷¢ 77
Ä ¯¥àè¨© ¤ã «ì¨© ¤¨¢. �à ä ¤ã «ì¨©
Ä ¯«  à¨© 91
Ä ¯«®áª¨© 91
Ä ¯®¢¨© 73
Ä ¯®à®¦÷© 73
Ä à¥£ã«ïà¨© 84
�à ä¨ £®¬¥®¬®àä÷ 88
Ä ÷§®¬®àä÷ 87
�àã¯  110
Ä Zn  ¤¨â¨¢  ¤¨¢. �àã¯  ª« á÷¢ «¨èª÷¢
 ¤¨â¨¢ 
Ä Zp

∗ ¬ã«ìâ¨¯«÷ª â¨¢  ¤¨¢. �àã¯  ª« -
á÷¢ «¨èª÷¢ ¬ã«ìâ¨¯«÷ª â¨¢ 
Ä  ¡¥«¥¢  110
Ä  ¤¨â¨¢  110
Ä § ª®§¬÷  141
Ä ª« á÷¢ «¨èª÷¢  ¤¨â¨¢  135
Ä Ä Ä ¬ã«ìâ¨¯«÷ª â¨¢  138
Ä ¬ã«ìâ¨¯«÷ª â¨¢  110
Ä Ä ª÷«ìæï § ®¤¨¨æ¥î 185
Ä ¯÷¤áâ ®¢®ª 116

Ä ¯à®áâ  153
Ä á¨¬¥âà¨ç  ¤¨¢. �àã¯  ¯÷¤áâ ®¢®ª
Ä æ¨ª«÷ç  145
�àã¯¨ ÷§®¬®àä÷ 141

�¥ª àâ÷¢ ¤®¡ãâ®ª ¬®¦¨ 28, 29
�¥à¥¢® 86
Ä ª®à¥¥¢¥ 68, 86
�¨§'îªæ÷ï ¢¨á«®¢«¥ì 8
�÷«ì¨ª ®à¬ «ì¨© 154
Ä ã«ï 186
Ä Ä «÷¢¨© 186
Ä Ä ¯à ¢¨© 186
Ä ®¤¨¨æ÷ ¤¨¢. �¡®à®â¨© ã ª÷«ìæ÷
�®¡ãâ®ª ¬ âà¨æì ¢÷¤®è¥ì 40
Ä ¯÷¤áâ ®¢®ª 115
�®¢¦¨  æ¨ª«ã 118
�®¯®¢¥ï ¤® £à äã (¤®¯®¢ï«ì¨©
£à ä) 75
Ä Ä ¬®¦¨¨ 22

�ª¢÷¢ «¥â÷áâì ¤¨¢. �÷¤®è¥ï ¥ª¢÷¢ -
«¥â®áâ÷
Ä §  ¬®¤ã«¥¬ 2 45
Ä Ä Ä p 45
�ª¢÷¢ «¥æ÷ï ¢¨á«®¢«¥ì 9
�«¥¬¥â ¯à®áâ¨© 205
�¤®¬®àä÷§¬ £àã¯ 143
�¯÷¬®àä÷§¬ £àã¯ 141
Ä ª÷«¥æì 197

� ª® áª®à®ç¥ï ¢ ª÷«ìæ÷ 187
� ¯¥à¥ç¥ï ¢¨á«®¢«¥ï 8
�¢'ï§  ª®¬¯®¥â  (®¡« áâì §¢'ï§®áâ÷) 75

ö¤¥ « ª÷«ìæï 191
Ä Ä ¢« á¨© 191
Ä Ä £®«®¢¨© 192
Ä ¬ ªá¨¬ «ì¨© 205
Ä âà¨¢÷ «ì¨© 191
ö§®¬®àä÷§¬ £à ä÷¢ 87
Ä £àã¯ 141
Ä ª÷«¥æì 197
ö¬¯«÷ª æ÷ï ¢¨á«®¢«¥ì 8
ö'õªæ÷ï 56
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ö¢¥àá÷ï 125
ö¤¥ªá ¯÷¤£àã¯¨ 152
öâ¥à¯à¥â æ÷ï ä®à¬ã«¨  «£¥¡à¨ ¢¨á«®¢-
«¥ì 10

�÷«ìæ¥ 177
Ä £®«®¢¨å ÷¤¥ «÷¢ 193
Ä ¥¤®¬®àä÷§¬÷¢  ¡¥«¥¢®ù £àã¯¨ 179
Ä § ®¤¨¨æ¥î 180
Ä ÷¤¥¬¯®â¥â¥ 208
Ä ª®¬ãâ â¨¢¥ 180
Ä ¬®¦¨ 32
Ä Ä ¡®à¥«÷¢áìª¥ 32
Ä ¥ª®¬ãâ â¨¢¥ 180
Ä ã«ì®¢¥ 183
�÷«ìæï ÷§®¬®àä÷ 197
�« á ¥ª¢÷¢ «¥â®áâ÷ 50
Ä «¨èª÷¢ 132
Ä áã¬÷¦¨© 157
Ä Ä «÷¢¨© 147
Ä Ä ¯à ¢¨© 147
�®¬¡÷ æ÷ï ¤¨¢. �¨¡÷àª  ¥¢¯®àï¤ª®¢  
�®¬¯®§¨æ÷ï ¢÷¤®è¥ì 39
�®'îªæ÷ï ¢¨á«®¢«¥ì 8
�®à÷ì ¤¨¢. �¥àè¨  ª®à¥¥¢ 
�à¨â¥à÷© ¯÷¤£àã¯¨ 139
Ä ¯÷¤ª÷«ìæï 182

�¥ªá¨ª®£à ä÷ç¥ ¢¯®àï¤ªã¢ ï 48
�¨áâ®ª 86
�÷á 86
�®£÷ç  ¥ª¢÷¢ «¥â÷áâì 11
�®£÷ç¨©  á«÷¤®ª 17

� âà¨æï áã¬÷¦®áâ÷ £à äã 89
�¥¦  £à ÷ 92
�¥à¥¦  ¤¨¢. �à ä ¬÷ç¥¨©
�÷áâ 76
�®¦¨  ¢¯®àï¤ª®¢   «÷÷©® 48
Ä Ä ç áâª®¢® 47
Ä ¯®à®¦ï 19
Ä ã÷¢¥àá «ì  22
�®¦¨¨ ¥ª¢÷¢ «¥â÷ (à÷¢÷) 19
�®¤ã«ì («÷¢¨© ¬®¤ã«ì) 210

�®®ù¤ 108
�®®¬®àä÷§¬ £àã¯ 141
Ä ª÷«¥æì 197
�ã«ìâ¨£à ä 70
�ã«ìâ¨à¥¡à® 70

� ¤¬®¦¨  20

«� ù¢¥» ¢¨§ ç¥ï ¬®¦¨¨ 19

�¥©âà «ì¨© (¤¢®áâ®à®÷© ¥©âà «ì-
¨©) 108
Ä «÷¢¨© 108
Ä ®¤®áâ®à®÷© 108
Ä ¯à ¢¨© 108
�¥®à÷õâ®¢ ¨© £à ä 70
�ã«ì ª÷«ìæï 177

�¡'õ¤ ï ¢÷¤®è¥ì 37
Ä ¬®¦¨ 21
�¡¥à¥¨© (¤¢®áâ®à®÷© ®¡¥à¥¨©) 109
Ä «÷¢¨© 109
Ä ®¤®áâ®à®÷© 109
Ä ¯à ¢¨© 109
Ä ã ª÷«ìæ÷ 184
�¡« áâì ¢¨§ ç¥ï ¡÷ à®£®
¢÷¤®è¥ï 53
Ä §¢'ï§®áâ÷ ¤¨¢. �¢'ï§  ª®¬¯®¥â 
Ä § ç¥ì (®¡à §) ¡÷ à®£® ¢÷¤®è¥ï 53
Ä æ÷«÷á®áâ÷ 190
�¡®à®â¨© ã ª÷«ìæ÷ 184
�¡à § ¡÷ à®£® ¢÷¤®è¥ï ¤¨¢. �¡-
« áâì § ç¥ì ¡÷ à®£® ¢÷¤®è¥ï
Ä £®¬®¬®àä÷§¬ã £àã¯ 165
�¤¨¨æï ª÷«ìæï 180
�¯¥à â¨¢ 107
�¯¥à æ÷ï n- à  106
Ä  á®æ÷ â¨¢  106
Ä ¡÷ à  106
Ä § ¬ª¥  106
Ä ª®¬ãâ â¨¢  106
Ä ¥ á®æ÷ â¨¢  107
Ä ¥ª®¬ãâ â¨¢  107
Ä ã«ì- à  106
Ä ã à  106
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�à£à ä ¤¨¢. �à÷õâ®¢ ¨© £à ä
Ä ¯®¢¨© 104
�à÷õâ®¢ ¨© £à ä (®à£à ä) 70

� à÷áâì ¯¥à¥áâ ®¢ª¨ 125
Ä ¯÷¤áâ ®¢ª¨ 127
�¥à¥à÷§ ¢÷¤®è¥ì 37
Ä ¬®¦¨ 21
�¥à¥áâ ®¢ª  113
Ä ¥¯ à  125
Ä ¯ à  125
�¥â«ï 70
�÷¢£àã¯  107
�÷¤£à ä 73
�÷¤£àã¯  138
Ä ¢« á  141
Ä ®à¬ «ì  ¤¨¢. �÷«ì¨ª ®à¬ «ì¨©
Ä ®¤¨¨ç  141
Ä ¯®¢  141
Ä âà¨¢÷ «ì  141
Ä æ¨ª«÷ç  143
�÷¤ª÷«ìæ¥ 182
Ä ¢« á¥ 183
Ä âà¨¢÷ «ì¥ 183
�÷¤¬®¦¨  20
Ä ¢« á  20
�÷¤à®§¡¨ââï à¥¡à  £à äã 88
�÷¤áâ ®¢ª  114
Ä ¥¯ à  127, 130
Ä ®¡¥à¥  116
Ä ¯ à  127, 130
Ä â®â®¦  114
�®«¥ 190
�®«÷®¬÷ «ì  ä®à¬ã«  67
�®à÷¢ï÷ ¥«¥¬¥â¨ 48
�®àï¤®ª £àã¯¨ 150
Ä ¥«¥¬¥â  £àã¯¨ 143
Ä Ä Ä ¥áª÷ç¥¨© 144
�®âã¦÷áâì áª÷ç¥®ù ¬®¦¨¨ 26
�à ¢¨«® ¤¥ �®à£   ã§ £ «ì¥¥ 16
Ä «÷¢®£® áª®à®ç¥ï ¢ £àã¯÷ 112
Ä ¯à ¢®£® áª®à®ç¥ï ¢ £àã¯÷ 112
�à¨æ¨¯ �÷à÷å«¥ 58
Ä ¤®¡ãâªã 57

Ä ¤ã «ì®áâ÷ 14
Ä áã¬¨ 58
�à®¡«¥¬  ª¥÷£á¡¥à§ìª¨å ¬®áâ÷¢ 77
Ä ç®â¨àì®å ª®«ì®à÷¢ 104
�à®áâ¨© £à ä (¯à®áâ®£à ä) 70
�à®áâ÷à «÷÷©¨© 210
�à®áâ®£à ä ¤¨¢. �à®áâ¨© £à ä
�à®â¨«¥¦¨© ã ª÷«ìæ÷ 177

�¥¡à® ÷æ¨¤¥â¥ ¢¥àè¨ ¬ 71
�÷¢¥ì ¢¥àè¨¨ ª®à¥¥¢®£® ¤¥à¥¢  86
�÷§¨æï ¢ ª÷«ìæ÷ 182
Ä ¬®¦¨ 21
Ä Ä á¨¬¥âà¨ç  21
�®§¡¨ââï ¬®¦¨¨ 49
Ä ã¯®àï¤ª®¢ ¥ 64
�®§¬÷é¥ï ¤¨¢. �¨¡÷àª  ã¯®àï¤ª®¢  

�â¥¯÷ì ¢¥àè¨¨ 72
Ä Ä §  ¢¨å®¤®¬ 104
Ä Ä Ä ¢å®¤®¬ 104
Ä £à ÷ 97
Ä ¥«¥¬¥â  £àã¯¨ 112
�â÷ª 104
�ã¬  ¢¨á«®¢«¥ì §  ¬®¤ã«¥¬ 2 9
�ã¯¥à¥ç÷áâì 12
�îà'õªæ÷ï 56

� ¡«¨æï �¥«÷ 117
� ¢â®«®£÷ï ¤¨¢. �®à¬ã«   «£¥¡à¨ ¢¨á-
«®¢«¥ì § £ «ì®§ çãé 
�¢÷à  æ¨ª«÷ç®ù ¯÷¤£àã¯¨ 143
�¥®à¥¬  �÷à ª  ¯à® £ ¬÷«ìâ®®¢÷ £à ä¨ 83
Ä ¤¥¤ãªæ÷ù 17
Ä �©«¥à  (ªà¨â¥à÷© ¥©«¥à®¢®áâ÷ £à äã) 77
Ä �ì®÷£  (ªà¨â¥à÷© ¤¢®¤®«ì®áâ÷ £à -
äã) 85
Ä � £à ¦  151
Ä �à¥ ¯à® £ ¬÷«ìâ®®¢÷ £à ä¨ 83
Ä �®âàï£÷  { �ãà â®¢áìª®£® 92
Ä ¯à® £®¬®¬®àä÷§¬¨ £àã¯ 170
Ä Ä Ä ª÷«¥æì 200
Ä Ä áâ¥¯¥÷ ¢¥àè¨ 74
Ä Ä Ä Ä ¤«ï ®à£à ä÷¢ 105
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Ä Ä Ä £à ¥© 98
Ä �¥à¬  ¬ «  153

Θ-£à ä (â¥â -£à ä) 82

�¥â -£à ä ¤¨¢. Θ-£à ä
�®â®¦÷áâì �ª®¡÷ 212
�®çª  §'õ¤ ï 76
�à §¨â¨¢¥ § ¬¨ª ï ¢÷¤®è¥ï 43, 90
�à á¯®§¨æ÷ï 118
�à¨ªãâ¨ª � áª «ï 67

�¯ ª®¢    ¤à¥á æ÷ï 87

� ªâ®à-£àã¯  161
� ªâ®à-ª÷«ìæ¥ 196
� ªâ®à-¬®¦¨  51
� ªâ®à¨§ æ÷ï ¬®¦¨¨ 51
� à¡ã¢ ï £à ¥© £à äã 103
�®à¬ã«   «£¥¡à¨ ¢¨á«®¢«¥ì 9
Ä Ä Ä ¤ã «ì  14
Ä Ä Ä § £ «ì®§ çãé  (â ¢â®«®£÷ï) 12

Ä Ä Ä é® ¢¨ª®ãõâìáï 12
Ä �©«¥à  ¤«ï ¯«®áª¨å £à ä÷¢ 93

� à ªâ¥à¨áâ¨ç  ¢« áâ¨¢÷áâì ¬®¦¨¨ 20
�à®¬ â¨ç¥ ç¨á«® 100

�¨ª« 72, 118
Ä £ ¬÷«ìâ®÷¢ 81
Ä ¥©«¥à÷¢ 77
Ä ¯à®áâ¨© 72

�«ïå 71
Ä £ ¬÷«ìâ®÷¢ 81
Ä ¥©«¥à÷¢ 77
Ä ¯à®áâ¨© 72

�¤à® £®¬®¬®àä÷§¬ã £àã¯ 165
Ä Ä Ä âà¨¢÷ «ì¥ 165
Ä Ä ª÷«¥æì 199
Ä Ä Ä âà¨¢÷ «ì¥ 199
�àãá ª®à¥¥¢®£® ¤¥à¥¢  86
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