MIHICTEPCTBO OCBITU TA HAYKU Y KPAIHU
Hamionanpauit TexHiuauit yHiBepCcUTEeT YKpaiHu

«KuiBChKUI MOJTITeXHIYHUN IHCTUTYT»

HapuaibHO-HayKOBHil KOMILIEKC
«IHCTUTYT TPUKJIATHOIO CUCTEMHOIO aHAJII3Y»

JINCKPETHA MATEMATHUKA

AJITEBPA BHUCJIOBJIEHBb, TEOPIA MHOXKIMH, TEOPIA BIJHOIIEHD,
EJIJEMEHTU KOMBIHATOPUKHU, TEOPISI TPA®IB EJIEMEHTH TEOPII I'PVYII
TA KIJIELIb

JI1sg cTymeHTiB MaTeMaTUIHAX CHelliaJbHOCTel
BUIIMX HaBYAJHHUX 3aKJIAIIB

Kuis 2004



[TociObHUK MICTUTH TEOPEeTHYHI BIJIOMOCTI 13 TPaIMIIHHUX PO3ILTIB
JIICKPETHOI MaTeMaTuKu — ajiredbpa BUCJIOBIEHb, ajaredpa MHOXKHUH, TEOpisd
BiJHOIIIEHB, KOMOIHATOPHKA, Teopisi rpadis, eJJeMeHTH Teopii Pyl i Kijelb.

[TociOHMK Opi€HTOBAHMI JijIsl CTYIEHTIB MaTeMaTUYHUX CIIeIiaJIbHOCTel
BUIIINX HABYAJbHHUX 3aKJIAIIB, a TaKOXK /19 HAYKOBUX MPAIIBHUKIB 1 1HZKe-
HepiB, 9Kl MIKABAATHCHA BIANOBIIHUMHU PO3ALJIaMHU JTUCKPETHOI MaTeMaTUKM.
Ilepenbataerbes, 110 YUTaY BOJIOAIE OA30BUMU MOHITTIMU JIHIAHOL aaredpu
Ta MaTEMATUYHOI'O aHAJII3Yy.



MinicTepcTBO OCBITH Ta HayKW Y KpaiHU
Hamionanpauit TexHiuamit yHiBepcuTeT YKpainu

«KuiBChKUI MOJTITeXHIYHUN IHCTUTYT»

HapuaibHO-HayKOBHil KOMILIEKC
«IHCTUTYT TPUKJIATHOIO CUCTEMHOIO aHAJII3Y»

JINCKPETHA MATEMATHUKA

AJITEBPA BUCJIOBJIEHDL, TEOPIA MHOXKHKWH, TEOPI{ BIJHOIIEHD,
EJIJEMEHTN KOMBIHATOPUKHN, TEOPIA I'PA®IB, EJIEMEHTHU TEOPIi I'PYII
TA KIJIEHDb

g cTyIeHTiB MaTeMaTUuIHIAX CHENIaJbHOCTe BUIMAX HABYAJIbHAX 3aKJIa/iB

3arBepazKeHO
Ha 3acizanHdi kadeapu
MaTeMaTUIHUX MeTO/IiB
CHCTEMHOI'O aHaJI3y

Kwuis 2004



Hapuanbunit mociOHuK 3 aucnuiutiam «/[mckpeTHa MaTeMaTuka». YKja-
npad: 1.Cunexkropepknii. - K.: HTYY «KIll», HHK «IITCA», 2002. - 120 c.

HapuanbHe BUIaHHSA

JlnckpeTHa MaTeMaTHKa,

aJredpa BHUCJIOBJICHL, TCOPiss MHOXKIH, TEOPis BiIHOIIEHD,
eJleMeHTH KOMOIHATOPWKHI, Teopid rpadiB, eJeMeHTH Teopil TPy Ta KiJTelb

1 cTyIeHTiB MaTeMaTUIHUX CIEeINiaJbHOCTeH YHIBEPCUTETIB

Ykaangad: Cuekropebkuii Irop fxkosuy
BignoBimanpauii pegakTop: Pomanenko BikTop /lemumgosud

Pernenszenru: Jliobamenko Boaogumup BacuinroBuu
KanioBchka Ipuna FOpiiBaa



Beryn

3MICT

1. Anrebpa BUCJIOBJIEHD

1.1.
1.2.

1.3.
1.4.
1.5.

OCHOBHI HOHATTSI aJIreOpu BUCJAOBJIEHD . . . . . . . . . . . .

InTepnpetarii popmysa aaredbpu BUCJIOBICHL. Tadbaunii

OPABIUBOCTL . « « & o v v v v i it e e e e e e
ToroxKHOCTI aaredOpu BUCJAOBAECHD . . . . . v v v v o o . . .
[Tpunnun ayanbHocTi. Y3arajabHene npasuiio jge Moprama . . .
Jloriuynmii HACTIAOK 1 JIOTiYHA €KBiBaJE€HTHICTH . . . . . . . .

2. Teopia MHOXKUH

2.1.
2.2.
2.3.
2.4.
2.5.
2.6.

OCHOBHI IOHATTSI T€OPIT MHOXKHH . . . . . . . . o v v o o . .
ToTOXKHOCTI aaTedp! MHOMKWH . . . . . . . « o o o o o o o . .
JloBejieHHs 3aKOHIB aJireOpy MHOKUH . . . . . . . . . . . . .

Cxinvenni MHOKWHU. [[OTYXHIiCTb CKIHYEHHOT MHOXKIHU

JlekapTiB JOOYTOK MHOXKHUH . . . . . v v v e e e e oo
Asrebpa MHOYKWH SK aJireOpudHa cTpyKTypa. Kijibile MHOXKUH . .

3. Teopia BigHOIIIEHDb

3.1.
3.2.
3.3.
3.4.
3.5.
3.6.
3.7.

OCHOBHI TIOHATTA TEOPil BIIHOMEHD . . . . . . . . . . . . . .
Crocobu 3aanust OiHADHUX BIIHOMIEHD . . . . . . . . . . . .
Ouepamii Ha 1 6lHAPDHUMH BiTHOMIEHHSAMH . . . . . . . . . . .
Biacruocti 6iHApHUX BIIHOIIEHB . . . . . . . . . . . . . ..

Bignomenns ekBiBaJeHTHOCTI Ta BiAHOIICHHS MOPSIKY

PozoutTa muoxwan. PakTOp-MHOKWHA, . . . . . . . . . . . .
OyHKIA IK OKpeMUil BUMAI0K BIAHOMIEHHST . . . . . . . . .

19
19
22
25
26
28
30



Suicr

4. EnemenTn KomMOiHATOPUKU 57
4.1. OcHOBHI UpHHIMIN KOMOIHATOPHUKH. 3arajbHe BU3HAYEHHSI
BUHOIDKH . . . . . v v v v v e e e e e e e e e e 57
4.2. Po3mimeHnsa 3 MOBTOpeHHIMH Ta 0€3 MOBTOPEHDb . . . . . . . . 60
4.3. Kowmbinaiiii 3 moBropeHHsIMHU Ta 0€3 IOBTOPEHb . . . . . . . . . 61
4.4. YUOopaakoBaHI PO3OUTTS . . . . . « « o v v v v v v i oo 64
4.5. bBinomiaabHa Ta nojinoMiaJsibHa dopmysn. TpukyrHuk [Tackams . 65
4.6. 3acTocyBaHHs KOPEHEBHX JiepeB Y KOMOIHATOPHUX 3aja4dax . . 68
5. Teopig rpadis 70
5.1. OcHoBHI noHgTTS Teopii rpadiB . . . . . . . . .. ... 70
5.2. Creneni Bepmus rpady. Teopema mpo cremeni Bepmuan . . . . 72
5.3. 3B’asmicTtb rpadiB . . . . ... 75
5.4. Eiimeposi i mamiBeitsiepoBi rpachbm . . . ... L. L. L L L 77
5.5. TlougarTs Mpo raMiJibTOHOBI Ta HamiBramiJibToHOBI rpacdu . . . 81
5.6. Cneniayibhi Tumum rpadiB . . . . . ... ... 84
5.7. Izomopdiszm i romeomopdism rpadis . ... L. 87
5.8. Marpung cyMizKHOCTI Tpadpy . . . . . . . . . ... 89
5.9. Ilnocki Ta mpamapHi rpadm . . . . . . . ... ... 91
5.10. I'pani rpady. Popmyaa Eitzepa . . . . . . . . . . . ... ... 92
5.11. HyanbHi Tpadym . . . . . . . . . . 95
5.12. Creninpb rpasi mwiockoro rpady. Teopema 1po cremneni rpaneii . 97
5.13. Oun Hacaigok 3 dopmynn Eiiepa mas miockux rpadis . . . 98
5.14. @apbyBanHs BepiivH Ta rpaHeit rpady . . . . . . . . . . . .. 100
5.15. [longarTa npo opieaToBami rpachu . . . . . . . . . . ... ... 104
6. EaxemeHnTu teopii rpyn 106
6.1. AunrebpuvHi CTPYKTYpH 3 OJHI€IO OiHAPHOIO omepamielo . . . . 106
6.2. OcnosHi BiractuBocti rpyn. Creminb e1eMeHTa . . . . . . . . . 111
6.3. I'pyma mMICTAHOBOK . . . . « « v v v v v v e e et e e e e e e 113
6.4. AauTuBHA Ta MYJbTUILIIKATUBHA IPYIH KJACIB JUIIKIB . . . . 132
6.5. Ilomarta miarpynu. Kpurepiit mixrpymm . . . . . . . . . . . .. 138
6.6. I'omoMopdi3mu Ipyll: OCHOBHI BU3HAYeHHS Ta TeopeMu . . . . 141
6.7. HuKMYIHI TPYTIH . . . . . . . o o ot e et e 143
6.8. CyMIKHI KJTACH . . .« « « v v v v vt et e e e e e e 147
6.9. Ckinuenni rpynu. Teopema Jlarpanzka . . . . . . . ... ... 150
6.10. Hacmiakm 3 Teopemu Jlarpanxka . . . . . . . . ... ... ... 153



Smicr

6.11. HopMaabHl TIBHUKA . . . . . . . o o vttt e e e e e e e
6.12. Ilousartsa pakTOp-rpynm . . . . . . . ..
6.13. l'omoMopddi3mu rpylir: TeopeMu Ipo siIpo Ta odpa3s
TOMOMOPMIBMY . v v v v v v e e e e e e
6.14. Teopema mpo TOMOMOPMI3ZMHI TPYI . .+ &+ v v v v v v v v o o u

7. EnemeHTH Teopii Kijennb
7.1. BusHaueHHS Ta OPUKIIA KITEIb . . . . . . . . . . . . . . ..
7.2. OCHOBHI BJACTUBOCTI KIJI€Ib . . . . . v v v v v e oo oo oo
7.3. lligkimbne. Kparepiit MIAKIIBIT . . . . . o« v v v v v o oo .
7.4. Kinblg 3 OJUHUAIICIO . . . .« . v v v e i e e e e e e e
7.5. Himpaukn nynd. [HonarTa obaacti miicnoeri . . . . . . . . ..
7.6. Lmeast KIIBIIT . . . . . . v v v v v e e e e e e e
T7.7. @aKTOP-KIJIBIIE . . o v v v o o e e e e e e e e e e e
7.8. ToMOMOPMI3MHI KIJIEIIb . . . + + « v v v v v e e e e e e
7.9. Teopema npo roMoMOP@I3MHA KIJI€Ob . . . . . . . . . . . . . . .
7.10. MakcuMaIbHI 1TCATIH . . . . . . . . . oo e
7.11. IloagaTTa po iIeMIOTEeHTHI KIJABIA . .« . « « « o v o o o o oo . .
7.12. IloHdTTS MOJYIA Ta &IT€OPH . . . . . .« v o v v o

Crucok BUKOPHUCTAHOI JiTepaTypu

IToka>kunuk TepMiHiB

177
177
181
182
183
186
191
195
197
200
205
208
209

213

215



Bceryn

Hucnumutina «/IuckpeTHa MaTeMaTHKa» € OJHIEI 3 OCHOBHUX (DYHIaMeH-
TaJbHUX JIUCIUILIIH Y 3araJbHOHAYKOBIHM MIJITOTOBIN CTY/AEHTIB 3a CIIeliaJdb-
Hoctamu 7.080203 «Cuctemuuit anamiz i ynpasaiaus», 7.080204 «CormiaibHa
inpopmaruka» ta 7.080404 «IHTesekTyaibHI CUCTEMHU NPUAHATTS PIllIEHb.
Kypc guckpernoi MmareMaruku 0a30BUil Il TaKUX JUCHMILIIH, 9K «Teopis
fIMOBIpHOCTEI Ta MaTeMaTHIHA CTaTHCTHKa», «CIIelliaai30BaHi MOBH Iporpa-
MyBaHHs», «EKcreprHi cucremu» Ta id. [1im yac BUBUYeHHSI KypCcy BUKOPUCTO-
BYIOTH OCHOBHI BH3HAUEHHs Ta TeopeMu auciuinLiin «MaremaTnannii aHai3»
Ta «/linilitHa ajaredpa».

Y HaB4YaJbHOMY IOCIOHUKY IIOJaHO TEOPETUIHUI MaTepiaj 3a po3aiJiaMu:
«Anrebpa BuciaoBaeHb», «Teopis muoxkun», «Teopisg BigHomenb», «Eiremen-
TH KoMOiHaTopukm», « Teopia rpacdis», «Eaementn Teopii rpym», «Eaementn
Teopii Kijienb». MarepiaJji 3rijiHO 3 poO0Y0I0 MPOTPAMOIO JIUCIUTLIIHN «/lucK-
peTHa MaTeMaTHKa» PO3PAaXOBaHO Ha BUKJIAIAHHSI IPOTITOM B IIATH OAHIET
JIeKIil.

O3HavyeHHS Ta TEOPEMH IPOLIIOCTPOBAHO TPHUKJIIaAMU. JloBeIeHHS JeM i
TeopeM HaBeJeHO B cTucjaomy Burdadil. [Ipocti TBepaykeHHS Ta TBEP/IZKEHHS,
10 MOXKYTb OYTH JIOBEJIeHI 3a aHAJIOTI€I0, 3alPOIIOHOBAHO SIK BIPABU JIJIsI
CaMOCTIHHOI POOOTH.

[Topsanok 1 cTHIbL TOAAHHS MaTepiaJay MOBHICTIO BiAMOBITae pobodiit mpor-
paMi aucnutunian «/[mcKkpeTHa MaTeMaTwkKa» Ta 3aJ0BOJbHAE TOTpedn Cy-
MIKHHX MaTeMATHIHUX 1 MPUKJIAIHUX JTUCITAILIIH.



Poznia 1

Arebpa BHCJIOBJIEHDb

1.1. OcHOBHI NOHATTA aJreOpu BUCJIOBJICHD

Y 1bOMY HiJIpO3/1ij1i HaBeeMO OCHOBHI O3HadYeHHs Ta (paKTH, 110 CTOCY-
I0ThCSI aJreOpu BUCJIOBJICHD.

O3nauenus 1.1. BucioBiaeHHIM Ha3WBAIOTh PO3IOBIIHE PEUCHHS, CTO-
COBHO IKOTO B JaHOMY KOHTEKCT1 MOYKHa BU3HAUYUTH, € BOHO MPABIUBUM YU
HeIPaBIuBAM.

ITpukmaan 1.1. Pedenns «CHir — 611uii» € BUCIOBJIEHHSIM, OCKIJIbKH IIPH
diKCOBAaHOMY KOHTEKCTI MOXKHA, BU3HAUHUTH f10T0 MPaBAUBICTH UM HEIIPABIU-
BicTh. [Ipm mpupogHOMY KOHTEKCTI (HOpMAThHUH aTMochepHul TUCK, Bijl-
HOCHO YHCTe TIOBITPsI TOIIO) JaHe BUC/IOB/AeHHs € npasausum. Ciiij 3a3Ha-
YUATH, IO (iKcalliss KOHTEKCTY € HeOOXIIHOIO IepejlyMOBOIO JIJIs BUSHAYECHHS
IIPaBINBOCTI JAHOIO PeUYeHHS, OCKIJIbKH B €KOJOTTIYHO 3a0pYAHEHIH MicIIeBOC-
Ti CHIT MOKe He OyTH OLTHM (y MeKaX KOHTEKCTY CJIiJ TAKOYK BUSHAUUTH CaMi
IOHSITTS «CHIT» Ta, «OLInii KOJIip»).

Baypazkennst 1.1. Y npukia. 1.1 nepen Hamu mocraJia 1npodaema (popma-
Jrzarii npupogaol mopu. PopMasibHe BUSHAYEHHSI TEPMIHIB «CHIr» Ta «OlImit
KOJIIp» He € MPOCTHM, a B MexKkaxX (hOPMAJIbHOI JIOTIKH i HEMOXKJIUBUAM (32
crupobu JIaTy BiAMOBIIHI O3HAYEHHS OYIyTh 3’ IBJISTUCS BCE HOBI Ta HOBI Tep-
minn). Taka mpobiaeMa TUIIOBA M| 9ac POIVIALY «TeKCTOBHX» 3a/1ad.



Poszmin 1. Anrebpa BucaoB/ieHp

Ilpukman 1.2. Peuennsa «Kpokomauanm JiTalOTh» € BUCTOBJIEHHAM, He-
IPABJUBUAM [PU IPUPOJHOMY KOHTEKCTI (BazKKO CKOHCTPYIOBATU KOHTEKCT,
3a dKUM JlaHe BHCJIOBJIEHHS MPaBJUBE, IPOTE TEOPETUIHO TaKa MOXKJIUBICTH
He BHKJIIOYEHA).

IIpuknan 1.3. Posnosigne pedennsa «lle pedenns € menpaBIuBuUM» He
€ BHCJIOBJEHHSIM, OCKIJIbKH, K JErKO MePeBIPUTH, IPHU KOTHOMY KOHTEKCTI
HEMOXKJIMBO BU3HAYUTHU WOr0O IMPABIUBICTD YU HEIPABIUBICT.

Baysaxkenust 1.2. Ilpukian 1.3 € oM 3 TaK 3BAHUX <«JIOTIIHUX ITapa-
nokciB». IIpo mpupoay ta 3acobu 60porbdu 3 mapagokcamu aus. |1, 2].

Hamami momMoBHMOCH TO3HAYATH BUCIOBIEHHST BEIUKUMH JITEPAMU AHT-
mifickkoro asdasity 3 iHmexcamu um 6e3: A, Bz, X513 (Tak 3Bani npomnosu-
miiiai stirepn). fkmo Bucaosiennst A npu biKCOBAHOMY KOHTEKCTI MPABIUBE
(menmpasause), Oyaemo mucatu: |A| = 1 (Bignosigao |A| = 0).

1.1.1. OcHoBHI omepariii HaJ BUCJIOBJIEHHIMU

Osuauenns 1.2. [{us'oHKIi€o (JoridHo0 cymoo0) Bucjaosiedb A ta B
HA3WBAIOTh BUCIOBIEHHS A V B, gKe € mpaBIUBUM TOJI 1 TIABKHU TOMIi, KOJIH
npasjauBe xoua 0 ojgHe 3 BucaoBIeHb A un B.

Osunavenns 1.3. Kon’tonkiiero (ioriaaum g100yTKOM) BUCIOBIEHD A Ta
B nasusaiors Bucsiossients AN B, gdke € npaBAuBUM TO/I 1 TIIBKU TOJI1, KOJIK
npaBauBi oOuBa BucaoBaenna A ta B.

O3HaueHHd 1.4. 3anepedeHHsIM BHCJIOBIEHHS A HA3UBAIOTH BHCJIOBJIEH-
Hg A, gKe € IpaBJIuBAM TOJII 1 TIILKK TOJII, KOJIW BUCJOBJIeHHS A Hempas-
JTUBeE.

O3snauenns 1.5. Immiikanieo Buciossenb A ta B Ha3uBaioTh BUCJIOB-
genHa A — B, dke € mpaBAMBUM TOJI I TLAbKU TOJI, KOJHU 3 MPaBIUBOCTI
BrcjIoBIeHHs A BuiLmBae npasausictsb B. Buciopiaenns A gacTo Ha3uBaOThH
OCUJIKOIO abo rinore3oto iMmaikaiil A — B, BucJjioBiaennst B — Hac/i koM.

SayBarkenust 1.3. Bucnosienass A — B € npaBauBuUM TOII 1 TLIBKH

TOMI, KOJU HacAimoK B mpaBmuBuii abo mocmaka A Hempasamsa, TOOTO:
A— B=(-A)VB.



1.1. OcHoBHI HOHSTTS ajareOpH BHCJIO0BIEHD

Osnauvenns 1.6. ExpiBasentieo (MOABIHHO0 IMILTIKAIIEI0) BUCTOBIECHD
A ta B HasuBaroTh BUCIOBIeHHS A <> B, gKe € IpaBIuBUM TO/II 1 TIIbKY TO/I,
KoJi 00MBa BUCJOBJIeHHd A Ta B € BoaHOYac NpaBIuBUMHU ab0 BOJHOYAC
HelmpaBIuBUMHU (HAOYBAIOTH OJIHAKOBAX 3HAYEHD ).

Baypakennst 1.4. BucioBiaenns A < B € npaBauBuM TOMi i TLIBKHA TO-
JIi, KOJIM BOJIHOYAC NpaB uBi oOmisi immnikamili A — B ta B — A, To6To:
A—B=(A— B)AN(B— A).

Osuauenns 1.7. Cymoro 3a MojysieM 2 (BUKIIOTHOWO JIOTITHOK CYMOIO)
Bucsosiedb A ta B nasuBaioTh Bucsosienus A & B, gke € mpaBaIuBuM TOII
i TLIbKE TO/I, KOJIM PIBHO ojHe 3 BUCIOBAeHb A un B ¢ npaBauBuM (BUCJIO-
BiaenHs A ta B HaOyBalOTh PI3HUX 3HAYEHD).

Baypazkenust 1.5. Bucnosienass A @ B € npaBauBuM TO/i 1 TLIBKHA TOI,
ko ekBiBasieniis A < B e wenpasausow: A @ B = (A < B).

1.1.2. PekypcuBHe BU3HadYeHHsI (HPOPMYJIN
aJredpu BUCJIOBJIEHD

3a3HAYNMO, 110 TOHATT (POPMYJIN AJITeOPHU BUCIOBICHD € iIHTYITUBHO 3PO-
3yMiIuM, Ipore popMasiidaliis HoTpedye JiTKUX BUSHAYEHbD.

Ozpavenna 1.8. MuoxuHa GOpMyJT BH3HAYAETHCA TAKHUMH TPbOMA
YMOBaMU:

® I[IpOIO3HuIliiiHa JliTepa € POPMYJIOL;
e axmo A ta B — dopmysu, To (AVB), (AAB), (-.A) — rakox dopmyiin;
e iHmux popmyJs HEMAE.

[Tpukaaau bopmys anrebpu Buciaosienb: (AV(—B)), (AA(BVC)). 3anuc
AV B A C, 3rigao 3 o3naderdsMm 1.8, He € (popMya010 ajredpu BUCJIOB/IEHD.

Hanani Bupaz A — B BBaxkaTuMemo ckopodenustm Jjis1 (—A) V B, Bupas
A < B — ckopouennsim st (A — B) A (B — A) (nuB. 3ayB. 1.3 Ta 1.4).

3 MeTOIO CITPOIIEHHS 3aIUCy, HaJa l y popMyaax OIMyCKaTUMEMO 30BHIII-
Hi JTYy2KKH, IO He HECYyTh B coDI JOMATKOBOI iHdopMalii, TpoTe HEMHHYYE
3’ ABIIIOTHCS, KO POPMYIa MICTUTH X09a O OJHY JIOTITHY omepario. Tax,
samicth (A V B) 6yaemo nucaru AV B.



Poszmin 1. Anrebpa BucaoB/ieHp

Hanmani BBazkaTuMemo, 110 OiHApHI omepariil «\V», «/A», «—», «>» Ta «D»
MalOTh MEHIIUil MPiopuTeT, HIzK YHAPHA, Omepallis «—». 3amucyrdn Qopmy-
i aaredbpu BUCIOBIEHD, Oy/1eMO OIYCKATH TYKKH, HASIBHICTh IKHX BCTAHO-
BJIIOETHCS 3 MIpKyBaHb npiopuTeTHOCTI onepaiiiii. Tak, 3amictb AV (—B) Ta
(mA) — B nucarumemo Bignosigao AV —-B ta = A — B.

1.2. ImTeprperarii ¢dpopmys aaredpn
BICJIOBJIEHb. TabJimiil mpaBInBOCTI

O3zuavenna 1.9. Iarepnperamieio dpopMyan aaredpu BHCJIOBJICHL Ha-
3UBAETHCH 3iCTaBJIEHHS KOXKHIH MPOMO3UTItHIH JiTepi, 10 MiCTUTHCA y HOp-
MyJii, 3HaYeHHs «ipaBaa» (1) au «uenpasua» (0).

Mmuoxknny Bcix iHTepTpeTaliit 1anol popMyan 3pyIHO 3BOTUTH B TaK 3Ba-
Hy Tabauio mpapauBocTi. Hexait dopmyaa A MicTuTh n npono3nmiitHux Ji-
tep: A1, As, ..., A,. Tabanug npasausocti popmysu A OyayeThes K TabIH-
1141, IO MiCTUTD n+1 cToBnIiB Ta 2" psaakis. [Ipu mboMy B mepIinx n CTOBIIISTX
3BO/IATHCA JIOTIUHI 3HaUEeHH, K1 31CTaBAAIOTHCSA N TPOMO3UIIIITHAM JIiTepaM,
(n + 1)-it croBuenp micTurh BignosiaHe 3uavenns camoi (popmyu A. Orxke,
KOXKEH 3 PsIIKIB BIIIIOBITA€ OMHIN IHTepIIpeTalril.

Ilpuknaan 1.4. Hasememo Tabauii npapauBocTi jjisg (popmys1 ajredpu
pucjosygenb —A ta Ay V A,

Al -A Al | Ay | ALV —A,
0] 1 010 1
110 01 0

1 0 1

1 1 1

YacTo B oaHy TaOJUIIO MPABIUBOCTI 3BOAATDL iHTEpIpeTaIlii JeKiJTbKOX
dpopmyJ1, M0 MICTITH CHiJIBHI IPOIO3KILIHHI JITEPH.

Ilpukjan 1.5. 3Beaemo B 0AHY TaOJIUIO TPABIUBOCTI iHTEpIPeTAIT 115
OIHAPHUX JIOTIYHUX OMEPAIf «V», «A», «—», «—>» Ta, «P»:

10



1.2. Inrepnperariii ¢popmysr ajaredpu BucjIoBaeHb. Tabjui 1paBauBOCTI

A|B|AVB | ANB|A—-B| A~ B | A&B
010 0 0 1 1 0
01 1 0 1 0 1
110 1 0 0 0 1
111 1 1 1 1 0

Byayroun Tabanutli mpaBaIuBOCTI CKAATHUX (POPMYJT 1HOMI TOIITHHO BUBE-
CTH 3HAYEHHS MPOMIZKHUX CKJIAJOBUX YACTUH BUXITHOI (pOPMYJIN.

Ilpukaan 1.6. [ToOyayemo TabaInIIO IPABANBOCTI /15 (DOPMYJIN aaredpu
Bucjosyedb (AV B) « (AN B):

A/ B/AVB|AANB|(AVB)«~ (AAB)
010 0 0 1
01 1 0 0
10 1 0 0
1)1 1 1 1

Oszuauenns 1.10. Qopmynau A; ta Ay Ha3UBaIOTH JOrIYHO €KBiBAJICHT-
HUMHU ab0 TOTOXKHUMMU, SIKIIO HA KOXKHIiil iHTepipeTalii BOHU Ha0YBalOThb OJI-
HAKOBUX 3HAYCHb (BOJHOYAC MPABINBI ab0 BOIHOYAC HEIPABIHBI).

®akr J0rivHOl ekBiBageHTHOCTI (TOTOX)KHOCTI) bopmys A; ta Ay nosna-
qatumeMo gk A, < A, abo A; = As.

ITpuknan 1.7. OueBugno, mo AV B =BV A, ANB = BA A, npore
ANB # AV B.

1 noBeaeHHst TOTOXKHOCTI (DOPMYJT aJredpu BUCIOBACHD, IO MIiCTATH
HEBEJINKY KiTbKICTh MPOMO3UIIHHIX JIiTED, 3pYIHO BUKOPUCTOBYBATH Tab.TH-
Il TPaBIUBOCTI.

ITpukman 1.8. /loememo 3aK0H AUCTPUOYTUBHOCTI M3 IOHKITIT BITHOCHO
kon toukIil: AV (BAC)=(AVB)A(AV ).

11



Poszmin 1. Anrebpa BucaoB/ieHp

A[B[C[BACJTAVBAC)[AVB[AVC[(AVB)A(AVC)
0/0/0]| 0 0 0 0 0
olo|1]| o 0 0 1 0
0o/1]0] o0 0 1 0 0
0ol1/1] 1 1 1 1 1
1joflo| o 1 1 1 1
1lol1] o 1 1 1 1
1{1]o0] o 1 1 1 1
1l1]1] 1 1 1 1 1

O3znauvenns 1.11. Popmyiy A HA3UBAIOTH JIOTIYHO 3araJbHO3HAYYIIOIO
abo TaBTOJI0Ti€I0, AKINO A HaOyBae 3HaueHHs 1 Ha Beix iHTepnperarisx. Pop-
MyJ1y A HA3MBAIOTH JIOLYHOIO CYIEePedHicTioO ab0 IMPOCTO CYIEePedHiCTIO, K-
mo A nabysae 3uagenns 0 Ha Bcix inTepuperanisx. Popmyay A Ha3uBaIOTH
TaKOIO, 110 BUKOHYEThCsI, AKINO A HabyBae 3HadeHHs | xoua O Ha OJHIi iH-
TepupeTalii.

JItst TaBTOJIOTIT TA cynepedHocTi 30eperkemo nmo3Hadenus 1 i 0 BiamonigHO.

ITpukaanm 1.9. @opmyara A = A; V —-A; € TaBTOJIOri€0, OCKIILKH
Ay vV mA; = 1. ©opmyna A = A; A —A; € CcymepeuHicTiO, OCKUILKI
A1 A=A = 0. @Qopmyna A = A} A=Ay € Takoro, MO BUKOHYETHCSI, MPO-
Te, sIK BMJIHO 3 BianoBigHOl Tabjuni npasausocti (juB. nupuki. 1.4), He €
TaBTOJIOTIEIO.

1.3. ToToxxHOCTI ajareOpu BUCJIOBJIEHD

1.3.1. OcHOBHI TOTO>XKHOCTI aJaredpu BHUCJIOBJIEHb

Hasenemo wotupu napu 3akoHiB aJireOpPU BHUCJIOBJIEHDb, sIKI HaJIa/Ii BHIi-
JIATUMEMO K OCHOBHI.
Hexait A, B, C' — noBiabHi hopMyan aarebpu BUCIOBIEHbD.
1. Komyrarusnicrs (nepecrasuuii 3akon): AV B = BV A,
ANB=BAMA.

2. ductpubyTuBHICTD (PO3MOALILHUIT 3aKOH):
AV (BAC) = (AVB)A(AVO),
AN(BVC)=(ANB)V(ANC).
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1.3. ToroxkuOCTI aarebpu BUCJIOBIEHD

3. Heiirpanpricte: AV 0 = A,

AN1 = A
4. JlonosHenicrs: AV A =1,
AN—-A=0.

Bnopasa 1.1. Bupectu HaBejieHI OCHOBHI 3aKOHH 3a JIOIIOMOI'0I0 TaOJIAIb
MIPaBIUBOCTI.

Hagejienux BocbMU (40TUPU 1ApU) OCHOBHUX 3aKOHIB JIOCTATHBO JI/Is BU-
BeJleHHS Oy 1b-sIKOI TOTOXKHOCTI aJireOpu BUCJIOBJIeHb 663 BUKOPUCTAHHS Ta0-
JIAIb TPABAUBOCTI (Tt haKT HerailHO BUIUIMBAE 3 MOXKJIUBOCTI 300parKeHHsI
JIOBLILHOI (DOPMYJIN y BHIJISII TaK 3BAHOI JTOCKOHAJJIOI JAU3 IOHKTUBHOI HOP-
MaJIbHOI (DOPMU; Teopid W3 IOHKTUBHUX i KOH IOHKTUBHUX (pOpPM pO3TIs1a-
€ThCsl, HANPUKJIAJL, ¥ [3]).

3a3HavunuMo, IO KOJHY Mapy HaBeJeHUX OCHOBHHUX 3aKOHIB HE MOYKHA BU-
BECTH 3 TPHOX IHIIKMX Map, 10 3aJumaiTbes. [Ipore, oqua (Oyap-ska) 3 ToO-
TOYKHOCTe! HEeHTPaAJTHHOCTI MOXKe OYTH BUBeJeHa 3 CeMW 3aKOHIB, MO 3aJIH-
matrbesa. Capapii, Busegemo ToroxHicTh AV 0 = A. Jlas mporo crnodarky
BUBE/IEMO TAaK 3BaHy TOTOXKHICTH yHiBepcajibHux Mexk AV 1 = 1 (maramga-
emo, mo A — noBinbHa dopMysia), a MOTIM J0BeIeMO HOTPIOHY TOTOXKHICTH
HeiirpaasaocTi AV 0 = A.

AVI=(AVHALI=(AVI)A(AV-A)=AV(IAN-A)=AVv-A=1,
AVO=AV(AN-A)=(AN])V(AN-A)=AN(1IV-A)=AN1=A.

CucreMa 3 ceMHu 3aKOHIB, 0 3aJUNIAIOTHLCA MICJI BUKJIIOYEHHS OJHIEl 3 TO-
TOXKHOCTEHl HEHTPATBLHOCTI, BUABJISIETHCs HE3a1e2KHOI0 (auB. [3]).

1.3.2. Inmi 3akoHu ajaredpu BUCJIOBJIEHDb

Haenemo meqki iHTI 3aK0HN aJTreObpu BUCJIOBIEHD, O OYIYTH YacTO BU-
KOPHUCTOBYBATHUCH HATAJII.
5. YuiBepcaabui mexxi: AV 1=1,

ANO=0.
6. Abcop0riis (morumnanns): AV (AA B) = A,
AN(AV B) = A.
7. Lnemmorentricth: AV A = A,
ANA=A.
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Poszmin 1. Anrebpa BucaoB/ieHp

8. AcomiaruBnicTs (crnomyunuii 3akon): AV (BVC)=(AV B)VC,
AN(BANC)=(ANB)ANC.
, , AVX =1, ,
9. €1uHicTh 3allepedyeHHsl: CUCTeMa PiBHSIHb BiaHOCHO X
ANX =0
Mae enuHuii po3s’s30k X = —A (1obro akmo AV X =11a AN X =0, 10
X =-A).
10. TaBororuBHicTb (mo/BiiiHe 3anepedents): —(—A) = A .
11. Bakon (mpasmwio) ae Moprana: —(AV B) = =A A B,
—(AANB)=-AV-B.

Haramaemo, mo HaBemeHi TOTOKHOCTI (5K 1 Oy1b-sKi 1HII TOTOXKHOCTI aJi-
reOpH BUCJIOBJIEHD) MOYKYTh Oy TH BUBE/IEHI 3 YOTUPHOX AP OCHOBHUX 3aKOHIB
6e3 BUKOPHCTAHHS TaOJIUIH TPABIUBOCTI.

Po3ryigHyBINM HaBe/IeHI 3aKOHW aJreOpPU BUCJIOBJIEHb, HEBAYKKO MOMITH-
TU TIEeBHY CUMETPII0 — yCi OCHOBHI 3aKOHW 3TPYNOBaHI B TaK 3BaHI «IyaJbHI
napu». Llg cumerpiss € 0CHOBOIO IJjisl IPUHIMILY AYAJBHOCTI — MOTY2KHOI'O
3aco0y JTOBEICHHS TOTOXKHOCTEH B aJredpi BUCJIOBICHL Ta IHIAX MOIIOHUIX

CTPYKTYypax.

1.4. IIpuHOun gyaJbHOCTI. ¥Y3arajJbHEHE
npasujo ae Moprana

1.4.1. IIpuHOoun ayajabHOCTI

Osznauvenns 1.12. ®opmyny A* HazuBaioTh ayaabHO0 10 dopmyan A,
akmo A* orpumyernes 3 A 3aMiHOIO BCiX BXOJZKEHB «\V» Ha «/\», BCIX BXO-
JIZKEHb «/\» Ha «V», BCIX BXOIxKeHb «0» Ha «1» Ta BciX BXO/KeHb «1» Ha «0».

IMpukmaamg 1.10. (AV-B)*=AAN-B, (AAN=(BV1)*=AV~(BAO).

3azHaunMo odeBuIHUN (PAKT iHBOJIOTHBHOCTI Omepariil B3sATTs JyaJbHOT
dopmymu: A = A.

Hacrymna Teopema (popMy/Iioe Tak 3BaHUN TPUHIUI TYaJILHOCTI JIIs aJl-
reOpu BHUCJIOBJIEHD.

Teopema 1.1. Hexati gopmyau arzebpu eucrosaenv A ma B exsisa-
AEHMHI, Mmobmo mae micue momosicricmo A = B. Todi mae micue momooic-
Hicms dyarvrux gopmya: A* = B*.
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1.4. Ilpuanun ayaapHOCTI. Y3arajabpHeHe npaBujio ge Moprana

osedenns. Hexait mae wmicrie Toroxkuicth A = B. Toxi mae icaysatn
BUBEJICHHH 3a3HAYEHOI TOTOXKHOCTI 3 OCHOBHUX (DOPMY.JI aare0pu BUCIOB/ICHb:

A=A =Ay,=---=A, =18, (1.1)

Jle Ha KOYKHOMY KPOTIi 3aCTOCOBYETHCS OJINH 13 3aKOHIB aiTeOpn BUCIOB/IEHD.
Aute Tozi, OCKiJIbKM BCi OCHOBHI 3aKOHU aJireOpW BUCJIOBIE€HB 3TPYIOBAHI B
YOTUPH «JIyaJibHI Hapm», MOXKEMO OOYLyBATH BUBEIEHH, AyaabHe 10 (1.1):

A=A =A== A =B,

Jle Ha KOKHOMY KPOIll BUKOPHCTOBYETHCA OCHOBHHI 3aKOH, AYaJbHHUI IO TO-
TOYKHOCTI, 1[0 BAKOPUCTOBYBAJIACH HA BiAMOBimHOMY Kporii y BuBeaenHi (1.1).

0

Ilpukaan 1.11. IIpoaemoHcTpyeEMO, IK Tpalioe MPUHINAN IYaJIbHOCTI,
Ha MMPUKJIAAl BUBEJEHHA 3aKOHY YHIBEPCAJbHUX MEXK:

AVI=(AVHALl=(AVI)AN(AV-A)=AV(QIAN-A)=AV-A=1,
ANO=(ANO)VO=(AANO)V(AAN-A)=AAN(OV-A)=AAN-A=0.
Bnpasa 1.2. BuBectn 3akonn anaredpu BucIoBIeHbL 6 — 11 3 0OCHOBHEX

3aKOHIB, He KOPUCTYIOUNCH 3MICTOBHUME BH3HAYEHHAME oneparliii (30Kpema,
He KOPUCTYIOUNCH TAOJUIEMHI [TPABIUBOCT).

BxkasziBka. ToTOXKHOCTI 3py4YHO JOBOAWTH B TOMY 2K TOPSAIKY, B TKOMY
BOHU HaBeJeHl Buie. KpiM TOro, 3aBAgKW MPHHIHAIY AYaJbHOCTI, JTOCHTH
JIOBECTH JIUIIE OJIHY TOTOXKHICTH 3 KOXKHOI JyaJIbHOI HapH.

1.4.2. Y3aranbHeHe npaBuJjio ae Moprana

Kitacuane npasuiio jge Moprama pa3oM i3 3aKOHOM iHBOJIIOTHBHOCTI (3a-
koun 11 ma 10 mHa c. 14) 3pyYHO BUKOPHUCTOBYBATH IS <IPOHECEHHS»
30BHINTHBOI OIeparlii JIOTIYHOTO 3allepedeHHs I omeparlii Ju3’IOHKII Ta,
KOH TOHKIIIT.

IIpukmanm 1.12.

~(AV(BA-C)) = ~AA~(BA=C) = =AA (~BV==C) = =AA (~BVC).
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Poszmin 1. Anrebpa BucaoB/ieHp

Bike 3 HaBemeHOTO MPUKIATY BUIHO, IO OTEPATlid «ITPOHECEHHS 3alepe-
YeHHsI» TICHO TOB’si3aHa 3 AyaJjbHiCcTIO PopMyJI, i mpasuio ge Moprana Mox-
Ha IPUPOJHUM YMHOM y3araJbHUTHU HA BUIIAJOK JOBLIbHUX (DOPMY.I ajredpu
BHCJIOBJIEHb.

Teopema 1.2 (y3aranpHeHe npasuio ae Moprana). Hezaid A — do-
6iAbHA HOpMYAG ar2elpu 6uca06aeHb, dopmyara AP ompumyemvea 3 dop-
myau A 3aminoto 6cir nponosuyitnux simep wa iz 3anepevenns. Todi mae
MICUE MOMOANCHICTND:

A® = - A,
JLnst JloBeJIeHHsI TeOpeMu HaM 3HaI00UThCs HACTYIIHA JeMa.

Jlema 1.1. Jlas dosiavrur gopmys A ma B suxonyromvea maki mo-
MOACHOCTNL:

(AAB)® =A®VB®  (AVB)®=A°AB® (~A)®=-(A9).
TBep/i2keHHS JleMU HeTalHO BUILJIMBAE 3 O3HAUEHHS /¢ A® 1a B®.

Losederna meopemu 1.2. 3acTOCYEMO METOJ MaTeMAaTUIHOI IHAYKIII 3a
KUIBKICTIO JIOTiaHEX omepariiit («V», «A», «—») y Buxinuiit dpopmymri A.

1. Basa indyxuyii. Hexait dpopmyna A mictursb 0 onepariii. Le o3nadae, mo
A e nponosuniiinoro jgireporo: A = A. Toai TBepazKeHHd TeOpPEMH, 0YeBUIHO,
BUKOHYETHCS:

A® = A® — <A = - A

2. Hpunywernna tmdyxuti. Hexait TBepI2KeHHsT T€OPEMHU BUKOHYETHCS JI7IsT
Oyab-gaxoi popmyan A, 1Mo MIiCTUTE He OLIBIN IK 7 JIOTIYHUX OIMEepaIlii.

3. Kpox tmdykuii. JoBegemo TBepizKeHHs TeopeMu Jjijist (popmyau A, 1o
MIiCTUTH 1 + 1 JIoridmy omepartiio.

3.1. Hexaii 3oBuimng onepaiid € au3’oukiid, Tooro A = A; V Ay. Oue-
BUIHO, 10 dopmyan A; ta Ay MicTaTh He OLabin K n omepariii. Tomi Ha
mijictaBl jemu 1.1, KacuaHOro mpasuiia jge Moprana Ta mpumyIeHHs 1H/Ty K-
il MaeMo:

AP = (A VAP = APANAY = A1 A=Ay = =(A V Ay) = -A.
3.2. Hexaii 3oBHIiNHg onepaliisa — KoH 10HKig, Tooto A = Ay A As. ose-

JEeHHsI MPOBOANTHCS aHAJIOTIIHO BUTAIAKY 3.1.
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1.5. Jloriunwmii HAC/IIIOK 1 JIOTT9HA €KBIBAJIEHTHICTH

3.3. Hexaii 30BHimHg omeparis — 3amepeuenns, Tooro A = —A4;. Oue-
BUIHO, 10 (opmyaa A; micturh n onepariit. Toxi va migcrasi gemu 1.1 Ta
HMPUITYIIEHHS 1HYKINT MaEMO:

A® = (=A4,)® = - (A?) = -4, = -A
Ot:ke, TeopeMy IOBHICTIO JOBEIEHO. O

ITpukaang 1.13. 3acTocyemo y3araabHeHe npaBuio ae Moprana 1o ¢pop-
MyJiu 3 mpukJa. 1.12:

—(AV (BA-C))=(AV(BA=C)® ==AN(=BVCO).

1.5. JIloriuHuiT HACJ1IOK
1 JIOriyHa eKBIBAJIEHTHICTH

OznauenHg 1.13. Popmysna B Joriuno Buminbae 3 hopmya Ay, As, ...,
A, (bopmynu Ay, As, ..., A, jnoridao TaruayTh hopmyny B), gximo dopmy-
Ja B e mpaBAIWBOIO Ha BCIX IHTepHpeTarisgx, Ha IKWX BOJHOYAC TPaBINBI

dopmynu Ay, As, ..., A,

Dopmyau Ay, A, ..., A, Ha3UBaOTH rimoTe3amu, dopmyay B — Hacaia-
koM. Jlyist pakTy JIOMIYHOTO HAC/IJIKY BUKOPUCTOBYBATUMEMO MO3HAYEHHS:
Ay, Ag, .. A, E B. dkmo n = 1 (ogsa rinmoresa A), BUKOPHCTOBYEThCS
TaKOXK Mmo3Havdenus A = B.

Axmo n = 0, popmyna B € HACTIIKOM MOPOKHBOT MHOKWHU TIiTOTE3, TOO-
To HaOyBa€ 3HavYeHHs | Ha BCiX iHTepnpeTalisx, 6e3 101aTKOBUX PUITYIIEHb
I0/10 paBAUBOCTI Tinore3 (B € TaBrosorie). Y nboMy pasi BUKOPHCTOBYE-
ThCs MO3HAYCHHST = B.

OueBuaHO, ekBiBaeHTHICTH popMmys A Ta B Mae micie Toji i TiabKu To/i,
ko A = B ta B = A.

Teopema 1.3 (Teopema memykirii).

1. @opmyra B noeiuno eunausac 3 gopmys A1, ..., A, modi i misvku
modi, xKoau gopmyaa (Ay AN As N\ --- N A,) — B e masmoaoziero.

2. @opmysu A ma B noziuno exsisarenmmui modi @ miavku modi, Koau
bopmyra A — B e masmonoziero.
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Poszmin 1. Anrebpa BucaoB/ieHp

TBepaKeHHS TeopeMu € 0Oe3mocepeTHIM HACTIIKOM 03HAYeHb JIOTTIHOTO
HACJIIKY, JIOTTIHOI eKBIBAJEHTHOCT] Ta O3HAYEHb JIOTIYHUX OMepaIiii iMILIi-
Kalil 1 ekBiBaJIeHIIi].

1.5.1. IIpukaaan 3aga4 Ha JOTIYHUI HACJIIIOK

1. Josectn «mpasuio Bubopy» (Modus Ponens', MP): A, A — B = B.
Hexait wa gesikiit dikcopaniit inteprperamnii |A|] = 1 ta |[A — B| =
Toui, 9K BUILIHBAE 3 O3HAUYEHHsI IMILTIKaIlil, Ha JaHiii iHTepnperamnii |B| = 1.
BaBaskn goBigbHOCTI hikcoBanoi inTepnperarnii, npasmio MP noseneno.
Orpumane J0BeJICHHS 9aCTO 3aIUCYIOTh Y KOMIAKTHOMY BUTJISII:

1. Al =1 (Pimoresa 1, I'l)
2.|A— B|=1 (T'2)
3. 1B =1 (1,2)

2. Howectn npasuio cuyoriamy: A — BB —-C E A — C.

Jloriunuit HACJIIIOK AOBOAUTUMEMO 3BeIeHHAM J10 abeypuy. [Ipuiycrimo,
10 Ha AedKiil iHTeprpeTalil rinoTe3n MpaBAuBl Ta HACALIOK HeOpaBIUBUIA,
HiCJIsl YOr0 OTPUMYEMO CYIIEPEUHICTb.

1. |[A— B|=1 (T'1)
2.|1B—C|=1 (I'2)
3.]A—=C|=0 (upumymenns)
4. 1Al =1 (3)

5.1Cl =0 (3)

6. |B] =1 (MP(4,1))
7.]Cl =1 (MP(6,2))

IIyakT; 5 Ta 7 7a10TH CyNepevdHiCTh.
JeranpHIIT BIZOMOCTI 3 MaTeMaTUIHOI JIOTIKH HaBeIeHO, 30KpeMa, B Po-
borax [1—1].

Ipammit nepexas 3 TaTHHCHKOL: TPABUIO TO3UIIOHYBAHHS.
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Pozaia 2

Teopist MHOXKUH

2.1. OcHOBHI HOHATTA Teopii MHOXKIH

O3nauennda 2.1 («HaiBHe» BU3HAYEHHS MHOXKUHU). JloBinbHUIT Ha-
Oip 00’€KTIB, IO MOHAPHO PO3PI3HIIOTHCS, HA3UBAIOTH MHOXKHHOIO.

Bigomo (aus., Hanpukia,[l]), mo, HaBeeHe BU3SHAYEHHST MHOXKUHE (Ha-
JIEXKUTH HIMeIbKOMY BueHOMY [eopry KauTopy) mpu3BoIuTh 70 Mapa oKCiB.
Huni icayrors akciomarnani Teopil muoxkun (akciomaruxu [lepmesio — @pen-
kess, Lemenst — Bepraiica Tomno; auB., 30kpema, [1]), 1o BlIbHI Bif mapaiok-
ciB, sIKi BJIacTUBI «HalBHi» Teopil KanTopa. IIpoTe «HaiBHA» Teopis MHOXKHIH
IIIJIKOM IIPUIATHA /I PO3B sSI3aHHS IMMTUPOKOr0 KJAACY MPUKJIATHUX TPOOIEM.

MHOXHIHHA MO3HAYATHMEMO, K IPABHJIO, BEJIUKUMHU JITepaMUd aHTIACH-
Koro ayndasity 3 iHmekcamu au 6e3: A, By, X 4o. g nosnauenna dakry Ha-
JIEZKHOCTI eJIeMeHTa & MHOKIHI A BUKOPHCTOBYBaTHMEMO MO3HaYeHHA T € A,
JJIsT TIO3HAYEHHS (PAKTy HEHAJEeKHOCTI T MHOXKUHI A — mo3HavyeHHst © ¢ A.

JI1gd MHOXKUH HAaTypaJabHUX, IIJIAX, PAIMIOHAJILHAX, JIMCHAX Ta KOMILIEK-
CHUX YHCeJI BIKOPHCTOBYBAaTUMEMO «KJacuuHi» no3Hadenas:: N, Z, Q, R, C.
Bazkatumemo, mo muOokuHa N Micturs it gogarai wuciaa (0 ¢ N). dna
MHOXKUHHU, [I0 HE MICTUTh YKOIHOI'O eJIeMeHTa (NOPOHCHbOT MHOMCUHU) Oy1e-
MO BHKOPHCTOBYBATHU IIO3HAYEHHS .

OsmauenHa 2.2. Muoxuuu A ta B Ha3uBaloTh eKBiBaJeHTHUMH a00
piBaumu (A = B), KII0 BOHE MICTSTh OJHI i Ti caMi eJleMeHTH:

(A=B)& ((r€ A) < (z € B)).
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Pozninr 2. Teopis mHOXKWH

Ozunavenns 2.3. Muoxuny B Ha3uBaoTh MiIMHOXKHHOK MHOKHHH A
(nosuauennst B C A), a muoxkuny A — vagmuoxkunow muoxkuuu B (A D B),
SIKITIO KOXKEH eJIEeMeHT MHOXKHHH B HajeXKuTh MHOXKHHI A:

(BCA) < (ADB)& ((xreB)—(xeA).

OueBnano, mo @ C A ta A C A pis nosinbaOl MHOXKHHE A. MHOXKUHY
B C A, Taky, mo B # @, B # A, iHOJI HA3UBAIOTb GAGCHON NIOMHONCUHONO
MHOXKUHHU A.

BayBakenrst 2.1. Y jiTeparypi IJis mo3HadeHHs (akTy «MHOKHHA A €
i IMHO2KIHOIO MHOZKUHE B> iHO/i BuKOpHCTOBYI0OTH mo3uaderuss A C B (miz-
KPec/Iioidn MoxkIuBicTh A = B), nosnadenns )k A C By Takomy pasi BUKO-
PUCTOBYIOTH s BUIAAKY A # B. YV 1boMy MOCIOHUKY BUKOPHCTOBYBaTHMe-
MO CTHJIb NIO3HAYEHb, BBEJICHUI B O3HAYEHHI 2.3: BBAXKAIOYH, 10 MTO3HATEHHSI
A C B npunyckae A = B, no3nauenng A C B B3araji He BUKOPHCTOBYBa-
TUMEMO.

2.1.1. Cnocobu 3aJaHHA MHOXKUH

1. Besnocepeane nepeniuenns enementis muoxkuan: A = {1,2,3,4,5,6},
B = {Maina, ITerpo, Bacusns }, C' = {Kpokoui}.

Baypaxkennst 2.2. Jlyze 9acTO BHKOPHCTOBYIOTHCS MO3HAYCHHS BUTJIS-
ay {1,2,...,n} (MHOXWHA HATYpAJbHUX dYHCET, He OILTBIMUX 3a n) Ta
{1,2,...,n,...} (MHO)KMHA BCIX HATYpaabHUX duces). HaBegeni nosnadenus
He € abCOMIOTHO KOPEKTHUMHU, OCKUIBKH CHMBOJI «...» MOXKe TPaKTyBaTHCH
HeoaHo3HaIHo. [IpoTe cenc Takmx Mmo3HavYeHb IMIJIKOM 3PO3YMIJINH 3 KOHTEK-
CTY, i MU X BUKOPUCTOBYBATHMEMO JJTsT GiTHIIT HAOTHOTO 3AITHCY.

2. 3a/1aHHsI MHOYKUHU Y€PEe3 XapaKTePUCTUIHY BJIACTUBICTD (XapakTepuc-
ruannii npegukar): A = {x : P(x)}, ne P(x) — Jeske BUCIOBJIEHHS, IO
HaOyBae 3HadeHHs 1 Jiuine jijist eleMeHTiB & MHOKuHU A (P HA3WBAIOTh Ta-
paxmepucmuwhoto esacmusicmio Maoxkuan A). Orxke, A BU3HAYAETHCS SIK
MHOYKWHA, MO0 MICTHTDH Ti 1 TUILKWA Ti €JeMeHTH &, A9 dKUX TpaBIuBe BHU-
caosyientst P(x). Yacro BukopucroBytors nosuavenns A = {z € U: P(z)}
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2.1. OcHOBHI HOHATTSI TEOPIT MHOYKIH

— MHOKUHA A MICTHTDH Ti 1 TIIBKH Ti eJeMeHTH X, 0 HaJeKaTh MHOKuHI U
Ta JIIg AKUX IPaBjuBe BucjoBaenus P(x).

{reN:z=1 (mod3)}={1,47,....3n+1,...}
{x: x — Benuxi jirepu ykpaincbkoro aadasiry} = {A.b,... d,b}.

3. 3a/laHHg MHOXKWHH 3 BUKOPUCTAHHAM (DOPMYJ, AKI MICTATH Ooreparii
HaJI BijoMuME MHOKUHAME (Onepallii Hajl MHOXKUHAME — 00 €/ HAHHS, epe-
pi3, JIOMOBHEHHSI TOIIO — BU3HAYAIOTHCS HUKYE B IBOMY IiAPO3/ILT).

2.1.2. Onepanii Hag MHOXKMHAMU
O3znauvenns 2.4. O6’¢qnanusym MHOXKUH A Ta B Ha3MBalOTb MHOXKHHY
AUB={z:(z€ A) VvV (z € B)}.
Oznauenng 2.5. Ilepepizom MuHOXKUH A Ta B Ha3MBalOTh MHOXKUHY
ANB={x:(r€ A)AN(x € B)}.

dArmo AN B = &, KaxKyTh, 0 MHOXKIHI A Ta B He mepepi3aioThes.

BayBazkeHHs 2.3. BusnadenHst onepariiii 00’ IHaHHs Ta Hepepi3y IPUpPo/I-
HUM YUHOM TepPeHOCAThCA Ha HeCKIHUYeHHY KIJIbKICTh MHOXKWH:

(Au={z: Vael:ze A}, (JAs={2: Jnel:zeci,},

ael ael

ne I — noBlJIbHA MHOXKHMHA 1HIEKCIB.
OzHaueHHd 2.6. Pisauneo Muoxkua A ta B HAa3uBalOTh MHOKHAHY
A\B={z:(x € A)N(z ¢ B)}.

OszuauvenHs 2.7. CuMmeTpudHOIO pisHuIE0 MHOKUH A Ta B Ha3uBaoTh
MHOKHHY

ArnB={z:(xr € A) & (x € B)}.

Ouernnno, mo A A B = (A\ B)U(B\ A4).
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Pozninr 2. Teopis mHOXKWH

Ilpukman 2.1.

(1,2,3)\ {3,4} = {1,2}, {1,2,3} A {3,4} = {1,2,4}.

Hamani BBakaTmmMeMo, MO B MeKaxX JaHOTO KOHTEKCTY BU3HAUYEHA TaK
3BaHA YHIBEPCANDHAG MHOMHCUKAG U, IO MICTUTH BCi eJIeMeHTH, IKi PO3TJIsAIa-
I0ThCA B 33/IJaHOMY KOHTEKCTI.

Oznauenns 2.8. [onouennsiM 10 MHOKUHH A (BiJIHOCHO yHiBepCab-
rol muoxkuan U) HazuBaiors Muoxnuy A°={zx e U: (z ¢ A)}.

Jlerko mobauwntu, mo A°=U\ A, A\ B= AN B

Baypazkenns 2.4. TlinkpecgimMo, 10 pe3yJibTar olepaliii JOIOBHEHHS CyT-
TEBO 3aJIEKUTH BiJT BUOOPY YHiBEepCaJbHOI MHOKWHU:

U=R, [0;1]°=(—00;0) U (l;400); U =]0;+00), [0;1] = (1;+00).

3a3HaYNMO, IO olepallil 00’ IHaHHSI, [Iepepi3y, PI3HUI Ta CUMETPUIHOL
pizaum Oyam BBejseHi 6e3 dikcoBaHOl yHIBepcaJabHOI MHOXKUHHU. IIpote, 3a
BU3HAYEHOI YHIBEPCAIbHOT MHOKMHU (1, K HAC/III0K, 38 BU3HAYEHOI Olepa-
il JONOBHEHHS ), DI3HUIA Ta CHAMETPUYHA DI3HUIE MHOXKHH MOXKYTb OyTH
BU3HAYEH] depe3 omepariii 00’eIHaHHS, epepi3y Ta JOMOBHEHHs (JIUB. BHUIIE

Y TBOMY MAPO3T.).

Bopasa 2.1. 3a anaJiorieio 3 ajredpoio BHCJI0BJIEHb HABECTH PEKYPCUBHE
o3HavYeHHst GOPMYITH aaredpu MHOXKHUH (38 OCHOBHI omieparii B3ty 00’e1HaH-
Hsl, Iepepi3 Ta JOMOBHEHHS).

2.2. ToroxkHOCTi ajaredbpu MHOXKWH

3aKkoHU aaredpu MHOZXKHWH IIJIKOM aHAJIOTIYHI 3aKOHAM aJaredpu BUCJIOB-
JIEHDb: OIlepallisM I3 FOHKINII, KOH IOHKIII Ta 3allepedeHHs B aJredpi BUCJIOB-
JIEHb BIJIIOBIIal0OTH 00’ €IHAHHS, Iepepi3 Ta JIONMOBHEHHSI HAJl MHOXKIHAMH.

2.2.1. OCHOBHI TOTO>KHOCTi ajredpm MHO>KUH

Hapememo woTwpn mapm 3aKOHIB aarebpn MHOXKWH, 9K1 HAJIAT BUILIITH-
MeMO K OCHOBHI.
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2.2. 'ToroxkuocTi ajaredOpu MHOXKHH

Hexait A, B, C' — noBiabhi popMmyan aaredpu MHOKUH.
1. Komyrarupnicrs (nepecrasuuii 3akon): AU B = BU A,
ANB=BnNA.
2. JuctpubyTuBHICTb (PO3MOILILHAI 3aKOH):
AU(BNC)=(AUuB)N(AUC),
AN(BUC)=(ANB)U(ANCQC).
3. Heitrpaspnicte: AU QG = A,

ANU = A.
4. donosuenicts: AU A° = U,
ANAc= 2.

Bnopasa 2.2. Bupectn HaBejieHi OCHOBHI 3aKOHHU, KOPUCTYIOUNCH BA3HA-
YeHHSIMU ollepalliii HaJ MHOKUHAMU.

fK 1y BUIAAKY ajareOpu BUCJIOB/I€Hb, HABEJIEHINX YOTHPHOX 11aP OCHOBHHX
3aKOHIB JOCTATHLO JJI BUBEJICHHS OYIb-sIKOI TOTOXKHOCTI, IO 3aluCaHa 3
BUKOPHCTAHHSIM ollepariii 06’eIHaHHsI, Mepepi3y Ta JTOIMOBHEHHS.

2.2.2. Inmii 3akoHU ajaredpu MHOXKWH

Hapenemo megxi inmmi 3akonu aareOpu MHOXKHUH, TKi 4aCTO BUKOPUCTOBY-
BaTUMEMO JaJIl.
5. Yuipepcaabai mexi: AUU = U,

AN =ad.
6. A6copbrist (moruuanust ): AU (AN B) = A,
AN(AUB)=A.
7. LnemnorentHicrs: AUA = A,
ANA=A.
8. Aconjarupnicts (cnosnyunuii 3akon): AU (BUC) = (AUB)UC,
ANn(BNC)=(AnB)NC.
: _ AuX =T, _
9. €1UHICTH JOMOBHEHHSI: CHCTeMa PiBHSHD BiHOCHO X
ANX =0

Mae eauanii po3s’s30k X = A¢ (1o6ro skmo AUX =U ta ANX = I, 10
X = A°).
10. TmBosoTuBHiCTE: (A°)° = A.
11. Bakon (mpasumio) ge Moprana: (AU B)¢ = A°N B,
(AN B) = A°U B°.
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Pozninr 2. Teopis mHOXKWH

Haramaemo, 1o HaBe1eHi TOTOXKHOCTI (9K 1 Oy/1b-Ki 1HIT TOTOKHOCTI aJi-
reOpu MHOYKWH, 3allUCaHI 3 BUKOPUCTAHHAM olepaliiii 0ob’eiHanHsd, nepepisy
Ta JIOMOBHEHHSI) MOYXKYTb OyTH BHBE/IEHI 3 YOTUPHOX Hap OCHOBHHUX 3aKOHIB.

Bupasa 2.3. ChopmyaioBaru Ta 10BECTH NPWHIUI JTyaaIbHOCTI Ta, y3a-
rajbHeHe npaBuio e Moprana ais ajreOpu MHOYKHH.

2.2.3. Jliarpamu Benna

Hiarpamu Bewmna (inma nHazsa — Kpyru Eiirepa) jomoMaraioTb HaOTHO
HPOLIIOCTPYBATH PE3yAbTATH BUKOHAHHS ONepaliil B ajaredpi MHOXKWH, a Ta-
KOYK «Brajatn» (aJje He aoBecTH!) mesKi HECKJIAIHI TOTOXKHOCTI.

Ha niarpami Benna yHiBepcaJ by MHOXKHHY 300pazKyIOTh Y BUIISII IIPsI-
MOKYTHUKA, KOJKHY 1HIITY MHOXKUHY — Y BULJIsII Kpyra (abo iHmmol ¢girypn).
AxIo BijloMo, 110 MHOXKHHU HE Tepepi3aioThCs, BiJIMOBIIHI KPpyru 300pazKy-
I0Th TAKHMH, 1[0 He ImepepisaioTbed. Jkmo Bigomo, mo A C B, Kpyr MHO-
KUHE A 300pakyioTh BeepeauHi Kpyra MHOKHHE B. ZIKimo ampiopi Higoro
HE BiJOMO PO B3aeMHE TOJOXKEHHS MHOYKHH, BiJITOBIIHI KPYTH 300pasKyIOTh
TaKUMH, IO Mepepi3aioThCs, Ta YKOIeH KPYT He JIEKUTh IIJIKOM BCepeanHl
iHTITOTO.

ITpuknan 2.2. 3o6pa3umo Ha giarpaMi BeHHa CHUMETPpUYHY PI3HHITIO
mHOKUH A A B (puc. 2.1).

U

Puc. 2.1

3 HaBeJIEHOTO PUCYHKA JIETKO «BIaIyEThCSA» TOTOXKHICTH
AAB=(AUB)\ (AN B),

OJIHAK IIsI TOTOXKHICTH HOTPEOYe aKypaTHOI'O JIOBEIeHHSI.
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2.3. /loBenenHst 3aKOHIB ajireOpu MHOXKHH

2.3. JloBeaeHHA 3aKOHIB aJareopu MHOXKWH

2.3.1. MoaeapHe JOBedeHHS

MoenbHuii MeTo 10BeleHHsl 6a3yeThCsl Ha BU3HAYEHHI €eKBIBAJI€HTHOCTI
(piBHOCTI) MHOKMH Ta BU3HAYEHH] MIMHOKAHMA:

(A=B)& ((r€A)—(reB) < (ACB)A(BCA);
(ACB)& (BDA)& ((rcA) —(xeB)).
IMpukaazm 2.3. Jlosenemo ToToxkHicTh nornuHanas: AU (AN B) = A.
(r€e(AU(ANB)) e (z€A)V(re(ANB)) &
(xeA)V({(re A AN(xeB)) < (xel
(Ha OCTAHHBOMY JIOTITHOMY TepPeXOJli BUKOPUCTAHO 3aKOH MOTJIMHAHHS JIJIst
areOpN BUCJIOBJIEHD ).

IMpukaan 2.4. losenemo exsiBanentHicts: A C B< AUB = B.
1. Hexait A C B, tobro (x € A) = (z € B). Ilorpibuo mosecru:
AUB = B, to610 (t € AUB) < (z € B).

(re AUB)= (x€ A)V (r € B) & (r € B),

ockimpku (x € A) = (v € B).
2. Hexait AU B = B. Toxi, 3 o3HaueHHs onepallil 00’ € 1HAHHS MHOYKHIH,
(r € A) = (x € B), to6r0 A C B.

Ilpukaan 2.5. /loBegemMo 3aKOH MOTYJISPHOCTI:
ACB=AU(BNC)=(AuC)NnB.
Hexait A C B. loegemo, mo AU (BNC)C (AUC)N B.
(xe AU(BNC)=(xcA)V((reB)AN(zel)) =
= (e A)VvV(rzeB)AN((zrecA)V(rel)) =
= ((reA)Vvxzel)AN(zxeB)=xec (AUC)NB.
Hosesiemo, mo AU (BNC) D (AUuC)NB.
re(AUC)NB=((recA)V(xelC)N(xreB)=
= ((z€eAN(xeB)V((reC)N(reB)) =
= (reAV((zeB)AN(zel)=xcAU(BNC).

25



Pozninr 2. Teopis mHOXKWH

2.3.2. AkciomaTu4dHe JOBeeHHS

AKkciomaTnaHe MOBeJIeHHd, K 1 B BUIIAJIKY aJareOpH BUCJIOBIEHD, Iepeada-
4a€ 3aCTOCYBaHHsI YOTUPHOX AP OCHOBHUX 3aKOHIB (KOMYTATHBHICTH, JUC-
TPUOYTUBHICTH, HEHTPAIBHICTD TA MOMOBHEHICTD), 0€3 ypaxyBaHHS 3MICTy
omepaliii Haja MHOXKIHAMH.

IMpukmaan 2.6. losenemo 3akon ckiewoBannst: (AN B)U (AN B°) = A.
(ANB)U(ANBY)=AN(BUB®)=ANU = A.

IMpuknang 2.7. Jlosenemo exksiBanenTricth AUB =B & AN B = A.
1. Hexait AUB = B. Togi (AUB)NA=BNA, taA=BnNA.
2. Hexait ANB = A. Toni (ANB)UB=AUB,ta B=AUB.

Bnpasa 2.4. /loBectn akcioMaTHIHUM METOJIOM JIAHITIO?KOK €KBiBaJICHT-

Hoctreit: AUB=B & ANB=A«< ANB‘=g< AUB=U.

Pesynbrar mpuk/a. 2.4 103BOJIsIE BBECTH akKCioMaTHUHE (depe3 omeparrii
nepepisy, o0’€IHAHHS Ta JOMOBHEHHS) BU3HAYCHHS 1T IMHOZKIHH:

A C B < (3a Busnauennsm) AU B = B.

Ile Bu3HaYeHHS, pa30M 3 PE3yAbLTATOM BIPaBh 2.4, JT03BOJILE aKCIOMATHIHO
JOBOAUTH (DaKTH BKIIOUECHHS MHOYKHH.

ITpuknan 2.8. Hosenemo soriunnit nacainok: A C B = B¢ C A°.

Hexait A C B. Toni, 3a Busnauenusm, AU B = B. Bepyun Bizx o6ox dac-
THH PIBHOCTI JOIOBHEHHS, 3a 3aKOHOM Je Moprana orpumyemo: A°NB¢ = B€,
3BLIKH, 3a JIAHIIO;KKOM eKBiBajleHTHOCTell Bupasu 2.4, aicranemo: B¢ C A°.

2.4. CkinuyenHi mHOkKnHU. IloTyKHiCTH
CKIHYEeHHO] MHOXKUHI

Y oMy HiAPO3iJi PO3IJISIATHMEMO CKiHYeHHI MHOXKHHH, TOOTO MHO-
JKUHU, M0 MICTATh CKIHY€HHY KIJbKICTh €/IeMeHTIB.

Ozuauvenns 2.9. [loryxkHicTh cKiHTeHHOT MHOXKIUHN A BU3HAYAETHCS IK
KiJIbKICTH €IeMEeHTIB, 10 HaJIeXKaTh MHOXKHHI A.
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2.4. Ckinuenni Mmaoxkuau. [loTyKHICTH CKIHIEHHOT MHOXKHHH

[ToryxkHicTh ckinvennol MuoxkuHn A moznagarumo sk n(A) abo card(A).
IMpuknaax 2.9. n({1,2,18}) =3, n(@) =0, n({2}) = 1.
Hacrynne TBep/zKeHHs] HETaifHO BUILIMBAE 3 O3HAYEHHSI IIOTYKHOCTI.

Teopema 2.1. Hexati A, B — cKiHueHHT MHONCUHU, UL0 HE NEPEPIZAIOTIb-
ca, mobmo AN B =@. Todi n(AU B) =n(A) +n(B).

Pesynprar Teopemu 2.1 MeTO10M MaTeMaTHIHOI IHAYKII y3araJdbHIOETbCS
Ha JIOBLJIbHY CKIHUYEHHY KLJIbKICTh MHOXKWH, III0 IOIAPHO He Iepepi3aioThCsd.

Hacuinok. Hexati Ay (k= 1,2,...,n) — cKinuenni MHOMCURU, WO N0-
n

napro ne nepepizaromues. Todi n(Ay U Ay U---UA,) = > n(Ag).
k=1

Hapenemo yzarasbaenns Teopemu 2.1 Ha BUIAJI0OK MHOXKHH, IO IIepepi-
3aI0ThCS.

Teopema 2.2. Hexati A ma B — dosiavhi crxinuenni muoscuny. Todi
n(AUB) =n(A) +n(B) —n(ANB).

Jlosedenns. Besnocepenbo mepeBipgerbes, mo MHoxuHu A; = A\ B,

Ay = B\ A, A3 = AN B nonapHo He nepepizatorbes, ta A = A; U As,
B=AUA;, AUB = A, U Ay U A3, Toni, na migcrasi Teopemn 2.1, MaeMo:

(AU B) = (n(Ar) +1(A3)) + (n(As) +n(A3)) —n(As) =
=n(A)+n(B) —n(ANB). O

Bnopasa 2.5. Busecru dopmyiy Ui HOTYKHOCTI 00’€IHAHHA TPHOX
CKIHYeHHUX MHOYKHUH:

n(AUBUC) =n(A)+n(B)+n(C)—
—n(ANB)—n(BNC)—n(ANC)+n(ANBNC).

[IpogymaTn y3araJbHEHHS M50 TOBLIBHOI CKIHYEHHOI KLIbKOCTI CKIHUYEHHUX
MHOYKHH.
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Pozninr 2. Teopis mHOXKWH

2.5. JlekapTiB HO0OyTOK MHOXKIH

Ozunauenns 2.10. ekaproBum H00YyTKOM JOBLIbHUX MHOXKHH A Ta B
HA3WBAOTh MHOKHHY A X B, 110 CKIaJa€ThCs 3 YIOPSIKOBAHUX IIAP BULISLILY

(a,b), ne a € A, b € B:
Ax B=A{(a,b):a € A be B}.

s sunagky A = B («aekapris KBajgpar») 4acTo BUKOPUCTOBYIOTH 110-
spagenng A x A = AX?2 = A2,

IMpuknasnx 2.10. Hexait A = {1,2,3}, B = {a,b}. Toni
Ax B=1{(1,a),(1,b),(2,a),(2,0),(3,a),(3,b) }.

BayBakennst 2.5. JlekapTiB 100yTOK HEKOMYTATUBHUIL. TaK, 110 MHOKIH
3 npukJi. 2.10,

BxA={(a1),(b1),(a,2),b2),(a,3),(53)} #AxB.

OckinbKE eleMeHTH MHOXKIAH A Ta B B mekaproBoMy 100yTKy A X B Mo-
JKYTh OyTH pi3HOI MPUPON, TOMIITHHO BBOJUTH Pi3HI YHIBEepCaIbHI MHOKWHI
[T TepInol i Apyroi KOMIOHEHT aekaprosoro mobyrky: A C Uy, B C Us.
YHiBepCaAIbHOIO MHOKHHOIO /I JEKAPTOBOT'O JOOYTKY B IIbOMY pa3i BBarKa-
tumemo U = U; x Us.

Teopema 2.3. Hexati A ma B — ckinuenni muoscuru. Todi
n(A x B) =n(A) -n(B).

Jlosedenns. Hexait A ={ay,as,...,a,}, B={by,bo,... by} Hns nose-
JIEHHSI JTOCTATHBO PO3MICTUTH ejieMeHTH MHOKuHH A X By Burasm tabJm-
i, PSOKKA KOI BiIMOBIZAIOTH eJleMeHTaM MHOXKHHU A, CTOBIIN — e1eMeHTaM
MHOXKUHA B

b1 b2 bm
aq (0,1, bl) (0,1, bg) cen (CLl, bm)
as (0,2, bl) (0,2, b2) o (a27 bm)
an | (@n,b1) (an,bs) (an, bim)




2.5. JlekapriB J0O0YTOK MHOXKHH

Od4eBuIHO, MO TAOJIUISA MICTUTH MM €JIEMEHTIB, MO JOBOJUTH TEOPEMY.
L]

Osznadenns 2.10 y3arajabHIOETbCS HA BUIIAI0K JOBLIbHOI CKIHYEHHOI KiJlb-
KOCT1 MHOKWH.

Oznauenng 2.11. /lekaproBum mo0yTkoM MHOKHH Aq, As, ..., A, Ha-
3UBAIOTh MHOXKUHY A X Ay X --+ X A, MO0 CKIAJAETHCI 3 YIOPSIIKOBAHUX
n-0K BULIALY (a1, Q9,...,a0,), 1€ a1 € Ay, as € Ao, ..., a, € Ay

Ay ><A2><---XAn:{(al,ag,...,an):alEAl,ageAg,...,aneAn}.

Hnsg Bunagry A = Ay = --- = A, = A («uekapriB cremiab») 9acto
BUKOPHUCTOBYIOTH To3HadeHHss A*" = A",

Bnopasa 2.6. Kopucryo4ynch METOI0M MaTeMaTHIHOl iHAYKII, JOBECTH
aHAJIOT TeopeMu 2.3 I JeKapTOBOTO JOOYTKY JIOBITHHOI CKIHUYEHHOI KiTb-
KOCTI MHOKHH:

n(A; X Ay x -+ x A,) =n(Ay) -n(Az)---n(A,).

2.5.1. /loBeqmeHHsT TOTO>KHOCTEI, M0 MiCTITh
JexKapTiB m00yTOK

Jliig JloBeJieHHsI TOTOXKHOCTEM, 10 MICTATh JeKapTiB J0OYTOK, 3PydHO

BUKOPHUCTOBYBATH MOJEJbHUH METO/I.
IMpukaazn 2.11. Josegemo toroxuicth AX (BUC) = (Ax B)U(Ax ().

(r,y) e Ax (BUC) = (xe A)AN(ye(BUQ)) <
sSxeAN(yeB)V(yel)).

(,y) e (AXxB)UAXxC)< ((x,y) € (Ax B))V ((z,y) € (Ax(C)) &
S ((reANyeB)V((zre ANye ) < (xe AN((y € B)V(y € C)).

[Iin gyac aHaJi3y HECKJIaJIHUX TOTOXKHOCTEM, IO MICTITh JIeKapTiB J100y-
TOK, 3PYYHO BHKOPHUCTOBYBATHU aHaJor aiarpam Benna. Muoxkwnu, mo Bia-
MTOBITAIOTH MEPIiii KOMIIOHEHTI J€KapTOBOTO JI00YTKY, PO3MIIIYIOTH IO 0Ci X,
IPyTiit KoMImoHeHTI — o oci Y. Haramaemo, o miarpamu Benna m03Boas0TH
«BraJaTu» TOTOXKHICTH, aJie «BraJaHa» TOTOXKHICThH ITOTPeOYE JTOBEIeHHS.

29



Pozninr 2. Teopis mHOXKWH

IMpuknanx 2.12. 3o06pasumo Ha giarpami Benna muoxkuny (A x B)°
(puc. 2.2). Haragaemo, mo (A x B)*=U\ (A x B), ne U = Uy x Us.

]

U,
Puc. 2.2

3 HaBE€ACHOI'O PUCYHKaA JIETKO «BI'ady€TbCA>» TOTOXKHICTD
(A X B)C = (Ul X Bc) U (AC X Ug)

Bupasa 2.7. Josecru Toroxuicts (A X B)¢ = (U; x B¢) U (A° x Us)
MOJIETTHHUM METOOM.

2.6. Aaredbpa MHOXKHMH 9K aJredpmdHa
crpykrypa. Kijgbiie MHOXK1H

2.6.1. Anrebpa MHOXXUH

OzHaueHHs 2.12. HemopoxKHIO CYKYIIHICTH MHOXKHUH S, 3aMKHEHY Bi/I-
HOCHO oIlepalliif 00’e¢IHaHHs, Iepepi3y Ta JONOBHEHHS, TOOTO TaKy, IO

(AeS)N(BeS)=(AUBeS)N(ANBe S)N(A°€S),

Ha3UBAIOThH AJAreOPOI0 MHOXKUH.
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2.6. Aumrebpa MHOXKHH sIK ajreopudraa cTtpykrypa. Kijipie MHOKIH

3 o3HaveHHd 2.12 HeraiHO BUILJINBAE 3aMKHEHICTh aJreOpu MHOKWUH BiJI-
HOCHO omepariiit pi3HuIll Ta CHMEeTPUIHOI PI3HUIll, OCKIIBKY IIi Ormepartii MOXK-
Ha BUPA3UTHU dYepe3 o0’€[HaHHsI, IIepepi3 Ta JOINOBHEeHHs. 3a3HaYUMO, 110 BU-
Mora o3HadeHHs 2.12 Moxke OyTH Ioc1ad/1eHa, OCKIJIbKY, 3aBAIKH 3aKOHY e
Moprana, omepariito 00’eHanHs (mepepi3z) MOKHA BHPA3UTH Yepe3 mepepis
(00’eHaHHS) Ta JIONOBHEHHS.

Bnopasa 2.8. /losectn, mo aarebpa MHOXKHH 3aB2K/1 MiCTUTDH IIOPOXKHIO
MHOXKHUHY: & € S.

ITpukman 2.13. Hexait U — noBisibHA HEMTOPOKHSA MHOXKWHA, IKY BBa-
JKATUMEMO YHIBEPCAIbHOI MHOZKHHOIO.

1. 51 ={U, @} — anrebpa MHOKHUH.

2. 55 ={U,2,A, A°} (A C U) — anrebpa MHOXKUH.

3. Hexait U = A; U Ay U --- U A, npuuomy muoxkuau Ay (K =1,...,n)
IIOMapHO He IepepizaTbesd. Po3riasgaeMo cyKynHICTh MHOKHIH

Sp={A;; UA,U---UA; :m=0,...,n},

o MicTUTh BCi MokuBi 00’equanns muoxuu A, (kK = 1,...,n), Bunaiok
m = 0 Bijnosijgae mopoxkuiit Muoxkuni. HeBazkko josectu, mo S, — aaredpa
MHOXKHUH. 3a3HAUNMO, 110 S Ta S — OKpeMi BUNaAKn aaredopu S, nupu n = 0
ta n = 1 Bignosiano. Jlerko nepesipurtu, mo aaredpa S, MiCTHTH 2" MHOXKWH.

Baypaxkennst 2.6. Binomo (nuB., manpukia, [3]), mo Oyab-sKa cKiHdeHHA
aJredpa MHOXKHH 3aBXKIA MICTUTDL 2" eJeMeHTIB, Ae n — JedKe HaTypaJibHe
IKrCI0. Bigbime Toro, JoBiLIbHA CKIHUEeHHA aJredpa MHOXKHH MOXKe OYTH 300-
pakeHa y BATIAM Sp.

Hapenmemo nmpukaaa HeCKiHUYEHHOI aareOpu MHOYKHUH.

IMpukaazmg 2.14. Hexaii U = [0,1). Po3risiHeMo CyKyIHICTb MHOKHH
2A = {[al,bl) U [Qg,bg) u---u [Clm,bm)l 0< a; < bj < 1, m > 0},

IO MICTUTDH BCi MOXKJINBI CKiHYEeHHI 00’€THAHHSA HAIlIBBIIKPUTHUX IHTEPBAJIB
surasany |a,b) C [0,1); Bumamok m = 0 BiAmoBimae mopoxkHiit MuOKuUHI. He-
BAKKO jtopectH, 110 A — anredbpa muoxkun. Asnredopy 2 = ([0, 1)) HasusaioTsh
bopeniscoroto anzebporo Ha [0, 1), BoHA Bigirpae KI0Y0OBY po/ib B T€OPil Mipu
Ta iHTerpaJa.
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Pozninr 2. Teopis mHOXKWH

2.6.2. IloHATTS IPO KiJIbIle MHOXKWH

O3navenna 2.13. KigbeM MHOXKWH HA3WBAIOTh HEMOPOXKHIO CYKYTI-
HICTh MHOXKHUH S, 3aMKHEHY BiJTHOCHO OTepalliii mepepi3y Ta CUMETPUIHOI
pi3HuIli, TO6TO TaKy, IO

(AeSYN(BeS)=(ANBe S N(AABE€NS).

3 o3HaueHHsd 2.13 BHILINBAE 3aMKHEHICTH KiJAbIE BiJHOCHO OIepaiii
o0’eqHaHHS Ta PI3HUIL, OCKLIbKA

AUB=(AAB)A(ANB), A\B=(AUB)AB.

Bnopasa 2.9. Jloectu, 1mo Kijiblle MHOXKWH 3aBXKJIA MICTUTH MOPOXKHIO
MHOKHHY: & € R.

Bnopasa 2.10. /loBecTu, 1o HEMOPOXKHS CYKYIHICTH MHOXKHH R € Kijb-
1eM TO/ 1 TIIBKHU TO/1, Koin R 3aMKHEHe BiIHOCHO onepariii 06’eqHaHHs Ta,
PI3HHIIL.

ITpuknam 2.15. JdoBinbHa aaredbpa MHOXKUH S € KiJIBIIEM.

Bopasa 2.11. /loBecTu, 110 KiJibIle MHOXKHUH € aJIr€OpOI0 TOJIl 1 TIJILKH
TOJI1, KOJIX BOHO MICTUTDH YHIBEpPCAJIbHY MHOYKHUHY.

IIpuknan 2.16. Hexait U — yHiBepcaJbHa MHOXKHHA.

1. Hexait A C U. Toxai R = {@, A} — xiablie MHOKHH. 3a3HATAMO, IO
npu A # U xinbne R ue micrurh yuiBepcasbny muoxkuny (U ¢ R).

2. Hexait ACU,BC U, ANB =@. Toui R = {2, A, B, AUB} — Kiibue
MHOZKHH.

3. Hexait U = R. Po3ragaemMo cyKynHICTh MHOKWH

R = {[al,bl) U [a2,b2) y---U [am,bm): a; < bj, m > O},

IO MICTUTDL BCi MOXKJIMBI CKiHYCHHI 00’€THAHHS HAIBBIIKPUTUX IHTEPBAJIB
BUTIALY [a,b) C R; sumamok m = 0 Bianosigae mopokHiii MHOKUHI. HeBaxk-
KO J0BeCTH, IO R — Kijbile MHOXKUH. Kinbie R Ha3uBaIOTHL H0pEAiBCOKUM
kiavyem (Ha R), BoHO Bimirpae BazKImBY pOJib B TEOPil Mipu Ta iHTerpaJa.

Heranbui BioMocTi po aaredbpy Ta KiJbIs MHOXKUH (& TAKOXK PO iHIII
CUCTEMU MHOYKWH) MOXKHA 3HAiiTu, HaupuKaaj, B [5].
3arajbHi mUTaHHS TeOopii MHOYKWH JI€TAIbHO BUCBIT/IEH], 30Kpema, B [0].
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Poznaia 3

Teopissi BigHOIIIEHD

3.1. OcHOBHI NOHATTA Teopii BiZHOMIEHb

Oszuauvenns 3.1. Hexait Ay, Ay, ..., A, — noBiabHi MHOKHHE. BigHo-
meHHsM R, mo 3agane Ha MHOXKHHAX Aq, ..., A,, HA3MBAIOTH JOBLIbHY IIijI-
MHOKHHY JT€KapTOBOro H00yTKY Ay X Ag X -+ X Ap:

RCA xAy x---xA,.

Akmo Ay = Ay =--- = A, = A, 10 Kaxkyrb, o R 3axane Ha MHOKMUHI A.
Bigromenuss R = & Ha3uBaOTh MOPOXKHIM, BigHomenns R = Ay X---X A,
— IOBHHUM.
fxio n = 1, BigHOIIEHHS HA3UBAIOTH YHAPHUM, SIKIIO N = 2 — OIHAPHUM,
AKIINO N = 3 — TepHApHUM (AHAJOTIYHI HA3BU JJIs OLIBIINX 3HAYEHD 1 MOXK-
Ha YTBOPIOBATH BiJ JJATUHCHKUX MOPAIKOBUX UUCTIBHUKIB, ajle HA MPAKTUIT
BOHU Maii’ke He BUKOPUCTOBYIOTHCH).

IMTpuknan 3.1. 1. Ha muoxkunai A; = N MoxXHa 3a7aTH yHApPHE BiIHO-
IITeHH

R = {n: n — napue}.

2. Hexait Ay — mHOXKHHA Ky/ab, Ay — MHOXKHHaA KOIL0OpiB. Ha MHOKHMHAX
Ay, Ay MoxkHa 3ajaTu OiHApHEe BiJHOIICHHS

R = {(a1,a2): kyasa a; mae KoJip as}.

33



Po3zmgin 3. 'Teopis BigraOIIIEHD

3. Hexait A; — MHOXWUHa BCiX 490/0BiKiB, Ay — MHOXKHWHaA XKiHOK, Az —
MHOXKWHA, BCix Jioneit. Ha muokunax Ap, A, A3 MoKHA 3amarw TepHApHE
BlIHOIIIeHHS

R ={(a1,as,a3): a1 Ta as € 6arpbKaMu as}.

Hatas1i ocHoBHY yBary mpuiiasgruMeMo OiHApHUM BiIHOIIEHHSM, SKi IITH-
POKO 3aCTOCOBYIOTH Y PI3HUX Taiy3gX MaTeMaTHKH.

Ilin gac anaJizy OlHAPHUX BiJHOIIEHb 3PYYHO BUKOPUCTOBYBATH I103Ha-
JeHHS:

e R: A— B 3awmictb R C A X B;
e 1Ry 3awmicts (z,y) € R;
e Ry 3amicth —((z,y) € R).

ITpuknanm 3.2. Hexait R: R — R. 3agamo Bignomennsa R gepes jgoridny
ekBiBasienTHiCT TRY < © < y. OueBuano, R = {(z,y): x < y}.

Ipuknan 3.3. Hexait R: U — 2Y, 1e U — nosinbra MHOXKHHA, 2V
— MHOKMHa Beix migmuoxkuna U, Todoro 2V = {A: A C U}. 3agamo Big-
HolteHHss R 4epe3 joriuny eksiBajenTHicTth aRA < a € A. OueBumHo,

R=A{(a,A): a € A}.
Hauti, SIKIIIO He BKa3aHO iHIIe, BCI BIIHOIIEHHS BBasKaTUMeMO OiHAPDHUMH.

O3navenHs 3.2. ToTo:XKHUM BiTHOIIEHHSIM Ha MHOXKHUHI A Ha3MBAIOThH
BigHOIIeHHS [ 4, BU3HAUEHE JIOTTYHOI eKBIBaJIEHTHICTIO 14y < © = y, TOOTO

Iy={(z,z): x € A}
3.2. Crnocobu 3amaHHsga OilHAPHUX BiJTHOIIIEHDb

1. [osinbue (me 060B’sI3K0BO GiHApHE) BiAHOMICHHS MOXKHA 3a7aTH K
MHOKUHY. [Ipo criocodbu 3aganuss MHOXKUH AuB. miapo3m. 2.1.

2. KoopauHarHuii c1ocid: 3acTOCOBYETHCS i OIHAPHOI'O BiIHOIIEHHS
R: A — B y Bumaaky, Koau ejieMeHTaM MHOKHH A Ta B MOXKHA IIPUPOITHO
3iCcTaBUTH TOYKHM Ha 4ncjaoBiii oci. Toml MuoKuHa A 3a/1a€ThCa 9K IT1IMHO-
KWHaA oci X, MHOXKWHA B — 9K MIMHOXKWHA Ocl Y, eJleMeHTaM BiTHOTTeHH T
R 3icTaBasirorbcsg TOYKHU HA KOOPAMHATHIN IJIOIIUHI.
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3.2. Cuocobn 3azanHst OiHAPDHUX BIJHOIIEHD

ITpuknan 3.4. Hexait R: A — B. Ha puc. 3.1 HaBeneHO BiTHOIIEHHS
R={(z,y):2*+y*=1}, A=B=R

(oMHUYHE KOJIO 3 MEHTPOM Y TIOYaTKY KOODJIUHAT).
Ha puc. 3.2 mapeeHo BiTHOIIEHHS

R = {(1737)7 (27y)> <3ay)}7 A= {17273}7 B = {Jj,y}

(Tpu TOYKM Ha KOODAMHATHIH ILTONIHI).

Ya
AY (2,y) (3,y)
: Yl i--@--eC
| | |
N !
—1Qj1 5( X101, x); l l
| | |
—t—t+—p X
-1 0 1 2 3
Puc. 3.1 Prc. 3.2

3. CTplIKOBi miarpaMu: 3aCTOCOBYIOTHCS i BigHomenns R: A — B
y BUNAJKY CKiHdeHHUX MHOXWH A ta B. Hexaii A = (aj,as,...,a,),
B = (b1,bs,...,by). Enementun muoxkuua A ta B 300paxKyrOTh y BHIJIsII
BIJOKpEMJIEHHX OJHA BiJ OJHOI TOYOK Ha ILJIOIIUHI; SKINO altb, HA PUCYHKY
BiJl TOYKHU @ 70 TOUYKK b IPOBOJASATH CTPIIKY.

ITpuknan 3.5. Hexait R: A — B. Ha puc. 3.3 HaBe1eHO BiIHOIIEHHS

R ={(a1,b1), (as,b2), (as,b1)}, A={ai,as,a3}, B={b, b}

(Tpu cTpiiku Ha miarpami).
Ha puc. 3.4 nHaBe/ieHO IIOBHE BiIHOIIEHHS

R=AxB, A=DB={abc}

(1eB’saTh CTPLIOK Ha jiarpami).
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Po3zmgin 3. 'Teopis BigraOIIIEHD

[ i \;\ 44’,
‘ b ..4’[
B A B

Puc. 3.3 Puc. 3.4

7K BuaHO 3 HaBeJIeHUX PHUCYHKIB, CTPLIKOBI AlarpaMu JOILJIBHO 3aCTO-
COBYBATHU JIJIsI 300ParkKeHHs BiJHOIIEHb, 1[0 MICTATH HEBEJUKY KLIbKICTh Hap
eJIeMEHTIB (J1/1s1 300parKeHHsI TOBHOTO BiTHOIIEHHS CTPIIKOBA JiarpaMa — He
Hafikpamuii Bubip).

4. Marpuunnii cmocib: 3acTOCOBYEThCS st BigHomenus R : A — B
y BHOAJKYy cKindeHHnX MHOKMH A ma B. Hexait A = (ai,a9,...,a,),
B = (by,by,...,by,). Binnomenns R 3anaetbes y Buragni matpuii Mg po3-
MipoM n X m (Tabauig 3 N PAAKIB Ta M CTOBHINB); psaku Marpuri Mp
HYyMEPYIOThCS eJIeMEHTAMI MHOXKHHI A, CTOBIIII — eJleMeHTaMi MHOXKUHI B.
Marpunst 3anoBHIOETHCs JoriaauMu eaementamu 0 ta 1: egement a;; (ma
MepeTHHI psijika ¢ Ta CTOBIIA j) gopiBHioe 1 Tomi i Tinbku Tomi, kKoan a; Rb;.

IIpukmaanm 3.6. Hexait A = {aj,as,a3}, B = {b1,b2}. Koxnomy
eJIeMeHTy «; 3ictaBumo i-if psgok (i = 1,2,3) Marpuri, KOXKHOMY eJe-
MeHTy b; sicraBmmo j-it cromens (j = 1,2). Toxi s BigHOmIEHHS
R = {(a1,b1), (az, b2), (as,b1)}, a Takok Jyisi MOBHOTO Ta MOPOKHBOIO Bil-
goureHb Ha A X B 1 juig ToT0XKHOr0 BijiHomeHus Ig, JicTaHeMo:

10 11 0 O 10
MR: 0 1 ; MAXB: 1 1 ; Mg: 0 O ; MIB: <0 1)
10 11 0 0

5. OpienroBani rpadu: 3acTOCOBYIOThbCS 1Jist BigHomenHs R : A — A
y BHHAJIKYy CKiHueHHOI MHOXKWHE A. BimHomenns R 3agaeTbcs y BHLIAIL
OpPIEHTOBAHOIO rpady: KOKHOMY eJIeMeHTY a € A 3iCTaB/IsSIETbCs JesTKa TOIKa,
Ha TTomuHi (BeprmuHa rpady); gxmo alb, Bepumau a Ta b 3’€IHYIOTHCS
opi€HTOBaHUM pebpoM, 10 Bejie Bi a 10 b. Bunaky a Ra wa rpadi Bianosiae
«3aMKHeHe» pebpo (neris) Ha BepIimHi a.
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3.3. Omnepamii Ha1 OIHAPDHUME BITHOIITEHHSIMUI

IMpukman 3.7. Hexaii A = {a,b,c}.
Ha puc. 3.5 HaBegeHo BigHOIIEHHS

b
R:{(a,b)v(b,c)a(c7c)} I\O
a Cc

(rpad 3 TppOMa pebpamu, OjiHe 3 TKAX —

TETJIS). Puc. 3.5

3.3. Oneparii Haa OiHADHUMM BITHOIIIEHHSI MU

1. O6’conanns 6idnowens: 3aCTOCOBYETLCS IO TOBUILHEX (He 0O0B’SI3KO-
BO GinapHwx) BimHomenb R, S C A; X As X -+ X A, 1 BU3HAYAETHCSA SIK
ob’eanannug MuHoxkna R U S. Y Bunaaky Oinapaux Bignomens R, S: A — B
Ha ckinyennux A ra B marpuig o6’eanannsg Mg s 00YUCIIOETHCA 9K [1OeJIe-
MeHTHa, I3 I0HKIsg MaTpunb Mg ta Mg:

(MRUS)Z‘J' — (MR)Z',]‘ V (Ms)i,j ) 1 S [ S n(A)7 1 S ] S n(B)
IIpuknaan 3.8. Hexait
A= {a17a27a3}7 B = {b17b2}7
R = {(al,bl), (az, bz), (a3, bl)}, S = {(alabl)a (a’labQ)}'

3aCcTOCOBYIOUHN TPUPOIHY HYMEpAIio psJIKiB Ta CTOBIINB MaTpuib Mp
ta Mg (enemenry a; 3icraBuMo i-ii DsIOK, ejeMeHTy b; — j-ii cTOBIEND),
OTPUMYEMO:

1 0 1 1 1 1
MR: O 1 3 MSZ 0 0 ; MRUS: O 1 3
10 0 0 10

Tobro RU S = {(al, bl), (CLQ, b2>, (ag, bl), (al, bz)}

2. Ilepepiz 6idHowEHD: 3aCTOCOBYETHCS 10 JOBiLILHUX (HE 000B’SI3KOBO
Oimapuux) Bignomenb R, S C A; X Ay X -+ X A, | BuBHa4a€THCs K TIepepi3
MuOKHH RNS. Y Bunaaky 6inapaux Bignomenb R, S: A — B Ha cKiHYeHHIX
A ta B marpung nepepizy Mpgng 00UNCTIOETHCS K MOETEMEHTHA, KOH IOHKIIIS
MmaTpunb Mg Ta Mg:

(MRFTS)Z',j = (MR)i,j A (Ms)i,jﬂ 1<i<n(A), 1<j5<n(B).
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Po3zmgin 3. 'Teopis BigraOIIIEHD

Ilpukmaan 3.9. Hexaii

A ={ay,as,a3}, B ={b1,bs},
R ={(a1,b), (az,ba), (as,b1)}, S = {(ar,b1), (a1,b2)}.

3acTOCOBYIOYHM IIPUPOJAHY HYMepallilo PsJIKiB Ta CTOBIIIB Marpunb Mp Ta
Mg, onepKuMo:

Iny
|
_ O =
o = O
=
I
o O
o O
oy
D)
0
|
o O =
o O O

to6ro RN .S = {(ay,b1)}.

3. JonosHasvre 6idHOwEHHA: BASHAYEHO JI/Ist JOBLIBHOTO (HE 000B’A3KO-
BO Ginapuoro) simmomrenuss R C A; X Ay X --- X A, gk monoBHeHHst R°
MHOXKUHE R BinmHOCHO yHiBepcaabHOl MHOXKHHU U = Ay X --- X A,,, T0OTO

RCZ(A1XA2X-'-XAn>\R.

Y Bunajaky Oinapuoro Bimmomenns R: A — B na ckindennux A ta B mat-
puiisi gonoBHEHHSI M pe 00YUCIIOETHCS SIK TIOEJIeMEeHTHE JIONIYHe 3allepedeHHs
marpuii Mg:

(Mpe);; ==~ (Mg);;, 1<i<n(A), 1<j<n(B).

i,j =" = =J =

Ilpukmaan 3.10. Hexaii

A ={ay,as,a3}, B={b,b2}, R={(a1,b1),(as,bs),(as, b1)}.

3aCcTOCOBYIOYHM LPUPOJHY HyMepallilo psi/iKiB Ta CTOBIIILIB, AiCTaHEMO:

1 1
Mr =10 , Mpge= 0],
1 1

o = O
S = O

T00TO R° = {(CLl, bg), (CLQ, bl), (CL3, bg)}
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3.3. Omnepamii Ha1 OIHAPDHUME BITHOIITEHHSIMUI

4. Insepcue (obeprere) sidnoulerHa: BUSHAYAETHCS JIsT GIHAPHOTO BiTHO-
mennsa R: A — B ax signomenns R~1: B — A, Taxe, m0:

yR'v =< 2Ry (v € A,y € B).

Y Bumaaky 6inapuoro Bigmomenus R: A — B nHa ckinuennnx A ta B Ma-
TPUI IHBEPCHOTO BijHOMEHHsS Mp-1 O0YHUCIIOETHCS SIK TPaHCIIOHOBaHA J10
marpuni Mp: Mp-1 = (Mg)T, To6T0

(Mg1),, = (Mg),;, 1<i<n(A), 1<j<n(B).

i

ITpukman 3.11. Hexair

A = {al,ag,ag}, B = {bl, bg}, R = {(al,bl), (ag, bg), (a3, bl)}

3aCcTOCOBYIOUHN TPUPOIHY HYMEPAIo PsiJIKiB Ta CTOBIIIB, OTPUMYEMO:
10
1 1
MR = 01 , MR—l — v 3
10 010

10610 R~ = {(b1, a1), (b2, az), (b1, as)}.

5. Komnosuuyisa 6i0Howens: BU3HAYAETHCA i BiaHomenb R: A — B ta
S: B — C gk Bignomennsg Ro S: A — C, Take, mo:

a(Ro S)c< Jbe B:aRbAbSc.

Saypazkenns 3.1. g 3anucy KoMno3utii GyHKINH 3pyIHUM Ta 3arafib-
HompuitHaTHM € 3BopoTHHii 3amuc ((go f)(x) = g(f(x))), omnak amst Kommo-
3UTI1 BIAHOIIEHb YaCcTO BUKOPUCTOBYIOTH 9K IPAMMIi, TaK 1 3BOPOTHHII 3allHC.
Y 1IbOMY HOCIOHUKY JIJIsI KOMIIO3HUIIT BiITHOIIIEHb BUKOPHUCTOBYBATHMEMO IIPsi-
MU 3aI0C, SKUH 3PYYHINAN 11T HAITAX MOTped.

Hnsa ckingenanx MHOKHH A, B ta C 3 HEBEIWKOIO KUIBKICTIO €/IeMeH-
TiB KOMTO3UIIIIO BiTHOITEHDb 3PYIHO OOUNCITIOBATH 32 JIOTIOMOTOIO CTPITKOBUX
Jiarpam.
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Po3zmgin 3. 'Teopis BigraOIIIEHD

IMpukman 3.12. Hexait A = {ay,a2,a3}, B = {b1,b2,b3}, C = {c1,ca}.

Posrissnemo BigHOIIEHHS

RI A — B, R = {(al,bg), (CLQ, b1>, (CLQ, bg), (ag,bg)};
S:B—C, S={(by,c1),(bs,c1), (b3, ca)}.

O6uncsmmo komnosurio R o S.

fx BuaHO 3 puc. 3.6,
Ro S = {(a27 Cl)7 (a27 62)}'

KoMmmo3unis BigHOIIEHb Ha, CKIHYEHHUX MHOXKHHAX TICHO ITOB’sI3aHa, 3 J10-
OYTKOM MaTpHIb BiIHOIIECHbD.

O3Hauenng 3.3. Hexaii

A=Aay,...;a,}, B=A{b,....,bn}, C=A{c,...,c},
R:A— B, S:B-—C.

Tomi MrMg BU3HAUAETHCSA IK MATPHUIA PO3MIpoM 1 X k, Taka, IO

1, 3p: (Mg)ip = (Ms)p; = 1,

MpMsg);; = MRg)ip N (Ms)p; =
(MrMg); p\:/l( R)ip 5)p.d {0, Vp: (MR)ip N (Ms)p; = 0.

3a3HaunMO, 10 J00yTOK MaTpullb BiaHomenb Mz Mg BU3HaYa€THCsI aHa-
JIOTIYHO KJIACHIHOMY JI00YTKY MaTPHUIlh, BiZIOMOMY 3 KypCy JIHIHHOI ajaredpu,
aje 3aMicTh apuPMEeTHIHUX olepalliii JOOYTKY Ta CYMU BHUKOPUCTOBYIOTHCS
JIOTI9HI orepallil KOH IOHKI[IT Ta A3 I0HKIIT BiAIOBIIHO.
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3.4. BuracruBocTti OIHApHUX BIIHOIIIEHD

Bopasa 3.1. /losectn, mo Mpo.s = MrMs.

Ilpukaan 3.13. O0uncanMO KOMIIO3HINIIO BiIHOIIEHD 3 HpHUKJIALY 3.12.
3a npupoHOI HyMepallil psiJIKiB Ta CTOBIIIIB MATPHUIb OTPUMYEMO:

010\ /10 0 0
Mpos = MpMg= 110 1]|0 o] =111
010/ \1 1 0 0

Orxe, Ro S = {(az,c1), (az,c2)}.
Teopema 3.1. Onepauisa xKomMno3uyii acouiamuena, mobmo
Ro(SoT)=(RoS)oT, de R: A— B, S:B—C, T:C — D.
Josederns. JloBenenns OyjieMO IPOBOJUTH MOJIEJTbHIUM CIIOCODOM.

1) a(Ro(SoT))d< 3b: aRbAD(SoT)d <
< 3b: aRb A (Je: bSe A cT'd) < Fb3e: aRb A bSe A cTd;
2) a((RoS)oT)d < Jc:a(Ro S)cNcld <
& Je: (3b: aRb A bSc) A cT'd < 3Fb3c: aRb A bSc A cTd. O

3.4. BaacTtuBocTi 6iHaApHUX BiAHOIIIEHb

Ha mpakTuri acto 3ycTpidaioThcd 1 BUKOPUCTOBYIOTHCA OiHAPHI BiTHO-
IIEeHHY Ha MHOXKUHI A, 1m0 MaloTh HeBHI 10AaTKOBI BaacTuBocTi. leski 3
TaKUX BJACTUBOCTEll pO3TJISHEMO B IbOMY miapo3aiai. Hamasml B mpoMy mmij-
pO3ial po3riIsaaeThesa BigHomenng R: A — A.

1. Binnomennss R Ha3uBalOTh pedaekcusrum, Ko Va: aRa.

3 03HAUEHHS BUILINBAE, IO Y BUMAIKY CKIHUEHHOI MHOXKWHI A

(R — pedpnekcusne) < (Vi: (Mg); = 1).
Bmopasa 3.2. /losectu, mo
(R — peduekcusne) < (R D 1,).

IMpukaazng 3.14. 1) PediekcuBHUME € TOTOXKHE BiTHOIICHHS [ 4 Ta TTOBHE
Binnomenna A% n1a noBiapHO! MHOKWHE A;
2) nexait A = R. Toai BigHomenHst «=», «<» «>» pedeKCUBHi.
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Po3zmgin 3. 'Teopis BigraOIIIEHD

2. Bignomenust R HazuBaoTh anmupepaercusrum, skio Va: aRa.
3 o3HaYeHHS BUILIABAE, IO Y BUIAIKY CKIHY€HHOT MHOKHHH A

(R — antupediexcupne) < (Vi: (Mg); = 0).
Bupasa 3.3. losecTu, 1o
(R — antupediiekcupne) < (RN 14 = ).

ITpukmaan 3.15. 1) AurupediekCuBHIM € TOPOXKHE BiIHOMIEHHS O]
2) mexait A = R. Togi BigHOIEHHST «<>» «<» «>» aHTHPedIEKCUBHI.

3. Bignormenns R Ha3uBaioOTh cumempuyHum, 9Kimo aRb < bRa.
3 03HAYEHHS BUILIMBAE, 10 Y BUIAJIKY CKIHYEHHOT MHOXKHMHU A

(R - cumerpuune) < (Mp = (Mg)").
Bupasa 3.4. /losecTu, 1o
(R — cumerpuune) < (R = R™1Y).

IMpukmaang 3.16. 1) CumerpuIHUME € MOPOYKHE, TOBHE TA TOTOXKHE Bijl-
HOIIIEHHS Ha JOBLIbHIN MHOXKUHI A;
2) mexait A = R. Tozi BigHOIIEHHST «<>» Ta «=» CUMETPUIHI.

4. Bignomennss R HA3MBAIOTH GHMUCUMEMPUYHUM, STKIITO
(aRb A bRa) = (a =b).
Bupasa 3.5. losecTu, 1o
(R — anTucnMerpuune) < (RN R C 1,).

IMpukmaang 3.17. 1) AETUCHMETPUYHUME € MOPOXKHE Ta TOTOXKHE BiHO-
IIeHHsT Ha JOBIIbHIT MHOKUHI A;
2) mexait A = R. Tozi BigHOMEHHST «<» «>» «<» «>» AHTUCUMETPUIHI.

BayparkenHst 3.2. BjacTuBOCTI CHUMETPUIHOCTI Ta AHTUCUMETPUIHOCTI HE
€ B3a€EMOBUKJIIOYHUMHA. TaK, MOPOKHE Ta TOTOXKHE BiIHOIIEHHS BOTHOYAC CHU-
METPUYIHI Ta aHTUCUMETPHUIHI.
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3.4. BuracruBocTti OIHApHUX BIIHOIIIEHD

Bnpasa 3.6. Haectu npukiaan BiTHONTEHD, AKi:

1) He € aHl CUMETPUYHUMHU, aHI AHTUCUMETPUIHUMU;
2) me ¢ ani pedrekcuBHEMH, aHi aHTHPEDITEKCHBHIMU;
3) € CUMETPUIHUMHE 1 AHTUCUMETPHIHUMHE OJTHOYACHO.

5. Binnomennst R Ha3UBAIOTh MPAH3UMUSHUM, STKIIO
(aRb A bRc) = (aRc).

Bnopasa 3.7. /loBectn, 1mo
(R — rpansuruBhe) < (Ro R C R).

IMpukaazn 3.18. 1) TpausuTuBHEME € TOPOKHE, MOBHE Ta TOTOXKHE BijI-
HOIIIEHHS Ha JIOBLIbHIN MHOXKUHI A;
2) mexait A = R. Tozi BiIHOIEHHST «=», «<» | «>», «<», «>» TPAH3UTHBHI.

3.4.1. Tpan3uTuBHe 3aMUKaHHSI

Osznauvennsa 3.4. TpansuTuBHUM 3aMUKaHHAM BigHomenng R: A — A
Ha3WBAIOTH Take Bianomennsa R;,.: A — A, mo:
e R, — TpaH3WUTUBHE;

° Rtr D R7
e gxio BigHOMIeHHS S: A — A TpamsutusHe Ta S D R, T0 S D Ry,

[Hakime KaxKyd4n, TPAH3UTUBHUM 3aMUKAHHAM BiJHOIIeHHA R € HajiMeH-
e 3a BKJIIOYeHHSIM («C>») TPaH3UTUBHE BiIHOIIEHHS Ry, MO0 MIiCTUTDH Bij-
HomenHst R sk migMuoxkuHy (R — HaliMeHIlle TPAH3UTHBHE DO3IIMPEHHSI
BiHOMEHHsT ).

OdeBHUIHO, IO TPAH3UTHBHE 3aMUKAHHS BU3HAUeHe odHO3HAYHO. CupaB-
I, 9KIIO0 YMOBU O3Ha4deHHS 3.4 3aJ0BOJIbHAIOTH 1BA BiJHOIIEHHS [, Ta
Ry 2, 3 o3navenHs 3.4 HeTallHO OTPHUMYEMO:

(Rtr,l C Rtr,2) A\ (Rtr,2 C Rtr,l) = Rtr,l - Rtr,2-

Bnopasa 3.8. /loBectu Taky dopmyay misd oduuciaennsa [y,
Ry=|JR"=RUR*U---UR"U.._, (3.1)
n=1

me R'=R, R"=Ro---oR.

n
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Po3zmgin 3. 'Teopis BigraOIIIEHD

Dopmyna (3.1) MicTurh 00’€THAHHS HECKIHUEHHO! KiJTBKOCTI «KOMITO3H-
HiifHux cremedip» R", nmpore y BHIIAAKY CKiHYeHHOI MHOXKWHU A st 00-
qucjaeHHd Ry, Hpolec 00UnCJIeHHd «CTablIi3yeThCsi» 3a CKIHYeHHY KiJIbKICTh
KpokiB. ChopMy/I0eMO 1ieit PaKT y BULJIsIII TEOPEMHU.

Teopema 3.2. Hexati n(A) = N. Todi
N
Ry, =|JR"=RUR*U---UR".
n=1
Teopemy 3.2 Oyze JOBeJIeHO JiaJii, 3 BUKOPUCTAHHSIM TEeXHIKH OPi€HTOBa-
HuX rpadis (aus. migaposs. 5.8).
ITpuknazx 3.19. 1. Hexait A = {a,b}, R = {(a,b), (b,a)}. Toxi
R?* ={(a,a),(b,b)}, R, = RUR?=/{(a,a),(a,b),(b,a),(bb)}.

ITikaBo 3a3HAYUTH, MIO KOMIO3UMLiiiHiI cTeneni R* B poOMy IpHUK/Ial HE CTa-
OLTI3YIOThCS:

R* ={(a,a),(b,b)}, R*™' =R, keN

2. PosriigneMo BumaioK BiIHONIEHHd Ha HeCcKiHdyeHHIT MHOXKuHI. Hexail
A=N, R={(n,n+1):n € N}. Merogom MaTeMaTH4IHOI IHAYKIiI HCBAZKKO
Y Y y
nosectu, mo R* = {(n,n+k)}, (k > 1), 3Bigxu Maemo:

Ry = GRk:{(n,n+k):n€N,kz€N}:{(n,m):n<m}.

Ot:xe, BigHomeHHs: R 30ira€TbCs 3 BiIHOIIEHHAM «<>» HA MHOXKHHI HaTYy-
paIbHUX YHCEJ:

nRm <n<m, n,meN.
Y pobori [7] HaBemeHo edeKTUBHUN KOMIT IOT€PHO-OPIEHTOBAHUN AJIr0O-

puT™M 00UYMCIEeHHI TPAH3UTHUBHOI'O 3aMUKaHHA IJ1d Bi,ZI;HOHIeHb Ha CKIHUeHHUX
MHOXKHWHAaX.
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3.5. BigHomeHHS €eKBIBaJEHTHOCTI Ta BiJHOIIEHHS MOPSIKY

3.5. BigHoIllleHHa eKBiBaJIEHTHOCTI
Ta BiTHOIIIEHHS MOPAIKY

3.5.1. BigHoImeHHda eKBIBaJIEHTHOCTI

OszHauenna 3.5. Bignomenna R : A — A nasuBaioTb BiAHOIIEHHAM
eKBiBaJIeHTHOCTI (400 eKBIBAJIEHTHICTIO), KO 1R € BOmHOYAC PedIeKCUBHAM,
CUMETPUUYHUM Ta TPAH3UTHUBHUM.

VY pasi abcTpaKTHOIO BiJIHOIIEHHS eKBiBaJIeHTHOCTI R JijIsi BUCJIOBJIEHHS
xRy 3arabHONPUIHIATAM € MO3HAYEHHST & ~ Y (T eKBiBaJeHTHE ¥ ).

Bopasa 3.9. IlepesipuTtn, un € 1noBHe BiJIHONIEHHS BiTHOIIEHHIM €KBi-
BaJIEHTHOCTI.

Bnopasa 3.10. IlepeBipuTu, 4n € MOpOXKHE BiAHONICHHS BiIHOIICHHSIM
eKBIBaJI€HTHOCTI.

ITpuknam 3.20. 1. Hexaii A — noBiibna MmuozkKuna. TorozkHe BigHOIICHH S
14 € BIAHOIICHHAM €KBIBAJICHTHOCTI.
2. Hexait A = 7Z. binapue BigHomeHHs

(z ~y) < ((x —y) — mapne)

€ BIJTHOTIIEHHAM eKBiBaJIEeHTHOCTI. TaKy eKBiBaJIEHTHICTh HA3WBAIOTh €K616a-
AEHMHICTIO 36 MOJYAem 2 Ta TIO3HAYAIOTH depe3 © = y (mod 2). fk jerko
00AYNTH, JIBA UUCJIA T Ta Y €KBIBAJEGHTHI 3a MOIy/JaeM 2 TOAI i TIJIBKU TOI],
KOJIH BOHU MAalOTh OJHAKOBY HapHicTh (06uaBa maphi abo obmaBa HemapHi).
Tak, 2 ~0~4~ -2~ 18,1~ 3~ —13, ane 1 £ 4.

3. Posrstnemo y3aranbHeHHs npukaany 3 myHkTy 2. Hexaii p € N, A = Z.
Yepes z mod p (x € Z) GynemMo mo3HadaTh OCTAady Bij jideHHsa T/p, TOOTO
r = pk + (x mod p) nis nesikoro k € Z. Jlerko mepeBipuru, 1o OGiHapHe
Bl THOIIIEHHS

(. ~y) & (z—y)modp=0

€ BITHOTIIEHHAM eKBiBaJIEeHTHOCTI. TaKy eKBiBaJIEHTHICTh HA3WBAIOTh €K616a-
AEHMHICMIO 30 MOJYAEM P Ta TIO3HAUYAIThL T = Yy (mod p). dk jerko 6aunTwu,
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Po3zmgin 3. 'Teopis BigraOIIIEHD

JIBa YHMCJa T Ta Y eKBIBaJeHTHI 3a MOAYJAeM P TOMAl 1 TIAbKHW TOJ1, KOJU BO-
HHM JTal0Th OJHAKOBY OCTady Bia mlJieHHs Ha p. Tak, mpum p = 2 0aepKUMO
BIITHOIIIEHHA 3 IyHKTY 2.

4. Hexait A = R?. Po3riisineMo BiHOIICHHS €KBiBAJICHTHOCTI

((z1,22) ~ (Y1, 92)) < (21 = 1)

Ak Gaunmo, aBa BeKTOpU T = (1, T2), ¥ = (Y1, Y2) OMOJONIYIOTHCSI €KBiBa-
JIEHTHUMHU TOJ1 1 TIIBKY TOJI1, KOJIU BOHU MAaIOTh OJTHAKOBI MePIT KOOPJANHATH,
T0O6TO 1 = 1.

5. Hasenemo gemo mryunuii npukiag. Hexait A = {1,2,3,4,5,6}. Pos-
[JISHEMO TaKe BiJIHONIEeHHSI:

R = {(17 1)7 (27 2)7 (37 3)7 (47 4)7 (57 5)7 (67 6)7
(1,2),(2,1),(3,4),(4,3),(3,5),(5,3), (4,5), (5,4)}.
Jlerko nepesiputu, 1mo R — BiIHOIIEHHS] €KBIBAJIEHTHOCTI:

1~2 3~dnb, 143 146, 346

Binnonterna R Mae HaodHiINTe 300pakeHHSA Y BUTJISII OPIEHTOBAHOTO T'Pa-
by Ta marpuni (puc. 3.7, 3a UpupoOAHOI HyMepallil psJIKiB Ta CTOBIILB).

6

3 ﬂ 100 0 0)
110000

001110

Me=1001110

001110

4

b 0000 1)

Puc. 3.7
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3.5. BigHomeHHS €eKBIBaJEHTHOCTI Ta BiJHOIIEHHS MOPSIKY

3azHaunuMo, Mo «OJOKOBa» CTPYKTypa MaTpuili M. He € BUNAIKOBICTIO
— JOCTATHHO TMOPIBHATU CTPYKTYPY MaTpHIll 31 CTPYKTYPOIO OPIEHTOBAHOTO
rpady. Binbie Toro, Marpuils J0OBIJIBHOIO BiIHOIIEHHS €KBIBaJEHTHOCTI Ha,
CKIHYEHHI!l MHOXKMHI MaTHMe aHAJOrIYHYy OJIOKOBY CTPYKTYPY 3a HaJIeXKHOI
HyMepallil psaKiB Ta CTOBIINB (MOBEPHIMOCH JO MBOTO MHUTAHHS, KOJTH PO3-
DI IATUMEMO (haKTOP-MHOKUHH ).

Bnopasa 3.11. /loecTn, 1m0 BCi BiHOIEHHS 3 MPUKJI. 3.20 € BiIHOIIEH-
HAMHU eKBIBaJeHTHOCTI.

ITpukmaan 3.21. Hexait A — muoxKkuna 49os10BiKiB. Po3risgnemo Take Bij-
HoIeHHd Ha A:

(xRy) < (y — 6par x (3a oboma GaTbKaMmn)).

OueBnano, BigHomenuss R cumerpuune. [Ipore pedekcuBHUM Ta TpaH3u-
THUBHHUM II¢ BiJHOIIEHHA OyJe JIUIe TOMl, AKIINO JOMOBUTHCH, IO KOXKEH YO0-
JIOBIK — Opar caMomy coOi.

3.5.2. BigHomeHHA TTOPSAIKY

Os3nauenns 3.6. Bignomenna R : A — A Ha3MBAIOTL BiJHOIEHHSIM
MOPSIAKY (TTOPSIIKOM, HECTPOTUM YaCTKOBUM TIOPSIIKOM ), SIKIIO R € BOJTHOYAC
pedJIeKCUBHUM, aHTUCUMETPUYHUM Ta Tpau3uTuBHuM. Muoxuny A, na axiit
3a/laHe BiAHOIICHHS HOPAIKY «R», HA3MBAIOTh YAaCTKOBO BIOPIIKOBAHOIO.
st 9aCcTKOBO BHOPSIIKOBAHOI MHOXKHHH A 3 BIIHOIIEHHSAM HOPSAAKY «FR»
BUKOPHUCTOBYBaTUMeMO Mo3HadeHHs (A, R).

IIin gac poboru 3 abCTpaKTHHM BiJIHOIIEHHSIM IHOPsAKY R JJIsT BHCJIO-
BJIeHHs xRy npuilHATO mMo3HaueHHs r =< Yy (T Tepeuye y, Yy CIIIyE 3a ).
Hanmasmi Oy1eMo Tako:K BUKOPUCTOBYBATH TaKi MO3HATEHHS:

(z=y) & (y 2 2);

o (r=y)e (z2y A #y));
o (z>y) & (y=<u).

ITpukmaanx 3.22. 1. Hexait A — noBigbHa MHOKHHA. TOTOXKHE BIIHOIIEHHS
14 € BimHOIMIEHHSAM TOpPAIKY Ha A.
2. Hexait A = R. Bignomtenust «<» ta «>» — BiiHOIIIeHHS MOPsIKY HA R,
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OJIHAK BIJHOIIEHHST «<» Ta «>» He € BiHOMIEHHIMH MOPSJAKY (HE BUKOHYE-
ThCs BUMOTA, PeIIEKCUBHOCT).
3. Hexait A — muozkuna 41os10BiKiB. Posrignemo Take BijHomenns na A:

(x 2 y) < (y — npesoK s x).

K10 BBaXKaTH JIIOJIWHY IIPEIKOM caMoi cebe, BBeJIeHEe BiTHOIIEHHS € BiIHO-
MIEHHAM TOPSJIKY.

Bnopasa 3.12. /loBecTn, 1110 BCi BiTHOIIEHHS 3 TPHUKJI. 3.22, 38 BUHATKOM
«<» Ta «>» Ha R, € BiJIHOIMIEHHSAMU TOPSJIKY.

O3nauenns 3.7. Hexait (A, %) — 9acTKOBO BIOPSIIKOBAHA MHOYKWHA.
Enementu x,y € A nasuBawrh nopisagnauMu, akio (r < y) V (y < x).
Akmto Oyap-gki enemenTn x,y € A € NOPIBHIHHUMM, BITHOIIEHHS «=» Ha3MU-
BAIOTDH BIJHOIIEHHSM JIHIHHOTO TOPSIAKY (JIHIHHUM HOPSIIKOM), & MHOKUHY
A — JHITHO BIOPSAKOBAHOIO.

IIpuknan 3.23. 1. JIerko nepeBipuTH, M0 9aCTKOBO BIOPSIKOBaHI MHO-
xunn (R, <) ta (R, >) € ainiiiHO BIOpSIKOBAHUMU.

2. Hexait U — mosinbaa MEOkKEHA. Jlerxo nepesipuru, mo (2, C) € gact-
KOBO BIIOPSLIKOBAHOIO MHOXKUHOIO. IIpore, B 3arajbHOMY BHIAJIKY, BiIHO-
meHHst «C» He € JiHidHuM nopsiakom. Tak, npu U = {a,b,c}, exementn
{a,b},{b,c} € 2Y e e nopiBHAHHUMMY.

3. Ha muozkuni R? posriasgueMo BiHOIIEHHs 4aCTKOBOTO (aJe He JiHifiHo-
T0) TOPSIKY:

((z1,22) = (41,92)) & (21 < y1) A (22 < 92))-

Tax, manpuksiam, (0,1) <X (1,1) = (2,1). Jlerko nepesipurtu, 1Mo BBEjEHE
Bi/IHOIIEHHS € YaCTKOBUM MOPSAIKOM, aJjie, 3po3yMijao, B R? icHyI0OTH Hemopis-
HauHi eementu (Hanpukaar, (1,0) ra (0,1)).

4. Ha mmoxuni R? posragremo BigHOTIeHHA AiHIITHOTO TOPSAIKY

(z1,72) =2 (y1,12)) © (21 <y) V(21 = y1) A (22 < 32))).

Tax, manpuksiam, (0,1) < (1,0). Beenene BimHOIIEHHST HA3UBAIOTD AEKCUKO-
epaivnum ynopsdkysartam (MOPIBHANRTE 3 YIOPSIKYBAHHAM JBOJITEPHUX
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3.6. Poszburtst MmuoKuHN. PaKTOP-MHOXKHHA,

CJIIB Y CJIOBHUKY: CMOYATKY MOPIBHIOIOTHCS MEPIITl JITepu, 1 AKIIo MepIi Ji-
Tepu 36irar0ThCst, HOPIBHIOITHCA JIPYTi JiiTepn).

5. BigHonieHHs: JieKCUKOIpadidHOro BIOPSAKYBAaHHS IIPUPOJIHO IIOIINPIO-
erbca Ha R™ mia goslibuoro n € N:

($1,...,$n) j (y17"'7yn)<:>
S (Fk: (v <yp) N(Vj <k:izj=y;))V (V) <n:z;=y,).

OTKe, «TOJIOBHOIO» OTOJIONIYETHCS TEpIa KOOpJAuHATa: SKIO T1 < Ui,
TO, 32 BU3HA4YEHHsIM, T = ¥y (Gliblie TOro, £ < y); AKIIO Hepir KOOPJAUHATH
BEKTOPIB OJHAKOBI, HOPIBHIOIOTHCA APYT1 KOOPAMHATH; IKIIO 1 JAPYTi KOOP/IH-
HATU OJHAKOBi, HOPIBHIOIOTHCA TPeTi KOOPAWHATH 1 T. 1. JIerko 3po3ymiTw,
1m0 OyAb-sKi ABa BeKTOpH 3 R"™ MOKHA MOPIBHATH.

Busnadene B mpoOMY IJAPO3AiJI1 BiTHOIMEHHS MOPSAAKY YacTO HA3UBAIOTD
BiTHOIIEHHSIM Hecmpo2020 nopadky (3Bazkaun Ha pedJekcuBHicTs). Bomno-
Jac, YacTO PO3TJISTIAIOTh BiTHOIIEHHS CMp02020 NopAdky, O BU3HATAETHCS
yepe3 BUMOTH aHTUPEdIEKCUBHOCT], aHTUCUMETPUIHOCTI Ta TPAH3UTUBHOCTI.
Taxk, BigHOImMEHHS «<» Ta «>» Ha R — BIAHOMIEHHS CTPOrOTO MOPSIKY.

Bnpasa 3.13. /losecTu, 110 aHTUCUMETPUIHICTH OIHAPHOTO BiHOIIIEHHS
BUILINBAE 3 aHTUPE(MIEKCUBHOCTI Ta TPAH3UTUBHOCTI.

3.6. Po30uTTa MHOXKHU. PaKTOp-MHOXKIHA

3.6.1. Po30urTd MHOXKNHU

Osuauenns 3.8. Hexaii U # @. Cykynnicrs Muoxkun {A,: o € 1}, me
[—j1oBiJIbHA MHOYKHMHA 1HJEKCIB, HA3UBAIOTH PO30UTTIM MHOKUHU U, SKIIO:

o A, # T (a€);
o U= J Ay

acl
o A, NA,, =3 (g # ).

IMpukaamx 3.24. 1. Hexait U — goBiibHa HenmopoxkHs MHOKuHHA, A C U,
A # U. Jlerko nepesipuru, mo {A, A°} — po3durrs muoxkuuu U.

2. {1,2,3,4,5} = {1,2} U {3,5} U {4}. Orxe, {{1,2},{3,5},{4}} — pos-
outrst Muoykunam {1,2,3,4,5}.

3. Hexait U = R?, A, = {(z,y): * € R} (y € R). Jlerko 3posymiTu, 1mo
{A,: y € R} € posburram muoxkuan R,
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AY
A

0,5 Ags

A
1 1 > 0

-1 o 1 X

-1 A_1

Puc. 3.8

4. Hexait U = R?, A, = {(z,y): x4+ ? =

o {A,:r > 0} € pozéurram Muo:kunu R2.

2 >
X
As={(0, 0)}

Puc. 3.9

3.6.2. PakTOP-MHOXKIHA

dx BumHO 3 pHc. 3.8, KOXKHA
MHOXKIUHA A, Ha KOOpJWHAT-
HIif IJIOIIMHI € IPSIMOIO, IO TTa-
paneabna oci OX. Otxe, BCd
KOOpAMHATHA ILIOMnHa R? €
00’ THAaHHAM HETTOPOXKHIX MHO-
xuu A, (y € R), mo nomapno
He Iepepi3aioThesd.

r?} (r > 0). Jlerko 3po3ymiTH,

dAx Buaao 3 puc. 3.9, KOxK-
Ha MHOXKMHa A, Ha Koopau-
HATHIM TJIOMMWHI € KOJOM 3
IIEHTPOM B IOYATKY KOOPIU-
HaT 1 pagiycom r mpu r > 0
Ta OJHOTOYKOBOIO MHOXKHHOIO
{(0,0)} pu = 0. O1Ke, Bes
KOOpJMHATHA, TIoMnHa R? —
00’€THAHHS HEITOPOYKHIX MHO-
xkuu A, (r > 0), mo momapuo
He IepepizaioThed.

Hexait A — mesgka HeMOpOXKHS MHOXKHWHA, Ha dKiil 3aaHe BiIHOIIEHHS

€KBIBAJIEHTHOCT] «~u,

Oznauvenns 3.9. Hexait a € A. Kitacom eKBiBaJe€HTHOCTI, MOPOIZKEHUM
eJIEMEHTOM @, HA3UBAIOTH MHOKUHY [a], 1110 CKJIAJAETHC 3 €JIEMEHTIB, eKBi-

BaJICHTHHUX €JIEMEHTY a:

la] ={z € Az ~a}.
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3.6. Poszburtst MmuoKuHN. PaKTOP-MHOXKHHA,

Teopema 3.3. Kaacu exsisarernmmrocmi abo ve nepepidaromupca, abo 30i-
2010MbCA:

Vay,as € A: ([a1] N [as] = @) V (Ja1] = [ag)]).

Jlosedenns. Hexait b € [a1] N [az], TobTO [a1] N [as] # @. s nosenenns
TEOPEMHU JTOCTATHBO JTOBECTH PIBHICTH [a1] = [az).

(b€ a]) = (b~a1); (b€ lag]) = (b~ az); (a1 ~b)A(b~ az) = (a1 ~ ay).

Orxke, a3 ~ ag. Tenep st nosenents piBHocti [a;] = [as] ckopucraemoch
MOJEJbHUM CIOCODOM:

(x €la1]) & (r ~a1) & (x~ay) & (v € |as)).
Orxe, [a1] = [as], 1m0 3aBepiye J1OBEIEHHS TEOPEMU. O

Oszpauvenna 3.10. ®akTOp-MHOKHUHOIO MHOXKHHH A 3a BiIHOIIEHHSIM
eKBIBAJIEHTHOCT1 «~» HA3UBAIOTh MHOXKUHY A/ _ BCIX KJaClB €KBIBAJICHT-
HOCTI:

A/ ={la]:a € A}.
Omneparitito obunciaenas HPaKTOP-MHOKUHE HA3UBAIOTH (PaKTOPU3AIIEI0 MHO-
JKUHH 34 JIaHOI0 eKBIBaJIEHTHICTIO.

Basznaunmo, mo y dbakrop-maoxuni {[a]: a € A} neski 3 kiacis ekBiBa-
JIEHTHOCTI, TII0 TIOPO/IZKEH] PI3HUMHU eJIeMeHTaMU, MOKYTh 30iraTucst (6iabIie
TOIO, AKIIO BiJHOIIEHHSI «~» HE € TOTOXKHUM, iICHYIOTb a1, as € A, Taxi 1o
[a1] = [az]). Onnax y 3amucy {[a]: a € A} onHakoBi Kjiacu He PO3PI3HAIOTHCS:
KJacu [a;] = [as] BBaXKAIOTHCA OJHUM €JIEMEHTOM (DAKTOP-MHOXKUHH.

JaJi 3a3HaYUMO, IO KOJIeH i3 KJIACIB €KBiBaJI€HTHOCTI HE € MOPOXKHBOIO
MHOYKWHOIO: TIpHHAHMHI a € [a).

OT:Ke, BpaxoOBYIOYU TBEPJIZKEHHS TEOPEeMH 3.3 MOKEMO 3pOOUTH BUCHO-
BOK, IO (IIOTMAPHO Pi3Hi) KJIACH eKBIBAJIEHTHOCTI yTBOPIOIOTH PO3OUTTS MHO-
xuau A. IIpore mae micie 1 3BOpOTHE TBEp/IZKEHHSI: KOXKHE PO30OUTTS MHO-
JKUHN A moporKeHe JesIKUM BiTHOITEHHSIM €KBIBAJEHTHOCTI.

Bopasa 3.14. Hexait {A,: o € [} — po3durrs muoxkunu A. Beememo
Take OiHApHE BIJIHOIIEHHSI «~o»:

(ay ~az) & (Ja € l:ag,as € Ay),

TOOTO @1 ~ Gy TOAI i TITBKH TOMI, KOJH @1 Ta Gy HaJdesKaTh OXHIH 1 Tiit camiit
muOKuHI A,. loBecTu:
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Po3zmgin 3. 'Teopis BigraOIIIEHD

® BBeJEHE BITHOIIEHHS «~» € BIIHOIIEHHSIM €KBIBAJEHTHOCTI Ha A;
e HaKTOP-MHOKHHA 3a BIAHOMEHHAM «~~» 30Irac€ThbCcd 3 BUXITHAM PO3-
OUTTSIM:

Al ={A,ael}

ITpukaam 3.25. 1. Hexait A — noBiibHa HenopoxkHg MHOXKKUHA. [Ipodak-
TopuzyeMo A 3a ToTOkHUM BimHOmeHHSM [4 («=»). OdueBugHO, BCi Kiacu
€KBIBAJIEHTHOCTI — OJTHOEJEeMEHTHI MHOXKWHHA:

a] = {a} (a€ A), A/_={{a}:ac A}.

2. ITpodpakropusyemo muoxkuny A = {1,2,3,4,5,6} 3a Taxum BigHOIIEH-
HIM €KBIBAJEHTHOCTI:

1~2 3~dn~b, 143 146, 346

(mus. mpuk,1. 3.20, myHKT 5). O4eBUIHO, (HaKTOP-MHOKIHA MICTUTH TPU KJIa-
CU €KBIBAJIEHTHOCTI:

A/ ={{1,2},{3,4,5},{6}}.

[TopiBaoroun A / _ 3 IpadoM Ta MaTPHIEIO BIJIHOMIEHHS «~», JIETKO 1100a41-
TH, IO KOXKEeH KJIAC eKBIBAJEHTHOCTI OTHO3HAYHO BIJINOBIIAE JIesaKiil 00J1acTi
3B’13HOCTI Tpady Ta JeTKOMY «OIUHUIHOMY O0Ky» maTpuii M. (rpad Ta
marpung M. HaBegeni B npuki. 3.20, nyHKT 3). 3pO3yMLIO, IO MaTPHII
JIOBLJIBHOI'O BIIHOIIIEHHS €KBIBaJIEHTHOCTI 3aB2K /I MaTuMe OJIOKOBY CTPYKTY-
Py, FKIIO eJeMeHTH MHOKUHU A s 3iCTaBJIeHHsI PsAIKaM Ta CTOBIIISAM Ma-
TPUIl HyMepyBaTH 3a KJacaMM eKBIBAJEHTHOCTI: CIOYATKY MPOHYMeEpPYBaTH
eJIEMEHTH OJIHOTO JIOBLILHOTO KJIACy [a1], moTiM — efiemenTu Kiaacy [az| # [a1],
iT. 1. 3po3yMijio, 10 3a iHIIOI HyMepallil psJIKiB Ta CTOBIIIB OJI0KOBA CTPYK-
Typa MaTPUIll MOXKe MOPYITATHCH.

Bopasa 3.15. [loOyxyBaTn MaTpuIiio HaBeJEHOTO BiTHOMTEHHS «~>», BU-
KOPUCTOBYIOUYM TaKy HYMepaIliio PSJKIB Ta CTOBIINB: HepIUil pAgOK Ta
CTOBIIEIb MATPHUIN BIIIOBLIAIOTH e1eMeHTy 1, Apyruii psgoK Ta CTOBIEIb
— eJIEMEHTY 3, TpeTiit pAJOK Ta CTOBIEIb — eJeMeHTy 6, YeTBepPTHH PIOK Ta
CTOBIEINb — €JIEMEeHTY 2, T aTUil PSAI0K Ta CTOBIENb — eJeMeHTy 4, TMoCTHit
PAIOK Ta CTOBIENb — ejeMeHTy . Ilepekonartmcs, 1mo 0JI0KOBa CTPYKTypa
MaTpHUIll MMOPYTIIEHA.
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3. [IpodakTopusyemo Z 3a BigHOIIEHHAM eKBiBaJgeHTHOCTI «( mod p)», e
p € N. OueBugHO, KOXKEH KJ1a¢ €KBIBAJIEHTHOCTI MICTHTH €JIeMeHTHu N € 7, 3
dikcoBaHMM 3HaYEHHSM OcTadi Bij gineHHss Ha p. OTxKe, MAa€MO P PI3HUX
KJ1aCiB €KBIBaJIEHTHOCTI:

Ay =[kl={k+jp:jeZ}, (0<k<p-1),
A/(mod p):{Ak:OSk‘gp—l}.

Tax, mpu p = 2 daxTop-mHOKUHA A / (mod p) Oye TBOETEMEHTHOIO:
A/(mod 2 = {{n € Z: n — napue},{n € Z: n — nenapue}}.
4. Tlpodakropuszyemo R? 3a TaKuM BiAHOMICHHSM €KBiBaJIeHTHOCTI:

((z1,22) ~ (y1,92)) < (2] + 23 = yi + v3).

3 BU3HAYEHHS JTAHOTO BiIHOIIEHHS «~» BHUILIMBAE, IO KOXKEH KJAC eKBiBa-
JICHTHOCTI MIiCTUTD eJieMenTH (1, %) € R? 3 (bikcoBaHUM 3HAUEHHAM T7 + T3:

A, ={(z1,22): x% +35§ = 7“2}, (r >0), A/N ={A,:r >0},

Otxke, PaKTOP-MHOKHUHA, A/ _ € PO30UTTAM KOODJMHATHOI IJIONIMHA R?
Ha KOHIEHTPHYHI KoJIa 3 TeHTpaMd y TOYaTKy KOOpAWHAT 1 pajiycamMu
r > 0 (Bumaaky r = 0 BianoBijae OJHOTOYKOBHUiI KJIAC EKBIBAJEHTHOCTI
((0,0)] = {(0,0)}). Basnauumo, mo gane po3buTTa R? MU posragianm B
npuki. 3.24 (myHKT 4), ne 6yJI0 HaBEIEHO BiIIOBIIHUI PHCYHOK.

3.7. DyHKIIid 9K OKPEMHIII BUMIA0K
BiTHOITIEHHS

Y BbOMY HiJIpO3/1ij1i BUBYATHMEMO 3B’ I30K, 10 iICHYE MiK OiHApHUMU BiJI-
HONICHHSIMH Ta KJIACHIHUM MOHATTIM (PYHKIIT, siKe BiloMe 3 Kypcy MaTeMa-
TUYIHOTO aHAMI3Y (Ta 31 MKITLHOrO KYPCY MaTEeMATHKH ).

Osnauenng 3.11. Ob6usiacTio Bu3HadeHHd Bignomenns R: A — B nasu-
BAalOTb MHOXKHHY

Dr={x € A: 3y € B: xRy}.
Ob6sactio 3Hadenb (06pasom) BigHOmeHHs R: A — B Ha3uBalOTh MHOXKUHY

Imgp={y € B: 3z € A: zRy}.
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Bopasa 3.16. /losectn: D = Imp-1.

Osnauennsa 3.12. Binapue Bijnomenns R: A — B Ha3uBaiOTh CIOp’€K-
THUBHHUM, SIKIITO

Yy € Bdr € A: xRy.
Buopasa 3.17. Jlosectu: (R — ciop’ekruBre) < (Img = B).

Osnauenng 3.13. Binapue Bignomenns R: A — B na3uBaloTh iH'€KTH-
BHUM, SIKITIO

((x1Ry) A (x2Ry)) = (21 = x9).

Binapne Binnomrenns R: A — B Ha3uBaioTh (DyHKIIOHAJIBHAM, SKIIO

((Ry1) A (xRys2)) = (41 = y2)-
Bupasa 3.18. /losectn: (R — in'extusne) < (R~ — dyHKIioHaTBHE).

Haui BBazkaTumemo, 110 QyHKIIOHAJIBHOMY BijHomenuio Ry : A — B
Binnosinae dyukiis f: A — B (Ry S f), taka, mio:

Dy =Dg,, (f(z)=y) < (zRsy).

Ipukaan 3.26. Posrianemo sinnomenna R: R — R, (zRy) & (y = 2?).
Besnocepeinbo nepeBipsierbes, mo R — yHKIIOHAIbHE BiHOIIEHHS, SKOMY
Bianosigae gynxuia f(x) = x2. Ilpore obepuene pignomenna R~ ne € bynk-
mioHaabHUM, ocKiibku R He in’ekrusue (1R1, (—1)R1, ane 1 # —1).

3 BU3HAUEHb HEraiiHO BUILIMBAE, IO KOMIIO3UINI BiTHOIIEHb BiIIOBIIAE
KOMIIO3uIList PYHKILH, oOepHEeHOMY iH'€KTUBHOMY BiJIHOIIEHHIO — O0OepHEeHa,

dyHKIILIST:

(RfoR,) S (go f), (Rf: A— B, R;: B— C — byukujonasnbhi);

(Rp)' = f71, (Ry — iw’exTuBHe Ta dyHKIiOHATbHE).

Baypaskenast 3.3. Ille pa3 3BepHiIMO yBary Ha Te, IO JJId 3alHUCY KOM-
mo3utiii BiHONIEHb NPUWHATO NPAMUIl MOPAIOK 3aMUCy, a A KOMITO3UITIT
dbyukniit — 3BoporHnit (auB. 3ayB. 3.1).
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3.7. DyHKIIS SIK OKpeMHUi BUIAA0K BITHOITCHHS

Teopema 3.4. Komnosuuia crop’ ekmushur 8idHoUEeHb € COP ERMUSHUM
GIOHOWEHHAM, KOMNO3UULA 1H EKMUBHUT 6I0HOUEHD € TH EKMUBHUM 610HO-
WEHHAM, KOMNO3UULA PYHKUIOHAADHUL 610HOWEHD € PYHKUIOHAALHUM 610-
HOUEHHAM.

Josedennsa. Hexait R: A — B, S: B — (. Toxi BusHayeHa KOMIIO3UIIIs
RoS:A—C.

1. Hexait R, S — ciop’exktusHi. loBegemo ciop’ekTuBHiCTh R0 S.

Hexait z € C'. 3aBasku ciop’ekTuBHOCTI S 3Halimerbes y € B, Takwmii, 1mo
ySz. Haumi, 3aBaskn ciop’ekTuBHOCTI R 3Halinerbes v € A, takuii, mo xRy.
Orxe, (R o 5)z.

2. Hexait R, S — in’ektusHi. JoBenemo in’ekTuBHicTE R0 S.

Hexaii x1(R o S)z, x9(R 0 S)z. Toxi, 3a Bu3HAYEHHSIM KOMIIO3HUIIT, 3HA-
IYThed Y1,Yo € B, Taki, mo xRy, xoRys, y15z Ta y2Sz. Hami, 3aBiagakn
in’exkTuBHOCTI S, Y1 = Yo = Y. OTiKe, x1 Ry Ta x9Ry, 3BiAKN, 3aBIAAKHN iH €K-
TUBHOCTI R, MaeMo: x1 = To.

3. Hexait R, S — dyukmionasaphi. JloBegenns dpynkmnionaabaocri i o S
3aJIAIIAEMO SIK BIIPaBY. (]

Buapasa 3.19. /losectu dyHKmionaapHicTh R 0 S caMocTiiiHO.

Bra3ziBka. JloBejieHHd 3BOAUTLCA A0 IIYHKTY 2 3 BUKOPUCTAHHIM Pe3yJb-
TaTy BIpPaBHU 3.18, AKIIMO CMOYATKY JOBECTU MPOCTY TOTOXKHICTD:

(RoS)'=S"1oR™.

Jami, 9K1mo He BUHUKAE HETOPO3YMiHb, Oy/1eMO OTOTOXKHIOBATH (PYHKITI-
OHaJIbHE BijHOImIeHHs [?; Ta Bignosigny QyHKHio f.

Ozuauvenns 3.14. Oyukimio f: A — B Ha3uBaiOTh BiJ0OpaKeHHSIM,
AKIIO BOHA BU3HAUeHa M7 Beix o € A, TodTo Dy = A.

Bopasa 3.20. Hexait Ry — dynknionaasue Bignomenns. Josecrn:
(f — Bimobpaenns) < ((R;)™" — clop’ekTupHe).
ITinkpecaumo, mo Bigaomenns (Ry)~! moxe He 6yTn QyHKIIOHATBHIM.

Bnopasa 3.21. loBecTn, 1110 KOMIIO3HIIisI Bi10OpaskKeHb € BiT0OpazKeHHSIM.
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BayBakeHHst 3.4. N jiTeparypi 3ycTpiualoThcs pi3Hi BUSHAYEHHS IS T0-
HATH (DYHKINT Ta BijoOpazKeHHs: HaWdacTille I TOHSTTS BU3HAYAIOTH TaK
caMo, K 1 B IIbOMY IIOCIOHHKY, IIpOTe iHO/AI IM HAJAI0Th JIEIN0 iHIIOI'0 CEHCY
(Tak, iHKOJM TOHSATTS DYHKIIT Ta BiOOparKeHHsI OTOTOXKHIOITH). Ompaibo-
BYIOUH JIITEPATYpPY 3 IET TEMU CJIIT 3BepTATH yBary, ik caMe aBTOP BU3HAYAE
dyHKIIO Ta BijloOpasKeHHS.

O3uauenHga 3.15. In’exiier0 HA3UBAIOTH BiOOpaXKEHHS, 110 BiAIIOBI A€
iH’€eKTHBHOMY (DPYHKIIIOHAJILHOMY BiHOIIEHHIO; CIOP €KIII€I0 HA3UBAIOTh BiJIO-
OpaKeHHsI, 1[0 BIJIIOBIIa€ CIOP’€KTUBHOMY (DYHKIIIOHAJIHHOMY BiJIHOIIEHHIO;
OiexIiero (B3a€MHO OJHO3HAYHUM Bi0OOpasKeHHSIM) HA3WBAIOTH BiTOOparKeH-
He, 9Ke € BOJHOYAC iH €KITI€I0 Ta, CIOP EKITIEIO.

Bnopasa 3.22. /losecTn:

e akio (dyHKIIOHATbHE BigHOIEHHs [y BU3Ha4dae Oiekiioo f, To obep-
wene Bignomenns (R;)™! Takox € dyHKIioHAILHUM | BU3HAYAE OiEK-
el
uito f;
® KOMIIO3UIida OieKIiil € OIEKIIIEIO.

IMpuknaaxg 3.27. 1. f: R — R, f(z) = 2% Binobpaxkenns [ ne € aui
in’ekmiero (f(1) = f(—1)), ani ciop’ekmiero (f(x) > 0).

2. f: R — [0,00), f(x) = x2. Bimobpaxkenns f € ciop eKIieio, aje He €
iH €KII€TO.

3. f:]0,00) = R, f(x) = 2% Binobpaxennsa f e in’ekuielo, ajie He €
CIOP EKITIEIO.

4. f:]0,00) — [0,00), f(z) = 2°. Bigobpaxenna f € GieKIjero.
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Poznaia 4

EnemMenTu koM0OiHaTOpUKU

4.1. OCcHOBHI IPUHIIUIIN KOMOIHATOPUKM.
3arajibHe BU3HAUEHHA BHOIpKM

OO6’ekT BUBUYEHHS KOMOIHATOPUKH — I BHUOIp €JIeMEeHTIB i3 CKiHYeHHOI
MHOYKMHH 3T1AHO 13 3aJaHUMHU ITPaBUIaMHU.

4.1.1. OCcHOBHI NPUHIIUIIN KOMOIHATOPUKN

1. IIpunyun dobymry. Hexait mesaky mir0 MOXKHA PO3OUTH HA 7 MOCTI-
JOBHUX He3aJIeJKHUX i, TPIIOMy KOXKHY HiJJi0 j MOXKHA BUKOHATH K;
ciocobavu (j = 1,...,n). Toxil Buxinny aito moxkua BukoHatu kiks ...k,
cIIocoOaMM.

OOrpyHTyBaHHs NPUHIUIY JTOOYTKY 3BOIUTHCS JO MAPAXYHKY TOTY K-
HOCTI1 JIEKapTOBOTO JOOYTKY CKIHUEHHOI KLTBKOCTI CKiHIeHHUX MHOXKUH. [Ti71-
KPECJIUMO, 10 IIePeIyMOBOI0 KOPEKTHOI'O 3aCTOCYBAaHHS IIPUHIUILY J00YTKY
€ He3aJIeZKHICTh kj BiJ TOro, SKUM caMe CIocoOOM Oy/IM BUKOHAHI IOIepe/IHi
7 — 1 migmaii.

ITpukmaan 4.1. Po3ristaeMo 100pe BiioMy MoOJe b, CTaHJIapTHY JJis Oa-
raThOX KOMOIHATOPHUX 00 €KTIB.

Hexait B ypHi MicTarbca n OIIMX Ta M YOPHUX HYMEPOBAHHX KYJIb,
n,m > 2. CkiabKoMa crmocobaMy MOKHA MOCIIAOBHO BUTATTH 2 KYJIi TaK,
o0 TepIna BUTATHYTA KyJIS BUSIBUIACH OIJ1010, a APYyTra — YOPHO?!
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Buxinua mist (BUTSATYBaHHS JBOX KyJb) PO3IAIA€ThCA HA JIBI MOCJIiIOBHI
He3aJIexKHI MiIil — BUTATYBaHHA OLIOI KyJjii Ta BUTATYBAHHS YOPHOI KYJII.
[leprra miggis Moxke OyTu BHKOHAHA M crocobaMu, Japyra (He3aJexKHO Bij
crioco0y BUKOHAHHsI HEPIIOl Iijii, TOOTO Bij TOro, Ky came OLIY KYJIIO
OyJI0 BUTATHYTO MEPIIO0 Tiaien) — m crocobamu. OTike, K BUILIHBAE 3
HPUHIUITY A00yTKY, BUXI/IHA Jlisi MOKe OyTH BUKOHAHA MM CIIOCODAMMU.

2. Ilpurnyun cymu. Hexalt MEHOXKWHY CTTOCOOIB BUKOHAHHS JIETKOI JTiT MOZK-
Ha po30UTH Ha Kk MIMHOXKWH, 110 TMOTAPHO He Tepepi3aioThCsd, TPUIOMY B
KOYKHI# j-if MHOXKHHI MICTUTBCA T €JI€MEHTIB (ctrocobiB). Toxi BuXigHy Jito
MOKHa BUKOHATH Ny + Mg + -+ - + Ng CIIOCODAMU.

OOrpyuTyBaHis TPHHITAIY CYMH 3BOJIUTHCS JIO MiIPAXYHKY €JIEMEHTIB B
00’e¢THaHHI CKIHYeHHO1 KIJTHbKOCTI CKIHYeHHNX MHOYKWH, IO MOMTapHO He Tepe-
Pi3af0ThCA.

Ilpukgaan 4.2. Hexaii B ypHiI MiCTATbCS N OLINX, M YOPHHUX Ta k dep-
BOHMX HYMEPOBAHUX KYJb, 1, m, k > 2. CKLIbKOMa CII0CcO0aMI MOYKHA, TIOCTi-
JIOBHO BUTLAI'TH 2 KYJIi TaK, I100 IepIia i TIAbKHU IepIa BUTATHYTa KyJjs OyJia
6110107

Muoxkuny cnoco6iB BUKOHAHHS BHXIAHOI il MOXKHaA PO3OUTH Ha, JBI IIijI-
MHOXKWHH, 110 He TepepizaloThesa — MiAMHOXKIHA CIOCO0IB, KOJIU APYyTa KYJIs
OyJ1e YOPHOIO, Ta T JIMHOKWHA, KOJIU JIPyTa KyJisd € uepBoHOI0. [lepmra miaMHO-
JKMHA, 32 [IPUHIMIOM JI00yTKY, MICTUTh MM €JIEMEHTIB, Apyra — nk ejieMeH-
TiB. OTKe, 9K BUILIUBAE 3 IIPUHIUIY CYMM, BUXIJTHY JiI0 MOYKHA BHUKOHATHU
nm + nk cnocobamu.

3. ITpunyun Hipizse. Hexait enementu mMuoxunu A = {ai,as,...,a,}
HOTPIOHO PO3MICTUTHU MO M KOMIpKaX, MpudIoMy 7n > m. Toal npuHaiMHL
OJTHA 3 KOMIPOK OyIe MICTUTH OLIbIIEe OTHOTO eJeMEHTA.

IIpuknan 4.3. 1. Hexait 5 cTyaenTiB CKJIaIAIOTh iCIUT 38 CTAHIAPTHOIO
JOTUPUOATBHOIO CHCTEMOIO («BIIMIHHO», «06pe», «3aJ0BIIBHO», «HE33I0BI-
abHOo»). Toxi 3a npunmunom Jlipix/je npuHaiiMui JBa CTYJIEHTH OTPUMAIOTH
OJIHAKOBI1 OIIHKH.

2. 3rigno 3 npunnunoMm Jlipixse B micti Kuepi 2004 poKy Mmemkaan mnpu-
HafiMHI JIBI JIIOMUHE 3 OJHAKOBOI KiJBKICTIO BOJOCHH HA TOJIOBI (OCKLIBKH
Ha 2004 pik HaceneHHd KueBa mepeBUIYBAIO MOXKJINBY KLIBKICTh BOJOCUH
Ha TOJIOBI JIIOIUHH).
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4.1. OcHOBHI HpUHINTH KOMOIHATOPUKH. 3arajbHe BU3HAYEHHST BHOIDKH

4.1.2. 3araJbHe BU3HAYEHHsI BUOipKMH.
Bubipku BonopsigikoBaHi Ta HEBIIOPsIJJKOBaHI,
3 MIOBTOPEHHSIMHU Ta 0€3 MOBTOPEHb

Osuauennd 4.1. Bubipkorw 3 muoxkuuu A = {ay,as, ..., 0y} JOBKUHOIO
(06’emoM) k Ha3MBAIOTDH MOBIILHEN HAGIP €JIEMEHTIB Ay, Ajy, - - - , @, , IPATOMY
eJIeMeHTH BUOIPKU B 3arajbHOMY BHUIIQJIKY MOYKYTh IOBTOPIOBATHCH.

fkmo Bei etemenTy BubipKy nonapHo pisHi (a;, # a;, Ipu p # q), BUGIpKY
HA3UBAIOTH BUOIPKOIO 6€3 MOBTOPEHbB. ZKIMO MOBTOPEHHS JO3BOIAIOTHCA (ase
He BUMAraloThCs ), BUOIPKY HA3MBAIOTh BHOIPKOIO 3 IOBTOPEHHAMU.

ZKio Ha BuUOIpI 3a/aHO BiAHOIIEHHS JIHIKHOIO HOPSJIKY, BUOIPKY Ha-
3UBAIOTH YIOPSIKOBAHOIO BHOIPKOIO, ab0 PO3MIIMIEHHAM. ZIKIO BiIHOIIEHHS
MOPSIIKY He 3ajaHe (MOPsiIOK eJIeMEHTIB BUOIPKH HEe BPAXOBYEThCsI ), BUOIPKY
HA3UBAIOTH HEBIIOPsIKOBAHOIO BUOIPKOIO, a00 KOMOIHAIIIEIO.

Po3MitnenHns: 6e3 moBTOpeHb IpH N = k HA3UBAaIOTh lIepPecTaBIeHHAM MHO-
KuHu A.

OCKiJIBKHT A1 anaJIi3y BJACTHBOCTell BUOIPDOK IPUPOJA eJIeMEeHTIB a; He
Ma€ 3HavYeHHsI, BUOIPKY AOBKUHOIO Kk 3 MHOXKWHH A MOTYXKHICTIO N HAa3WBa-
1I0Th BUOIPKOIO 3 1 3a k.

IMpukaazn 4.4. Hexait B ypHi MicTarbest 3 HymepoBaHi Kyii (Kp, Ko, K3).
[ToTpibHO miapaxyBaTh, CKLUTBKOMAa CIIOCOOAMN MOYKHA BUTATTH 2 KYJi 3a Ta-
KAX YMOB:

1. Butaranyra Ky/g He MoBepTaeThbCcd A0 YPHH; MOPAIOK BUTIATYBAHHA He
BPaXOBY€EThCs, TOOTO BHOIPKH THUILY K;, K; Ta K;, K; BBAXKalOTh OJIHI€I0 BUOIp-
Ko010. OUeBUIHO, MOXKJIUBI TaKi BapiaHTH:

Ki,K2;, Ki1,K3; K2,K3.

2. Butarunyrta KyJig He IIOBEPTAETHC JI0 YPHU; TOPSII0K BUTATYBAHHS Bpa-
XOBY€TBLCH, TOOTO BUOIDKHU THUILY K;, K; Ta K;, K; BBA2KaloTh PI3HUMU BUOIpKa-
Mu. QUeBUIHO, MOXKJINBI TaKi BapiaHTH:

K1, K2, K1, K3, Ko, K3,
K2,K1;, K3,K1; K3, Ka.

3. Butarayra Kyjisd MOBePTAETHCS JI0 YPHU 1 MOXKe OyTH BUTATHYTA 3HOBY;
MOPSIIOK BUTATYBAHHS He BpaXoBYEeThcsA. OUeBUTHO, MOXKJIUBI TaKi BapiaHTH:

Ki,K2;, Ki1,K3; K2,K3, Ki,Ki; Kg,K2; K3,K3.
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Poznin 4. Ejnementn KoMOIHATODHKHT

4. ButarayTa KyJasd MOBePTaEThC /10 YPHU 1 MOXKe OyTH BUTATHYTA 3HOBY;
OPSAI0K BUTSTYBAaHHSA BPaxXoBYEThCsA. OUeBUIHO, MOXKINBI TaKi BapiaHTH:

Ki,K2; Ki1,K3; K2,K3; Kg2,Ki, K3,Ki; K3,K2.

Ki1,Ki1, K2,K2; K3, Ks3.

OdeBuIHO, IO YOTUPHU PO3TJIAHYTI CATyaIil BiANOBima0Th Bubipkam 3 3
3a 2 3 MOBTOPeHHAMH (KYJI HOBEPTAIOTHCS 1 MOXKYTh OyTH BUTSTHYTi 3HOBY )
Ta 6e3 MOBTOPeHb (KyJIi He MOBEPTAIOTHCsI ), BIIOPSIIKOBAHUM (3 ypaxXyBaHHIM
MOPSIIKY ) Ta HEBHOPSIKOBAHUM (0e3 ypaxXyBaHHs MOPSIJIKY ).

Po3p’si3anHsT 90TUPBOX TPOOJIeM MpHUKJ. 4.4 B 3arajlbHOMY BHNAJKY (B
VPHI N HYMEPOBAHUX KYJb, BUTATYEThCS Kk KYJIb) 3BOAUTHCSA JO MiTpaxyH-
Ky 3arajibHOl KLJIBKOCTI pO3MillleHb Ta KOMOiHaliil 3 MOBTOpPEHHAMU Ta 0e3
IIOBTOPEHb 3 N 3a k.

4.2. Po3MillieHHd 3 ITOBTOPEHHAMMU
Ta 0e3 IMMOBTOPEHDb

Y OboMY MAPO3MLT MAPaXyeMO KiJbKICTh PO3MIIIECHD 3 MOBTOPEHHIMHU
Ta 0e3 MOBTOPEHDb 3 N 33 k.

4.2.1. Po3minieHHs1 6€3 IOBTOPEHb

KinbkicTh po3mimens 6e3 HOBTOpeHb 3 1 3a k mo3HauaoTh depes PF abo
AF . KinpkicTb nepecrapienb (BUIago0K n = k) Ho3HAUaTHMeMO depes P,.

Teopema 4.1. P* =n(n—1)---(n—k+1) = (n%'k),

Jlosedenns. Hexait A = {ay,as,...,a,}. PopMmyBanHga po3miienus 6e3
IIOBTOPEHHSI 3 N 33 k, TOOTO BIOPSIKOBAHOI BUOIPKH IOIAPHO PI3HHUX eJie-
MEHTIB aj, Gj,, .. ., Qj , MOKHa PO30UTH Ha Kk MOCHIIOBHMX mimaiil — BHOIp
eJleMeHTa aj,, BUOIp ejeMeHTa aj,, ..., BHOIp ejgeMeHTa a;,. Ilepmmit ese-
MeHT (aj,) MoxkeMO BUOpaTn n crnocobamu, apyruii (a;,) —n — 1 cnocobamu,
OCKIJIbKH @, # @, i T. 1. Tenep TBep/zKeHHs TeOpEeMH BUILIUBAE 3 IPUHITHILY
JIOOY TKY. 0]

Hacaimok 4.1.1. P, = n!.
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4.3. Kowmbinarii 3 noBropeHusiMu ta 6€3 110BTOPEHb

4.2.2. Po3MinieHHs 3 TOBTOPEHHAMU

KinbKicTh po3Mmiliens 3 HOBTOPeHHIMHE 3 1 33 k TT03Ha9aTHMeMO depes PF,
Teopema 4.2. P* = nF,

Josedenns. Hexait A = {ay,as,...,a,} . PopMyBaHHS pO3MIIIEHHS 3
MOBTOPEHHSIMHE 3 1 33 Kk, TOOTO BHOPSIIKOBaHOI BUOIPKU HE 0OOB’I3KOBO Pi3-
HHUX €JIeMeHTIB a;j,, Qj,, - . ., a;,, MOKHA PO30UTH HA K MOCIITOBHUX MiAAii —
BUOIp ejleMeHTa aj,, BUOIp eleMeHTa aj,, ..., BUOIp esemenTa aj, . llepmmnit
eJleMeHT (a;, ) MOXKeMo BHOpaTH n crocobamu, 1pyruii (a;,) — TAKOXK n CIoco-
OaMn, BpaXOBYIOYH MOXKJINBH{l BUNAJOK aj, = aj, 1 T. A. Tenep TBepIKeHHH
TEOPEMU BUILIMBAE 3 MPUHIAIY TO0YTKY. O

4.3. KoMmbiHaIiii 3 MOBTOPEHHIMU
Ta 0e3 IMMOBTOPEHDb

Y npoMy miApo3ii HiApaxyeMO KiAbKICTh KOMOIHAIIN 3 IMOBTOPEHHSIMU Ta,
0e3 moBTOpeHb 3 N 3a k.

4.3.1. Kombinarii 6e€3 moBTOpeHb

KinbkicTh komGinamift 6e3 HOBTOpeHL 3 1 3a k mo3HadaoTh depes CF
abo (Z) Y 1IbOMY TIOCIOHUKY BUKOPUCTOBYBATUMEMO IEPIIe MO3HAYECHHS, TKe
NPpUWHATO Y BITUM3HAHIN JiTepaTypi.

n(n—1)...(n—k+1 n!
Teopema 4.3. OF = 2i=l=(nmhrl) (nfk:)!k!'

Jlosedenns. Hexait A = {ai,as,...,a,}. Ha MHOKUHI BCIX PO3MilIEHD
0e3 OBTOpEHDb 3 N 33 k BBEJIEMO BiIHOIIEHHS €KBiBaJEHTHOCTI:

((ah?"'?aik) ~ (a'j17"'7ajk)) A ({aiw'"?aik} - {a’j17"'7a’jk})7

TOOTO €KBiBaJIECHTHHMH BBAXKA€MO Ti 1 TLIbBKH Ti PO3MilleHHs, $SKi Biapi3-
HSIOThCS JIUIE TOPSIIKOM esieMeHTiB (i 36iraTbest sk MHOKUHE). Koken
KJIAC €KBIBAJICHTHOCTI [(Qiy, - .., @, )| 32 BU3HAYCHHAM MICTHTH PO3MIIICHHS,
IO CKJI3JAIOTHCA 3 OJHUX 1 TUX CAMHUX €JIeMeHTIB @, , . .., q;, 1 BIIPIZHAIOTH-
cst snie mopsaakoM. OTKe, KOXKHOMY KJIACY eKBiBaaeHTHOCTI [(a;, ..., a; )]
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Poznin 4. Ejnementn KoMOIHATODHKHT

OTHO3HAYHO BiaMOBimae KoMmbiHamis 6e3 MOBTOpeHb {d;,...,a; t. Take 3i-
CTaBJIEHHS € B3a€MHO OJHO3HAYHUM, OCKILIbKHA KOXKEH KJIAC €KBIBaJIE€HTHOCTI
BU3HAYAE PIBHO OTHY KOMOIHAIIO (HEBIIOPSIIKOBAHY IiIMHOYKHUHY ), i KOKHA
KOMOIHAIlisl BiJIIOBIIa€ OJJHOMY KJIaCy eKBiBaJIEHTHOCTI.

Takum YMHOM, KLJIBKICTH KJIACIB €KBIBaJIeHTHOCTI (BiJHOCHO BBEJIEHOIO
BiJIHOIIIEHHS €KBiBaJ€HTHOCTI Ha MHOXKHHI po3MimieHb 0e3 IIOBTOPEHb 3 N
3a k) mopiBHIOE C’,,’f. HapemTi, oCKIJIbKEM KOXKEH KJaC eKBiBaJIEHTHOCTI Mic-

TUTH k! pO3MiINens (3a KiTbKICTIO mepecTaBienh Ha MHOKAH {d;,, ..., a;, }),
MAEMO:
ko k
Py =E!ICY,
3BIJIKM HEraliHO BUILIMBAE TBEPIZKCHHS TCOPEMU. H
| . . ..
Yucsa CF = —2— (0 < k < n) HA3UBAIOTL OIHOMIGALHUMUY, KoediyicH-
n (n—k)!k!
mamis.

Baypa>kennsi 4.1. BiHoMiajbHuM KoedillieHTaM C’ﬁ JaCcTO HAJTAIOTH CEHC 1
npu k > n, BCTaHOBJIOIOYN /a0 1boro Bumaaky CF = (0. Take yzaraabHeHns
IIJTKOM TPUPO/THE, OCKIJIBKH KLTBKICTH BUOIPDOK 6€3 MOBTOpEeHb 3 1 3a k mpu
k > n mopiBHIOE HYJTIO.

Ilpukmaan 4.5. Po3misineMo Tak 3BaHy «IpobJiemy jerasiei». Hexait y
KOPOOILIl MICTUTbCA N JieTaJjeil m copriB: ny JieTajeil MepIioro copry, Ny Ae-
Tajgeil Apyroro Copry, ..., N, JeTajeil m-To copTy. 3 KOPOOKH HaBMaHHS,
6e3 ypaxyBaHHs MOPSIKY, BUTATYIOTH k Aetajeil. [linpaxyBaTn KiabKicTh He-
BIIOPSIIKOBAHNX BHUOIPOK, KOJIM Oy/ie BATATHYTO PiBHO ki jerajeil meprioro
copry, ko meTaseit APyroro copry, .. ., ky, geraseit m-ro copry (0 < k; < my).

OCKIiJIbKY MOPSIIOK BUOIPKHM V 11iii 33,1291 HE Ma€ 3HAUECHHSI, BBayKATHMEMO,
IO CMOYATKY BUTATYIOTH JeTaJil MepIIoro copTy, MOTIiM — JApyroro, i T. .
Toxi KinbKicTh BUOIPOK, IO 33 0BOJIBHAIOTH 3aaHy YMOBY, IJIPaxOBYIOTH
3a npaBuioM ao0yTky: Cr CF2 ... Chm.

4.3.2. KombiHariii 3 HOBTOPEHHSIMU

Kinpkicrs KOMOiHalIi 3 HOBTOpPEHHSIMH 3 7 3a k Oy/eMoO IIO3HA4YaTH
gepes CF,

Teopema 4.4. C¥ =C*,, .
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4.3. Kowmbinarii 3 noBropeHusiMu ta 6€3 110BTOPEHb

Jlosedenns. Hexait A = {ay,as, ..., a,}. Koxxna komGiHaris 3 moBTOpeH-
HSIMU JIOBXKUHOIO k HAa MHOXKUHI A OJHO3HAYHO BU3HAYAETHCH KLIbKICTIO K
BXO/ZKeHb 110 KoMbinanii koxknoro 3 eixementiB a; (1 < 7 < n). Orxe, KOXK-
Ha KOMOIHAIISA B3a€MHO OJHO3HAYHO BU3HAYAETHCS BIIOPSAIKOBAHAM HAOOPOM
quceJI

(kl,,kn) k1+—|—kn:k5, ]@ZO(lS]Sn)

g migpaxysky kiabkocri Habopis Hesij'emuux mimx aucesn (ki,...,k,),
Takux, mo ki + -- -+ k, = k, po3rjigHeMo Mo/jiejib PO3TalllyBaHHA 1 — 1 He-
HYMEePOBaHUX KyJb 10 . + k — 1 HyMepoBaHuX KOMipkax (y KOXKHiil KOMipIii
BMITIyeThCst otHa Kyuist). [ligkpecinmo, mo Ky/ai HeHyMepoBaHi, TOOTO mO-
MapHO He PO3PIZHAIOTHCAI. KoKHOMY po3TanryBaHHIO KYJIb 3iCTaBUMO Habip
HeBix'eMuux niaux qucen (ki, ..., ky):

O...OmQd....m. ... Wm0l ..
———
k1 ko kn_1 kn
k1 — KiabKicTb KOMIPOK J10 1€pIIol 3aiiHATOl (He BpaxoByrOUu
3aiiHATY );
ko  — KiJIBKICTb KOMIPOK MizK IIEPIIOI0 Ta JPYIO0 3aiHITUMMU,;
ks  — KiIBKICTb KOMIPOK MiK JAPYIOI0 Ta TPEThOIO 3afiHATUMU;

kn_1 — KUJIBKICTh KOMIPOK MiZK MepegoCTaHHBOI0 Ta OCTAHHBOIO
3aiHATUMU;
k, — KIIbKIiCTh KOMIPOK IICJIsI OCTAHHBOI 3aiHSITO].

OTKe, KOXKHOMY PO3TaIlllyBaHHIO KYJIb B OMUCAHIH MOJIE/ B3A€EMHO OJIHO-
3HAYHO 3icTaBiaeHo Habip HeBim'emHux niaux uncen (ki, ..., k,), TAKUX, II0
ki + .-+ k, = k. Ina 3aBeplieHHs JOBEJICHHS TEOPEMHU 3a3HAYUMO, IO
KIJIBKICTh MOKJIMBUX PO3TAIlyBaHb 1 — | HEHYMepOBAaHUX Ky.Jb 10 N+ k — 1
HyMepoBaHUX KoMipKax fopistioe CI' ) | = Ck | (kinbkicrb HeBOpsiaKo-

BaHUX BHOOPIB k KOMIPOK, IO 3a/JIAIIATHCS BLIbHUMHE, 3 N + k — 1 3arajabHOl
KIJIHKOCTI KOMIpPOK). ]

ITpukman 4.6. 1. [lizgpaxyemo, ckiibKOMa criocobaMu MOXKHA, Po30OUTH
qucJIo k Ha CyMy M HeBix éMHUX HOJaHKiB: ki + - -+ + k, = k.

7Ix BUTILIMBaE 3 MOBeACHHA Teopemn 4.4, KITbKICTh TAKAX PO3OHMTTIB J0-
pisuoe CF = Ck, .
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Poznin 4. Ejnementn KoMOIHATODHKHT

Bupasa 4.1. ¥YzaraabHuTH Ieil pe3yabTaT Ha BHIAJIOK, KOJU k1 > my,
ko > ma, ..., ky > my, 1e m; (1 <j <n)-3azani miai gucia.

2. IligpaxyeMo KiJbKiCTh KiCTOK JOMiHO.

K BiTOMO, KOXKHA, KICTKa, JOMIHO B3a€EMHO OJHO3HAYHO BU3HAYAETHCS He-
BIOPSIIKOBaHOW mapoto uucest {n,m}, takux, mo 0 < m < 6,0 < n < 6,
BKJIFOUAI0UN BANAJI0K 1 = m. OTxKe, KIIBKICTb KiCTOK JTOMiHO

~ 8- 7

4.4. YOnopsgaaKoBaHI po30UTTH

Posriisinemo Taky mpobJemMy: IMOTpiOHO PO3TalllyBaTH €JeMeHTH MHOXKH-
a1 A = {ay,as, ..., a,} 10 k HyMepoBaHUX KOMIpKax €MHICTIO Ny, Mg, ..., Mg
BIAMIOBIAHO, IPUUOMY Ny + - « - + Ny = n. Lo mpobiemy Ha3uBaOTh YnopadKo-
saHUM PO3OUMMAM MHOKUHI A 10 k yIIOPsSIAKOBAHUX KOMipKaX. 3a3HATIMO,
IO TMOPSJIOK PO3TAIIYBAHHS €JIeMEHTIB Y KOXKHINl KOMIpIIl He Ma€ 3HAYCHHS —
HaC MIKABUTH JIMIIE Te, B IKY KOMIPKY HOTPAIUTh KOXKEH 3 eJleMeHTIB MHO-
kuan A. KibKicTh yHOPSIKOBAaHUX pO3OUTTIB 3a ChOpMYILOBAHUME TapPa-
MeTpaMu Mo3HaYaTuMeMo yepe3 (1172,

JIng miapaXyHKY KITBKOCTI BIOPSIKOBAHUX PO3OUTTIB CKOPUCTAEMOCH
HPUHIMIIOM JIOOYTKY: CIIOYATKY 3allOBHUMO IIEPINY KOMIPKY, IIOTIM — JPYyIy
i . 1. OdueBuHO, nepiry KoMmipky mozkna 3amoBautu C7'' criocobamu, Jpy-
ry — C;2,,. crnocobamu, tpetio — C)3 crocobaMu i T. JI. 3a TPUHITUIIOM

“ny —ni1—na
JTOOYTKY MaeMo:
n1,MN2,...,MNE __ ny 1IN n3 - T
Cn - Cn Cn—nlcn—nl—ng Cn—nl—---—nk,l' (41)
Baypaxenns 4.2. Ocranniii mpoxmux Cp*, . = Cr* = 1 (sax

1 OUIKyBaJi, OCKIJIBKH OCTaHHIO KOMIPKY MOYXKEMO 3allOBHUTHU JIMIIE O]I-
HUM CIIOCOOOM ).

Besnocepeaniit migpaxyHoK T03BOJIAE 3HAYHO CIPOCTUTH BUPA3 Y MpaBiif
qactuni (4.1):
n!

C’I”Ll,ng,...,nk — .
" nilng! - ny!
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4.5. BinomiajibHa Ta nojriHOMiapHa hopmysn. T pukyrauk Ilackaist

3azHaunMO, 110 Y BUNAJAKY k£ = 2 MaeMO KJIaCHIHUI BUIAJ0K KOMOiHaIi Oe3
IIOBTOPEHDb (HEBIOPSAIKOBAHUNA BUOID €J1eMEHTIB /it OJHIET 3 JIBOX KOMIPOK ):

n!

ni,n2 __
cyvt? =

_ n __ n2
=Cm = Q™.

nllng!

na,..

Bupasa 4.2. Y3zaraiabautu dopmysy juis CIV"22" ga Bunajok, KoJm

ny+---+ng <n.

IMpukaamg 4.7. [igpaxyemo, ckijbku ciiB (JOBLIBHUX TIOC/II0BHOCTENH
JiTep) MOXKHA CKJIACTU 3 MIECTH KAPTOK, HA TPbOX 3 SKUX IO3HAYEHA JiTepa
«A», Ha n1BOX — Jitepa «b», Ha oxmiit — «B»:

Al [A] [A] |B] |B| |B

JLns po3B’sI3aHHA 3a/71a9i PO3TJISTHEMO TaKy MOJENb: € TPU KOMIPDKHU «A»,
«b» Ta «B» emuocramu 3, 2 Ta 1 BiAmoOBiHO, y gKUX Tpeda PO3MICTUTH
esementu MHOxKMHEH X = {1,2,3,4,5,6}. Toai KoxKHOMY CJIOBY OJIHO3HAY-
HO Bi/moBiae po3ouTTs MHOKHHE X 110 KoMmipkax «A», «Bb» Ta «B» — Ko-
JKE€H eJIeMeHT MHOXKHUHHM X BiJIIOBi/Ia€ HOMEPY JITEPH B CJOBi, IO CKJIaIa-
eThest. OTzKe, KiIbKICTh CJIB O0YMCIIOETHCSA SK KIJAbKICTh YIOPSIKOBAHUX
PO30OUTTIB:

6!
3,2,1 .
G5 = 312111 60.

4.5. BinomiajbHa Ta HoJiiHOMiaJlbHA POPMYJIN.
Tpukyrauk Ilackamus

4.5.1. BaacTtuBocTi 6iHOMianbHNX KoediIliEHTIB

Haragaemo (auB. c. 62), mo uncaa C* (0 < k < n) nasusaiorh GiHOMi-
aJbHIMU KoedinienTamMu. Po3riasneMo KijbkKa HalBaKINUBIIINX BJIACTHBOC-
Teit GiHOMIaTHbHUX KOEMIIiE€HTIB.

1. CF = CnF,
2.00=Cn=1,Cl = (! = n;
3. Ck  Ck+l = COFt ],

Bropasa 4.3. /loBecTn BKa3aHi TOTOXKHOCTI.
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Poznin 4. Ejnementn KoMOIHATODHKHT

4.5.2. BiHoMmiaJibHa Ta MOJIIHOMiaJIbHA (POPMYJIN

3 Kypcy MaTeMaTHIHOTO aHaJI3y Bigoma dopMyaa s «PO3KPUTTI Y-
KOK» y Bupasi (a + b)":

(a+b)" =Y Chado*. (4.2)
k=0

Dopmysy (4.2), gk Bijgomo, HazuBaTh 0iHoMom Houtomorna, abo Ginomiass-
Hoto opmy.a010, 3BiTKE micTamm HasBy Koedinientu CF.

Baysaxkenust 4.3. Hazpa «binom Hpiorona» apidi HenpaBuiabHA: IMO-
nepiie, Hi Ipasa, Hi JiBa dactura dhopmyin (4.2) e € GiIHOMOM (JIBYLIEHOM);
no-apyre, dopmysa (4.2) Oyra Bimoma i mo pobit Heiorona (Icaaky Heioro-
HY HAJIEXKUTh BaKJINBE y3arajabHeHHs (hopmyin (4.2) Ha BUNIAI0K JOBITEHOTO
n € R).

Hosegemo Ginomianbuy dopmyny (4.2) merogamu KomMbGiHATOpUKH. P0o3-
KPUEMO JIY3KKHU ¥ Bupasi (a + b)", He KOPHCTYIOUNCh KOMYTATHBHICTIO MHO-
JKeHH JAIMCHUX YHUCeI:

(a+b)"=(a+b)---(a+b)=ga---aq+ba---a+gb---a+---+bb---b.

N~
n

n n n n

Ilicast 3BejieHHst OAIOHUX Y/ieHIB (BUKOPUCTOBYIOYM KOMYTATUBHICTH MHO-

JKEHHsI) JIICTAaHeMO:
n

(a+b)" = Z cra ",
k=0
e ¢ — KIIbKICTh JOAHKIB BUIISIILY o - - - 0, (0 € {a, b}), TaKkux, 1Mo MHOXK-
HUK ( MIiCTUTBCS B JOOYTKY 0 - - - O, PIBHO k pa3iB (MHOXKHHUK b MiCTHTBCs
BimoBiiHO N — k pasis).

Jng obuamcieHHa KOeMIIEHTIB ¢, pO3TIIHEMO KOMOIHATOPHY MOJIETh PO3-
tantyBanas MHOXKHUKIB o; (1 < j < n) no komipkax a ta b emHOCTSIMEU K Ta,
n — k BignoBigHo. OYeBHIHO, KOKHE TaKe pO3TalllyBaHHsI OJHO3HAYHO Bij-
[OBIIAa€ OJIHOMY 3 JOJAHKIB 1 - - * Oy, IO MICTUTH kK MHOXKHHUKIB a Ta n — k

MHOXKHUKIB b. OTKe,
kin—k __ ok
Cr — Cn == Cn?

110 i Tpedba Oy/10 J0BECTH.
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4.5. BinomiajibHa Ta nojriHOMiapHa hopmysn. T pukyrauk Ilackaist

Kowmbinaropue moBefents (popmysn (4.2) MPUPOJHO MONTUPIOETHCS st
Bupasy (a; + as + -+ + ay,)"™

E ki,....km K km
(a]_ _|_ as _|_ . + a/m)n — Cnl’ ’ all LR a,m . (43)
k1,k2,....km >0

Bunpasa 4.4. Ilposectu gosegenust dbopmysn (4.3).

Dopmysia (4.3), 3a anajoriero 3 GiHOMIaABLHOW (OPMYJIOK, JicTala Ha-
3BY NOAIHOMIAALHA HOPMYAG. 3A3HAUUMO, IO KLIBKICTh JOJAHKIB y MpaBiit
qacturi opmysnu (4.3) 06UnCTIOETHCS K KUTBKICTh PO3OUTTIB Yucaa n Ha
M HeBII'€MHHUX HUINX JOJAHKIB, TOOTO 4Yepe3 KoMOIHamii 3 MOBTOPEHHSAMH:
Cr =Cyp ., Tax, npn m = 2 (Bumagox GiHoMianbHOT (bopMy/IH) MaTHMe-
mo: Cy =n+ L.

Ilpukaan 4.8. 1. Kopucryiounch nmojainoMiaJabHOIO (hOPMYI0I0, PO3KPH-
eMo NTy:KKH y BHEpasi (a + b + ¢)*:

(a+b+c)=C2a0 + b° + A+
=1

+ O30 a?b'” + 3ab? + 3a’c + 3ac? + 3b%c + 3bc® + CyM' alblct.

—— ——
=3 =6
2. He poskpuBaloun IOBHICTIO Iy:KKH Yy Bupasi (a+b-+c+d)??, o6uucanmo
koedirienT npu goganKy a'3lb:
132!
131,1,00 _ _
Ci" = o 12

3a3HaumMMo, 10 3arajbHa KiJbKICTh JOJAHKIB IC/Is POZKPUTTA JIy’KOK Ta
3BeJCeHHY IIOMIOHUX YJICHIB CTAHOBUTD C’i32 = 400995.

4.5.3. TpukytHuk Ilackams

31e6ibIoro (30Kkpema, jijist obuncienas Koedirientis y 6inomi Hbioro-
Ha) GiHOMIaJIbHI KOeDIMIEHTH 3PYIHO PO3TAIIOBYBATH Y (OPMi TaK 3BAHOTO
mpuxymnura Iackara:
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Poznin 4. Ejnementn KoMOIHATODHKHT

Co Co

Y Oy CY Ci

) cl o2 460 < e N
o cl o2 oo o S, Se- B

Tpukyrnuk IlackaJs, o9eBUIHO, HECKIHUYCHHUHN, MPOTe Ha TPAKTHIN OOUHC-
JIOIOTH KiJabKa Nepiiux paikis (Tak, jjs poskiaaganus (a + b)° norpioui
nepiii 6 psaKiB).

OGuncsmoogyn mepii psiiku TpuKyTHHKA [lackans (y «opsiMOKYTHii»
an «piBHOOEApeHiit» (opmi), K TPaBUJIO, BUMUCYIOTh OJUHUYHI €JIeMeH-

TH «OIYHUX CTOPIH» TPUKYTHUKA, MICJAST YOTO BUKOPUCTOBYIOTH TOTOYKHICTH
k k+1 _ okt
Cn + Cn - Yn+41-

Ilpukmaan 4.9. O64yucauMo 1epimi I'aTh PsJAKiB TpUKyTHUKA [lackasis
(y «mpsiMOKyTHii» dbopmi):

1

1 1

1 1+1=2 1

1 1+42=3 2+1=3 1

1 1+3=4 3+3=6 3+1=4 1

4.6. 3acTocyBaHHsS KOPEHEBUX J€PEB
y KOMOIHATOPHMUX 3ajJavax

bararo xomOiHaTOpHUX MPOOJIEM HEe MOYXKHA OMUCATH YKOJTHOIO 3 KJIACHI-
HUX KOMOIHATOPHUX MoJjiesieil. Y TaKuxX CUTYallisdX, KOJIu Maiizke €JIuHUi Me-
Toj — Oe3mocepeHiii 1mepebip BCiX BapiaHTIB, 3pYYHO KOPHUCTYBATHUCS I'Pa-
damu clemiaabHOTO BUILY — TaK 3BAaHUMHU kKopeHesumu depesamu. Kopenepe
JIEPeBO BU3HAYAECTHCS K JIEPEBO 3 BUJLICHOW BEPIIHHOK — KOpeHeM (TOdHi
BU3HAYEHHS HABEJEMO JaJii, 1| 4ac BUBYEHHH I'padiB CleniaJbHUX TUIIB).
ITix uac mepebopy BapiaHTiB KOXKHIil BepIuHi jgepeBa (IOYUHAIOYN 3 KOPEHS)
BIJIIOBiJA€ II€BHA I'Pylla BapiaHTIB; SIKIIO I'PYIIa BapiaHTIB po30UBAaETHCS Ha,
N MHOYKWH, 3 Bi/ITIOBI/THOI BEPIITWHY JIepeBa BUXOINTH N pedep. Kokunomy smc-
TKY («3aKJTIOUHUM» BepIIUHAM JepeBa) BIAIOBiIae MTOCTATHRO MPOCTA MHO-
KUHA BapiaHTie (Haffuacrinie KOXKHOMY JIMCTKY BiJIOBia€ OjuH BapiaHT).
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4.6. 3acrocyBaHHS KOPEHEBHX JE€pPEB y KOMOIHATODHHUX 3a/adax

IMpukaam 4.10. YV geskomy (abCTpaKTHOMY) Ka3iHO Tpa MPOXOIUTH 3a
TAaKUMW IMIPABUJIAMU: Y pa3l BATPAIIy T'PaBellb OTPUMYE BUTPAIT y PO3MIPi
craBku (TOOTO, mOocTaBUBINU k IPDHUBEHB, IPaBelb y pa3i urpairy 3abepe 2k
I'PUBEHB); IPOTPABIIH, TPABEIb BTPAYAE CBOIO CTABKY.

Hexait nexto (a6CTpaKTHHI71 rpaBeub) MIPUHIITOB V¥ Ka31HO 3 OJTHIEI0 TPUB-
HEIO 1 BUPIIIUB I'PATH JIOTH, JIOKA B HHOT'O € I'POIIIi, aJie He OijbIiie TPhoX irop,
CTaBJIAYN Ha KOXKHY I'DY OJHY I'DHBHIO.

Pozramryemo MoKIUBI BapiaHTH PO3BHTKY IOIiit
y BULJIsLII KopeHeBoro jepesa (puc. 4.1). Pebpo,
IO TO3HaUeHe 3HAKOM «-», BIJIMOBIIAE BUTPAIY
B KOHKpPETHI# I'pi; pedpo, M0 MO3HAYEHE 3HAKOM
«—», Biamosigae nporparty. Koxkny Bepmuny ge-
peBa MO3HAYATHMEMO CYMOIK (B TPUBHSX ), MO 3a-
JIUIITHIAcS y TpaBiis. JIucTku gepesa (BapianTu 3a-
KiHYeHHsI cepil irop) mo3HaYuMO 30BHIIIHIM KBa/I-
paroM. fk BuyHO 3 puc. 4.1, y TpbOX 3 II'ATH Bapi-

aHTIB 3aKIHYeHHs cepil rpaBenb BUIPAE, 1 B IBOX — @ @ @ @
nporpae. 3BUYaiiHoO, 3Bi/ICH He BUILIUBAE, O B Ce-
peJTHHOMY TpaBellb Oy/e BUTpaBaTH, OCKLIBKW He

BCl BaplaHTU 3aKIHYEHHS MAIOTh O/ITHAKOBY WMOBIPHICTD.
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Pozaia 5

Teopisa rpadis

5.1. OcHoBHI OHATTA Teopii rpadis

Osuauenns 5.1. I'padom (reomerpuanum rpadom) G Ha3UBAOTH Di-
Iypy Ha ILIONIWHI, 9Ka CKJIAJAETHCA 3 HEIIOPOKHBOI CKIHYeHHOT MHOXKUHEU V
TOYOK (BepIinH) i CKIHYeHHOT MHOYKMHU F OPi€HTOBAHUX Y1 HE OPIEHTOBAHUX
miHiit (pebep), Mo 3’€IHYIOTH AesiKi Tapu BepIIuH.

Hanauti, gKmo He BKa3aHO IHINE, BEPIIMHU IIO3HAYATHMEMO JITEPOI v
3 iHpexkcamMu 4m 0e3: v, Uz, Uz34; pebpa — JTEPOIO € 3 iHjaeKcaMHu 49u 0es:
€, €6, €8,3,97-

Pebpo, mo 3’eaHye JiesiKy BepIIuHY caMy 3 cO0O0I0, HA3UBAIOThH NENMLIEN.
Pebpa, 1m0 3’€40yI0Th OJHY il Ty caMy Lapy BepIIMH, HA3UBAIOTh MYALMUPE-
opamu. I'pady, Mo He MICTUTH MYJABTHPEOEP Ta MeTEe/Ib, HA3HBAIOTH NPOCUM
epaghom, abo npocmoepagom. I'pad, B IKOMY J0IYyCKAIOTHCS MY/JIbTHPEOPA U1
MeT/Ii, HA3UBAIOTH MyAbmuzpagom (nus. npuki. 5.1).

['pad, yci pebpa 9KOT0 HEOPIEHTOBAHI, HA3UBAIOTH HEOPIEHMOBGHUM 2Pa-
dom; rpad, yci pebpa TKOro Opi€HTOBAHI — OPIEHMOBAHUM 2padiom, abo op-
epagpom; mimani rpacdu (MicTITh K Opi€HTOBaHI, TaK 1 HEOPieHTOBaHI pebpa)
MH He posrisjgaruMmeMo. B oprpadax mapu IpoTHHAIPIMIEHUX MYJIbTHPe-
oep, o 3’€THYIOTH OAHY ¥ Ty caMy Hapy BEPIIUH, YACTO 300pasKyIOTh OTHIEIO
JIHIEIO 31 CTPLIKAMU HA MPOTUIEKHUX KIHIAX.

ITpukaam 5.1. Ha puc. 5.1 300pakeno opienroBanuit myabrurpad Gy,
HeopieHTOBaHu# mpoctorpad (o Ta HeopieHToBaHMi MyabTuTpad Gs3. Bep-
muHn v1 Ta vz rpady G 3’€AHYI0THCI ABOMA MTPOTHHANPSIMIEHUMEI MY/JIbTH-
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pebpamu (300pazkeHi JTiHieo 3 nBOMa cTpiakavn). Ha Bepiuni vy HEOpieHTO-
BaHOTO MyabTUTpady (G3 «BHCUTH» METJIs.

v

Puc. 5.1

Hamaui, gkimmo He BKa3aHO iHiIe, rpadu BBaKaTHMEMO HEOPIEHTOBAHUMIU.

Bepmiuau v; Ta v HAa3UBAIOTh CYMIHCHUMUY, SKIIO BOHU 3’€IHaHI peo-
poM €. Y TaKoMy pa3i KaxKyThb, II0 BEPIIUHHU U1 Ta Vs tHUuUdeHmHi pedpy €;
aHAJIOTIYHO, Pebpo e iHyudermmue BEepITUHAM U1 Ta Vs.

HIrazom y rpadi, M0 MOYUHAETHCI Y BEPUIMHI v 1 3aKIHUYEThCS Y Bep-
IIMH] Uy, HA3UBAIOTh IOCJIJIOBHICTh BEPIIUH Ta pedep BHUIVISILY:

V1€4,V;1€i5Vi5€45 - - - V4,164, V2,

Jie KOKHe pedpo iHIuIeHTHe 000M BePIIHHAM, SIKi € JIJIsl HbOI'O CYCIIHIMH B I10-
cJIiOBHOCTI (pebpo e;, IHIWIeHTHE BEPITHHAM Uy Ta V;,, peOpo €;, THIuIeHT-
He BepIIUHAM U;, Ta U;, 1 T. JI.). 3a3HAYNMO, M0 MLIIX Y padi OTHO3HATHO
BU3HAYAECTHCS MEPIIOI0 i OCTAHHBOIO BePIIUHAME (V7 Ta Vg) Ta MOCITOBHICTIO
pebep, TOOTO MPOMIXKHI BePIIUHE MOXKHA He BKa3yBaTu:

V1€4,€45€i3 - - - €5, V2.

Kpim Toro, mist mpocrorpadis (ase He 1ist MyabTurpadiB) MUIIsX OTHO-
3HAYHO BU3HAYAETHCS MOCJIIIOBHICTIO BEPIIUH:

V1V, Vg - - - U4, V2.

3a3HaUNMO, 110 JIJI OPIEHTOBAHUX I'PadiB MIJISX BU3HAYAETHCS aHAJIOTII-
HO, ajle 3 YpaXyBaHHAM Opi€HTAIii pedbep: pebpo e;, Mae BeCTH BiJ V1 70 V;,
pebpo e;, — BiI vy, 70 v;, 1 T. 1.
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lngax, gaxuii He MICTUTHL TMOBTOPEHL BEPIMUH i pedep, KpiM, MOXKJIHBO,
JIBOX KpaiHIX BEPINUH VU1 Ta VU3, HABUBAIOTH NPOCNMUM WAALOM. JleTKo nepe-
BipHUTH, 10 MOBTOPEHHS pebep y MLIIXY BeJe /10 MOBTOPEHHS BePIInH (OIHAK
MOZKJIIBO, 10 TOBTOPIOBATHMYThCsI JIUIIE JBi KPailHi BEPIITUHN).

BaMKHeHUI TIIX (V] = U) HA3WBAKOTH yukaom. [IpocTuii 3aMKHEHUIT
MLJIAX HAa3UBAOTh NPOCTUM UUKAOM.

Jlema 5.1. Bydv-axull wasx, wo 3’cdnye sepwuny vy ma vy (V1 # vs),
MICTUMD NPOCTUT WAAT, WO 3 EOHYE ML HC BEPUIUHU V1 MG Vs.

Hosederns. i noBejieHHsl JIEMH JIOCTaTHBO BUJIAJIUTH 13 ILIAXY BCI
MIUKJIH, IO BUHUKAIOTDH 33 0yIb-gIKOT'0 ITOBTOPEHHS BEPIITHH. 0]

Ilpukmaan 5.2. Po3risinemo rpad, 300pakenuii Ha puc. 5.2.

v € V2 lngax viejesesvy y mboMy rpadi — MPOCTU MUK,
e, IIJISIX V1€1€404 — TPOCTHil MIIAX (aJie He MUKJI, OC-
v Vi KUIBKH U] # V), HLISIX V1€1€101 — UKJ (aje He Ipo-

(]

CTHH MUKJI, OCKITBKH OBTOPIOETHCST PeOpo €7).

Puc. 5.2

Hanmani, skmo He BKa3aHo iHIIe, rpadu BBAXKATHMEMO 1 HEOPIEHTOBaHMU-
MU, 1 TPOCTUMHU.

5.2. CreneHi BepmuH rpady.
Teopema mpo cremneHi BepmimH

O3nauvennga 5.2. CreneneM d, BEPIIMHUA ¥ Ha3UBAIOTh KLJIbKICTH pebep,
iHmuaeHTHUX v. fIKimo d, = 0, BeplInHy v Ha3UBaIOTh i30/Ib0BaHOI0. Bepimuny
IIapHOI'0 CTEeIeHsI HAa3WBAIOTh MapPHOI0, HEIAPHOIO CTEIeHs — HeIIapHOI.

IIpuknan 5.3. Posrmsanemo rpad Ha puc. 5.3.

V; .
Y 2 Mg nporo rpady MaeMO BEPIIHMHH i3 cTe-
V“‘s neHaMu: d,, = dy, = 2, dy, = 3, dy, = 1,
V3 4 dy, = 0. O1Ke, BepIMHA V5 130JIbOBAHA.
Puc. 5.3
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5.2. Creneri Bepmina rpady. Teopema npo creneHi BepirnH

OdeBUIHO, CTEMIHD BEpIIUHU B MPOCTUX Ipadax (a came mpocti rpadu
MU 3apa3 PO3LJIsiIaeMo) JiexKuTh y mexkax Big 0 mo n, — 1, ge n, = card(V') —
3arajibHa KiJIbKICTh BepiuH y rpadi. I'pad, yci BepiiuHu SKOro i301b0BaHi,
Ha3UBAIOTL NOPosichim 2padom. I'pad, yci BepIIMHE FKOrO MalOTh CTeIlliHb
n, — 1, HA3UBAIOTH NosHUM 2papom. OUeBUIHO, B MOPOKHBOMY TI'padi Kijlb-
Kicrs pebep ne = card(E) = 0, B nosnomy rpadi kinbkicrs pebep n, = C? .

Teopema 5.1. Jlosinvrutdl (npocmuil ma wHeopienmosanuidl) epad mic-
Mumbs NPuHAtiMHL 061 6EPUIUHL 00HAKOB020 CMENEHA.

Josedennsa. llpumycrivo, mo B rpadi G Bei BeprmmaM MalOTh Pi3HI CcTe-
meri. Tosl, OCKIIBKH CTeHiHb BEPIIMHH € IIIJINM YHCJIOM y MexkaX Big 0 10
ny — 1 (BCHOTO N, MOXKJIMBUX 3HaUeHb), rpad G Mae MICTUTH BEPITHHU BCiX
creneniB Bix 0 10 n, — 1. OTxke, rpad G Mae MICTHTH i3071bOBaHY BEPIIHHY V)
(dy, = 0) Ta BepIIUHY V,,, 1 CTETeHs N, — 1, MO HEMOYKJIMBO: BEPIIUHA Uy, 1
Mae OyTu cymixKHOIO 3 ycima Bepiuaamu rpady G, 30KpeMa 3 i3071b0BAHOIO
BEPIINHOIO V. (]

Osnauennsa 5.3. Hexaii G — rpad 3 MHOKHHOIO BepiiuH V' Ta MHOXKH-
noio pebep E. I'pad G 3 MHOXKHUHOIO BepmnH Vi Ta MHOXKHHOIO pebep Fi
Ha3uBaTh miarpadom rpady G, axkmo V3 C V ta E; C E.

BaxxymBuMm kaacoM miarpadis € rpacdu, ki OTpEMYIOTH OIEpaIligaMi 6U-
danenns sepwun Ta eudasertsa pebep — 3arajJbHUR 3MICT ITUX Omeparliit 3po-
3yMIJIO 3 HAa3BU. BBaxkatorh, Mo y pa3i BUaJeHHS BEPIIUHU U PA30M 13 Bep-
IIMHOIO U BUJAJILAIOTHCS BCl pebpa, siKi iii IHIMIeHTHI; Y pa3i BuiaJieHHs peodpa,
MHOXKHWHA BEPIIUH HE 3MIHIOETHCH.

ITpuknan 5.4. Ha puc. 5.4 rpacdu G, ta G3 orpumasi 3 G BuIaI€eHHIM
BEPIINHH Uy Ta Pedpa e BiAIoBIIHO.

v v v v v

Puc. 5.4
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Teopema 5.2 (Teopema mpo creneni Bepiut). Cyma cmenenis ycix
sepwiut 2pady dopiehioe nodeitiniti Kiavkocmsi pebep:

Z d, = 2n., de n, = card(FE) — xiavkicms pebep y epadgi.

veV

osedernsa. 3acTocyeMo METO MaTeMAaTHIHOL 1HIYKITT 3a 7.

1. Basa tmoykuii. ne = 0. O9eBUIHO, I TOPOKHBOTO TPady TBEPIKEH-
Hsl TEOPEMH CIIPABIKYETHC.

2. Ipunywenns imdyxuii. Hexait mrg rpadis 3 ne < n TBEpIKEHHS TEO-
peMH CIpaBeInBe.

3. Kpox imodyxuii. Hexaii rpad G mae n. = n + 1 pebpo. [Insa nosenenns
Teopemu BuaaguMo y rpadi G nosisbae pedpo e. Orpumyemo rpad G 3 Kijb-
KicTio pebep ne — 1 = n, sl 9KOro TBepIKeHHA TeOPeMH, 3a IPUILYIIeHHIM
inaykmii, cupasemyuBe. Orke, 11t G MaeMo:

Z d, = 2(ne — 1), ne d, — CTeTiHD BePIHHN U y rpadi G.
veV

Hapeiri, ockijibKu BujajaeHe pedpo e 30LIbIIYBAIO CyMy CTEIeHIiB BepIIHH
Ha 2 (mo 1 HA KOXKHY 3 JIBOX BEPIIUH, IHIUJICHTHEX €), 171 rpady G Maemo:

> dy=2(ne—1)+2 = 2n,. O

veV

Baypakenust 5.1. Teopema 5.2 3aJUNIAE€TbCS MPABUJIBHOIO 1 JIAS MYJIb-
TUrpadiB, IKIIO BU3HAYAIOYUN CTEMMHb BEPITUHU BBAYKATH, 1O KOKHA, METsd
301/IbIIY€E CTEIiHDb BIITOBIIHOI Bepiinau Ha 2. JloBeileHHs TeopeMu pu IbOMY
IPAKTUIHO HE 3MIHIOETHCS.

Ilpukmaan 5.5. s rpady, 300pazkeHoro Ha puc. 9.5, MAEMO TaKi CTereHi
BEPIIHUH:

v v v dy, = dy, = = 2, dy, = 3 (merist 36inbITIIA
CTeMNiHb Ha ) = 3. OrKe,
5
v Vs Z => d, =12=2n,.
eV k=1
Puc. 5.5
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5.3. 3B’s3HicTh rpadis

5.3. 3B’a3HicTh rpadiB

OzHauenHd 5.4. ['pad G Ha3uBaAOTH 3B’ I3HUM, IKIIO OYIb-IKi ABI Or0
BEPIINHU MOXKYTH OyTH 3'e¢nHani nuigxoM. MakcuMaabHUA 38 BKJIIOYCHHSIM
(«C») 3B’s13umit miprpad rpady G Ha3UBAIOTH 3B’SI3HOI0 KOMIIOHEHTOIO, 200
00J1aCTIO 3B SI3HOCTI.

OdeBuaHo, rpad 3B’s3HUI TOAI 1 TIIBKH TOJI, KOJH BiH caM € 00JIacTIO
3B’SI3HOCTI; V 3araJJbHOMY BHIAJKY KOXKeH rpad € 00’€IHaHHAM CKiHYeHHOI
KIJIBKOCTI 00J1acTeil 3B’ I3HOCTI.

ITpukaan 5.6. Posrisinemo rpad, 306paxkenuii Ha puc. 5.6.

[le#t rpad micturh Tpu obOJIAC- v v, Vs Ve
Ti 3B’s13HOCTI: miarpad 3 Bepuin- C;.
HaMHU U1, Vs, U3, U, Hiarpad 3 Vi
BEpIMUHAMHA Vs, Vg, U7 Ta M- v; v ‘Vs
rpad, IO MICTHTH OJHY 130J1b0- G

BaHY BEPINAHY Us.
Puc. 5.6

Oznauenns 5.5. [pad G HA3HBAIOTH JOMOBHEHHSIM (TONOBHSLILHUM
rpadom) 10 rpady G, aKio:
e MuOkuHK BepmuH rpadis G ta G 36iraloTbes;
® BepIINHY Uy Ta Uy CyMizkHi B rpadi G TOMi i TIIBKH TOJI, KOJTH BOHU He
cymizkai B rpadi G.

OueBunno, nepepis rpadis G ra G — nopoxuiii rpad, o6’eqnanns G
ta G — moBHU Tpad.

Teopema 5.3. IIpunatmni odun i3 epagie G abo G 36 asnuii.

Hosedenna. Ilpunycrimo, mo rpad G He 38 ga3unii. JoBemgemo, 0 B 1bO-
My pasi rpad G 38 s3HMIL.

Ockinbku rpad G He 3B'sa3Huii, y G 3Haiigerbcs npuHaiiMHI OHA 00-
jgacThb 3B’sg310cTi G # G. Badikcyemo a0BLIbHY Bepiuny vg € Gy Ta m0Bi-
JbHY BepruHy v ¢ Go. 3a BU3HAYEHHSIM 0OJACTI 3B'I3HOCTI BEpITUHA V) HE
€ cyMmizkHOIO (1 HaBITH He 3’¢IHAHA YKOMHUM TLIAXOM) v rpadi G 3 Beprnu-
HOIO v. ToJIi, 38 BU3HAUEHHSIM JOTOBHSIBHOTO rpady, BEPIIMHA Uy CYMIXKHA,
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3 BepuHO0 v v Tpadi G. OTxe, nBi 6yIb-AKi BepImHN v, Ta Uy v Tpadi
G 6y1yTh 3’€qHAHI NMIJISXOM [OBKHAHN He Giiblie 3a 2: BEPIIHHHE V1 T Uy CY-
MizkHI (3’eqHaH] OMHEM PeOPOM), SKIIO PIBHO OIHA 3 IUX BEPIINH HAJIEKUTD
Go; BepIIMHU v1 Ta Vo 3’€IHAHI NMIJIAXOM JOBXKHHH 2, IO MPOXOJUTH Yepe3
JOBUIbHY BepmuHy vy € G, AKIO v1, vy ¢ (Go; BEPIIHHU U1 Ta Vg 3’€IHaAHI
HLJISIXOM JIOBXKMHU 2, 110 HPOXOJUTH Yepe3 J0BiIbHY Bepinuny v & G, Ko
U1,V € Go. ]

IMTpuknan 5.7. Ha puc. 5.7 306pazkeno rpad G Ta #oro JgonoBHSIbHUIT
G. I'pad G ne € 38’a3HUM, OJHAK JIONOBHANLHUI rpad G — 3B’ a3HUIA.

v v v
(L, ol
3 A s Ve

G G
Puc. 5.7

Bnopasa 5.1. Hapectu npukian rpady, 3B’S3HOTO pa3oM i3 ¢BOIM J0-
TTOBHEHHSIM.

O3navenna 5.6. Moctom HazmBaioTh pebpo rpady, BUIATEHHS SKOTO
Bese 110 30ijblieHHs obJiacteil 3B’ a3HocTi. Toukor 3’€¢nrHaHHA HA3UBAIOTH
BeplIuHY rpady, BuIaleHHs sKOI Beje /10 30iabIeHHsT o0JacTeil 3B’ 43HOCTI.

O4eBUAHO, IS 3B’ A3HOI0 rpady BHIAJIEHHS MOCTa UM TOUYKU 3’€THAHHS
BeJle JI0 BTPATH 3B SI3HOCTI.

Hactynne TBep/zKeHHs HeTailHO BUILINBAE 3 BU3HAUYEHHS 3B’ I3HOCTI Ta
TBEP/I2KeHH jeMu d.1.

Jlema 5.2. Pebpo € mocmom modi i minoku moodi, K0AU 60HO HE 8L00UMD
Y HCOOHUT NPoCmuUll YuKA.
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5.4. FEiineposi i HamiBeijieposi rpagu

ITpukmaan 5.8. Posriisnemo rpad, 306paxkenuii Ha puc. 5.8.

. "/ "/
Jlerko mepeBipuTH, IO BEPIINHA Uy — TOYKA 3'€[HAHHII, ! 2

pebpo e — micT. 3a3Ha4YuMO, IO Ieil rpad MICTUTH OJIUH e
MPOCTHI UK V1V2vV3, IKHI MPOXOIUTH depe3 yci pedpa

rpady, KpiMm pebdpa e. Vs v

Puc. 5.8

5.4. Eitneposi 1 HaniBeiljiepoBi rpadu

OznavenHnsa 5.7. EiiiepoBuM nuisixoM y rpadi Ha3uBalOTh ILIAX, AKUN
MIiCTHTDH KOXKHE peOpo rpady piBHO OUH pa3 (MIPOXOAUTH Yepe3 KOXKHE pedpo
6e3 MOBTOPEHb). 3aMKHEHUI efjIepiB MIIAX HA3UBAIOTEH eHIePOBUM ITUKJIOM.
3B’ a3Huii rpad, mo gomyckae nobyoBy eifjepoBoro MUKy (ILisixy), Ha3u-
BAIOTD efIepOBUM (HAIIBEIIEPOBIM).

[Ipobsiema po3mizHaBaHHS €HJIEPOBOCTI Ta HamiBelJiepoBOCTI TpadiB ic-
TOPUYIHO OB SI3aHA, i3 BiIOMOIO npobaemoro keniecbepdvrkur mocmis. Ha mo-
qarky XVIII cromitra B micti Kenircbepsi (auni — Kamininrpaz) 6ymo cim
MOCTIB, IO BeJn depe3 piuky Ilperenn.

Ha puc. 5.9 300paxkeno cxe- (o
MY PO3TalllyBaHHS KeHircOep3b-

KHIX MOCTIB Ta BIIIOBIIHUN MY.Tb- N ¢ f
turpad: KoxKHiit 3B’ s13Hii obJiac- A Fy B A B
T1 CYIIIl BIJIMOBIIa€ BePIINHA I'pa- H}Di\

¢y, KOXKHOMY MOCTY — pedpo. ’

[Tpobaema: un MOKHA ODITH
BCl MOCTH PIBHO IO OAHOMY pa-
3y, HOBEPHYTHUCH YV BUXiJHUN NyHKT? OueBHIHO, B TepMiHax Teopii rpadin
podIeMa, KeHIrcOep3bKUX MOCTIB 3BOJIUTLCS JIO PO3MI3HABAHHS eiJIepOBOCTI
BiamOBiTHOTO Tpady. o mpobdsemy B 3araabHOMY BUTAJIKY PO3B’d3aB 3HA-
menntuit yaenuit XVIII cropiauas Jleonaps Eitnep (came itoro im’sim na3sami
IUKJIH, IO MICTSTh KOXKHE peOpo rpady 6e3 HOBTOPEHD).

Puc. 5.9

Teopema 5.4 (JI. Eitsiep, 1736 p.). 3¢’asnut epag € etareposum modi
I MIALKU MO00JT, KOAU 6CT 11020 GEPUILUHU NAPHT.
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Jlosedenns. Heobxionicmo. Hexait rpad (38’s3umit) € eitneposum. Oc-
KLJIbKHK efljiepiB HuKJ MicTUTH BCi pebpa rpady 6e3 1moBTOpeHb, KOXKHA Bep-
IIMHA, 110 BXOJAUTDH J0 MUKJIY k pa3iB, BXOJUTH Y IUKJ 3 HAPHOIO KLIbKICTIO
2k inmmpeHTHHX i pebep. OT:Ke, cTellHb KOXKHOI BepInHU Ipady € mapHe
qncao 2k, ne k — KiJIbKICTh BXO/KeHb BEPIIUHU JI0 €iJIepOBOTO ITUKJLY.

Hocmammnicmo. Hexait Bci Bepmunn 38’s3n0r0 rpady G napni. Braxa-
tumeMo, 1o G He TMOPOXKHiH (BUMAJIOK MOPOKHBLOIO Trpady, OYeBHIHO, HE
norpebye mosesennst). Jlosemenns eitneposocti rpady G mpoBeaeMo B J1Ba
eTalu.

A. Badikcyemo noBibHY BepiuHy vy € V' i, mounHaO9H 3 Vg, TOOYYEMO
UKJI, 0 MICTUTH 6e3 TOBTOPEHb JesiKi (He 000B’13K0BO BCi) pebpa rpady G.
Ockinbku G — 3B’sg3Hmil rpad, iCHye npuHaiMHI O1HE Pedbpo €1, IHINIeHTHE
BepInHi vy. Pebpo e; Bene Bix vy 10 AeIKOl BEpIMUHA V1 7 vy. OCKIIBKI Uq
napHa, iICHye IpuHaiMHI oHe pebpo ey # €1, IHIMIAeHTHe BepIInHi V.

Y 3araJbHoMy BHIQJIKY, HeXail Ha M-My KpPOIl MU MOOYIyBaad MLIAX
VE1V] . . . €Uy, TAKUH, MO vy # Vo Ipu 0 < k < n Ta ¢, # ¢; upu k # j
(migKpecMMo, Mo BEPUIMHA B NODYJI0BAHOMY MLIAXY MOXKYTh MOBTOPHOBA-
TUCB). SIKIMO v, = vy, mobymoBanuil muisix € mukaoM. Hexait v, # vy. Hexaii
BEPIIUHA U, BXOJUTH y 0Oy I0BaHU ILIAX m pa3iB. Tol mody oBaHmii MLISIX
MIiCTUTD 2m — 1 pebep, iIHIUICHTHUX Uy TPH BCIX BXOIXKEHHIX, OKPIM OCTaH-
HHOTO, BEPITUHA U,, BXOJAUTH 3 JIBOMA IHIUICHTHUMH 1if peOpaMu, TPpH OCTaH-
HBOMY BXOJZKEHHI T0JA€ThCs peOpo e,. OTxke, Ma€ icHyBaTH NPpUHAWMHI OTHE
pedpo €,,1 1, IHIUJIEHTHE Uy, IO He BXOJUTH y 00y oBaHuii nuistx. Jogamo pe-
OPO €541 /10 MOOYIOBAHOTO MLIAXY, OTPUMYIOYH TLIAX Vge1V1 - . . €4UnCpnt1VUni1,
i 7. 1. Ieit mpomec Mae 3aKiHIUTHCH (HA BEPIIUHI Ug) 38 CKIHUYEHHY KITBKICTh
KPOKiB, ockijibku rpad G Mae CKiHYEeHHY KiJbKICTH pedep.

B. Hexaii nuka P, nodyoBaHuil Ha IepIioMy eralli, MiCTUTb He BCi pedpa
rpady G (imaxmre nobynosanuii nmuka P — eitrepis). Posrusaemo rpad Gy,
orpuManuii 3 rpady G BuIaIeHHSIM ycix pedep, dKi ysifimim B muka P.
OueBupno, G; micTuTh Ti 1 TigbKK Ti pebpa, ski He ywidinmum B P. 3Biacn
BHILINBAE, 110 KOKHA BepmnHa rpady G mapuaa. Ockiabku rpad G 38’ g3HuiA,
UK P MICTUTH NPUHAWMHI OJHY BEPUIMHY Vg, AKa IHIMIECHTHA JIESKOMY
pebpy rpady G1. 3acToCyBaBIIN aJTOPUTM MepIIoro erany s rpady Gp 3
TOYATKOBOIO BEPIIHHOIO Vg, MOOYAYEMO MUK (), 1O MICTUTH Oe3 TTOBTOPEHD
neski (MmoxkmBO, He BCi) pebpa rpady Gi.
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5.4. FEiineposi i HamiBeijieposi rpagu

Hapeimrri, 1modyayeMo IUKJI
P = v, Pv,Qug, mo wic-
TUTHh 0€3 MOBTOPEHb BCi pe-
Opa, gKi yBIANLIN B ITUKJIN
P ta Q. Ilo cyri, Mmu tnm-
JacoOBO «PO3MHUKAEMO» IIHKJI
P vy Bepmmni v, 1 momaemo
k1 @ (puc. 5.10). Ouenu-

HO, IeHu HpOL[.eC Mae€ BaI.(IH— P1:Vk—1—2—3—4—5—6—7—8—9—vk
YUTHCh 33 CKIHYEHHY KiJIb-

KICTb KPOKIB 1100YyJ10BOIO €ii- Puc. 5.10

JlepoBoro nukay B rpadi G. M

Hacainok. 36’asnufi epad ¢ nanisetineposum modi & miavku modi, Koiu
BIH MICTMUMDB He biabwe A% 061 HENAPHI SEPUIUHU.

losedenna. Heobxidnicmos. Hexait rpad € HamiBeiljiepoBuM, aJjie He eiijie-
posuM (Jist eiisiepoBoro rpady BCi Bepmuuu maphi). [l moBeeHHS iCHY-
BaHHS PIBHO JIBOX HEIAPHUX BEPIINUH JIOCTATHHO 3’ €HATHU [MOYATOK Ta KiHEellh
eilJIepOBOro ILISIXY 1 3aCTOCYBATH A0 OTPUMAHOI0 rpady TBePAKEeHHS OCHOB-
HOl TeOpeMHU.

Jlocmammicmo. Hexaii rpad mMae 1Bl Hemaphi BepuiuHu (CHTYaIlist OTHIED
HelnapHo! BEPIIMHU HEMOXK/IMBA Yepe3 TeopeMy 5.2 — PO CTEleH] BEPIIUH).
It 1oBejieHHS HAallBeiliepOBOCTI JOCTATHBO 3’€HATH PeOPOM Bl HelapHi
BEPIINHHU 1 3aCTOCYBATH TBEPAKECHHsSI OCHOBHOI TEOPEMU. (]

Baysaxkenust 5.2. Jlerko 3po3ymiTu, M0 3a HasIBHOCTI PiBHO JBOX Hemap-
HUX BEpIIHH Yy 3B’s3HOMY I'padi eiijiepiB ILIsIX Ma€ IOYMHATUCH Ta 3aKIHYY-
BaTHCh CaMe B HEIAPHUX BEPIINHAX.

Bnopasa 5.2. ¥Y3arajabauTH J0BeeHHI TeopeMu 5.4 Ta 11 Hac/IJIKy Ha BU-
a0k MysibrurpadiB (Haragaemo, 1o meris 301IbIIMy€e CTelliHb BePIIUHN Ha 2).

IMpukaang 5.9. I'pad «kenircbepsbki moctu» (que. puc. 5.9) He € Hi
eilIepoBUM, Hi HaBITh HalllBeilJIepOBUM, OCKLIBKH BCl 100 BePIHHHA HEIapHi.

Ho posmizuaBanus eitepoBocTi (HamiBeiiepoBocti) rpadiB 3BOAUTHCS
Jlobpe BijloMa JiaBHs pobJiemMa: HamMaJiioBaTu (Pirypy, He BiJpuBaio4u OJi-
BeIlb BiJ[ mamepy, 3 HOBepHeHHsM (0e3 HOBEPHEHHs) /10 BUXiAHOT TOUKH.
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IIpukgan 5.10. Posrigremo rpady, 300pakennit Ha puc. 5.11.

[leit rpad BijoBijae crapo/agel

\ V- (zpubam3Ho THCAYA DO DO
\ V2 oM Imi";» — Tpeba

30K, OCKLIbKH Tpad eiurepiB (yci
Puc. 5.11 BepmuHN TMaphi). OJHUM 3 MOXK-
JUBUX (asie He €TUHIM) eHIePOBIX
IUKJIB Y IhOMY rpadi € MUK U1 VUsVU6U5U4V2V3V5V7 .

g npakTuaHol MOGYI0BU €HIepOBOTO MUKITY (TLISAXY) MOYKHA CKOPHC-
TaTHCh JyzKe TMPOCTUM Ta ePeKTUBHUM GA20pUmMMom Daepi.

5.4.1. AnropntMm ®Piaepi

1. EitnepiB muks MOKHA MOYUHATH 3 Oy/1b-5KOI BepIINHA (eiIepiB muiax
Tpeba MOYMHATH 3 OJIHIET 3 HEMAPHUX BEPIIIUH).

2. Iin gac mobymoBU eitjiepoBoro MUKy (MLIAXY) 3 rpady BHIAISIOTH
pebpa, Mo BXOAATH JI0 ITHKJIY.

3. Ha koxkHOMY KpOIli MOKHA BUOMpATH JIOBLIbHE PeOPO, dKe, 38 MOZKJIH-
BOCTi, HE € MOCTOM (3 ypaXyBaHHsIM BUJaJIeHHs pebep Ha MOMepeIHiX Kpo-
Kax); MICT MOKHA OOMpATH JIMINe TOJI, KOJU BCi pebpa, IHIUIeHTHI JaHiii
BEPIIUHI, € MOCTaMU.

O6rpyHTyBaHHs KOpeKTHOCTI ajiropurmy Djiepi juB., HANpUKIaL, B [8].

Ilpukmgan 5.11. Posrisinemo rpad na puc. 5.12.

e v, eit rpad € HaniBeilIepOBUM, OCKLILKH Ma€ PIBHO
Vi Vv, 7Bl HenmapHi BepIuHu (V4 Ta U3). 3aCTOCOBYIOUH AJl-
V roput™Mm PJiepi, OTPUMYEMO OJTUH 13 MOYKINUBUX eilje-
e €4 POBHUX LILJISX1B: V4€1V1€2V2€3V3€4V5€E5V1€5V3E7V4€E-8V5.
A 3a3HaYUMO, 1[0 Ha TPHOX OCTAHHIX KpPOKaX O0OpPaHO
v Vs MOCTHU €g, €7 Ta €g, OCKLIBKU OYyJI0 HEMOYKJIMBO BU-
Opatu pedpo, gKe He € MOCTOM.
Puc. 5.12
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5.5. IlosATTS PO raMiJIbTOHOBI Ta HAIIIBIraMiJIbTOHOBI rpadgu

5.5. IloHgaTTda mpo raMmiJibTOHOBI
Ta HaIliBraMiJIbTOHOBI rpadu

O3navenHda 5.8. ['aMiTbTOHOBIM TLIIXOM V rpadi HA3UBAIOTH MPOCTUH
ILISX, KU MICTHTH KOXKHY BepuinHy rpady piBHO oauH pa3 (IpPOXOIUTH
Yepe3 KOXKHY BepIIuHY 0e3 MOBTOPEHb). 3aMKHEHHUH IaMiJbTOHIB ILISIX Ha-
3UBalOTh TaMIIHBTOHOBHM IUKJIOM. ['pad, mo aonyckae mobyaoBy raMijabTo-
HOBOTO IHKJIY, Ha3UBAIOTh raMLILTOHOBUM. ['pad, Mo gomycKae modyIoBYy
raMiJIbTOHOBOTO TLJIAXY, HA3WBAIOTh HAIIBIaMIIETOHOBHUM.

IcTopuano mpobaema po3nizHABaHHS
raMiJIbTOHOBOCTI rpady OB s3aHa 3 T'0-
JIOBOJIOMKOIO «KPYTI'OCBITHS IOZ0POXK»,
3allPONIOHOBAaHOI0 1859 poKy ipJaHACh-
KM MaTeMaTHKOM VY iIbIMOM ['aMiIbTO-
HOM: KOKHil 3 IBaIISITH BEPIINH JI0/1€Ka-
enpa (puc. 5.13) Biamosinae Ha3Ba O7HO-
I'0 3 BEJINKUX MICT CBIiTY; IOTPiOHO, IIepe-
cyBalouHuCh 1Mo pedpax rpady, obiiitTu Bci
BEPIIMHN PIBHO 110 OAHOMY pa3y Ta Io-
BEPHYTHUCH Yy IIYHKT MOYATKY MOIOPOZKI. Puc. 5.13

[Ipobsiemu po3mizHaBaHHS eiepoBocTi (HaIiBei1epoBOCTi) Ta raMiIbTO-
HOBOCTI (HamiBraMuIbTOHOBOCTI) Ipadin, He3BAXKAIOUIH Ha IX 30BHIIIHIO CXO-
JKICTh, MPUHIUIOBO Pi3Hi. JIng posmiznaBamug eitmepoBocTi Tpady icHye
edpekTuBHUI Kpurepiii (Teopema 5.4), a g NpakTUUHOI OOY0BU eiljiepo-
BOT'O IUKJIY MOXKHa, CKOPHUCTATHCH IIPOCTUM Ta 3pydHuM ajaropurmoM Pepi.

Curyalis o0 raMiJIbTOHOBOCTI Ha0araTo CKJaJHIIIA — ChOTOJIHI He ic-
Hy€e eheKTUBHOTO KPUTEPItO (TeopeMu po HeoOXiTHI Ta JTOCTATHI YMOBH) Ta-
MiJIBTOHOBOCTI (HamiBramijibronoBocti) rpadis. IIpore icuye psii TeopeM npo
HeoOXi/IHI yMOBH Ta PsiJi TEOPEM PO MOCTATHI YMOBU TaMiIbTOHOBOCTI (Ha-
miBraMiibToHOBOCTI ). [lesKi 3 X TeopeM PO3MJISTHEMO B IBOMY ITiIPO3/ILII.

5.5.1. HeobGximHi yMOBU ramMiJibTOHOBOCTI rpadiB

Hacrymna sema HaBOOMTH ABa OYEBUIHUX THIH IpapiB, HATEXKHICTH O
AKUX BUKJIIOYAE MOMKJIUBICTh IaMIlJIbTOHOBOCTI.
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Jlema 5.3. 2XKoden 2pah, wo micmumsd mouky 3’ednanns abo micm, He
€ 2aMINADMOHOBUM.

TBepakeHHsT JJeMu 5.3 BUILIUBAE O€3110CEPEHBO 3 BU3HAYEHHS MOCTA Ta,
TOYKH 3’ €IHAHHI.

PosristneMo 1mie oauH BaxkKJIMBH Kjac rpadiB, HAJIEXKHICTD 10 IKOT'O BH-
KJI09a€ MOYKJNBICTH TaMIJIBTOHOBOCTI.

Osuauenns 5.9. I'pad G masuBaore O-rpadom (Tera-rpacdom), sKIIO
BiH CKJIQJAETHCH 3 JIBOX BEPINMUH CTereHl 3, CIOJYyYeHUX TPhOMa MPOCTHUMH
NLJISIXaMU JTIOBXKUHOIO HE MEHIe 2, M0 MONAPHO He MePeTHHAITHCS (KO-
Hi IBa 3 MUX TPHOX NLJISIXIB HE MAIOTh CIJILHHX BEPIIWH, OKPIM CHLILHOTO
MOYATKY Ta CHIIHHOTO KiHTIs).

IMpukaang 5.12. I'padu G, ta G,, 306paxkeni Ha puc. 5.14, — npuKIa N
O-rpadis, ognak rpad G3 He € O-rpadom.

v v
Vi V. v VY
Vi
V2 Ve
5
v v
Vs Ve
G G, G;
Puc. 5.14

Teopema 5.5. 2Koden O-zpad 1e € 2amirbmorosunm.

osederna. 1lpunycrimo, 10 TBEPIKEHHS TEOPEMHU HE CIPaBIZKYETHCSI.
Hexait ©-rpad G MicTuTh ABI BEpIIMHM V1 Ta Vs, CIIOIYUEH]
Y TPbOMA, TILIAXaMu S, Sa, S3 JOBXKHHOIO HE MEHIIEe 2, 110 I10-
7 RN mapHO He nepeTuHaoThCs (puc. 5.15). Ilpumycrimo, mo rpad
G € raminbronoBuM. OCKUIbKEM TLIgxu S, Sa, S3 MICTATH

. 1 \
1 2 1S3 npuHAMHI 110 O/THIN BepIInHi (He BPAXOBYIOUH v Ta Ug), Ta-
N ’

N MIJIFTOHIB IUKJI Ma€ MPOXOAUTH PIBHO IO OJHOMY pa3y depes
v KOKeH 13 muigxiB Sp, So Ta S3. AJte TOl, BpaXOBYIOUN 3aMK-
HEHICTDh, MAKJ Ma€ OPOUTH JABIYl IO BepIIHHaX v Ta Vg, IO

Puc. 5.15 CyIEePeYnTh BU3HAYEHHIO FaMIILTOHOBOCTI ITUKJY. 0]
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5.5. IlosATTS PO raMiJIbTOHOBI Ta HAIIIBIraMiJIbTOHOBI rpadgu

BayBaxkenas 5.3. 2Komen O-rpad He € raMiJIbTOHOBHM, OJIHAK KOXKEH
O-rpad e mamisramiabronosuMm. Tak, O-rpadu G ta Gy 3 npuki. H5.12 mgo-
IIyCKAIOTh TaMIJIBTOHOBI MLISIXU U3V1U20U5V4 (G1) Ta vgU301 0905080704 (G2).

5.5.2. JloctaTHi yMOBHU raMiJIbTOHOBOCTI rpadiB

Hapenemo 06e3 moBemenns JedKi JOCTATHI YMOBH TaMiJIbTOHOBOCTI Ta Ha-
MiBraMiJIbTOHOBOCTI TpadiB.

Teopema 5.6 (O. Ope, 1960 p.). Hexat G — 36’asnul 2pad 3 Kinv-
kicmio eepwun n = card(V') > 3.

1. Hxwo daa 6ydv-aK01 NaPU HECYMIHCHUT BEPULUH U MA UV BUKOHYEMBCA
Hepisnicms d, + d, > n, epad G — 2amirvmonis.

2. SHxwo 0ra 6Y0vb-AK01 NAPU HECYMINCHUL SEPULUH U MA UV GUKOHYEMDBCA
nepisricms dy, + d, > n — 1, epap G — Hanie2amiibmoHie.

3 Teopemu 5.6 HeraiiHO BUILTHBAE TaKUil pe3yJabTaT (JI0OBEJIEHUIA, MOTPAB-
Jla, HA KiJbKa POKiB paHiie reopevu 5.6).

Teopema 5.7 (I. Hipak, 1953 p.). Hexati G — 38’asnuti 2pad 3 Kinv-
kicmio eepwun n = card(V) > 3. Hrwo daa 6ydv-axoi eepwuny v € V
suKoOHyeEMbCA Hepishicms d, > n/2, epadh G € 2amisbmonosum.

IIle oxna ocTaTHS yYMOBA TIaMiJbTOHOBOCTI MOB’S3aHA 3 HAABHICTIO
O-miarpadis.

Teopema 5.8. Bydv-axuti 36 A3Hull HE2aMIADMOHIG 2pad €3 Mocmis ma
mowuok 3’edHanma micmumsb ©-nidepadp.

[IpakTryHe 3acTOoCyBaHHS TeopeMu 5.8 MOB’sd3aHe 3 aHAJI30M HasBHOCTI
O-miarpadis: 38’g3uuil rpad 6e3 MOCTIB TOYOK 3’'€IHAHHS, IO HE MICTUTDL
O-miarpadis, 3a TeopeMoIo 5.8 € raMiJIbTOHOBUM.

[Ipo iumii gocTaTHi yMOBH TaMiTbTOHOBOCTI auB. [8].

3a3Hauumo, 10 TeopeMu 5.6, 5.7 Tta 5.8 marTh Julle JIOCTATHI, ajie He
HeOOXiTHI YMOBH TaMiJIbTOHOBOCTI Tpady.

IMTpukgaaa 5.13. Oane 3 HaWBaKJIMBIIMUX 3aCTOCYBAHL TeoOpil TaMiab-
ToHOBUX rpadiB nop’s3ane 3 npobaeMorn Kymis (KomiBosizkepa). Hasememo
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JIeTo crupolneHe pOPMY/IIOBAHHSA ITi€l MpoOJeMH: KYIellb MOBUHEH, KOPHC-
TYIOYUCh CHCTEMOIO JOPIr, HOOYyBaTH B yCiX HACEJEHUX NYHKTaX KpPaiHU Ta
MOBEPHYTHCH JI0 IIYHKTY IIOYATKY MOJAOPOXKi (MOpIBHSNTE 3 TOJOBOJOMKOIO
Y. laminbrona). OueBnaHO, MPOOIEMA 3BOAUTHCS JI0 PO3II3HABAHHS MaMiJb-
TOHOBOCTI BiIoBiAHOTO Tpady.

Ilpukman 5.14. Ille omnae mMiKaBe 3aCTOCYBaHHSA TeOPil TaMiTbTOHOBHUX
rpadiB noB’sizaHe 3 npodJIeMOI0 00X0Iy MAXOBUM KOHEM BCiX KJITHHOK Ia-
XIBHHUII PIBHO II0 OJIHOMY Pa3y, 3 IIOBEPHEHHsIM 4u 0e3 IIOBepHEHHS 10 IIO-
JaTKOBOTO 10JTd. 1151 mpobeMa 3BOIUTHCS /10 PO3Mi3HABAHHA TaMiJIbTOHOBOC-
Ti (HamiBramMiTbTOHOBOCTI) Tpady 3 64 BepIIMHAMEI: KOXKHA BepIuHa Tpady
BI/IITOBITa€ TTEBHOMY TIOJIIO TTAXIBHUIL; CYMI?KHUMHY € Tl 1 TITbKW Tl BEPITWHHA,
sIKI MOXKYTh OyTH 3’€/[HaHI HA IIAXIBHUIL XOJOM KOHSI.

¢Ik BimoMo, 1151 IpobJieMa Ma€e PO3B’sI30K: BCI MOJIs MTAaXiBHUIN MOXKHa, 001ii-
TH XOJOM KOH$, TIOBEPHYBIIHUCH JIO MOYATKOBOTO IOJIA. 3a3HAYUMO, IO JI0
BiAIIOBITHOTO Tpady HEe MOXKHA 3aCTOCYBATH »KOJIHY 3 TeopeM 5.6, 5.7 abo
5.8 — yMOBHU X T€OPeM He BHUKOHYIOTbCs, IPOTe I'pad € raMiJibTOHOBUM.

5.6. Cremiaabai Tunu rpadis

5.6.1. Perynapsui rpadn

OznauvenHg 5.10. Peryingapaum rpacdoM Ha3uBaTh I'pad, yCi BepIIMHA
SIKOI'0 MAIOTh OJHAKOBUH CTEIiHb.

Ilpukman 5.15. Peryngapuum rpadomM, 09eBUIHO, € JOBIIHHAI MOBHUMN
rpad (d, = n — 1, ne n = card(V)), a Takox g0BiIBHUI HOPOXKHII rpad
(d, = 0).

Ilpukaan 5.16. I'pad, 300pazkenuit va puc. 5.16, — peryuspuunii: d, = 2
1 Beix v € V.

Puc. 5.16
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5.6. Creniaapai Tamm rpagis

5.6.2. /IBogosbHI rpadpu

O3uavenus 5.11. /IBogoapbHUM Ha3WBAIOTH TI'pad, MHOXKHUHY BEPITHH
AKOTO MOXKHA PO30UTH Ha JBI HemopoxkHi mimmuoxkwau (momi) Vi ta Vs
(Vi NV, = @) rak, mo Oyap-siki asi Bepuuau 3 oguiei poai Vi (K = 1,2)
€ HeCyMiKHUMU.

Ilpukman 5.17. I'pad, 300pakenuit Ha puc. 5.17, € JIBOTOJHLHUM:
Vi = {v1,v3,05}, Vo = {v2,v4, 06}

Puc. 5.17

Teopema 5.9 (. Ksonir, 1936 p.). I'pag € dsodosvrum modi i misvku
modi, KoAU 6Ci (1020 YUKAU MAOMb NAPHY J0BHCUHY.

osedernsa neobxidnocmi. Hexait rpad G 3 MHOKHHOIO BepiinH V € 1BO-
noabauM. Toxi muHokuMHA V' MOxkKe OyTu 300pazkena y dopmi V = Vj U Vs,
ViNV,y = & tak, mo Oyib-sKi Bl BepIuHd 3 oaHiel miamuoxuan Vi (k= 1,2)
€ HeCYMIZKHUMH.

PosruisireMo noBUIbHUI UK V13 ... U, (U, = v1). Be3 Brparn 3arasib-
HOCTI npuirycTimo, 1o v; € V;. Tozi, BpaxoBy04n CyMi>KHICTh v Ta Vg, OTPU-
MYEMO, 10 Uy & V1, 10610 v9 € V5. Anasioriuno, vs € Vi, v4 € Vo i T 1., T06TO
Vory1 € Vi, vy € Vo (0 < 2k < n). Ockinbku v, = v1 € V), OTpUMYEMO, IO
n = 2k + 1 i goBxkuHa nukay n — 1 = 2k — mapHe 9uCIO0.

Bnopasa 5.3. CamoctiiiHO g0BeCTH JIOCTATHICTb YMOBH IIAPHOCTI BCIX
IUKJIB /15 JIBOAOJBHOCTI rpady.

Brka3ziBka. /IocTaTHbo 0OMEKHTHCH BUIIAIKOM 3B I3HOTO I'pady, OCKIILKA
He3B a3Huil Tpad € 06’'€ THAaHHIM CKIHYEHHOI KLIBKOCTI 00JacTeil 3B’ I3HOCTI.
Itst 3B’ s13H0T0 Tpady, MO MICTUTH JIUIIE HUKJIN IaPHOI JOBXKUHU, PO3TJIsIHb-
Te TaKe BiJHOIIEHHS €KBIBAJIEHTHOCTI Ha MHOXKHHI BepmuH V': v ~ vy TOMII
1 TUIBKH TO/i, KOJIM V1 Ta Vo 3’€IHAHI JIUIIE MUISXaMU IMapHol JoBXKuHU. [le-
peBipTe, 110 BBeJieHe BITHOIIEHHS CHPAaB/Il € BITHOMIEHHAM €KBIBaJEHTHOCTI,
i (paxkrop-muoxknua V' / _=1{W,V,2} nae mykane po36mrTs MHOKUHA V.

0
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5.6.3. lepeBa

Jlepesom HaswBaIOTL 3B’s3HUI rpad, MO He MICTUTL MPOCTUX ITUKJIIB.
Jlicom Ha3MBAIOTH Tpad, MO € 00’€THAHHAM JepeB, dKi TOTapHO He Tepepi-
3aI0ThCSI.

ITpukmaan 5.18. I'pad, 306paxkenunii Ha puc. 5.18, € icom (06’enHaAHHS
JIBOX JIEPEB, sIKi HE Mepepi3atoThes).

N

Puc. 5.18

3/1e01/IBITIOTO JIONMIIBHO BUJILIUTH OJHY 3 BEPIIUH JlepeBa sIK TOYATKO-
By (BepiuHa, 3 SKOI JepeBo «3poctae»). /lepeBo 3 BUILIEHOI BEPIIHHOIO
Ha3WBAIOTh KOPEHEBUM OEPEGOM, BUIIICHY BEPIIUHY HA3UBAIOTH KOPEHEGOIO
sepuwiuH0t0, 300 Koperem. IliTKkpecanmMo, 1o KOpeHeM MOYKHA BHOPATH JTOBLIb-
HY BEPIUHY JlepeBa; TOMIIBHICTH BUOOPY KOPEHEBOI BEPITMHN BU3HAYAETHCS
1Ip00JIEMOIO, SIKA PO3B’I3yEThCsl 34, AJOIOMOIOI0 JAHOI0 JiepeBa. Sk npaBuio,
KOpEHeBi jiepeBa 300pakKyloTh Tak, MO0 JAepeBO «3pPOCTAJIO» BiJ KOpPEHs B
O/THOMY (PIKCOBAHOMY HAINpPsAMKY — BHH3, BIOPY, BIIpaBo abo BJIiBO.

Pierem sepuwunu KOpPeHEBOTO JiepeBa HA3WBAIOTH JOBXKUHY MTPOCTOTO
HLJIAXY, 0 3’€JHYE IO BEPIIUHY 3 KOopeHeM. MHOKWHY BepIIUH N-I0 PiB-
Hs HA3WBAIOTH N-M APYcCoMm KOpeHeBOro jepeBa. OdeBuiHo, apyc piBHg (
3aBXKJM MICTUTH JIAIIE CAMy KOPEHEBY BEPIIUHY.

KaskyTh, 1110 BepIIMHA U1 N-TO PIBHSA Nopodscye BepiiuHy vs (n + 1)-ro
PiBHS, IKIMO BEPIIUHA V1 1 Vo CyMixKHI. BepmmuHy KopeHeBoro jmepesa, 110 He
MOPO/ZKY€E KOJHY BEPIIUHY JAHOTO JIePEBA, 9aCTO HAZUBAIOTD AUCITIKOM.

Ilpukmaan 5.19. epeso, mo 300paxkene Ha puc. 5.19, MoxKHaA po3IJisiia-
TH 9K KOpPeHeBe 3 KOPEHEBOI BEPITHHOIO V.
dApyc pisag 0 MICTUTDL KOpPeHEBY BEPIIUHY V; APYC PiB-
Hsl 1 MICTUTH BepIIUHEU V) Ta Uy (MOPOIKYIOTHCS Bep-
IAHOIO V); SPYC PiBHA 2 MICTUTH BEDITHHA V11 TA U9

Vi
’ V;
Vi2 oo, 23 (MOPOMKYIOTHCsI BEPIIUHOWO V1), & TAKOXK U1 TA Uz Ta
21 % V.3 (IOPOAZKYIOTHCA BEPIIMHOI V). O4eBUAHO, JILCT-
KaMH IbOI'0 J€p€Ba € BEPIIUHU V1 1, V12, V21, V22, U23.
Puc. 5.19
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5.7. I3omopcpizm i romeomoppizm rpacpin

Cain 3BepHyTH yBary Ha 6araToiHIeKCHY HyMepalliio BePITNH KOPEHEBOTO
JiepeBa B IPUKJI. 5.19:

® KOpEHEeBiil BepIIUHI NPUCBOIETHCS «IIOPOKHIN» HOMEpP (BepIInHA V);
® BepIIUHN, 10 MOPOJZKEH]I BEPIIHHOK Vs, HYMEPYIOTHCS (Y JTOBLIHHOMY
MOPSAJIKY ) SIK BEPIIMHE Vs, § = 1,2, ..., M.

Banpononosanuii criocib Hymepariil BepiiuH KOpeHeBoro jaepesa (iHoai #io-
r0 HA3MBAIOTH YNAKOBAHOW GOIPecayieto) MO3BOJISE OJHO3HATHO BH3HAUUTH,
K1 BEpPIUHU JepeBa CYMIKHI, 1 9aCTO BUKOPUCTOBYETHCS T 9ac aHaJI3Y
CTPYKTYPH JiepeBa KOMIT IOTePHUMHE aJITOPUTMAMMU.

3azHavIMMO, 10 OJ/IHE 3 BaKJIMBHUX 3aCTOCYBAaHb KOPEHEBHUX JIEPEB — PO3-
B’sI3aHHs KOMOIHATOPHUX 33734 — PO3IVISHYTO B 1igpo3. 4.6.

5.6.4. IlouarTa npo MmideHi rpadpn

O3znaueHHs 5.12. Miuenum rpadom, adbo Meperkeio Ha3uBalTh rpad,
BepirHaM abo (Ta) pebpaM SKOro 3iCTaB/ISIETHCSI IEBHA MITKA.

Mitkamu mideHOTO Tpady MOXKYTH OYTH eTeMeHTH JOBIIHHOT MHOXKWHU.
Tax, po3rigaaoau npodaemy KomiBosizkepa (auB. npukii. 5.13) gouiabHo pe-
Oopam rpady IPHCBOITH JIOBXKUHY BLAIOBIAHOI JLISHKH IILJISXY, a BEPIIMHAM
— gac Ha nepebyBaHHs y BiAIOBIIHOMY MiCTI.

[ITe omHe BaKIUBe 3aCTOCYBaHHS MideHUX TpadiB Mo a3ane 3 papOyBaH-
HAM BepiiuH abo pebep (miTkamu € koabopu). PapOyBanHst BepiuH rpady
PO3LJISIHEMO AaJl B mMapo3. 9.14.

5.7. Isomopdi3zm i romeomopdizm rpadin

Osnpauennda 5.13. I'pacdu G i G 3 muoxkunamu Bepmma Vi ta Vo Ha-
3UBAIOTh 130MOPMHUMHE, AKINO iCHY€e Taka Oiekiis (i3omopdism) f: V) — Vs,
110:

Vu,v € Vi: (u, v — cymizkui B Gh) < (f(u), f(v) — cymizxui B Gy).

Om:xe, 130Mopdizm rpadiB MOXKHA, PO3YMITH 9K B3a€MHO OJHO3HATHE Bi-
J100pazKeHHd, 1110 30epira€ cyMizKHICTH BEPIIHUH.
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Posznin 5. 'Teopis rpagis

ITpuknam 5.20. Fpacbﬂ G Tta Gy, 300paxkeHi Ha pI/IC. 5.20, i3oMopHi;

MoxK/IuBHii (asie He eaunuil) isomopdizm f:u, — vk, k= 1,2,3,4.
1
Puc. 5.20

Bayparkenust 5.4. Busnagenus i30Mop@HOCTI TPUPOTHO TIEPEHOCUTHCS HA
BHIIAI0K OPI€EHTOBAHUX Ta HEOPIEHTOBAHUX MYJIbTUIPAPIB: i30MOP@I3ZM MYJIb-
turpacdiB mMae 30epiraTu KiJabKicTh pebep MiXK JJAHUMHU BEpIIMHAMU, a JIJIs
oprpadiB — KiIbKICTh pebep MiXK TaHUMHU BepITUHAMHY, IO BEAYTh Y JAHOMY
HAIPIAMKY.

Haasi Ham 3Ha100UThCs olepaliist nidpo3bumm.s pebpa epagy.

v v Hexait pebpo e iHnuIeHTHe BepIIHHAM U1 Ta Uo. 11iapos-

e €1 ouTTS pebpa e moadrae y BUIaJeHH] € Ta JT0JaBaHHl TBOX
v v HOBUX pedep €1, €s 1 HOBOI BEPIIUHA ¥ TakK, IMO0: pedpo ey
2 v, 2 IHIIMIEHTHE BePIIMHAM V1 1 U, pebpo ey iHIUJIeHTHE Bep-

muuaM v i ve (puc. 5.21). o cyTi, migpo3ourtsa pedbpa
Puc. 5.21 € 3BOJINTHCS (3 TOYHICTIO /10 i30MOP(DI3MY) 10 «HABIIIIY-
BaHHA» Ha PeOPO € HOBOI BEPIINHU V.

Osnauenna 5.14. I'padu G i Gy HA3UBAIOTH FOMEOMOP(MHUMHE, AKIIO
iX MOXKHa OTpUMATH 3 i30MOpdHUX rpadiB CKIHIEHHOIO KIJIHKICTIO OmepaIriii
i Ipo30uTTSa pedep.

ITpuknan 5.21. 'padu G ta G, 300pazxkeni Ha puc. 5.22, romeomopd-
Hi, OCKLIbKH iX MOKHa oTpuMaTH 3 i3omopduux rpadis G| Ta G, miapos-

ourTsaM pebep.

G Gz
G, ™2
Puc. 5.22
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5.8. Marpuust cymizkaocTi rpagdy

BayBakeHHs 5.5. Busnauenns omepariii mijapo30uTTs pebep Ta romMeo-
MopdHOCTI rpadiB TPUPOIHO IOIMIUPIOETHCI HA BUIAI0K OPIEHTOBAHUX Ta,
HEOPIEHTOBAHUX MYJIbTUIPadiB.

5.8. Marpung cymikHocTi rpady

Y bOMY IiApO3/IiJIi IpaloBaTUMEMO 3 OPIEHTOBAaHUMU IrpadpaMu, ABi pi3-
Hi BepPIIMHHA IKUX HEe MOXKYTH OyTH 3’eaHani ABoMa abo OiabIne pedbpaMu, Mo
BeJIyTh B OTHOMY HaNPAMKY. [HakIme KaxKydH, IparoBaTUMeMO 3 oprpada-
MU, B SIKHX A03BOJISIEMO IIETJI Ta TapH IPOTUHAIPIMICHUX MYJIbTUpebep.

Os3nauenns 5.15. Hexaii rpad G, mo 3a710BOJILHSAE BUMOTH IIHOTO ITiJI-
posmity, Mae MHOXKUHY BepruH V' = {vy,...,v,}. Marpumewo cymizxKHOCTI
rpacdy G mHazuaoTh MaTpuilio Mg po3MipoMm n X n, Taky IMo:

1, Bix v; 10 v; Bese pedPO;
(Mg)i; = .
0, Bl v; 10 v; He BeJe pedpo.

JIerko 3po3ymiTu, M0 BUTJIAN MATPHUI CYMIKHOCTI IHOTO Tpady 3aje-
KUTH BiJ| MOPAJAKY HyMepallll BepInH; 3MiHa MOPAJIKY HyMepalli BepIiuH
3YMOBJIIOE MePEeCTaBJAEHHS BLAMOBITHAX PSAJIKIB Ta CTOBIIIB MATPHIN CYMIZK-
HOCTI.

ITpukman 5.22. Ha puc. 5.23 300pakeno rpad i BiATOBIIHY MaTPUITIO
CYMIZKHOCTI.

o= O O
o= O O
o OO
_ = = O

Puc. 5.23

HactynHe TBepKeHHS BUILINBAE 0O€3MOCEPEIHLO 3 BU3HAYEHHS 130MOP-
dizmy rpadis.
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Jlema 5.4. I'papu G 1 Gy i3omopdri modi i misvku modi, Koau icHye
maxa Hymepayis sepwunr epady G, wo mampuyi cymiotcnoemi Ma, 1 Mg,
3612a10MbCA.

OpienroBani myJsbrurpadpu 06e3 OJHOHAIPIMIECHHX MYJIbTHpPebep 3acTo-
COBYIOTH JIJIsI 300parkeHHsI OIHAPHOI'O BIJHOIIEHHSI HA CKIHYEHHI MHOXKHHI
(muB. poza. 3). ¥ TepMmiHax Teopil BiIHONIEHb MAaTPHUIlS CYMIzKHOCTI Tpady
G € marpureio 6GiHAPHOTO BifgHOIIEHHs, sKe 3a7aH0 rpadom G. Bes Brparn
3araJibHOCT]I BBaKaTUMeMO, 10 OiHapHe BijHOIIeHHs, Bu3HadeHne rpadom G,
3aaHO Ha MHOXKWHI BepmuH V rpady G.

Haramaemo, 1110 11t MATpHIh CYMiKHOCTI A Ta B po3MipoMm n X n BU3Ha-
JeHuit «jaoriaamit 100yTok» AB — 3amicTh apudMeTUUHUX omepariit cymu
Ta J0OYTKY BHKOPHUCTOBYIOTHCS BILAIOBLAHI JIOriYHI omepariii jgu3’fOHKIII Ta
KoH ToHKIii (. o3Havenns 3.3). Brazkatumewmo, mo creninb A* (k € N)
MATPHUII CYMi>KHOCTI A TaKOK BH3HAUEHO Uepe3 «JIOTTIHUH T00yTOK».

AHnaniTuuHnit amapar, IOB’S3aHUI 3 MATPHUIE0 CYMIiKHOCTi, JA€ 3MOLY
OIIHUTHU KLAbKICTh KPOKIB, HOTPIOHUX JJIsI OOYHC/IEHHSI TPAH3UTUBHOTO 3a-
MHUKaHHA OIHapHOTO BiTHOIIECHHS Ha CKIHYEHHIH MHOXKHHI, TOOTO A€ 3MOTY
noBecTu TeopeMy 3.2. Temep Teopema 3.2 € IpSIMUM HACJIIKOM HACTYITHOTO
IIPOCTOrO TBEPIKEHHSI.

Teopema 5.10. Hexati G — opiecnmosanuti mysvmuzpad 6e3 odHoHan-
paAMAeHUL mysvmupebep, Mqa — mampuusa cymisicrocmi epady G, cmenino
M (k € N) eusnaueno wepes «aozivnudi dobymok». Todi

(ME)ij =1) < (¥ epagi G icnye wanz dosorcunoro k 6id v; do v;).

Zosederns. Teopemy MozKHA, JOBECTH METOIOM MAaTEMATHIHOL 1HAYKIIIT 3a k.
Bnpasa 5.4. /loBecTtu TeopeMy caMOCTIHHO.

Bra3ziBka. TBepa:keHH4 11i€]l TeopeMu € mepedOpMYTIOBAHHIM TBEePIKEeH-
Hd BOpaBu 3.1.

0

[Ipukaaan obUnc/IeHHs TPAH3UTHBHOTO 3aMWKaHHs OIHAPHOTO BiTHOTITEH-
Hy HaBeJeHi Bumie (auB. npukii. 3.19).
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5.9. Iliocki ta mianapHi rpaghu

5.9. Ilnocki Ta manapHi rpadu

Osnauvennda 5.16. 'pad GG Ha3UBAIOTDH ILIOCKUM, SIKIIO:

e >koxHEe pebpo e rpady G He MA€ TOYOK CAMOIIEPETHHY;
e JKOIHI jBa pebpa e, Ta ey rpady G He MaIOTh TOYOK IIEPETHHY, OKPIM
BEPIIWH, IHIUACHTHAX 000M pedpaM €1 Ta €.

['pad, izomMopdHEil MI0CKOMY, HA3UBAIOThH ILJIaHADHUM.

ITpukaan 5.23. Ha puc. 5.24 300pazkeno mianapuuii rpad G, isomopd-
Huit mockomy rpady Gs.

=,

Puc. 5.24

IMpukaan 5.24. Ha puc. 5.25 306pazxeno Hertanaphi rpadu Gy («3ip-
ka») Ta Gy («Tpu Kpuumiii»).

4 v v
ve v % v
Vi Vs V3 73
G, («3ipka») G, («Tpun KpUHUL »)
Puc. 5.25

['pad Gi, oueBuHO, € moBauM rpacdom 3 BepmuHamu v1—v5 (Ha3Ba «3ip-
Ka» 3yMOBJIEHA 30BHIMHIM BUTIs110M 11600 Tpady). I'pad Gy — aBomosbuuit
rpad 3 Jgoastvmu {vy, Ve, v3} Ta {vy, vy, Vg }, Takuii, mo 6yab-AKi Bl BEPUTTHE 3
pi3HuUX JloJieit cymizkui. Hazpa «T'pu KpuHuili» moxoaursb Biji BijoM0I 11pod.Jie-
MH PO TPU OYAMHKN Ta TPU KPUHHII: MizK TpboMa Oy TuHKamMu (vq, Vg, U3) Ta
TPHOMA KPUHUIAME (U4, Us, Ug) Tpeba MPOKIACTH JeB AT ILISXIB 6€3 TOYOK
IepEeTUHY TakK, 00 iCHyBaB MIJIAX BiJl KOKHOIO OYIMHKY /10 KOXKHOT KPHHUIII.

Hennanapruicts rpadis G ta Gy Oyie noBeaeHO B miapo3d. 5.13.
Hapenemo 6e3 jmoBeqeHHS BioMUWil KpuTepiit MIaHAPHOCTI, OTPUMAHUH
neszasexxuo JI. C. Tlorrparinum (1927 p.) ta K. Kyparoscbkum (1930 p.).
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Teopema 5.11 (teopema Ilourpsarina — Kyparoscekoro). I'pag e
NAGHAPHUM MOJT § MIABDKY MO0Ji, KOAU 8iH He Micmumb nidepadie, 2omeo-
mopdpruzx epagam «33ipra» ma « Tpu kpunuyi» (puc. 5.25).

3 teopemu Ilonrpsirina — KyparoBcbKoro HeraiiHO BUILIHMBAE, IO OY/b-
sSIKMil 1IOBHUM rpad 3 5 Ta OlIblle BepIIMHAMH HeIJIAHAPHUM, 1 OyIb-siKuit
rpad 3 4 Ta MeHIIe BepHIMHAMHU ILIaHApHUHE. 3a3HAYUMO, IO HEOOXiI-
HiCTh yMOBHM TeOpeMH BuILIMBa€ 3 HemwianapHocti rpadis G ta Gy (aus.
mizposa. 5.13). Ilosue noseenns teopemu llourpsrina — Kyparoseskoro, a
TaK02K e(DeKTUBHUI aJIrOPUTM 1100y 10BH i30MOPMHOI0 ILJI0CKOTo I'pady, JIUB.,
HATPUKJIaI, B [8].

BayBakenHsi 5.6. 1IoHATTS ILJIOCKOrO Ta ILJIaHAPHOIO I'padiB IIPUPOIHO
HOITUPIOETHCA Ha BUIIAI0K MYJILTUTPAPIB.

5.10. I'pani rpady. Popmyaa Eiiaepa

Y npomy 1iapo3iii Bei rpadpu BBaXKaTUMEMO ILIOCKHMME HEOPI€EHTOBAHU-
MH MYJIbTUIDadaMu.

5.10.1. I'pani miockoro rpady

OznauenHg 5.17. ['pannio rpady G Ha3WBaIOTH MAKCUMAJIBHY 32 Bi/I-
HOIIIEHHSIM BKJIIOUeHHsT («C») 0OJACTD IUIOMIUHE 7, TaKy, 1m0: Oyab-sKi JBi
TOYKH a,b € 7 MOXKYTb OyTH 3’€JHaHI HEMEPEPBHOIO KPUBOIO, KA HE MAa€
CHIJIBHUX TOYOK 3 pedpamu rpady G, oKpiM, MOXKINBO, CAMHX TOYOK @ Ta b.
Mmuoxnny pebep, O HaJIeKaTh TPaHi, HA3WBAIOTH MeYKelo TPaHi.

['pani rpady mozHagaTmMeMo JTeporo 1 3 iHgekcaMn an 6e3 (1, 11, 72.11),
MHOXKHUHY TpaHeil rpady G noznagarumemo 1gepes R.

HapemeMo kinbKa OYEBUIHUX TBEPIZKCHb, 110 HEraiiHO BUILUIMBAIOTL 3
o3HadYeHHST 5.17.

Jlema 5.5. Kootcha mouka naowuHy HAAeHCUMD NPUHATMHE 00HIT 2paHT
darozo 2pagy.

Jlema 5.6. Jlaa xootcnozo epady icHYe pieHo 00Ha HEOOMENHCEHE 2PAHD
(2pans HECKIHYEHHOT TNAOULE).
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5.10. I'pani rpagy. @opmysa Eiiaepa

HeoOmerkeny rpalb rpady HA3UBAIOTH 306HIWHb00, 1HII (0OMezKeHi)
rpafi — 6HYMPIUHIMU.

Jlema 5.7. Kooicre pebpo, uio He € MOCMOM, HGAEHCUMD MEHCL PIEHO
deox epaneti. Kootcen micm HANEHCUMY MEHCAM PIGHO 00HIET 2PaHi.

ITpukman 5.25. /Ing rpady, 3006paxKkeHoro Ha puc. 5.26, MHOXKUHA, T'Pa-
ueit R = {ry,ry, 73,74}, 30BHINIHBOIO € TPaHb T4 3 Mexkelo {e1, es, €7, eg}. Oue-
BUJIHO, MICT €g HAJIeXKUTh MeXKi Jimiie onHiel rpani (ry).

€4
| ™ r,
¢ Ul 7
cieﬁ ‘
!l | éz e
Puc. 5.26

5.10.2. ®opmyaa Eiinepa gjsa miaockux rpadis

Teopema 5.12 (dopmysna Eiinepa aas muiockux rpadis). Hezxat
G - naockuti 36’ a3nutl 2pad 3 N, eepuuHAMU, N, PEOPAMU MG N, 2PAHAMLU.
Toodi

Ny — Ne + Ny = 2.

Jlosedentis.

1. Hexati epagp G — depeso. JloBeeHHS NPOBOAUTUMO 1HIYKIEKO 32 Kilb-
KicTIO pebep Ne.

A. Baza inaykuii: n, = 0 (nmopoxwiit rpad 3 oxnieto Bepunuow). Oc-
KiJIbKH 1. = 0, n, = 1, oTpumyemo:

Ny —MNe+n,=1—0+1=2.

B. IIpunymenHga iHaykIitii: Hexail npu n. < n TBEep/KEHHS TEOpeMu
CIIPABJIZKYETHCS.
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Posznin 5. 'Teopis rpagis

C. Kpok ingykmii: nexait n, = n + 1. Bugamumo y rpadi G nosinbhe
pebpo e. Orpumyemo rpad G, skuii € 00’ € IHAHHIM JIBOX 3B SI3HUX KOMIIOHEHT
G ta G9. OueBuano, rpacdu G ta G5 € mepeBamu, M0 MICTITH He OLIBII SIK N
pedep. Orke, 3a npunyineHaamM iHAYKINI, 11 G Ta G TBepAzKeHHsT Teope-
MU CIIpaBIXKyeTbcsd. 1lo3naunsmmu uepes n; 4, Nie, M, KUIBKICTD BIANOBLIHO
BepiuH, pebep Ta rpaueit y rpadi G; (i = 1,2), gicranemo:

Niy — Nje + Njp = 2, 1=12

OckiIbKM B JIOBIJIBHOMY JepeBi, 4epe3 BiJACYTHICTb MPOCTHUX MHUKJIB, ICHYE
Jmire ojHa (30BHINIHA) IPAHb, MAEMO: Ny, = Ng, = 1. OTxe, q1a rpady G
MaTUMeMO:

Ny — Ne + Ny = (nl,v + n2,v) - (nl,e + N9 e + 1) +1=
=1y —n1e+ 1)+ (noy —Noe+1) —2=2.

2. Hexat G — dosiavrutl naockutl 36’ asnull epag. JloBeaeHHsS B 3arajib-
HOMY BUIQJIKY MPOBOIUTUMEMO TAKOXK THAYKITIEIO 3a KITBKICTIO pebep M.

A. Baza imgykmii: n, = 0 g11s 1IbOro BUOAJAKY TBEPIKEHHS TEOPEMU
BZKE JIOBEJIEHO.

B. IlpunyimenHa iHaykKItii: Hexail npu n, < n TBePIKEHHS TEOPEMI
CIPAB/IZKYETHCS.

C. Kpok inaykrii: posrissaemo rpad G 3 n, = n + 1 pedbpamu. Hexaii
GG He € JepeBoM (JIJIsI JIepeB TBEP/ZKEHHsI TeOPEMHU BXKe JTOBEJIEHO), TOJ, de-
pe3 HagBHICTh TPUHANUMHI OJHOTO MPOCTOTO TMUKJY, MA€ ICHYBaT MPUHANMHI
ojiHe pebpo e, mo He € moctom (jema 5.2). Bupanusmm y rpadi G pebpo
€, OTPUMYEMO 3B’si3HUI Ipad G 3 N, BepIIMHAMHU Ta N, — 1 = n pebpaMmu.
Ockinbku 3a Jiemoio 5.7 pebpo e (He MicT) HaJe)KUTh MeKi JBOX TI'paHeii,
BHJAICHHS peOpa € 3MeHNIye KilbKicTh rpameit ma 1. Otxe, rpad G wic-
TUTh N, — 1 rpaneil. 3a npunymenaaM oAy Kiil, 11s rpady G TBepKeHHst
TeOpeMu CIpaBejiuBe, i s Buxignoro rpady G oTpuMyeMo:

Ny —Ne+ N =ny — (Ne — 1)+ (0, — 1) = 2.

Otxke, TBepIKEHHsI TEOPEME B 3araJIbHOMY BUIAIKY IOBEIEHO. 0
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5.11. Jlyasabui rpagn

ITpukman 5.26. Ilepesipumo crpapeiuBicTh dopmysin Eitjepa jis
rpady, 300pazkeHoro Ha puc. 5.27:

Ny —MNe+n, =4—6+4=2.

ITpukman 5.27. YV Teopemi 5.12 ymosa 38’s13H0CTI rpady cyrreBa. Tak,
111 Tpady, 300pazkKeHoro Ha puc. H.28, OTPUMYEMO:

Ny —Ne+n=3—1+1=3F#2.

Puc. 5.27 Puc. 5.28

5.11. lyanbHi rpadcdn

Y npoMmy miapo3iji Bei rpadu BBaXKaTuMeMO ILJIOCKUMUA HEOPI€HTOBAHU-
MM MYJIbTUTPadaMu.

5.11.1. Buzaauennd agyajibHOTO rpady

Osnauvenng 5.18. Hexait G — mwiockuii rpad 3 KiAbKICTIO BEPIINH, Pe-
oep i rpaneit n,, n. Ta n, Bignosiano. [Lnockuit rpad G* 3 KigbpKicTIO Bep-
e, pedep Ta rpaHeil n,, N, Ta N, BIANOBIIHO HA3WUBAIOTL AyAJbHUM 0
rpacdy G, gKio:

1. ne = ne, Ny = N,

2. Koxna rpanb r rpady G mictuth piBHO ofHy Beprmuay v* rpady G*
(Bepmmna v* rpady G* Bimnosimae rpaui r rpady G).

3. Koxue pedpo e rpady G nepermHaeTbCs PiBHO 3 OmHHM pebpom e*
rpady G* (pebpo e rpady G Bianosigae pebpy e* rpady G*).

3 oznaueHHs 5.18 BUILIHBAE, IO JIA KOXKHOTO ILIOCKOTO rpady G icHye
€INHUI, 3 TOUHICTIO 0 i3oMopdismy, ayaabuuii rpad G*. [Ipote y izoMopd-
Hux rpadis G ta Gy MoXKyTh OyTHu HeizomopdHi ayanbui G Ta G3.
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ITpuknam 5.28. Ha puc. 5.29 3006pazxkeno izomopdni rpadpu G ta G, a
Takoxk ix ayanabi G} ra G (pebpa jyanbaux rpadib M03HAYEHO My HKTUPOM ).
Ouesunjino, Jyanbhi rpadu G ta G5 Heizomopdui — rpad G MicTurh JBi
BEPIIMHY CTEIEeHIB 3 Ta 7, ojHak oouiBi Bepinunu rpady G MaioTh CTEHiHb 5.

L d
"
-
Sramm==”

~
Y

Puc. 5.29

BayBakenHst 5.7. 13 moOymoBu ayaabHOTo rpady Jierko OaduTu, o
nyaapauii rpad G 3B’g3HmIil, HE3aeKHO BiJ 3B’SI3HOCTI BHXiZHOTO rpady
GG (TBepKeHHS JIETKO JIOBECTH IHAYKINEO 3a KiabKicTio pebep y rpadi G).

5.11.2. Jpyrmii anyanpumii rpad

Jlpyzum dyasrvrum 1o rpady G Hasuarumemo rpad G** = (G*)*. I'pad
G*, ayanpHuii 10 (G, HA3BEMO TAKOXK NEPUUM 0YANDHUM.

Hacrymanit npukias geMoHCcTpy€e 3B’930K MixK rpadavu G** ta G.

IIpuknan 5.29. Ha puc. 5.30 300pazkeHo moOyI0BYy IEPIIOro Ta, IPyroro
nyaabHuX 710 Tpadis G Ta Gy (AyasabHi rpadu MO3HAUEH] TYHKTHPOM ).




5.12. Creninp rpasi miockoro rpacy. Teopema npo cremnerni rpaHei

3 pucynka BujgHo, 1Mo rpadu G ta G5* izomopdui, onnak rpadu G Ta
G7* neizomopdui. 3asznauyumo, mwo rpacdu G ta G7* anpiopi He Morau 6yTu
1 ) 1 y

izomopduumu, ockinbku rpad G He3B a3HU (nuB. 3ayB. 5.7).

Hacrynna Teopema ja€ HEOOXiJHY 1 JIOCTATHIO YMOBY i30MOp(HOCTI I'pa-

dis G ta G**.

Teopema 5.13. I'papu G ma G** i3omopdri modi i misvku modi, KoAU
epa G 38’a3nul.

Josedernsa. Heobridnwicms. Hexait G ta G** izomopdnui. Tomi 3B sa3-
wicte G BuuBae i3 38’s3u0cti G** (nuB. 3ayB. 5.7).

Locmammnicmoy. Hexait rpad G 38’a3unmit. g nopegeHHs i3omMopdHOC-
ti G ra G** gocrarabo nokasaru, mo rpad G € gyanbaum g0 G* (Haraaaemo,
10 JyaIbHu Tpad BUSHAYAETHCSI OJHO3HATHO, 3 TOUHICTIO J0 130Mopdizmy).
Hosengemo, 1mo G € pyaabauM 10 G*, mepeBipuBIIN YMOBH O3Ha4YeHHs H.18.

Hexait rpad G mae n, BepIuH, n. pedbep Ta n, rpaneit. Tomi, 3a o3HaUeH-
Hgaum 5.18, rpad G* mae n, BepmiuH Ta N, pedep. 3acrocoByoun 10 rpadis G
ta G* dopmyny Eitnepa (teopema 5.12), orpumyemo, mo rpad G* mae n,
rpatei.

OckinbKEu KOXKHa BepimnHa rpady G HaTeXKUTh PIBHO OJHIN I'paHi rpa-
oy G*, koxxHa rpanb rpady G* MicTUTH TpuHaiiMHI 0JIHY Bepruuy rpady G,
i KizbKicTh BepmmH rpady G 36iraeTbes 3 KiabKicTio rpaneit rpady G*, orpu-
MYEMO, III0 KOKHA I'paHb rpacdy G* micturh piBHO omHy Bepminny rpady G.

Hapermri, 3a o3nauenngam 5.18, koxxuae pedbpo rpady G* mepermHaeThCs
piBHO 3 omHUM pebpom rpady G.

OT:Ke, BUKOHYIOTHCS BCi ymMoBH o3HadeHHs H.18, i rpad G ayaabHuii 10
rpacdy G*, TobTo rpacdu G** i G izomopdHi. [l

5.12. Creninp rpai miockoro rpady.
Teopema mpo cremneHi rpaHeii

Y 1mpoMmy HJIPO3/iJIi, SKIIO He BKa3aHO iHIIe, BCi rpadu BBazxKaTHMeMO
IJIOCKMMH HEOPIEHTOBAHUMHU MYJIbTUTIPadaMH.

Oznauenng 5.19. CreneneMm d, rpaHi r miaockoro rpady G Ha3UBAIOThH
KiJIbKiCTh pebep rpady G, 10 HaJeKUTh MeXKi TpaHi 1, IPUIOMY KOYKEH MiCT
301/IBIITYE CTEIHDb Ha 2.
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OueBuaHO, 110, 3a O3HaYeHHAM H.18, cTeminb rpaHi r rpady G 30iracThes
i3 cremenem BiamoBiaHOT Bepmmau v* ayanabHoro rpady G*.

ITpukaan 5.30. I'pad G, 300pazkennit Ha puc. 5.31, Mae ABi rpani —
BHYTPIIIHIO 71 1 30BHINIHIO 75. CTeneHi rpaneit 1y Ta ro 36iraloThbcs i3 cTe-
MeHsIMHA BIAMOBITHAX BEPIIMH V] Ta Uy JyanbHoro rpady G*: d,, = dy =1,
dry = dys = 3.

€;
= i@ e
G G-G*

Puc. 5.31

OTKe, MICT €5 301IBINNB CTEMIHDb TPaH] 'y Ha 2, IO IJd IVAJILHOTO TPa
) Y
G™ BijinoBijiae 301JIbINEHHIO CTEIIeHsI BEPITUHU U5 HA 2 33 PAXyHOK HeTJl €.

Teopema 5.14 (Teopema 1po creneHi rpaueii). Cyma cmenenie epa-
Hetl naockoz2o myavmuepady G dopisHioe nodsilinitl xiavkocmi pebep:

Z d, = 2ne, de n, = card(E) — xiavkicmo pebep y epadi.
reRR

osedenns. Jlnst moBemeHHst TeopeMu pO3TJsiHEMO ayaJjbHuit rpad G*.
OckibKE cTeniab KOXKHOI rpaHi rpady G 36iraerbes i3 creneHeM BiIImOBiI-
HOT BepIUHU JyajbHoro rpady G, 3a TeopeMoro Ipo CTereHi BepiimH (Teo-
peMa 5.2) OTpUMYEMO:

Z d, = Z dys = 2n,, ne V* — maoxkuHa seprud rpady G O

5.13. Oaun Hacaigok 3 ¢dopmyau Eiiaepa
AJIs TIJIOCKuX rpadiB

Dopmysna Eitrepa (Teopema 5.12), pasom i3 TeopeMoro mpo CTemeHi rpa-
Heit 5.14, 103B0JIsIE BUBECTU KOPUCHY HEPIBHICTH, IO MOB’ I3y€ KiJTbKICTH Bep-
muH Ta pedbep miaHapHoro rpady.
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CrogaTky HaBeJeMO TPOCTe TBEPJKEHHsd, sTKe BUILIUBAE O€3M0ocepeIHbo
3 BU3HAUEHHS CTeNeHl I'PaHi.

Jlema 5.8. Jlaa npocmozo 36’a3no0z0 epady 3 mpvoma abo biiviue sep-
WUHAMU cMeniHb d06iAbHOT epari d,. > 3.

Losedenns. Cupapai, aximo d,, = 1, rpadb r Ma€ OyTH 0OMezKeHa IeT/Ie0,
0 cyllepeduThb HpoctoTi rpady. Axino d, = 2, rpanb r Mae OyTu obmezKe-
Ha abo mapow MyabTupebep (1o cymepeduTsh mpocToTi rpady), abo OxHUM
MOCTOM (TI10 HEMOZKJIUBO JIJIs1 3B’s13HOTO Tpady 3 TphoMma abo Oijiblie BepIiu-
wamu). Hapenrri, Bunanok d, = 0 MoxKJiuBuii jiuiiie jjig mMOpOKHBOTO rpady,
[0 CYIEPeYUTh YMOBI 3B’3HOCTI IIPU TPHOX ab0 Oijiblile BepIInHAX.

0

BayBakeHHs 5.8. 3 Teopemu 5.9 BUILIMBAE TiJICHIEHUT BapiaHT TBepJ-
JKEHHSI JieMu 5.8 JIJIst ABOJIOJILHUX rpaddiB: Y ABOJOJBHOMY IIPOCTOMY 3B’ SI3HO-
My rpadi 3 TpboMa abo Oljibllle BepIIMHAMHU CTeIliHb J0BLIbHOI rpaHi d, > 4.

Temep moBeIEMO OCHOBHE TBEP/IKEHHS MHOTO MAPO3/ILTY, TKe 3pYIHO BU-
KOPUCTOBYBATHU JIJIsl JOBEJICHHS HEILJIAHAPHOCTI JesaKuX rpadis.

Teopema 5.15. /Jlaa npocmozo naanaprozo (He 00608°A3K060 NA0CK020)
36°A3H020 2pady 3 N, BEPULUHAMU Ma Ne PEOPAMU NPU Ny > 3 BUKOHYEMBCA
HEPIBHICMND!

Ne < 3n, — 6.

Jlosedenns. Hexait G — mwirockuii rpad, isomopduuit G, n, = card(R)
— KiIbKicTh rpaneil y rpadi G. 3a Teopemoro mpo crereHi rpaneif (Teope-
ma 5.14) ta semoro 5.8 oTpumyemo:

2N, = Zd’” > 3n,.

Tenep TBepKenHst TeopeMu BuiLinBae 3 dhopmysiu Eitrepa s miockux rpa-
diB (Teopema 5.4):

e =

DO | Lo

(2 —n, +ne) = ne < 3n, — 6.
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Bayparkerus 5.9. g nBooabHUX rpadiB pe3yabTatr TeopeMu 5.15 Moxke
OyTH 1igcuIeHni:
Ne < 2n, — 4
(moBesIeHHs MOBHICTIO aHAJIOTIYHE TOBEJEHHIO TeopeMu 5.15, 3 ypaxyBaHHIM
3ayB. 5.8).

ITinkpecanmo, o Teopema 5.15 103Bosisie BetaHoBATH (IpH Ne % 31, — 6)
JIVITITE HEeTJIAHAPHICTh, OCKIJIBKY HEPIBHICTH 1, < 3N, —6 MOYXKe BUKOHYBATUCH
K JJ1d ITaHAPHUX, TaK 1 JJIs HeILIaHapHUX rpadis.

IMpukaan 5.31. 1. I'pad «Bipka» (rpad G Ha puc. 5.25) He € miaHap-
HUM, OCKLIBKH JIjIsl IbOTO I'pady He BUKOHYETHCS TBEPJ2KEHHs TeopeMu H.15:

ne:10£3nv—6:9.

2. 'pad «Tpu kpununi» (rpad Go Ha puc. 5.25) HemaHapHuUii, OJHAK
JIIS TIhOTO Tpadpy BUKOHYETHCA TBEPJZKEeHHS TeopeMmn 9.15:

ne=9<3n, —6=12.

Hennanapuicts rpacdy «Tpu KpuHUI» MOXKHA JIOBECTH, BUKOPUCTOBYIOUH
miicuieHnit Bapiant Teopemu 5.15 st nBogoabHux rpadis (3ays. 5.9):

ne:9£2nv—4:8.

5.14. ®apOyBaHHA BePIINH Ta rpaHei rpady

Y oMy pO3iIi, IKITO He BKa3aHO iHIME, BCi Tpadu BBAKATUMEMO TPO-
CTUMU Ta HEOPIEHTOBAHUM.

5.14.1. ®apbyBaHHsa BepmuH rpady

[Iin yac po3p’si3anHs Oararbox IPoOJIEeM JIONIJIBHO PO3LJISIATH 2padu 3
dapbosarumy sepwuramu — MideHi rpadu, A SIKUX KOXKHIM BePIIHHI U 3i-
CTABJISIETHCSL JIETKUI KOJIIP ¢, (BepiiuHa v (hapOdyeThCs B KOJIIP ¢, ), HPUUIOMY
cyMikHi BepmnHu GapOyrThCs B Pi3HI KOJIbOPH.

MiHiMaJIbHy KUJIBKICTh KOJIBOPIB, JOCTATHIX i (papOyBaHHS BepPIIUH
rpady, HA3UBAIOTH TPOMAMUYHUM YUCAOM. XpoMaThdHe 4ducao rpady G
Mo3HaYaTUMEMO depe3 Y. l'pad 3 XpoMaTuuyHuM dYucaoM Kk Ha3snBaioTh
k-konipHum.
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ITpukman 5.32. [losuwuit rpad 3 n BepIIMHAMYT € N-KOJIPHUM, TTOPOKHIH
rpad (He3as1e:KHO BiJl KiJIbKOCTI BEpIIMH) — OJHOKOJIPHUM.

Ilpukaan 5.33. Posrignemo rpad, 300pazkenuii Ha puc. 5.32.

[le#t rpad TpuUKOIIpHUI: 3 OAHOTO OOKY, TPHOX V| (6inui)
KOJIbOPIB (Oiuii, xKoBTUl TA YOPHUIL) JOCTATHBO G
1151 (papOyBanisd BepIIuH, 1 TOMY Y < 3; 3 JIpYy-

roro 6oky, rpad G micTturh migrpad, 1o € Imo-

BHUM TpadOM 3 TphOMa BepIIuHAMU (Vg, Uz, V4), V; (6inmii)
1 TOMYy Yo = 3.

V5 (xoBTUM)

V4 (YopHui)

Puc. 5.32

HacrynHa Teopema 0JIHO3HAUHO XapaKTePU3y€e KJac ABOKOJIIPHUX rpadis.

Teopema 5.16. Henopoorcniti epagp G deokonripruti modi © miavku modi,
Koau 611 06000AbHU.

osedenns. JIBokoTipHICTD HEMOpoKHBOTO Ipady (G, 3a BH3HAUEHHSIM,
€KBiBaJIEHTHA TAKOMY TBED/2KEHHIO: MHOKUHY BepiuH V rpady G mMoxkHA
po36uTn Ha HemopoxHi miamuoxuan Vi, Vo (V4 NV, = @) tak, mo 6yap-ski
nBi Bepiuau 3 ofuiel miamuokuau Vi (k = 1,2) € necymizkaumvu. Tobro, 3a
o3HadYeHHSIM 5.11, JABOKOJIPHICTh HEMOPOXKHBOTO rpady eKBiBaJeHTHA HOro
JTBOTOJTHHOCTI. L]

Oj1He 3 BaxK/JIMBUX 3aCTOCYBaHb (papOyBaHHsI BepIIUH I'pady OB sa3aHe 3
TaK 3BAHOIO «TeOPieio po3kaaiB». Hacrynuuit npukias gemoncrpye (y 3Ha-
YHO CIIPOIIEHOMY BUIJISITI) 3BeJIEHHS TPOOJIEME CKJIJIaHHs ONTHMAJTBLHOTO
po3kaaay a0 dhapOyBaHHs BepIiiuH rpady.

ITpukmaan 5.34. /[ HaBYAIbHOTO TPOIECY CEPEIHBOI KON MOTPIOHO
CKJIACTU PO3KJIAJI 3aHATH TaK, 1100 yCi YPOKHU B IIKOJII IIPOTIIOM THKHS OY-
JIM MIPOBEJEH] 3a MiHIMaJIbHY KiJIbKICTh HaBYAJIbLHUX TOAWH. BBakaioThb, Mo
KIJIbKICTh HAaBUYAJIHHUX ayJIUTOPii HeoOMekKeHa, IPOTe 3 KOXKHOTO TPEeIMeTa,
€ TIIbKK OJMH BUK/1aa4 (OMH IIPEJMET HE MOXKe BUKJIQJATUCH BOJHOYAC Y
JBOX TPYMAX).

Posrisinemo rpad G, 1m0 BiAOBITA€ TAKUM BHMOI'aM:

e KOXKHA BepiinHa Tpady € mapotw tumy ((kmac), (mpeamer)) i BiAmOBI-
7A€ YPOKY 3 BKA3aHOTO MpeIMeTa, IKUil MOTPIOHO MPOBECTH MPOTITOM
TUKHSI 3 yUHSIME BKa3aHoro kjacy (manpukiazn, (10-A, @isuka));
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® CYMIXKHUMHU € Ti 1 TIJIBKHU Ti BEPIINHU, AKI BIANOBIIAI0TH YPOKaM, III0
He MOXKYTh OyTH IPOBEJIeH] BOJHOYAC (OJIMH BUKJ/IAJIAY HE MOYKE BECTH
BOJIHOYAC JIBA YPOKH, 1 Ba YPOKH HE MOYKHA HIPOBOJIUTH BOJTHOYAC 3
OJTHUM KJIACOM).

Ou4eBuIHO, MO KiIBKICTH BepmiuH y rpadi G IOpIBHIOE 3arajbHiil Kilb-
KOCTi YPOKIiB, gKi Tpeba MPOBECTH 3 YIYHAMHI TTKOJIU MTPOTIATOM THKHS, 1 TTPO-
Os1eMa, CKJIQJIAHHS ONTUMAJILHOIO PO3KJIAJLY 3BOJUTHCS JIO TOMIYKY XpOoMa-
THUYHOI'O YHCJIA [IOOYIOBAHOIO I'pady.

Jnst momyKy XpoMaTHIHOTO 9UCJIa ICHYIOTh TOYHI aaropuTMu (IuB., Ha-
npuka, [9]), sKi TapaHTYIOTh 3HAXO/ZKEHHST TOYHOTO 3HAYEHHSI XPOMAaTHY-
HOTO YHUCJIA.

OpHak 3a 3pOCTaHHS KiJIBKOCTI BEPITUH 3aCTOCYBaHHS TOYHUX AJTOPHUT-
MiB apOyBaHHS CTa€, Yepe3 IIBHIAKE 3POCTaHHS 00CAry OOYHUC/IeHb, JIyKe
npooaeMaTudHuM. Tomy JOHLIBHO PO3ILJISJIATH IPOCTI Ta ePeKTUBHI ajro-
puTMH «HaOJIMKEHOTO» dapOyBaHHd Tpady 3 KIIBKICTIO KOJHOPIB, OJU3b-
KM [0 XPOMATUIHOrO ducaa. OauH 3 TaKuX aJropuTMiB, 3aIIPOTIOHOBAHMI
. Yenmem (D. Welsh) i M. ITayemtom (M. Powell):

1. Bepuinau rpady BHOPSIKOBYIOTbC 3a HE3POCTAHHSIM CTEIeHiB.

2. Bepmuna v, 1o nepima B cIucky, papbyeThes B KOJIIp C.

3. Y xomip ¢ papOyIOThCA B MOPAIKY 3a CITUCKOM yCi1 BEPITUHY, HECYMIiYKHI
3 BepIIMHAMHU, 10 Ha JIAHOMY KpOoIli nodapboBaHi B KOJIP C1.

4. ITodpapboBaHi BepIIMHA BUKPECIIOIOTH 13 CIIUCKY.

5. IloBTOpioemo nynkTu 2-4, MOKM B cIUCKY € HedapOOBaHi BEPITHHU.

ITpuknan 5.35. [lodapbyemo Bepmman rpady G, 300paxKeHOro Ha
puc. 5.33, 3acTocoByI0UN HabJMKeHnit agroputm Yemma — [layemna.

v 1. Bp3Tanryemo BepminHEU 3a HE3POCTAHHSM CTEIEHIB:
V2, Vs, , V4.
V> 2. JJcTaBUMO BePIIUHI Uy KOJIP €1; BUKPECTUMO Bep-
V= muHy R 31 CITUCKY.

Mg puinny vs (nepiny, Mo 3aIMIIAIACH Y CIHECKY)
nodapOyeEMO B KOJIIP Co 1 BUKPECJIUMO 3i CIIHCKY.

4. Bepmuay vy (mepiry, Mo 3aJUIIAIACH Y CIHCKY)
nodapObyeEMO B KOJIIp €3; Y Teit 2Ke KoJtip mopapoyeMo Bep-
MAHY V4, HECYMIYKHY 3 U1; BEPIIUHA U4 Ta U7 BUKPECJUMO 31 CITHUCKY.

G

Puc. 5.33
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Orxe, rpad G Bramocsa modapObyBaTH TPHOMA KOJILOPAMHI. 3a3HATUMO,
10 JIJIs1 JIAHOTO rpadpy HAOAMKeHUH ajaropuTM JaB TOUYHE 3HAYEHHs] XPOMa-
tuaroro dncaa: rpad G € came TPUKOJIpHUM (A He OIHO- YU BOKOJIPHUM),
OCKLIBKH MICTUTh HOBHHUH Ipad 3 TPHOMAa BEPIIHHAMIM.

SayBazkenust 5.10. IIpobiemy dhapOyBaHHSI BEPIIMH MOXKHA PO3LJILIaTH
i mug mysasrurpadis 6e3 merenb (dapbysatn BepmuHu rpadiB 3 METIIMEI
HEMOKJINBO, OCKIJIbKH BEPIIMHA 3 IIET/IeI0 CyMizKHa camiii cobi).

5.14.2. ®apbyBanHgd rpaneii rpady

Jlani 1o KiHng 1ijapo3/i1y Bei rpadu BBazKaTUMeMO ILIOCKHMU HEOPi€H-
TOBAHUMH MYJIbTUIPAMAMH.

11 KOpeKTHOIO BU3HAUYeHHs 1IpobieMu dpapObyBaHHd I'paHeil HaM 3Ha10-
OUTHCS MOHSITTS CYMIXKHOCTI I'paHei.

OzHauvenHd 5.20. ['pani | Ta ry rpady G HA3UBAIOTH CYMi>KHIMHI, SIKIITO
icHye mpuHaAiiMHI ogHe pebpo, MO HAJEKUTH 000M I'DAHSIM.

Ilpukaan 5.36. PosrisHemo rpad Ha

puc. 5.34. 30BHIllIHs I'PaHb T4 IHOT'O I'Pa- Iy £ f4
dy cyMixKHa 3 TPaHIAMHU 71, Ty Ta I's; TPaHb I
To CYMIZKHA 3 71 Ta T4 1 HECYMIXKHA 3 7T3.

Puc. 5.34

[Ipobiema gapbysarns epareti epaghy Moasarae y 3icTaBJIeHH] KOXKHIi rpa-
Hi Jieakol MiTku — KoJbopy (hbapOyBaHHg I'pani), MPUIOMY CYMixKHI rpaHi
caig nodapbyBaru pizHuME Kosibopamu. Ilin gac papOyBanHsi rpaneil, sk i
i1 9ac gpapOyBaHHsI BEPIINH, HAMAralThCsS BUKOPUCTOBYBATH sIKHAIMEHIIIe
KOJIHOPIB.

OdeBuHO, 1110 I'paHi rpady 3 MocTaMu (papOyBaTH HEMOXKJINBO, OCKIJIbKH
rpaHb, dKa MICTUTH MICT, CyMizKHa caMiit cobi.

OCKIIbKY CYMIZKHICTH IpaHeit 1| Ta 7y rpady G eKBIBaJeHTHA CyMIZKHOCTI
BI/IMOBITHUX BepIIuH v] Ta vy AyaabHoro rpady G*, npobiaema dgapbyBanus
rpaHeii 3BoauThcda 10 (papOyBaHHS BEPIIUH JAyaJabHOrO rpady.

OHUM 3 TIepIux (MOZKJINBO, TIEPIITNM) 3aCTOCYBaHb (hapOyBaHHsS rpaHeil
rpady € dapdyBanus reorpadiyHol KapTu Tak, 100 CycijiHi Kpainu OyJiu
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nogapOOBaHi pI3HUMHI KOJTBOPAMU. Y 3B'S3KY 3 MONTYKOM MiHIMAJIbHOI KiTh-
KOCTI KOJIbOPIB, NOTPIOHUX it (pbapOyBaHHsd KapTu, B cepeuui XIX cToyiTTs
Oysa cchbopMy/ibOBaHA TaK 3BaHaA «IIPo0JieMa YO0TUPHOX KOJILOPIB», Ky HaBe-
nemo (6e3 moBejieHHs) B eKBiBaJeHTHOMY hopMmy tioBanHi st bapOyBaHHs
BEPIIWH TJIaHAPHOTO Tpady.

Teopema 5.17 (mpobGJyiemMa 4O0THPBOX KOJBLODIB). /Jaa dapbysarina
GEPWUH NAGHAPHO20 2pady docmamibo 4 Koavopie.

3a3HauuMO, IO IPOOJEMY YOTHUPHOX KOJbOPIB OyJIO JI0BEIEHO JIUIIe
1976 poky amepukancbkumu Buennmu K. Anmenem (K. Appel) Ta B. Xeiike-
mem (W. Haken) 3 BUKOpUCTaAHHSIM KOMII FOTEPHUX TEXHOJIOTI.

5.15. ITorsaTTa Ipo opieHTOBaHI rpadn

Y npomy mijipo3iiai Bcl rpadu BBarKaTHUMEMO IPOCTUMH oprpadamu
(mpocTumu opienToOBaHEMHU rpadamu).

O3navenna 5.21. Oprpad Ha3uMBaIOTh IIOBHHUM, SKIIO Oy/b-sKa Iapa
ifioro Bepmun (u,v) (u # v) 3’eaHaHa PEOPOM.

OdeBuHO, 110 MOBHI oprpadu 3 0AHAKOBOIO KiJAbKICTIO BEPIIHH MOXKYTh
oytu meizomopdunmu. Tak, nosHi rpadu G ta G, 300pazkeni Ha puc. 5.35,
MaIOTh OJHAKOBY KUIBKICTHL BEPIIUH, aje He 130MOpdHi.

Oznauenns 5.22. Crenenem d; BepmuHu v 3a BXOIOM HA3UBAIOTH Kijlb-
KiCTh pebep, 10 BeIyTh JI0 BEPITUHH U, cTeleHeM d,, BEPIIHHH U 33 BUXOJOM
Ha3WBAIOTH KiJIBKICTH pebep, Mo BeAyTh Bif v. BepmuHy v Ha3WBalOTh BUTO-
koM, a0 d” = 0; BepmuHy v HA3UBAIOTH CTOKOM, stkmio d, = 0.

IMpukman 5.37. I'pad, 306pakennii vHa puc. 5.36, Mmae cTik vg (d,

V6

= 07
df = 2) i He Mae YKOJHOIO BUTOKY.

Puc. 5.35
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5.15. ITlowsitTss 1po opienToBaHi rpagu

Teopema 5.18. IlosHuti opepad He mooce mamu biavue 00H020 UMOKY
i HE ModHCe Mamu biabwe 00H020 CMOKY.

Josederns. JloBeaemo, mo moBuuit oprpad He Mozke MaTu OlIbIITe OTHOTO
BUTOKY (TBED/?KEHHSI [IPO CTOKHU JOBOJUTHCSI AHAJIOTIYHO).

[Ipunycrimo, 1mo B moBHOMY oprpadi G icHyoTh BUTOKH v; Ta v, Oc-
KIJTBKW Tpad MOBHWUIA, BEPIIUHA ¥1 Ta Vs MAIOTh OyTH 3’€aHaHI peOpoM; He
MOPYTIYIOUN 3araJbHOCTI MPHUITYCTIMO, IO Pedpo Beje Bijg vy 10 Vy. OTpumy-
€MO CYIepEedHICTh (/10 BUTOKY U Bejie pebpo), MO JTOBOIUTH TEOPEMY. O

s oprpadis icHye IiKaBe y3araJbHEHHS TeOpEeMHU PO CTeIleH] BePIIKH.

Teopema 5.19 (Teopema mpo cremneHi Bepuins ajs oprpadis).
Cyma cmenenie sepusut, 2pady 3a 6L000M QOPIBHIOE CYML CMENEHIE Gep-
wur 2pady 36 6uxrodom i JOPIBHIE Kiabkocmi pebep:

Z df = Z d, = ne, de n, = card(F) — xisvkicms pebep y epagi.
veV veV

Bnopasa 5.5. [oBectu Teopemy 5.19 camocTiiino, 3a aHAJIOTIE€O 10 J0BE-
JIEHHS TeOpeMH 5.2.
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Po3naia 6

EjeMmeHnTn Teopil rpyn

6.1. AareOpuvHi CTPYKTYPH 3 OJHIEIO
OiHapHOIO oIeparlii€io

Hexait A — nmenopoxus muoxkuua, n € N U {0}.

Oyuxkiio f: A" — A 3 obaactio BuzHadenns D C A" Ha3MBalTh
n-aproto ormepariieo Ha MHEOKUHI A. ZIkmo n = 1, To onepartito f Ha3UBAOTH
YHAPHOM0, IKIITO N = 2 — binapror. Axmo n = 0, nig oneparieo f po3yMiOTh
dikcoBanmii enement f € A; omepamniio f y IbOMYy pa3i HA3HMBAIOTH HYAb-
aproro. ko D = A*" (tobro dbyukmist f € BigoOparkeHHsIM), onepario f
Ha3WBAIOTH 3AMKHEHOT.

st 6iHapHOI onepallil 9acTo BUKOPUCTOBYIOTH TaK 3BaHy iH@IKCHY (hop-
My 3alllCy — CHMBOJI OIlepallil 3aiuCcyi0Th MixK jJBoMa 11 aprymentamu: fy
samicth f(x, y). ¥ pasi Bukopucranus iHdikcHoi popmu 3amucy jist GiHap-
HOI omepaliil 9acTo BXKUBAIOTHh TPAAUININHI TOZHAUEHHS: «—+>», «» «O» Ta 1H.
B abcrpaktHOMY Bunaiky (6e3 dikcoBanoro 3micry Gimapuoi omeparii) Oy-
JIEMO BUKOPHCTOBYBATHU TO3HAYEHHS «¥».

Binapry onepariiio «» Ha MHOKHAHI A HA3UBAIOTH KOMYMAMUGHO, AKIIO

axb=>bxa Va,be A.
Binapuy omepariito «*» Ha MHOXKHHI A Ha3WBAIOTH GCOUIAMUESHON, AKIIO

(axb)xc=ax(bx*c) Va,b,ce A
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6.1. AarebpudHi CTPYKTYPH 3 OAHICIO ODIHAPHOIO OMEpaIicro

s acomiaturol GiHAPHOI omepariii «+» 3aMicThb (a * b) * ¢ abo a * (b * ¢)
YaCTO HUIMYTh @ % b * ¢, OCKIJIBKH MOPSI0K BUKOHAHHS aCOIIaTHBHOI omeparii
HE Ma€ 3HAYEHHS.

ZlKmo HaBeJeHe CHiBBIAHONIEHHS KOMYTATUBHOCTI HEe BUKOHYETLCS IPH-
HaliMHI JJ1s1 IBOX eJIeMeHTIB a,b € A, omepalliio Ha3UBAIOTh HEKOMYMATMUG-
HOM0. ZIKIITO HaBeleHe CHIBBIIHOIIEHHS ACOIMIATUBHOCT] He BUKOHYETHCSA TPH-
HaliMHI )T TPbOX €JIEMEHTIB a, b, ¢ € A, omepaliiio Ha3UBaIOTh HEACOUIAMUE-
HO?0.

YropsiikoBaHy napy (A, ), jge «k» — GiHapHa omepalliss Ha MHOXKWHI
A # O, HABUBAIOTD AA2E0DPUYHON CMPYKMYPOIO 3 BIHAPHON ONEPALIE.

BayBazkenHsi 6.1. 3Bu4aiiHO, MOXKHA PO3IJISJIATH aJreOpUIHI CTPYKTY-
pu 3 H0BUIBHOK (I HABITH 3 HECKIHYEHHOIO) KUIBKICTIO Omepariil JoBiTbHOT
apHocTi. Tak, y po3a. 7 Oyje pO3TJISHYTO aJaredpudHy CTPYKTYPY 3 JBOMA
OIHAPHUMU OTIEPATTITMHA.

Osnavenns 6.1. AjrebGpuuny cTpykTypy (A, *) Ha3UBATHUMEMO Ollepa-
THBOM, AKIIO Oepallisa «*» 3aMkHeHa. OnepaTns 3 acoImiaTUuBHOIO OTEPAILIEI0
HA3WBAIOTDH IIBIPYIIO0. AJITeOPUYIHY CTPYKTYPY 3 KOMYTaTHBHOIO OIIEPAIIEI0
HA3WBAIOTh KOMYTATHBHOIO, 3 HEKOMYTATHBHOIO ONEPAIi€l0 — HEKOMYTaTHB-
HOTO.

IMpuxkaan 6.1. 1. Crpykrypa (Z, —) — onepaTuB, OCKIJIbKA JIJIsI JTOBLIb-
HUAX N, M € Z OTPUMYEMO N — m € Z.

2. Crpykrypa (N, —) He € oneparuBom: Tak, Hanpukiam, 1 —2 = —1 ¢ N.

3. Onepaitiss «—» Ha MHO>KHHI R He € HI KOMyTaTUBHOIO, Hi aCOILIaTUBHOIO.

4. Oneparis «+» Ha MHOKUHI R € KoMmyTaTuBHoio Ta aconiaruBaow. OT-
x)e, (R, +) — KoMmyTaTnBHA TBrpyIa.

5. Ouepaliisi «-» € KOMyTaTUBHOIO Ta aCOLIATUBHOKW Ha MHOXKUHI R (J10-
oyrok aificaux aucen). Orxe, (R,-) — KomyTaruBHa miBrpyna.

6. Ha muoxkuni My, MaTpuIb n X n OIepallis «-» € aCOIlaTHBHOIO, aJIe
npu n > 2 He € kKomyraruBHOW. OTxe, (M, «p, ) — miBrpyna (y BHIAIKY
n > 2 — HEKOMYTAaTHBHA).

Bayazkenus 6.2. TyT i gaji, SKIIO He BKA3aHO iHIITe, PO3TJISHYTO MATPHIILI
3 eqementamu i3 R.
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O3nauenns 6.2. Hexaii (A, ) — oneparus. Ejiement e, € A Ha3uBaroOThH
PAaBUM HEHATPAJIBHUM, SIKIIO

axe =a Vae A.
Enement e¢; € A HA3UBAIOTH JIBUM HEATPAILHUM, SKIITO
e *a=a Va e A.

IIpaBuii Ta jgiBuit HeATpaAJIbHI €JIEeMEHTU HA3UBAIOTH OJHOCTOPOHHIMHU Hel-
TPAJbHUMH.

EneMenT e € A HA3UBAIOTH HEUTPATBLHUM (JIBOCTOPOHHIM HEHTPATHHIM ),
JKITO BIH € OJJTHOYACHO MPaBUM 1 JIIBUM HEUTPAJTHLHUM.

O3uauvenHsa 6.3. Ilisrpyny 3 mefiTpaJbHUM e€JIeMEHTOM HAa3UBAIOTH MO-
HOIJIOM.

Baypakennsi 6.3. JloBiabHa ajrebOpudHa CTPYKTypa 3 OiHapHOIO olepa-
IIIEI0 MOKE He MICTUTH HI ABOCTOPOHHIX, HI HaBITH OHOCTOPOHHIX HEUTPAIb-
HHUX eJIEMEHTIB.

IIpukaan 6.2. 1. B aareObpuusiit crpykrypi (Z, —) icHye nupasuii Heiir-
panpnuit 0, ajge HemMae IBOCTOPOHHBOTO HEHTPaIbLHOrO.

2. B anre6puuniii crpykrypi (R?, x) (BexTopHuii 106yToK BekTopis y R?)
HE ICHYE JKOIHOTO (OJIHO- YU JIBOCTOPOHHBOTO) HEHTPAJBHOIO eJIEMEHTA.

3. B anreopuuniii crpykrypi (Mpxn, ) ICHYE JABOCTOPOHHI# HeHTpaJIb-
auit [ (omuHnuna marpuig). OTKe, BPAXOBYIOUYH ACOIATUBHICTH JOOYTKY
MaTpuilh, ( My, ) — MoHOUL (Ipu 1 > 2 — HEKOMYTATUBHUIT).

Teopema 6.1. Sxuwo 6 onepamusi (A,*) icuye npasut e, i aieudl e
HeTUMPANbHL eAeMERMU, MO
€, = €.
Jlosederns. 3a BU3HAUYEHHSM IIPABOIO Ta JIiBOIO HEUTPAJIbHUX MAEMO:

€L =€ * € € = €% Ep,

3BLIKH €, = €,. U]
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6.1. AarebpudHi CTPYKTYPH 3 OAHICIO ODIHAPHOIO OMEpaIicro

Hacnigok. Sdxwo 6 anzebpuunit cmpysmypi (A, x) icnye xoua 6 0dun
npasuti €, i xo4a b 00uH AI6UTE €] HETUMPANDHE EAEMEHMU, O 6 CMPYKMYPL
1ICHYE 080CMOPOHHIT HEUMPAALHUT EAEMEHIT, € = €, = €], NPUHOMY B6CL THULL
00HO- ma 080CMOPOHHE HEUMPAALHL EAEMEHMU 30T2AMUMYMDBCA 3 €.

BayBaskeHHst 6.4. 3 Teopemu 6.1 oJpa3y BUILIUBAE €IUHICTH JIBOCTOPOH-
HBOTO HEHTPAJIBLHOIO, aJie OAHOCTOPOHHIX HEATpaJIbHUX MOXKe OYTH JTOBLIbHA,
KIJIBKICTD.

IMpukaam 6.3. Hexaii Ha HenmopoxKHiit MHOKIHI A DiHApHA Omepailrist «k»
BU3HAYCHA K IPOEKIlisl HA MMePIIuil apryMeHT:

axb=a Va,be A.

JIerko mepeBipuTH, M0 B aJreOpudHiil CTpYKTYpi (A, %) KOXKHHN eJleMeHT
b € A € npaBuUM HeHTpAJILHUM.

Osnavenns 6.4. Hexait (A, *) — oneparup 3 HeATPaJbHUM €1€MEHTOM
e, a — dikcoBannit eqement B A. Enement a 5" € A masumBaoTh IpaBUM
obepHEHUM 10 @, SIKIIIO

1,r

axaq 7 =e.

Enement a~ ! € A nazuBaiorh J1iBUM obepHEHUM 0 @, SKIIO

a Mxa=e.
[IpaBuii Ta JiBuii obepHeH] eJleMeHTH Ha3UBAIOTh OJIHOCTOPOHHIME 0bep-
HEHUMH.
Enement a~! € A nazuparoTh oGepHeHHM 110 @ (IBOCTOPOHHIM OGepHe-
HUM), KIIO BiH € OJHOYACHO MPABUM i JIIBUM 00EpHEHUM [0 d.

Teopema 6.2. drwo 6 monoidi (A, *) icnye npasuti a='" i aisuti a~ b

obepreni do dearozo eaemenma a € A, mo

a—l,r — Cl_l’l.

Josedenns. Hexait e — HefiTpaabHUil eJleMeHT. 3a BU3HAUYEHHSIM IIPAaBOIO
Ta JIBOTO 00epHEHNX i, BpaXOBYIOUHN ACOIMIATUBHICTH, MaEMO

1,1 1,r l — e *a—l,r — a—l,r.

Li xe=a "x(axa )= (a " xa)xa”

a_ " — a_lal 1,7“

0
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[Mlo6 yHMKHYTH KOHQJIIKTY B MO3HAUYEHHSAX, JJI9 OOEPHEHOTO eJeMeHTa
iHOZII BKa3ylOTh OIEPAIli0, BiIHOCHO sIKOI 0OYmCIeHO OOepHEHU eJIeMeHT:

a~1* — esleMeHT, oOepHEHHUIT 10 @ BIIHOCHO OLepalii «#».

IIpukmaam 6.4. 1. Y monoini (R, -) oGepHeHuii MalOTh yCi eJ1eMeHTH, KPiM
esemenra 0: a™ =a (= 1) (a #£0).

2. V monoini (R, +) obepHennii MaloTh yci ereMenTn: ¢~ b =

—a.
O3navenna 6.5. ['pymoo Ha3zWBaIlOTh MOHOIM, B AKOMY JJIST KOXKHOTO
eJleMeHTa icHye obepHenuii. KoMyTaTuBHY TPyIy Ha3HBaIOTh abeIeBoio’.

IMpukmaam 6.5. 1. Ajrebpuuna crpykrypa (Z, +) — KOMyTaTuBHA IPYIIA.

2. Anrebpuuna crpykrypa (Z,-) — KOMyTaTUBHUNA MOHOII (HefTpasbHUIiT
eJleMeHT € = 1), ajile He Tpyma, OCKUIbKH OOepHEH] eJIeMeHTH ICHYIOTD JTHIIe
g eadeMenTiB 1 Ta —1.

3. Aurebpuuna crpykrypa (Mpxn,:) — MOHOLL, HEKOMYTATUBHHH LpPH
n > 2; neiirpaJsibauil ejieMenT e = [. Il cTpyKTypa He € IpYIo, OCKIIbLKH
obepHeH] ICHYIOTDH JIUIIe 19 HEBUPOJIKEHUX MATPHUID.

4. Hexait GL, — MHOXKHHa HEBHUPOIKEHUX KBaJIPATHUX MATPHUIL PO3Mi-
pom n X n. Anre6puuna crpykrypa (GL,, ) — rpylna, HEeKOMyTaTUBHA [IPH
n > 2: HeliTpadbHUil eJeMenT e = [; obepHennmit eqement A~! 36iraeTnea 3
00EepHEHOI0 MATPHUTIIEIO.

5. Hexait R* = R\ {0}. Aure6puuna crpykrypa (R*,-) € KoMyTaTuBHOIO
rpynoto. OueBuano, mo R* = GL;.

6. Hexait A — noBisibHA HENOpPOXKHS MHOXKHHA, G — MHOXKMHA OI€KIIiii
f: A — A. I3 BracruBocreil GiekTuBHUX BigoOpazkeHb BuiLIuBae, mo (G, o) —
rpyna («o» — omepaiiist KoMo3uiiii). HeidTpaabHuUM €JeMeHTOM IPYIH € TO-
TOXKHEe BiloOpakeHHsI, OOepHEeHNM — BIJIIIOBiTHEe oOepHeHe BiToOpaskKeHHs.

['pyny 3 omepali€io, aHaJOridyHo0 oneparii JoJaBaHHs, JacTO Ha3UBa-
I0Th a0UuMUEHOM; TPYIY 3 OllePAIli€0, aHAJOTIIHOIO omepallii 100yTKY, YacTO
HA3UBAIOTH MYALMUNAIKATUSHO.

IMpukaan 6.6. /1o agurusaux rpyu signocars (Z, +), (R, +), (M, xpn, +).
o My bTHILTIKATUBHUX MOXKHA Bijnectu rpymu (R* ), (GL,, ), ({1,—1},-).

L AGens Hinbe Tenpik (1802-1829) — HopBe3bKuil MaTeMaTHK; 10BiB, aKTUBHO BUKODH-
CTOBYIOUM BJIACTUBOCTI KOMYTATUBHUX I'PYII, HEPO3B A3HICTH aNreOpUIHUX PIBHAHD H-TO i
BUIIUX NOPAJKIB y 3arajJbHOMY BHUIVIAl Yepe3 paIuKaJIN.
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6.2. Ocuosni Baactusocti rpymn. CTeninp ejgeMeHTa

BayBakeHHs 6.5. 3BUYANHO, BUJIJIEHHHS KJIACiB aJIUTUBHUX 1 MYJIbTH-
IUIKATUBHUX I'PYI JOCATH YMOBHE, OCKLIbKH OyJb-gKy OIHAPHY OIlepallio
MOKHa (puHaiiMHl, (GOPMAIBHO) HO3HAYUTH SIK CHMBOJIOM «+>», TaK i CHM-
BOJIOM «-». [Tpore, sKImo fieThbest Tpo aauTuBHY (MyIbTHILTIKATHBHY ) TPYITY,
MalOTh Ha yBa3i 3araJIbHONPHAHATHI ceHC oIlepartiii «+» Ta «-». biabire To-
0, BUKOPUCTOBYIOUM HA3BY «MyJIbTUILIKATUBHA (2UTUBHA) IPyHa», Camy
oIepalliio 9acTo He BKa3ylTh. TaK, 4acTo HUIIYTh «aIuTUBHA rpyna M, «,»
saMicTb «rpyna (M, «p, +)», «Myabruitikarusaa rpyna G'L,» 3aMicTb «rpy-
na (G Ly, )», «<MyJbTUILIKATHBHA Tpyna R*» 3amicTh «rpyna (R*,-)» Tormo.

Baypaxkenus: 6.6. Iloznadenns GL, ta R* € cramuMmm Ajst BiAIOBiIHHX
MYVJIbTHILIIKATUBHUX T'PYII, HABITH 0€3 KOHKPETH3YI0UOro eliTera «MYyJIbTHU-
IJTIKQTHBHAY.

Y 1m0CiOHHKY PO3IJISHYTO JIKIIE HAWroJIOBHIII aciekTu Teopii rpyn. le-
TaJIBHIIIE PO TEOPIt0 aMreOPUIHUX CTPYKTYD (30KpemMa, TEOpito IPyI) MOXK-
Ha JII3HATHCS, HATPUK/IAT, 3 mpanb [10— 13].

6.2. OcHOBHI BJIAaCTUBOCTiI T'PYII.
Creniab ejleMeHTa

Posrisinemo Haitmpocrinti  BiaactuBocti rpynu (G, *) 3 HeATpaabHUM
e €.

1. Hexait a,b € G. Toni piBasgaHs a * x = b BigHocHO * € G Mae €auHUR
PO3B’SI30K & = a~* * b.

Jlosedenna. IcHYBaHHS PO3B I3KY: eIeMeHT & = a~ ! * b mificHO € po3B’a3-
KOM PIBHSIHHS @ * & = b, OCKIJIBKH

a*(a_l*b):(a*a_l)*b:e*b:b.

€ IuHICTh PO3B’SA3KY:

-1

(axz=0) = (a'*axrv=a"'%b)= (x=a"xb). O

Bnopasa 6.1. /loBecTn, 110 piBHSHHS Y * a = b Mae BimHocHO Yy € (G

eIMHI PO3B'A30K y = b * a~ L.
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2. [IpaButa JjiBoro Ta mpasoro ckopodents (a,b, x,y € G):

(axz=0bxz)< (a=0) (mpaBe CKOpOUYEHHSI);
(yxa=yxb) < (a=>) (niBe cKOpOUEHHS).

Bnpasa 6.2. /loBecTu npaBuia CKOPOYEHHS CaMOCTIITHO.
3. Va,be G: (axb)™ ' =b"1*xal.
Josedenna. Ilepesipumo, mo b~ ! * a~! € mpaBum obepHeHUM 10 @ * b:

(axb)x (b 'xa ) =(axbxb HN*xa'=a*xexa ' =axa ' =e.
3ayBaKnuMo, 10 MOXKHa He MPOBOJINATH aHAJOTIdHY MepeBipKy akTy, Mo
b=! x a7 ¢ miBUM obGepHEHEM 70 @ * b, OCKINBLKH HeoOXigHUil pe3yIpTaT BU-
iwmBae 3 reopemu 6.2 (BpaxoBylOUM iCHYBaHHS JIBOCTOPOHHBOTO OGEPHEHOTO
ii acoIiaTUBHICTD TPYMOBOI Omepariii). L]

Bnopasa 6.3. /loBecTtn y3arajabHeHHsI BJaCTUBOCTI 3:

Vai,ag,...,a, €G:(a xag*---*a,) " =a, *---*ay *aj .

Hexait a € G. Busnaunmo cremnius a® s k € Z.
Mg n > 0 mokJiageMo 3a BU3HAYEHHAM:

e a"=gaxax---*a;
vV
n
— —1\n
o« a=(a)"
e a' =e.

JIj1s1 cTeneHs eJeMeHTa IPYIH JIETKO JOBECTH TaKi BJIACTUBOCTI (IPOIOB-
JKEHO 3arajibHy HyMepaliio BJIaCTHBOCTEI ).

4. "t = " x a™

5. a"™ = (a™)™.

Bnpasa 6.4. /loBectu BaactuBocTi 4 Ta 5 CAMOCTIHHO.
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BxasziBka. JloBecTn BJIACTHBOCTI ciovaTKy g 1, m > 0, a B 3araJbHOMY
BUIIAJIKY CKOpHCTATHCS Bu3HAYeHHsM aF st k < 0 3 ypaxyBaHHsIM 3ayB. 6.7
(Bunmagku n = 0 ta (ab0) m = 0 cj1ig PO3MJISTHYTH OKPEMO).

[ITo6 yuUKHYTH KOHMJIKTY B MO3HAYEHHSIX (30KpeMa, pPO3LJIsiIar0dn
AJMTUBHI IPYTIN), JJjisi CTEIeHs! eJIEMEHTA 1HO/I BKA3yIOTh I'PYNOBY OLEPAILiIO:

a™* — cTemHub a" y IPYIi 3 OIEPAIEI0 «*».

IMpuxkaax 6.7. 1. Y rpyni (R* ) creninb eneMenTa 30ira€Thesa 3 Biji-
HOBiHUM KaacuuHUM (apUPMETUIHUM ) CTEIIEHEM:

nf:a/.a/.....a:an.
W

n

a

2. B aguruswiii rpyni Z (tobto B rpymi (Z,+) (nus. 3ayB. 6.5)), cTeminb
eJIeMeHTa @ OOYMCJIIOITh 9K apudMeTUIHUNA J00yTOK YUC/Ia ¢ HA TOKA3HUK
CTeIleHsI:

" "=a+a+---+a=n-a

g
n

6.3. I'pyna miagcTaHoBOK

BakuBuii Kjrac rpyn moB’s3aHuii 3 Gi€KTUBHUME BitoOpazkeHHIMHA (ITijI-
CTAHOBKAMM) Ha CKiHYeHHIH MHOKuHI A.

OCKiIbKH i 9ac BUBUEHHS BJIACTUBOCTE IT1ACTAHOBOK IIPUPOIA €1eMeH-
TiB MHOXKUHU A He Mae 3Ha4YeHHs (CyTTeBUM (HAKTOM € JIUIe HOTYXKHICTH
muoxkunu A), 6ynemo seazkatu A = {1,2,....n} (n > 1).

6.3.1. 3araJibHi MMOHSATTS TEOPil IMiJCTAHOBOK

Osuauennsa 6.6. Ilepecranoskowo muoxuuu A = {1,2,... n} Hasusa-
10Th JOBLIBHEN JIHIAHO BHOPAAKOBaHUHA HAGIP @ = (i1, 4, . . ., i, ), TAKWIi, 10:

e i, c Aupu 1l <k <n;
® iy, F i, IpH ki # ko.

OueBUIHO, BCHOIO HA MHOKHHI A BU3HAYEHO N! MepecTaHOBOK.
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IMpuknax 6.8. 1. Ilpu n = 1 BusHauena ojHa nepecranoBka (1). Ileit
BUIIA/IOK HeIIKaBuil 1 f1oro, 9K mMpaBuUI0, HE PO3TJISAIAI0TH.

2. llpu n = 2 Busnaueno aBi nepecranosku: (1,2), (2,1).

3. Ilpu n = 3 Busnaueno 3! = 6 nepecranosok: (1,2,3), (1,3,2), (2,1,3),
(2,3,1), (3,1,2), (3,2,1).

Osuauennd 6.7. Iligcranoskow 6 Ha muOokuHi A = {1,2,... n} Ha3u-
BAaIOTH JOBLIbHE OieKTHBHE BijoOparkennsa o: A — A.

[lincTaHOBKY €, fKa BH3HAYA€ TOTOXKHE BigoOpazKeHHsI, HA3UBAIOThH MO-
MOAHCHOTO.

OueBnHO, BCHOTO Ha MHOXKHMHI A BU3Ha4YeHO N! 1iICTAHOBOK.
IligcranoBky o: A — A 3py4HOo 300paKyBaTh y BULVISAII MATPHUII PO3Mi-
poM 2 X n:

/ . .
6.1 — Ji1,
il ig o0 G:iQ'_)jQ
o=1|. " & ’
Ju J2 -+ Jn
L0 Uy — .
g mepectanoBok @ = (iy,142,...,10,), J = (J1,72y - -+, jn) TOZHAUAMO

<z> B (2’1 iy ... in>
J Ji J2 o--- Jn)
Jlerko 3po3ymiTu, 110 KOXKHY HijCTaHOBKY (Ipu 1 > 2) MOXKHA 306pa3uru

y BHIJISAI MaTPHUIl KLIbKOMa CIIOCOOAMHM, II€PeCTaB/sIIOUd CTOBIIIL MaTPHILL
(koxkHi# miAcTaHOBI Ha MHOXKUHI A Bimnosinae n! MaTpuip).

IMpukmaang 6.9. ITigcranosky o : {1,2} — {1,2}, raky, mo o(1l) = 2,
6(2) = 1, MmoykHa 300pa3uTH Y BUTJISII MATPHUIL JBOMa CIHOCOOAMU:

(-0

Jlerko mepeBipuTH NOJaHe HUYKYE TBEPIZKEHHS.
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6.3. I'pyma migcTaHOBOK

Jlema 6.1. Hexaii 6 — dosgiavra nidemaHoska Ha MHoHCUHT A.

1. Jlaa dosiavhoi nepecmarosku i = (i1, 4, . .. ,1,) icHye €e0una nepecma-
no6ka j = (J1,J2y- -5 jn), Maka, w0
1 11 o ... Iy
oc=\|.|=1|. A
J Ju J2 -+ Jn
2. JTas dosinvhoi nepecmanosky j = (J1, 72, -+, jn) icHye eduna nepe-
cmanoska i = (1,12, .. .,10,), MaAKa, WO

<z) (2'1 in ... z'n>
c = L] = . . . .
J Jv J2 -+ In

Jlema 6.1 103BOJIsi€ PO3IsiIATH MIJACTAHOBKY O sIK OI€KTHUBHE BizoOpa-
JKEeHHsl Ha, MHOXKHMHI nepectaHoBokK MHOxKuHu A = {1,2,... n}:

o(i)=j< 6= (j)’ ne i = (i1,92,--,0n), J = (J1,72,- > Jn)-

IMpuknazx 6.10. Hexait 6 = (é ?) = (? ;) Toni o((1,2)) = (2,1),
a((2,1)) = (1,2).

Takwit miaxi1 KOpUCHO BUKOPUCTOBYBATH 1111 4aC BUBYEHHS BJIACTUBOCTEI
I ACTaHOBOK. [IpoTe, 9KImo He BKa3zaHO 1HIIE, PO3T/ISIATAMEMO IJICTAHOBKY
K BlIOOpaskeHHs Ha MHOXKWHI A.

st mincTaHOBOK 61,09 @ A — A BH3HAUEeHO KOMIIO3HINIO O O 61, AKY
iHOZI HA3UBAIOTH J0OYMKOM NIJCMAHOBOK.

IIpuknaan 6.11. Hexait 67 = (; ; ?), Oy = <é g i’)

) 1 2 3 1 2 3
Toni o900 = 5 1 3) 0100y = 13 2/

Baypazkenus 6.8. Pe3yibTaT KOMIIO3UIT 6 = G2 0 61, OYEBUIHO, HE 3Mi-
HUATHCS, KO PO3TISAIATH G1 Ta O 9K BioOparkeHHs Ha MHOXKWHI Tepe-
ctaHoBOK. Lle, pazom 3 jemoio 6.1, YMOXKIUBIIIOE TaKUi CIOCIO 0OUMCICHHS
KOMIIO3HIIIT IT1ICTAHOBOK:

1) mizcTaHOBKHU 61 Ta 62 300PaXKYIOTh Y BULJISII MATPUIH TAK, MO0 HUZK-
Hiil PSIJIOK MaTPHUIll 61 30iraBcs 3 BEPXHIM PSIAKOM MATPHUII Oo:

~(). -0
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(e MOXKHaA 3pOOUTH, BUKOPUCTOBYIOUH pe3ysbrar Jjemu 6.1, 10 Toro XK n!
criocobamu);
2) PO3IVIAIAIOYH IIiICTAHOBKHU SIK BiTOOpayKeHHsI HA MHOYKHHI [IE€PECTAHO-

BOK, OTPUMYIOTDH
O] = ] (@] Z = Z
09 001 = L j = L)

IIpuknan 6.12. Hexait 6 = (% g ?), Oy = (L,l)) ; ?) Toni, 3miHIO-

109U MOTPIOHUM YMHOM 300parKeHHs IJICTAHOBKU Gy, OTPHUMYEMO

o (r 23\ (123 (23 1) (123\_(123
2901= 13 9 231/ \21 3 23 1) \2 1 3)

O3nauenns 6.8. Hexail 6 — migcranoska na muoxkuni A. ITigcranoskoro,
00epHEHOIO JI0 0, HA3WBAIOTD IIJICTAHOBKY 6 ' Ha MHOXKHHI A, Taky, II0

e € — TOTOXKHA, I ICTAHOBKA.

3 HaBeJIeHOr0 O3HAYEHHS OOEPHEHOI IiJICTAHOBKHM BUILIUBAE, IIO o !e

Bi10OpazkeHHsIM, OOepHEHUM JI0 BiIoOparkeHHs G.
OdeBu1HO, 110 /I OOYHUC/IEHHST 00ePHEHO] 11/ICTAHOBKU JIOCTATHLO IIOMI-
HATH MICIIMHU BEePXHIN 1 HUKHIN paaKW MaTPHUILl BUXITHOI TMIACTAHOBKH:

() =()

~1
Ilpukgan 6.13. O6uncaumMo obepHEHY JIJIsI (é ?) i’) :

123\ (23 1\ (123
2 31) 123/ 731 2)

OrKe, MHOXKUHA 1icTaHOBOK Ha (ikcoBaniit muoxkuui A = {1,2,...,n}
YVTBOPIOE I'PYILYy 3a OIEpalicio «o» (KOMIO3HUIs), Ky HA3UBAIOTH 2PYnor
nidemano6ok, abo CUMEMPUUHOIO 2PYNOI0 CMENeHa n. 3a3Ha9uMO, 10 I'PyIIa
i ICTAHOBOK Ha CKIHYEHHIN MHOXKWHI A € OKpeMUM BHIIQJIKOM I'PyIu Ol€KIIiif
Ha J0BLIbHI MHONKUHI A (MuB. pukI. 6.5).

Jlng rpynu nigcTaHOBOK CTEHNEHH 1 BAKOPUCTOBYIOTH MO3HAYCHHA S),.
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ITpuknan 6.14. Posrigremo rpymu Sy ta Ss.
1. I'pyna Sy ckimagaerbes 3 2! = 2 miacTaHOBOK:

=) =03

Hist «o» Ha Sy BU3HAUAETHCsT Tab/I. 6.1 (€IeMEHT 62 0 61 3HAXOJUTHCS HA
IIepETHHI PsjiKa 3 MITKOIO Gy Ta CTOBIIIA 3 MITKOK G1).

Tabsuns 6.1. Binapua onepariia ajiga rpynu S

o | €

binapny onmepariio Ha Ipymnax i3 cKiHYeHHOIO KITbKICTIO €JIeMEHTIB YacTO
3aa10Th depe3 Tabsmiio tuiy Tads. 6.1. Tabgunio Takoro Tuily Ha3uBalOTh
mabauyero Kenil.

OGepneHi ejieMeHTH B IPyIi S, 09€BHIHO, MAIOTh TAKWIT BUTJISII:
= T, el =c¢.

2. I'pyna S35 ckaamaerbea 3 3! = 6 mimcTaHOBOK:

(12 3 (12 3 (12 3
°1=11 3 2) %27\ 3 2 1) 3721 3)
(12 3 (12 3 (12 3
P17\2 3 1) P \312)%\1 2 3)

Bupasa 6.5. Camocriiino 3anopanTu Tabaumo Kei misa rpynu S3, 3Bi-

PUBIIIN pe3yJbTaT 3a TabJa. 6.2.

OGepneHi ejiemMeHTH B rpymi S3, K BHAHO 3 TabJ1. 6.2, MalOTh TaKuii Bu-
LTSI

Gi_l = 0; (Z - 17273)7 8_1 =&, (Pl_l = P9 (*P2_1 = Pq-

[lo3HaveHHsI, BUKOPUCTAHI A/ TiICTAHOBOK S3 V IIbOMY IPHUKJIA I, BUKO-
PUCTOBYBATUMYTHCS 1 JaJIi.

'Keni (Keiini) Apryp (1821-1895) — anrmificbKuii MaTeMaTHK; aBTOp YHCICHHHX POOIT
3 asreOpu, aHaATITUYIHOI TeoMeTpil, Teopil audepeniianbuux piBHAHD TOmO (poboTu Keiti
BugaHo B 13-tu Tomax). Came Kesii BBiB OHATTSI aOCTPAKTHOT I'PYIIN.
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Tabauns 6.2. Tabaunga Kesi ana rpynu Ss

© € 01 62 63 91 P

€ € o1 09 G3 ©q P
o1 | 01 € @ ¢y 02 O3
02 (o] ) € P o3 (o]
03 03 Pq Py g (o] (03]
%1 | P O3 O1 02 @y E
P2 | P2 02 03 01 & P

6.3.2. Po3kJyiajaHHd IMiICTAHOBKY B KOMIIO3UIIIO ITUKJIIB

Osnavenna 6.9. Ilukmom (iq, 9, ..., ix) HA3UBAIOTH IIiJICTAHOBKY

BUTJISITY
11 t9 ... Tp_1 Tk tkt1 ... in
19 13 ... (2% 1 l+1 --- 1Ip
Yucao k HA3WBAIOTH JOBXKHUHOIO MUKIAY. LUK JTOBXKUHOIO 2 HA3WBAIOTH
TPAHCTO3UIIIEIO.

Baypaxkernnst 6.9. ukin (iy,4s,...,0;) € OiJICTAHOBKOIO, IO 3MiHIOE (3Cy-
BAE 3a IMUKJIOM) €JIEMEHTH 11, @9, . . . , i, 3ATUIMAIOYH 1HIIT eJIeMEeHTH Ha MICITi.

IIpuknan 6.15. 1. [lukia noexkuHOMO 1 3a o3HaYeHHIM 6.9 € TOTOXKHOIO
1 JICTAHOBKOIO.

2. ITuk/1 MOBKUHOIO 2 € TPAHCIO3UINEO (UK (i1, 12) MiHSIE MICISIME eJie-
MEHTH i1 Ta o, 3AJIUIIAIOYN IHIT €JIEeMEHTH Ha MICIIi).

BayBakennss 6.10. Tlosuagennss (iq,...,0g), siIKé BHKOPHCTOBYIOTH JIJIsI
MUKJIY JOBXKHHOW k, 3a (OpMOIO 30ira€ThCst 3 MO3HAYEHHSIM ePECTAHOBKH.
OjHaK e He MPUBOIUTH JI0 KOHMJIKTY TMO3HAYEHBb, OCKIIBKH 3 KOHTEKCTY
3aBXKHM 3PO3YMLIO, € TaHUi 00’€KT MiJCTAHOBKOIO (IIMKJIOM) YW MePecTaHOB-
KOIO.

Bupasa 6.6. /losectn, 1o npu k > 2 B rpymi S, MiCTUTHCsI %P,’,f pizHUX
MUKJIB TOBXKIHOIO K.

3 pesysbrary Brupasu 6.6, 30kpema, BumiuBae (mpu k = 2), 1o B rpyti S,
micturbes CF TpaHCIO3uIIiii.

118



6.3. I'pyma migcTaHOBOK

ITpukman 6.16. Iligpaxyemo, CKLTBKW THUKJIB MICTHTHCA B TpyHax
Sg Ta 54.

1. ¥ rpymi S3 BCi HETOTOXKHI I ACTAHOBKHU € MHKJIAMHI (%P:f = 3 TpaHcHo-
3UIIT Ta %Pg’ = 2 MUKJIA JTOBXKUHOKO 3):

o1=(2,3), 02 =(1,3), o5 =(1,2), 0o, =(1,2,3), 0, =(1,3,2).
2. Y rpymi S; MICTHTBCS %Pf = 6 TpaHCIIO3UIIIA, %Pf = 8 IMUKJIIB JTOBXKHU-

HOIO 3 Ta %le = 6 mukaiB goBxkuHoo 4. OTKe, S4 MICTUTH TPU HETOTOXKHI
M ICTAHOBKH, $IKI HE € IINKJIAMM:

1 2 3 4 1 2 3 4 1 2 3 4
2 1 4 3)° 3 4 1 2) 4 3 2 1)
Osnauvenns 6.10. [ukun (i1, i9,. .., ), (J1,J2,- -, jk,) HA3UBAIOTH He-
3aJIC;KHAMU, AKIIO

{i1,io, .. ik } O {J1, Jo, - Tk} = 9,
TOOTO @y, F Jm, 0T8I BCix my, mo (1 <my < Ky, 1 <mg < ko).
IMpuknax 6.17. 1. Huxau (1,2,4) Ta (3,5) He3amexHi.
2. Hukmum (1,3,5), (2,6), (4,7) momapHo He3aIeKHi.
3. Huksm (1,4) Ta (3,7,4,2) He He3aJexKHI.
Bnpasa 6.7. /losectu, 1o He3ajexKHi IMUK/JIM KOMYTYIOTh, TOOTO
G2 0 01 = 01 © O,

Jie G1, 0o — He3aJexKH1 TTUKJIH.

BropasBa 6.8. /lopecTu, 110 KOXKHA, TPAHCHO3UIlIS JTOPIBHIOE CBOIM 00ep-
HeHil, TOOTO

(i1,12) " = (i1, i2).

Teopema 6.3. Koowcry nidcmanosky mosicha 300pa3umu Ax KOMNO3UYLI0
HE3ANEHCHUT UUKALS.
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Crema dosedenns. HaBememo aaropurm 300paskeHHS MiACTAHOBKE 6 € .5,
K KOMIIO3UIIIIO0 HE3AJIEXKHUX IUKJIIB.

Po3sriisinemMo MoCJII0BHICTD g, 41, 12, - - . , HOOYI0BAHY 3a CXEMOIO:
io =1, iy = (1), iy = 6(iy) = 62(1), i3 = o(iz) = 6°(1),... 4, = 6"(1),...

YpaxoByounu ckingennicrb muoxkuaun A = {1,2,...,n}, eqemenTu 1moc.ii-

noBHOCTI i, (kK > 0) HOYHYTH TOBTOPIOBATHUCS, MTOYNHAIOYN 3 JESTKOTO HOME-
pa m;y:

® iy = U, Juist Jesakoro my (0 < my < my < n);
L ikl 7& ik2, armo 0 < k; < ky < my.

Hosenemo, mo my = 0. Ilpumyckatoun, mo 1 < mgy < my, OTpEMyEMO
o (6™ (1)) =0 (6" (1)) npu o™ (1) # 6™ (1),

[0 CyILEePeYnTh iH €KTUBHOCTI BijoOparkeHHs o.

Orxe, mg = 0, 10610 i), = 6™ (1) = ip. Takum guHOM, 1OOYIOBAHA
MOCTAOBHICTD (40,01, -y 8my—1) (im, = fo) BU3HAYAE NMUKJ JOBXKHUHOK My,
TSt IKOTO HA MHOYKWHI {40, 11, . .., %m,—1} 30ITAETHCS 3 JIEIO TIJICTAHOBKY O.

Hani 6yayemMo HACTYIHUA HUKJI {;0,71, - ,€m2_1}, OOUPAIOYH 7o TAKHM,
0 HE BXOAUTH Yy MOOYAOBAHUN WHUKJI (ig, 01, ., lm,—1). ONUCAHY OPOIELY-
Py MOBTOPIOEMO JIOTHU, JOKHU 3aJUIIAETHCA X04a O OJMH €JIEMEHT MHOYKHHH
A={1,2,...,n}, mo He yBiiimoB 10 TOOYIOBAHUX MUKIB.

Jlerko 3po3yMiTH, 1o KOMIIO3HIIiS BCiX IOOY0BaHUX IMUKJIB 30ira€ThCs
3 MiJICTAHOBKOIO G (Jlist BioOpazkeHHsT 6 HA JOBLIBHUN ejieMeHT i, € A 30i-
Fa€ThCs 3 JEI0 HA el eJIeMeHT BiIIOBIIHOTO TUKJLY, 10 SIKOTO BXOJIUTH if).

HapemTi, He3ae’XKHICTh TOOY/IOBAHNX NHWKJIB BUILINBAE 3 iH €KTHUBHOCTI Bi-
J100pazKeHHd ©. O

Ilpukjgan 6.18. 300pa3umMo y BUTJISIAI KOMIIO3HINT He3aIeKHUX ITUKJIIB
1 234567 8)

M1JCTaHOBKY G = (2 5 8 6 4 1 7 3

1) mobyayemMo mepinuii MUK/, MOYNHAIOYN 3 ejeMeHTa 1:



6.3. I'pyma migcTaHOBOK

TOOTO OTPUMYEMO THKJI JOBXKUHOIO 5: (1,2,5,4,6); nmporeaypa Mae mpoIoB-
JKYBATUCH, OCKIJIBKU ICHYIOTH €JIeMeHTH (HALPUK/IAL, 3), 10 He yBifiuLm 10
1100YI0BAHOI'O IUKJLY;

2) mobyIyeMO APYTHil MUKJI, TOYNHAIYH 3 eJIeMEHTa 3:

3, 6(3) =8, 6(8) =3,

TOOTO OTPUMYEMO IUKJT JTOBKUHOWO 2: (3, 8); mpoIie1ypa Mae MpoI0BKYBATH-
¢S, OCKIJTBKY 3aJTUTITABCS €JIeMeHT 7, TIO He VBIUTITOB 10 TOOYI0OBAHWX TIUKJTIB;
3) noGyLyeMO TpeTiii UK/, HOYMHAIOYH 3 €JIEMEHTA 1

7. 6(7) =T,

TOOTO OTPUMYEMO THKJI JOBKUHOW 1 (TOoTOXKHY mimcTanoBky): (7) = €.
OTKe, MACTAHOBKA G JIONYCKAE TaKU PO3KIAJ] Y KOMIO3UIIIO He3a e7K-
HUX ITAKJIIB:

c=(1,2,5,4,6) 0 (3,8) o (7).

3B’s130K MOOYI0BAHUX IUKJIIB 3 MACTAHOBKOIO G IIKABO IIPOCTEXKUTH, IIe-
peCTaBUBIIN BIAMNOBIIHO CTOBIMII MaTPHILl G:

(12546387
°=\2 546183 7)

BayBazkenHsi 6.11. I3 ajropurmy, 3alpOIIOHOBAHOIO B CXeMi J0BeJIEHHS
Teopemu 6.3, JIEFKO MOOAYUTHU €JIUHICTH 300parKeHHs IiCTAaHOBKHU Y BHUIIsI-
T KOMITO3UIIT He3aIeKHUX MUKJIB (3 TOYHICTIO JIO TIePECTABICHHS ITUKJIIB —
aprymeHTiB kommo3uriii). JIificHo, 3ampomnoHOBaHUil aJITOPUTM OTHO3HATHO
BU3HAYAE KOXKEH IUKJI, JI0 IKOTO Ma€ BXoAuTH KoxkHe iy € {1,2,...,n}, 3Bix-
KU, BpaxOBYIOYHU He3aJIeXKHICTh UKJIIB, i BUILIKBAE €IUHICTH 300parKeHHs.

Teopema 6.4. Koosichy nidcmanosky 6 Ha MHOMCUHT A ModHcHA 306pa3U-
mu Y 6U2AA0T KOMNO3UYLE CKIHYEeHHOT KiAbKOCMT MPAHCNO03UYIT.

s 1oBeJieHHsI TeopeMH 3HaJI0OOUThCS OJAUH IIPOCTHH pe3y/bTat, sIKHi,
IPOTe, MAa€ CaAaMOCTIHEe 3HAYCHHSI.

Jlema 6.2 (copTyBaHHSI TIEpECTAHOBKM TPaHCHO3uUIigMu). I3 do-
6iavHoi nepecmanoeky i = (i1,42,...,10,), 3ACMOCOBYIOUU CKIHUEHHY KiAb-
kicmo mpancnosuuit T, (1 < k < m), moorcna ompumamu nepecmanosky
(1,2,...,m), mobmo

(1,2,...,n) = (tm 9 Tm_10...T20711)(%).
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Josedenna aemu. ByaeMo copTyBaTH eJIeMEHTH, 3aCTOCOBYIOUN Ha KOXK-
HOMY eTalll He OiJibIle OJIHIET TPAHCIO3UINII: CIOYATKY MOCTABUMO «HA CBOE
Micrie» (Ha meprry KOODAMHATY) egeMeHT 1, moTiM — ejgeMeHT 2 i Tak JaJi,
IIOKU BCl eJIeMEeHTH IIepecTaHOBKH He OYIyTh CTOATH Ha CBOIX MICHAX, TOOTO

MOKH He oTpuMaeMo nepectanoBky (1,2,...,n). OnummemMo JeTaabHO TepIri
JIBa KPOKHU IPOIIE/y P COPTYBaHHs (J1aJ1i HPoIe/1ypa HPOJIOBKYEThCH 38 aHa-
JIOTI€10).

1. O 3 eJleMeHTIB BUXITHOT TepeCcTAaHOBKY § (K 1 Oy1b-sIKOl iHIITOT) Ma€e
nopisaioBaTu 1. Hexait 7, = 1. dkmo & = 1, To06TO y BUXiAHIH IepecTaHOBIN
i Mepmuii eJeMeHT 7; = 1, BCTAHOBJIIOEMO 41 = ¢ Ta TePexXoInuMo JI0 JPYToTo
Kpoky. Inakire, Bubepemo Tpancnosumito Ay = (i1, 1) i Beranosumo it = Ay (i);
TOJ] HepIInil eJIeMeHT HepecTaHOBKH i' JOpiBHIOE 1, TOOTO

it =) = (1,45, 43, ... ,0)).

. UH 3 eJeMEHTIB I TAHOBKH %~ M iBaoBaru 2. Hexait 1, =
2.0 3 €JIEMCHTIB IIepecTaHo i* mae nopisuiosatu 2. Hexait i, = 2

(k > 2, ockinbkn i1 = 1). SIkmo k = 2, To6T0 B mepecraHoBIi ¢! npyTHii
eJIeMEHT 75 = 2, BCTaHOBJIIOEMO 1% = i Ta MepexojAuMo J0 HACTYIHOI'O KPOKY.
Inaxiue, BuGepeMo TPaHCIO3UII0 Ay = (i3,2) i BeraHOBUMO 72 = Ao(4i'); Toui
NpyTHUil eJeMeHT HepeCTAHOBKH 42 JOPIBHIOE 2, TOOTO

it = (i) = (1,2,43,...,i2).

n

Bzaraui, ra m-My KpoOIIll CTaBEMO «Ha CBOE MICIE» €JIEMEHT 1, 3aCTOCO-
BYIOUM 33 TOTPeOW BiIMOBITHY TPAHCTIO3UITIIO.

Omrke, He Hi3HiIIe HIXK 3a 1 KPOKIB (a HACHpPaB/i He Hi3HinIe Hix 3a n — 1
KPOKIB, OCKLJIbKH €JIEMEHT 1. OMHUTBCS «HA CBOEMY MicCIi» Bxke Ha (n— 1)-My
Kporii 6e3 3acTOCyBaHHS OKPEMOI TPAHCIIO3UIIIT) OTPUMYEMO TIyKaHe 300pa-
JKeHHd

(tmoTm_10...120711)(71) =(1,2,...,n), m<n-—1,

ae 1t (1 < k < 'm) — rpancuosurii, mo JOpiBHIOIOTH BiJINOBIIHUM TPAHCIIO-
suriam A (1 < j <m). ]

Baypa>kennsi 6.12. Ilporneaypa, 3acTocoBaHa /i JOBeJdeHHs JiemMu 6.2,
BU3HAYAE JOCUTHh €(DEKTUBHUI aJIIOPUTM COPTYBAaHHS, AKHUMl JJIS MHOXKUHU
3 N eJIEMEHTIB 3aKiH4dye poOOTy He Mi3HiIIe HiXK 3a 1 — 1 KPOKiB, IPUIOMY
Ha KOXKHOMY KpOIIl BUKOHYETLCS OIepallisd MepecTaBJAeHHSI TBOX eJeMeHTIB
MHOYKWHH.
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. 1 2 ... n
Josedenna meopemu. Hexait o = | . . ..
11 12 ... 1In

BriiHO 3 JOBEJEHOIO JIEMOIO, JIIst EePECTAHOBKH @ = (i1, 12, .. ., 1) CIpa-
BeJIJINBe 300parKeHHsI

(‘CmOTm_lo...'CQOTl)(i) = (1727"'7n)7

ne 1 (1 <k <n)— rpancnosunii. Tofi, SK HEBAXKKO HepeBipuTH,

1 [t 2 ... Tp\
(0] = 1 92 n = Tm©Tm—-19...T20T;.

Haperrri, ocKiTbKE KOKHA TPAHCIO3HIIST JOPIBHIOE CBOIH obepHeHiit (pe-
3yJbTAT BIpaBu 6.8), OTpUMYEMO

o=t oot =11010.. .1, L]
. 1 2 3 456
ITpukmaax 6.19. 300pa3suMo IMJICTAHOBKY & = (5 1 6 4 3 2)

y BUIVISAA KOMIO3UIIT TPAHCHO3UILIH, /I 90r0 BIJICOPTYEMO TEPECTAHOBKY
i =(5,1,6,4,3,2), 32CTOCOBYIOUYH LIPOILEAYPY COPTYBAHHS, y34ATY 3 JIOBE/IEH-
H Jemu 6.2.

1. JInst BUXiiHOI MepecTaHoOBKU 1 = iy, 17 = 5. OTiKe, Ha MePIIOMY KPOITi
3aCTOCOBYEMO TpaHCcno3uiio A\ = (5, 1):

it = (5,1)(i) = (1,5,6,4,3,2).

2. OckisbKy 2 = 4§, i3 = 5, 3aCTOCOBYEMO TpaHCHO3UIII0 Ay = (5, 2):
i2 = (5,2)(i') = (1,2,6,4,3,5).

3. Ockinbku 3 =42, i3 = 6, 3acTOCOBYEMO TpaHCHO3UIiI0 A3 = (6, 3):

i* = (6,3)(:?)

(1,2,3,4,6,5).

4. Ockinbku i35 = 4 (eqeMeHT 4 po3TalloBaHUi «Ha CBOEMY MiCIi»), BCTa-
HOBJIIOEMO 1% = i3 i TIepexoanMo 10 HACTYITHOIO MYHKTY.
5. Ockinbku 5 = i, is = 6, 3aCTOCOBYEMO TpaHCHO3UIII0 Ay = (6,5):

> = (6,5)(i*) = (1,2,3,4,5,6).
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Orxke, mst nmepectanoBku (5, 1,6,4,3,2) orpuMann 300parKeHHs
((6,5)0(6,3) 0 (5,2)0(5,1))((5,1,6,4,3,2)) = (1,2,3,4,5,6).
TakuMm 9UHOM, JJ/1 HIJCTAHOBKHM G OTPUMYEMO PO3KJIAL

o:@ Lo g):(5,1)0(5,2)0(6,3)0(6,5).

300parkeHHsl IiJCTAaHOBKHU Y BHIVISIJII KOMIIO3UIIl TPAHCIIO3MINA HIKOJIN
He € €IUHUM (Ha BiAMIiHY Bij 300parKeHHsI MiJICTAHOBKY K KOMIIO3UINT He-
3aJI€2KHUX NUKJIIB). 30KpeMa, JI0 KOMIIO3UIT TPAHCHO3UIIH 3aBXK /1 MOYKHA
«JIOTMHCATH» BUPA3 T O T, e T — JOBLIbHA TPAHCHO3UINS (4 OTXKe, TO T = €).
Kpim Toro, MoxKHa 3MiHUTH 9€pProBiCTh PO3TAIIOBYBAHHS €JICMEHTIB «Ha CBOI
Micig» (y HaBeIeHOMY aJIfOPUTMI OYJI0 3aCTOCOBAHO 4eproBicTh Big 1 10 n),
110, IK MPaBUJIO0, CIPUINHIOE 1HINI BaplaHT PO3KJIAIY.

Ilpukmaan 6.20. Hasejemo inini BapiaHTH 300pakeHHA 9K KOMIIO3HUIIIT
TPaHCHO3UINN AJIs MICTAHOBKHU ¢ 13 IpukKJI. 6.19:

o:(é Lo g):(5,1)0(5,2)0(6,3)0(6,5):
:(6,2)0(3,5)0(2,3)0(1,2):(1,2)0(1,6)0(1,5)0(3,5):
— (5,1) 0 (5,2) 0 (6,3) 0 (6,5) 0 (2,4) 0 (2,4) =
= (5,1)0(1,3)0(1,3) 0 (5,2) 0 (6,3) o (6,5).

[lepmmit po3Kaaa OTPUMAHO AJTOPUTMOM, 3aIPOMOHOBAHUM Y JIOBE/ICHHI
gevu 6.2 (nuB. mpuk. 6.19). Jdpyruii i Tperiit po3K/Iaun OTPUMAHO 3MiHOIO
YepProBOCTI PO3TAIIOBYBAHHS €JIEMEHTIB: Oy IyIouM JIpYyTruil po3KJiaJi, Clodar-
Ky PO3TaIllyBaJIl «Ha CBOEMY MICIT» ejileMeHT 6, IOTIM — eJIeMeHT D, 1 TaK J1aJIl
J1o 1; Oyayroum TpeTiit po3KJIa/l, CIOYATKY PO3TAILYBAJM «HA CBOIX MICIIIX»
mapHi eJJeMeHTH, a TOTIM — HemapHi. YeTBepTuii 1 ’aTuii po3KaaIn OTpHMAa-
HO 3 TEepPIIoTo JOJAaBAHHAM J0 KOMTO3UIIT TPAHCIO3UIINH JedKOl «TOTOXKHOI
napw» T O T, Jie T — TPAHCIO3UILis.

6.3.3. IIapHi Ta HenmapHi ITiJACTAHOBKM

PosrissHeMo nBa eKBiBaJIeHTHI MiIXOIM JI0 BU3HAYEHHs IMAPHOCTI ITiacTa-
HOBOK: TIi/IXiJ, OB’ g3aHU# 3 MOHATTAM iHBepCii, Ta MIXix, TOB d3aHU i3
300parkKeHHsIM IiICTAHOBKH Y BUATJISIl KOMIIO3UIT TPAHCIIOBUILIA.
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6.3. I'pyma migcTaHOBOK

Oz3HauenHd 6.11. KaxxyTh, M0 HeBMOPSAIKOBaHA Mapa eJeMeHTIB 1y, , ik,
YTBOPIOE IHBEPCitO B nepectanoBi i = (iy, s, . . ., 1y), AKIIO BUKOHYETbCH O/
Ha 3 /IBOX Map YMOB:

e k1 < ko Ta ikl > Zk2,
o ki > ky Ta ikl < ?:]Q,

TOOTO OIBIINIL 3 €JIEMEHTIB i, , ik, PO3TANIOBAHUI Y ITePECTAHOBIII ¢ 3/TiBa BiI
MEHIIIOTO.

IMpukaanx 6.21. Y nepecranosii @ = (1,4,3,2) iHBepcit0 yTBOPIOIOTH
Taki mapu ejieMeHTiB (HaraJaeMo, 10 HOPAJIOK €JIeMEHTIB y uapi ik, , i, He
BPAXOBYIOTh):

e imBepciii, o MicTATh eeMeHT 1, HeMae (eqeMeHT | € HaliMeHInM, i B
IEPECTAHOBII HEMAE YKOJHOTO eJIeMEHTa 3J1iBa BiJl HbOTO);

e imBepcii, yTBOpeHi eaeMenToM 4 Ta eleMeHTaM#, PO3TAIIOBAHUMHA B IIe-
pecTaHoBIIl TTpaBoOpyd Bim 4:

{4,3}, {4,2};

® iHBepcCil, YTBOPEHI eJIeMEeHTOM 3 Ta eJiIeMeHTaMM, PO3TAIlIOBAHUMH B IIe-
pPeCcTaHOBIIl MPaBOPYY BT 3:

(3,2},

OTzke, BKa3aHo BCi iHBepcil, moB’s3ani 3 mepecranoBkow i = (1,4, 3,2),
30KpeMa it Ti, 1110 MicTaTh esiemeHT 2. Ciig maM saTaTH, 10 iHBepcii, 3a o03Ha-
yeHHsaM 6.11, yTBOPIOIOTHCA HEBIOPSIKOBAHUMHU TapaMu (30Kpema, He I0-
Tpi6HO OKpeMo BpaxoByBaru inBepcito {2, 3}, 0CKiJIbKYU BxKe BKa3aHO IHBEPCiIo

{3,2}).

O3uauenus 6.12. [lepecTanoBky Ha3WMBaIOTH HApPHOIO, SIKIO BOHA JI0-
MycKae MapHy KLIbKICTh 1HBepCiit, 1 HelMapHOIO, IKIO BOHA JOMYCKae Hemap-
Hy KijbKicTh iHBepciii. [lapuicrio nepecranosku i = (i1, 19, .. .,%,) HA3BEMO
YHCJIO0
0, gkmo ¢ mapHa,

%(i) =

1, gxmo ¢ HemapHa.
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[Tle pas HaragaeMo, 1o NePeCTAHOBKH YTBOPIOIOTHLCSA HEBIOPSIKOBAHUMU
napamu, a OT?Ke, He TIOTPIOHO BPAXOBYBATH OJIHY IHBEPCitO {1k, , ik, } JBiui, OC-
KLIbKE HeBHOpsAKoBaHi mapu {iy, , ik, } 1a {ig,, if, } 30irarorbcd. 3ayBaKumo,
IO SIKITO CIIPOOYBATH IIiApaxyBaTu OJHY iHBEPCiIO JIBiYi, TO BCi IepecTaHOBKHI
BUSABJIATHCA TAPHAMIA.

IIpukmaanm 6.22. 1. Ilepecranoska (1,4,3,2) nomnyckae Tpu inBepcii
({4,3}, {4,2}, {3,2}), a orxke, € Henapuow (mapHicts 1).

2. TTepecranoska (2,3, 1,4) monyckae asi inBepcii ({2, 1}, {3,1}), a orxe,
¢ mapnoio (mapmicts 0).

3. IlepecranoBka Burisiay (1,2,...,n) He JOIYCKaE »KOAHOI IHBEPCi,
a oTke, € mapuowo (0 — mapHe YUCI0).

Jlema 6.3. 3Zacmocysanmns mpaHcnos3uyli 3MIHIOE NAPHICMD NEPecma-
HOBKU, MOobMO

%(i) # %(x(2)),

de T — mpancnosuyis; i = (i1,12, .. .,19,) — NEPECMANOGKA.
Josederns. Hexaii i = (i1, ..., lkyy vy lhgy ey in)y T = (kg 0ky) (ko2 > k1),
TO,ZLi 'E(Z) = (7:1,...,ikQ,...,’ékl,...,in).

st ioBeieHH s JIeMU PO3IJISHEMO, sIKi IIaPU €JIEMEHTIB {4y, , i, } MAIOTH
«pi3Hy iHBepCiiiHicTb» y mepecTaHoBKax 4 Ta T(i), TOOTO yTBOPIOIOTH 1HBED-
Cit0 B IEPECTAHOBIII { Ta HE YTBOPIOIOTH iHBEPCio B T(7), a00 HABIIAKH — YTBO-
PIOIOTH iHBEPCilO B T(4) Ta He yTBOPIOIOTHL B 1. YKIO KiJIBKICTH TaKUX AP
BHSBUTHCS HEIIAPHOIO, JIeMy Oy/ie TOBe/IeHO.

1. Posrustaemo napy {imy, imy by AKIO {Tmys iy b N {0k, ik, p = . Taka
mapa Ma€ OJIHAKOBY iHBepcCiiiHicTh y mepectanoBkax i Ta t(i), (10610 B 000X
epecTaHOBKAX € iHBepciero abo B 000X IMepecTaHOBKAX He € iHBepCiel), oc-
KUTBKH TPAHCHO3UINSA T = (ig,, ik,) He 3MIHIOE PO3TAITYBAHHS €JIEMEHTIB iy,
TA Uy -

2. Posrastremo napy {ix, in}, gkmo 1 < k < ki, m € {ky, ko}. Taka mapa
Ma€ OJTHAKOBY iHBEpCIHHICTE y mepecTaHoBKax ¢ Ta T(4), OCKLIbKH TPAHCIIO-
3UIiA T HE 3MIHIOE B3a€MHOI'O PO3TAIIYBAHHS €JIEMEHTIB i Ta %py,.

3. AHAJOrYHO TOMEPEeTHROMY TYHKTY, Tapa eJeMeHTIB {i,,i;} mpu
ky < k < n, m € {ki, ky} Takoxx mMae 0aHAKOBY iHBepCiiiHiCTb y mepecTa-
HOBKax 7 Ta T(7).

4. Hexait k1 < k < ko, TOmi:
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6.3. I'pyma migcTaHOBOK

e napa {iy,, i} Mae pi3Hy iHBepCiiiHICTb y TepecTaHOBKaX i Ta T(i), Oc-
KIJIBKW TPAHCIO3UISA T 3MIHIOE B3a€MHE PO3TANTyBaHHS €JIeMEHTIB 1f,
Ta, 1. OueBuHO, 1O BChOrO icHye ko — ki — 1 map Burismy {ig,, i}
(k’l <k< k’g),

e napa {iy,ix,} Ma€ pi3Hy iHBepciiiHicTb y nepecTaHoBKax i Ta T(i), oc-
KLJIbKM TPAHCIO3UINS T 3MIHIOE B3a€EMHE PO3TAIllyBaHHS €JIEMEHTIB 1k
Ta i),. OUeBUIHO, MO BCHOTO icHYE ky — ki — 1 map Burmsiay {ig, ix,
(kl <k< ]fg)

5. Mapa {ix,, ik, } (OcTaHHS, 10 3aJUMIAIACH HEPO3LJISTHYTOK) Ma€ PI3HY
iHBepCifiHicTh y nepecranoBkax i Ta T(i), OCKLIbKY TPAHCHO3UILiS T 3MIHIOE
B3a€MHe PO3TAILyBaHHS €JIEMEHTIB ik, Ta if,.

Orxke, Beboro icuye 2(ky— k1 —1)+1 (Henapua KUIbKICTb) map, gKi MalOTh
pisHy iHBepciiiHicTh y mepecTaHoBKax ¢ Ta T(7).

TBepIKeHHd JIEMI JTOBEJIEHO. O

IMpukaana 6.23. Ilepecranoska i = (1,4,3,2) monyckae Tpu iHBepCii:
{4,3}, {4,2}, {3,2}. BacrocoBytoun Tpancnosnito T = (1,3), oTpumyeMo me-
pecranoBky t(i) = (3,4, 1,2), ska nonyckae qorupu insepcii: {3,1}, {3,2},
{4,1}, {4,2}. Orxe, nepecranopka i = (1,4,3,2) € HenapHOIO, a nepecTa-
HOBKa T(7) — HapHOIO.

O3uauennsd 6.13 (mepire o3HavYeHHs NAPHOCTI migcTanoBKm). [Tin-

() . .
CTAHOBKY G = ( ) HA3MBAIOTh MAPHOIO, AKIINO IEePECTAHOBKMU ¢ Ta ) MAalOTh

O/THAKOBY TAPHICTH, 1 HEMAPHOIO, SKIIMO MePEeCTAaHOBKH 7 Ta J MAIOTh PI3HY

mapHicTh. IlapHICTIO HiICTAHOBKHM G HAa3BEMO YHCJIO

(o) 0, gKIIO ¢ mapHa,
x(o) =
1, akmo o HemapHa.

JIyist HaBeeHOro O3HAYEHHS MAapPHOCTI MiJICTAHOBKU TOTPIOHO OOrpYHTY-
BaHHS KOPEKTHOCTI (He3aJIeXKHICTh TaPHOCTI BiJ BHOOPY MATpHIL /71 306pa-
JKEHHsI Ti/ICTaHOBKY ). Binnosinue TBepkeHHs Oy/1e HaBeeHO B Teopemi 6.5.

IMTpuknan 6.24. 1. O69ucaAnMO TAPHICTH MMiICTAHOBKH
(1 2 3 4
°=\3 21 4)
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[lepecranoBka i = (1,2,3,4) € maprow (He MICTUTH iHBepciii); mepecra-
HoBKa § = (3,2,1,4) nonyckae Tpu imsepcii ({3,2}, {3,1}, {2,1}), a orxe,

: : 1
€ HemapHOIO. TakKuM YWHOM, BUXIJTHA IiJICTAHOBKA O = i € HeIapHOIO,
OCKLJTbKU TMIACTAHOBKY ¢ Ta, J MAIOTh PI3HY MAPHICTh.
: : 1 2 3 4
2. O6uncIMMO TapHICTh MiJICTAHOBKYH G = 4113 2)

[lepecranoska i = (1,2,3,4) € napuot (He micTuTh iHBEpCiii); nepecra-
HoBka j = (4,1, 3,2) monyckae yorupu iuBepcii ({4, 1}, {4, 3}, {4,2}, {3,2}),
a OT:Ke, € MapHOI0. TaKUM YMHOM, BUXIJIHA MiJICTAHOBKA G = ; € IapHOIO,
OCKLJIbKH MIJCTAHOBKH ¢ Ta, J MAlOTh OJHAKOBY IapHICTD.

Bopasa 6.9. /loBecTn Taki TBep yKeHHS:

1. IlifcTaHOBKYM G Ta 61 MalOTh OJHAKOBY HAPHICTD.
2. IlapHicTb KOMIO3UIIIT 6 = G2 © 67 MOXKHA, O0YHCJIUTHU 3a (DOPMYJIOIO

%x(0) = %x(61) ® x(062),
TOOTO G € MapHOI TOJII 1 TLIBKHU TOJIl, KOJU G Ta Gy MAaIOTh OJIHAKOBY Iap-
HICTb.

BraziBka. CkopucraTuch 3ayB. 6.8.

3. ToToxkHA Mi/ICTAHOBKA € MApPHOIO.

4. Tpancrno3urisi € HEIIAPHOK ITiACTAHOBKOIO.

5. LIy mapHol JOBXKUHHU € HEMapHUM, UK HEIapHOI JOBXKUHH — Iap-
HIUIM.

Brkaszieka. oBectu, mo 1muki (iq, 4o, . . ., i) MOKHA 300pa3UTH Y BULJISA
KoMmo3uilii k — 1 TpaHcmo3uILiii:

(i17i27 <. 7Zk’) — (ila Z2) O (i277:3) 0---0 (ik—loik)7
HiCJIA 9Or0 CKOPUCTATHCS Pe3yJIbTaTaMu Il 2 Ta 4.

Hactynra Teopema moCTy/110€ KOPEKTHICTH 03Ha4deHHd 6.13.

Teopema 6.5 (KOpeKTHIiCTh O3HAYEHHS TAPHOCTI IMiJCTAHOBKMN).
Iapricmov nidcmanosku 6 He 3asedcumsd 8id cnocoby 306parcenns G Y Bu-
2AA0T MAMPUYL.
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Josedenna. TBepzKeHHS TeOpeMU € TPOCTUM HacaikoM jJemu 6.3. [lific-

7

HO, MaTPHUIIO I 300parkeHHs IiJICTAHOBKH ¢ = <> MOYKHa, 3MIHIOBAaTH

JIAIIE [IePecTaB/JIeHHAM CTOBIIIB, TOOTO 3aCTOCYBAHHSIM JI0 IIE€PECTAHOBOK f
Ta j JOBLILHOI IIJCTAHOBKH G(:

_ () _ (o0(9)

j co(J)
SIKIO 6 € TPAHCIIO3UIIIEI0, TTAPHICTH MEPECTAHOBOK © Ta 0¢(%) pizHa (Je-
Ma 6.3). AJte mapHiCTh MEPEeCTAHOBOK j Ta 6¢(j) TaKOXK pi3HA, TOOTO MAPHICTH

M1 ICTAHOBOK j Ta o0(j) (Tounime, pizHux 3006parkeHb OJHIET mijcTa-
0

HOBKHU G) OJIHAKOBA.
VY 3araJJbHOMY BUIAAKY, KOJIU G( € JOBLJILHOIO IMICTAHOBKOIO Ha MHOXKHUHI
A={1,2,...,n}, nocTaTHbO 300PA3UTH Gy Y BUTJISAAI KOMIIO3HIIT TPAHCIO3H-

o(%)

1iii (haKTUIHO OTPUMYIOUH MATPHUITIO (Z (j)) 13 MaTpUILl <]> 3a JIEKLJIbKa
0

KPOKIB, Ha KOJKHOMY KPOI[ MiHSIOYH MICI[SIMU JIUIIIE JIBA CTOBIII]). L]

1 2 3
2 31
ka i = (1,2,3) e mapuoto (He MicTuTh iHBepciit), mepecranoBka j = (2,3, 1)
TaKOXK € napHoio (Micruthb i imBepcii: {2,1} i {3,1}). Orxke, Buxigna mij-

i . .
CTAHOBKA G = j € napHOW, OCKiabku nepecranosku i = (1,2,3) Ta

Ilpukaan 6.25. Posrignemo miicTaHoBKY ¢ = ( . [Tepecranos-

J =(2,3,1) MaloThb OJHAKOBY HAPHICTB.

(1 2 3 . . .
Tenep y marpuri <2 3 1) IIOMIHAEMO MICIIAMHA IIEPIIUA Ta OCTAHHIA

CTOBIII, OTPUMABIIIN 1HITE 300paKeHH JJIs MiJCTAHOBKH G:

3 2 1
o= :
1 3 2
3rigHo 3 Teopemoro 6.5, NapHICTH HiJCTAHOBKH G HE MAa€ 3aJe:KaTH Bill
BUOOPY MaTpuI s i1 3006paxkenns. ificHo, y MbOMY BHUIQJIKY MaeMO: IIe-

pectanoBKa i = (3,2, 1) memapna (Tpu imBepcii: {3,2}, {3,1}, {2,1}); mepe-
cranoBka j = (1,3,2) rakox nenapua (ogua iueepcis: {3,2}); orxke, marpu-
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~ ~

TAKOXK BU3HAYAE MMAPHY IiICTAHOBKY (I€PECTAHOBKHU ¢ Ta j MAlOTh

OJIHAKOBY HAPHICTb — 00U/(BI HETAPHI).

O3nauenns 6.14 (apyre o3HaYeHHd MApHOCTI migcranoBkm). [Tiz-
CTAaHOBKY HA3WBAIOTh MMAPHOI0, SKINO i1 300paxKyIOTh y BUTJISAI KOMIIO3UILIT
IIAPHOI KLJIBKOCTI TPAHCIIO3UIILi, 1 HeITapHOIO, SIKIIO 11 300paKyoTh Y BULVISIL
KOMITIO3UITI1 HelapHOl KIJIBKOCTI TPAHCHO3UITIH.

3a3HadumMo, 10 eKBiBaJIeHTHICTHh o3HadeHb 6.13 Ta 6.14, a 3Bizcu i Ko-
pekTHicTh 03HaveHHs (.14 (He3ame)HiCTh Bif criocoby 300pakeHHs ITijcTa-
HOBKW y BUTVISIZII KOMIIO3UINT TPAHCIO3HUIII{T ), 0Ipa3y BUILIUBAE 3 PE3YJIbTATIB
BIpaBu 6.9.

IIpuknan 6.26. Po3riagneMo miACTaHOBKY 6 = , 9Ka, € Iap-

1 2 3 4
2 4 3 1
HOW B ceHcl o3Hadennst 6.13 (mepecranosku (1,2,3,4) Ta (2,4,3,1) obumsi
mapHi).

Ilns 3actocyBanisg o3HadeHHd 6.14 300pa3uMoO TiJICTAHOBKY G Y BUIJIS/II

KOMITIO3HUIII] TPAaHCHIO3UIIIIA:

G 121 g %>=(271)o(2,4),

KinbKicTh TpaHCIO3HUIINA B OTpUMaHOMY 300parKeHHI IapHa, OT:Ke, IIij-
CTAHOBKa O € IIAPHOIO 1 B ceHcl o3HadYeHHd 6.14.

[TpogeMoHCTPYEMO Ha TPHKJIAMI MiACTAHOBKH G KOPEKTHICTH O3HAYCH-
Ha 6.14, ToOTO BHOHMIIEMO JJII G KiJbKa IHIINX CIOCODIB PO3KIAIAHHS B
KOMIIO3UIIIIO TPaHCHIO3UILI:

:G L3 il):(1’4)0(%2):(2,4)0(174):(2,1)0(2,3)0(2,3)o(2,4).

fx Gaunmo, B yciX HaBeIEHUX PO3KJIaIaX KIIBKICTh TPAHCIO3UIIIHN 3aJ1H-
IIAETHCH MAPHOIO (X04a cama KiJbKiCTh MOXKe 3MIHIOBATHUCS ).

ITpukaan 6.27. O6uncIMMO HAPHICTH HiICTAHOBOK y rpymax So Ta Ss.

[pymna Sy MiCTUTH TOTOXKHY TMiJICTAHOBKY € i TpaHcnosumio T = (1,2)
(muB. mpuks. 6.14). Takum gurOM, Sy MICTUTH OJHY MApHY (TOTOXKHY) M-
CTAHOBKY € Ta OJIHY HENAPHY MiJCTAHOBKY (TPAHCIO3UILIO) T
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I'pyma S3 MiCTHTH TOTOXKHY MiICTAHOBKY €, TPU TPAHCIO3MUIIII 61, G2, O3,
a TaKOXK JIBA UKW JOBKUHOIO 3: ¢, Ta @, (s MiJCTAHOBOK Ipymu Ss
BUKOPUCTAEMO MO3Ha4YeHHs 3 pukJI. 6.14). Orxe, S5 MicTUTh Tpu mapHi 1mi-
CTAHOBKHN (IUK/IH HEHAPHOI JIOBXKUHHU €, ¢, ¢,) | TPU HenapHi I CTAHOBKH
(Tpancmosunii 61, 63, 63).

Koxkua 3 po3rasinyTux rpyi S Ta S3 MICTUTh OJHAKOBY KiJIbKICTH map-
HUX | HEeMApHUX MiICTaHOBOK (OHA mapHa i ojHa HemapHa B Sy, 1 TpU mapHi
ta Tpu Henapui B S3). Jlani (wigposu. 6.12) Oyue JgoBejeHO OLIbIT 3ara/ib-
Huii (pakT: KOKHA rpymna S, Ipd N > 2 MICTHTH %' MapHUX Ta %' HeapHUX
111 JCTAHOBOK.

3aBepUIYIOYN IiJPO3/iJ, HABeAeMO OJUH IIPHUKJIAJ BUKOPUCTAHHS TeOpii
IiICTAHOBOK Y JIiHifiHINi aJjreOpi.

IMpukaan 6.28. 3 kypcy Jiniitaol anrebpu (Hanpukiam, [10]) mobpe Bi-
JIOMO (bopMyTy I OOYUCICHHS BH3HAYHNKA MaTPHIILL:

1.1 CLLQ o Q1
Q21 Q22 ... A2p x(o
= 3 (=1 a1 50 - a2,002) - - - o)
................... =
ap 1 an,2 Apn

(i ICYMOBYIOTHCST TOJIAHKH JIJTsT BCIX 6 € S,; %x(6), 9K i paHime, mo3Havae
IAPHICTH MiJICTAHOBKU G).

PoaringneMo KOHKpeTHI BUIAIKU 1jad . = 1, 2, 3.

1. Ppyna Sy mictuth oHy (TOTOXKHY) TiAcTaHOBKY €. OTiKe, OTPUMYEMO

a1l = Z(_l)x(o)al,o(l) - (_1)x(8)a1,e(1) = a11-

eSS

2. 'pyna Sy MiCTHUTB JBi MiICTAHOBKH — TOTOXKHY IIJICTaAHOBKY € 1 TpaHC-
nosunito ¢ = (1,2). OTKe, OTPUMYEMO

ap1 Q12 ( (o)
’ T = E —1) a1 6(1)02.6(2) =
a2,1 a272 ) ( ) ) ( )
cESH

= (—1)%(8)@175(1)02,5(2) + (—1)K(T)@171(1)CL2,1(2) = 11022 — A12021.
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3. 'pyna S3 MicTUTh TOTOXKHY TiICTAHOBKY €, TPU TPAHCIO3UIIT 61, O3,
O3, & TAKOXK JIBA IIWKJIN JIOBXKUHOWO 3: ¢, Ta ¢, (Ho3HAYeHHs 3 MPHUKI. 6.9).
Otke, A8 BU3SHAYHUKA TOPAIKY 3 OTPUMYEMO

1,1 Q12 a13

_ x(o _
21 Q22 Q23| = E (—1) ( )al,c(l)a2,c(2)a3,o(3) =
azi a3z ass 0ES3

= (=1 aye(1)a2,0@)a5.00) + (—1)Va1,6,(1)02,0,(2) 03,0, (3)+
(=1 a1 4,(1) 02,05 (2) 3,053) T (— 1) A1 04(1)02,05(2)T3,05(3) +
H(=1 a1, (1) 02,2003, 3) + (1) 014,11 02,4, (2)83,05(3) =
= (11022033 — A1102303,2 — Q1,302 2031

—@1,2021033 1 Q12023031 + 01302103 2.

Heranprime upo rpymy S, (30Kpema, Mpo PO3KJIATAHHS ITiICTAHOB-
KM B KOMITO3WIIO HE3aJeKHUX IUKJIB) MOXKHA MPOYATATH, HAMPUKJIAJ,
y [7, 10, 14]. Jlesski aJropuTMidHI acmeKTH TPYNU TMiJICTAHOBOK BHUCBIT-
aeno B [15].

6.4. AauTuBHA Ta MYJIbTUILJIIKATUBHA
rpynun KJIaciB JIMINKIB

6.4.1. MHO>XH1Ha KJiacClB JINIIKIB

Y mpoMy MmApO3Aiai Oyle pOo3TJIAHYTO aJUTHBHY Ta MYJIbTHILTIKATHBHY
I'pyIH, OB’ sg3aHi 3 PaKTOP-MHOKHUHOIO Z /(mo d ) MHOZKHIH HLINX duces Z

3a BiJIHOIIEHHsIM eKBiBajieHTHOCTI (mod n), jge n — ¢dikcoBaHe HATYypaJbHE
YUCIIO.

Binnomrennst eksiBanenTHocti (mod n) (3a MOayieM m) AOCHTH JeTaTb-
HO PO3IVISHYTO B po3i. 3, npuki. 3.20. Haragaemo, 1mo pakKTop-MHOKHHA,
7 /(mo d ) MAE BULTIAT

Z/( ={0,1,....k,....,n—1}, nek={nm+k:m € Z}.

mod n)

Muoxunn (kiaacu eksiBagentiocti) k (0 < k < n — 1) Ha3uBaioTh K.aa-
camu AuwKkie 3a modysem n. OUeBUIHO, KOXKEH KJIaC k CKJIAIAEThCA 3 MIINX
quces1, MCAs UIEHHS KOXKHOTO 3 IKMX Ha 7 OAePKYITh ocTady k.
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PaKTOP-MHOKUHY Z /(mo 4,y TOBHATAIOTH uepes Zy:

)
Zn:Z/(modn):{G,T,...,E,...,n—l}, ae k= {nm+k:mcZ}.

[Tle pa3 HATOJIOCUMO, IO eJIeMEeHTaMU MHOXKWHA Z,, € KJIach JUAIIKIB, TOO-
TO He OKPeMi T YncIa, a MHOYKUHNT dnces. Bayk/JIMBO TaKOXK MMaM aTaTH, 10
Bupa3 k Mae cenc juig gosiabnoro k € Z (me rimpku gaa 0 < k < n — 1).
[Ipore, y MHOXKUHI Z, MICTUTbCsS PIBHO N PI3HUX KJIACIB, i Il caMe KJIaCh k
mpu 0 < k < n—1; xracu k 3 nHomepamu k > n ta k < 0 36irarorsecst 3 0IHEM

i3KﬂaCiBEHpM0§k§n—1:

n=0, n+l=1 —1=n—1,

BzaraJi, jerko nmobauutu, mo k = k mod n. Haragaemo, mo k£ mod n €
3arajJbHONPUIAHATAM I[MO3HAYEHHSIM /I OCTadi Bif JlaeHHA k Ha N, TOOTO
qncsio kg = k mod n 0QHO3HAYHO BU3HAYAETHCI YMOBAMMU:

k=mn-m—+ ko qna neagkoro m € Z.

3aznaanmo, mo qncao m = k div n Takoxk Bu3HaUaeThCst yMoBamu (6.3)
i (6.4) omHO3HAYHO:
m=max{p € Z: k>n-p}.

ITpukmaan 6.29. PosrisineMo MHOXKUHU Zq, Zio Ta Z3.

1. Muoxuna Z; = {0} cknanaersca 3 oguoro enementa 0 = Z (6ynp-sike
iie 4ucao giautbes Ha 1 6e3 ocraudi). lleit Bumamok HemikaBwii i fioro, sk
IIPABIIO, HE PO3LJISLIAIOTD.

2. Muoxkuna Zy = {6, T} MICTUTD J[BA €JIeMEHTH — MHOXKHUHY 0 HADHUX
qpces 1 MHOKHHY 1 HemapHUX duces. Y IbOMY BHIAJIKY

T Tmodd — §, K10 k napHe,
1, gxmmo k memapmhe.

Bokpema: 0 =2 = — 2 —4, 1= —-1=3= —3.
3. Muoxkuna Zz = {0, 1,2} ckIaJaeThCs 3 TPHOX €JIEMEHTIB:

]
N
[l

o vuOKUHK () yncesi, sKi JIAThCS HA 3 03 ocTadi;
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Pozminr 6. EjgemenTn Teopii rpyn

® MHOYXKWHU 1 uuces, 9Kl JLIAThCcA HA 3 3 ocTadero 1;
® MHOXKHHHU 2 49Huce, dKi JIIaThcd Ha 3 3 ocTadeio 2.

Y 1IbOMY BHIAJKY, 30KpeMa, MAaEMO:

0=3=-3=6= -6, 1=—-2=4, 2= —1=5.

6.4.2. AgutuBHa rpyna Z,

Badikcyemo n € N.
Ha muoxuni Z, = {0,1,...,n — 1} BusHAUHMO OnEpAIIO «+»:

a+b=a+b, abeZ.

Hagejiene o3navennst norpedye oOrpYHTYBaHHS KOPEKTHOCTI: Tpeba J10-
BECTH, 110 pPe3y/ibTaT olnepalii a 4+ b He 3a/1e2KUTh BiJl BUOOPY IIpe/ICTABHUKIB
3 KJIaciB a Ta b.

Jlema 6.4 (kopekTHicTh onepamnii «+» uHa Z, ). Hezat a; = a, by
Too: a1+b1 =a —+b.

Losedenna. s nosenerns: piBHOCTI a1 + by = a + b jmocTarHbo mEepesi-
putu, mo ((a1 + b1) — (a + b)) mod n = 0.
Ockinbku a; = a, by = b, maemo

a1 = a+mn, by = b+ mon 1ud neaKux mq, Mo € Z.
Aute Toai orpuMyeMoO
(a1 +b1) — (a+b) = (a1 —a) + (by — b) = myn + maon = (my + ma)n,
10670 ((a; +b1) — (a + b)) mod n = 0, wo JOBOAMTL TBEpIZKEHHS Jemu. [

OT1Ke, MOOYIOBAHO 3aMKHEHY aJare6puuny CTpyKTypy (Z,,+). Jlerko mo-
BECTH, IO TaKa CTPYKTypa € abeJaeBOI0 TPYMOI0, OCKIILKU TPYIOBI BIACTH-
BOCTI (ACOMIATUBHICTH, KOMYTATHBHICTh, HASIBHICTH HEHTPAJIBHOTO eJIeMeH-
Ta e, a TaKOoxK ICHyBaHH# obepHeHoro x T js KoxKHOro T € Z) ompasy
BUIIMBAIOTH 3 aHAJIOTIYHUX TPYIOBUX BJIACTHBOCTEH JJIst CTPYKTYpH (Z, +).
Tax, y crpykrypi (Zy, +) Heiirpanbuuii eement e = 0, obepHeHuil e1eMeHT

(a) R —
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Bnopasa 6.10. IIpoBectu moBHe moBedeHHS (PaKTy, IO CTPYKTypa
(Z,,,+) € abeneBow TpynoIo.

Ipyny (Z,,+) Ha3uBAOTH AOUMUBHOW 2PYNO KAGCIE AUUWLKIE 34 MO-
dysem n. g 1€l rpylnu 9acTo BXKHBAIOTh CKOpOYeHe, 0e3 YKa3aHHS Olle-
parii, no3HadeHHs Z,; sIKIIO BUHUKAE MOXKJINUBICTb KOH(MJIIKTY II03HAYEHbD,
3aCTOCOBYIOTH HA3BY «adumueta 2pyna Z,», MO BKA3y€ Ha OMEPAII0 «—+»
(nuB. 3ayB. 6.5).

ITpukman 6.30. Posrnaremo rpynm Zy Ta Zs3.
1. Hasenemo tabmuiio Keni ayist agutusHOl rpynu Zsy (tab. 6.3).

Tabaums 6.3. Tabaunsa Kemai ansa aguruBHOl rpynu Zs

+10 1
0110 1
1111 0

OdeBuaHO, 0OEepHEH] €/IeMEeHTH B Zo MAIOTh BULJILA

— -1

(0)

2. Hasegemo rabaunto Keni jgs agurusnoi rpynu Zs (tabi. 6.4).

=0, O =1

Tabuauns 6.4. Tabaunsa Keni gns agurtuBHOl rpynu Zs

Nl =l ol 4
(Gl N en] | Nen)|
= Ol ol Nl

Sl N |

Jlerko nepesipuTH, 1110 0OepHEHI eJ1eMeHTH B Z3 MAalOTh BULJIS,

— -1 — —1+

© =0, O "T="1=2 (@ "T="2=1

Baypazkenuss 6.13. AguruBHa rpyna Z, € IPUKIAIOM 3araJibHOIO THILY
CTPYKTYP — TakK 3BaHUX (PAKTOP-IPYI, IKi Oyae Po3TJISTHYTO B Iiapo3d. 6.12.
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6.4.3. MyapTuniaikaTuBHa rpyna Z,"

Badixkcyemo p € N.
Ha muoxwuni Z, = {0,1,...,p — 1} Bu3HAYMMO OTEPATii0 MHOKEHHS «-»:

dAx iy BumaJIKy oneparii «+», O3HaYEHHSI OTepallil «-» TakoxK 1moTpedye
OOI'PyHTYBaHHS KOPEKTHOCTI.

Jlema 6.5 (kopekTHicTb omepanii «» Ha Z,). Hexati a; = a, by = b.
Tooi a; - by = ab.

Hosedenna. Jis noBenenHst piBHOCTI a1 - by = ab 10cTaTHLO IIEPEBIPUTH,
o (a;b; — ab) mod p = 0.
Ockinbku a; = a, by = b, maemo

a1 = a+ myp, by = b+ mep 1aa 1eIKUX My, Mo € Z.
Aute TOI OTPUMYEMO
aiby —ab = a;by — a1b + a1b — ab = ay(by — b) + b(a; — a) = aymap + bmyp,
10010 (a1b; — ab) mod p = 0, MO JOBOAUTHL TBEPIZKEHHS JIEMU. H

Or2ke, HOOYIOBAHO 3AMKHEHY aare0puany cTpykTypy (Z,, ). Jlerko nose-
CTH, 110 I CITPYKTYpPa € KOMYTAaTUBHUM MOHOIJIOM, OCKLJILKH HEOOXiJIHI BJia-
CTHBOCTI (ACOMIATHBHICTH, KOMYTATUBHICTH i HASIBHICTH HEHTPAJBHOIO €Je-
MEHTA) 0/Ipa3y BUILIUBAIOTE 3 AHAJOTIYHUX BJIACTUBOCTEl /1151 MOHOIIA (Z, -).
Tak, y crpykrypi (Z,, ) Heiirpajibuuii egement e = 1.

Opuax crpykrypa (Zy, ), 9K i (Z, ) (nuB. upuki. 6.5), 3a XKOIHOTO p > 2
He € IPYIO0, OCKIIBbKE /Ist eeMenTa 0 y MbOMY pa3i He iCHye 06epHEHOro.

g mobymoBu MYJIbTHUILTIKATHBHOI T'PYIIM Ha MHOYKHWHI KJIACiB JIMIIKIB
OyneMo 10aTKOBO BuMaraTi, mob p € N 6yao npoctum auciaom!. Kpim Toro,

rpyny Oy/LyBaTUMeMO Ha «MHOXKHUHI 03 HYJIS»:

7, —7,\ {0} = {1,2,....p—1}.

Tnoni B mitepaTypi, 0cOGMUBO B AAKUX MKITLHUX MiIPYYHHKAX, UHCAO 1 BBAKAIOTDH
npoctuM. TyT OyiemMo BBaxKaTu, IO IIPOCTE YKUCJIO MOBUHHO MAaTHU PiBHO JBa Pi3Hi HATY-
paJibHi IiJIbHUKHK, TOOTO YKca0 1 HE € MPoCTUM.
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Teopema 6.6. Aazebpuuna cmpyxmypa (Z,", ) daa npocmozo p € N ¢
abenesoro 2pynoio.

Josedennsa. Ilepnt 3a Bce, MOTPIOHO JOBECTH 3aMKHEHICTH CTPYKTYPH
(Zy", ), ockinbKu MpamioemMo He Ha Beilt MHOxuUHI K1acis umikis. [ nporo

HEOOXIJIHO JIOBECTH, 110 @ - b e Z," upn a,b € Z,", TOOTO IO a-b#0 mis
a#0,b#0.

[Ipunycrivo, mo a - b = 0. Ile o3nawae, mo ab mod p = 0, T06T0 106yTOK
ab miauTbes Ha p 6e3 ocradi. Aje TOIl, OCKIIbKHA YUC/I0 P € IPOCTHM, OTHE 3
qpcen o 4u b Mae gimTucs Ha p 6e3 ocradi, mo cymepednts yMOBi a,b # 0.
OriKe, 3aMKHEHICTH CTPYKTYDH (Z)", -) T0BE/eHO.

AcormiaTuBHICTH 1 KOMYTaTUBHICTH CTPYKTYPH (Z,),", -) BUILIABAE 3 aHATO-
riYHUX BJAACTHBOCTEH Y cTpYKTYDPi (Zp, ) HeiiTpaabauMm eieMeHTOM Yy CTPYK-
Typi (Z,*,-) € knac 1 (3a3mauumo, mo 1 # 0).

Hapemi, goBegeMo icHyBanHg OOEPHEHOTO eJeMeHTa JJis JIOBLIBHOTO
a # 0 Bimmocno omepamii MHOMKeHHsA (TO6TO B MexKax cTpyKTypu (Z,",-)).
Sadikcyemo umnciao a, take, mo 1 < a < p — 1, i po3risgaemo HabIp KaaciB
JINIIIKIB:

a-1,a-2, ..., a-(p—1). (6.5)

I3 Bumenosesenoi 3amkmenocti (Z,",-) Bummsae, mo ak # 0 mpnm
1 <k <p-—1, Tobro nabip kiacis (6.5) jsexuth y Z)"

Hosenemo nai, mo Bei Kiacu (6.5) momapuo pisni, To6To ak; # aky npn
1 < ki < ky <p— 1. Ipunycrusumm, mwo ak; = aky, oTpunMyemo

(aky — aky) mod p =0, 10610 (@ - (ko — k1)) mod p = 0.

3Bijicu BUILINBAE, IO MHOKHUK @ 200 MHOXKHUK (ko — k1) Mae Jaiaurucs
6e3 ocTaui Ha MPOCTe YUCIO P, Mo cynepednth ymMoBam 1 < (ky — k1) < p—1
Tal <a<p-—1.

Orxke, yci knacu B Habopi (6.5) momapuo pi3ui, T06T0 Habip (6.5) Mic-
TUTH p — 1 KJIACiB JIMIIKIB, KOXKEH 3 SIKUX JCXKHUTb Y Z, . Ajne Z," Takox
MICTUTDH p — 1 eJeMenTiB, TOOTO He MOXKe MICTUTH KJAacCiB, dKi He BXOAATH 10
rnabopy (6.5). Ile o3nauae, o Habip (6.5) 36iraeThest 3 MHOKUHOIO Z),"

3i 36iry HaBeJleHUX MHOYKHH BUIUINBAE, MO OJMH 3 €JeMEeHTiB MHOKHHH
{a-1,a-2,...,a-(p— 1)} Mae qopiBHIOBATH 1; TO3HAYNMO Tieil eTeMEHT de-

pe3 a - kg, me 1 < k, < p — 1. Ase roxi kmac jmmkis k, € Z," BU3HAYAE
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eJIeMeHT, OOepHEeHN /10 a, OCKIIbKA 33 TOOYI0BOIO

a-ky=a k,=1.

TBepazKeHHS TeopeMHu MOBHICTIO JTOBEIEHO. L]

*

I'pyny (Z,*,-) (aast 1pocToro 9ucia p) HABUBAIOTH MYALMUNATKGMUG-
HOMW 2PYNOot0 KAACIE AUULKIE 34 MOOYAEM P; I TIEl TPYIH YACTO BAKUBAIOTD
CKOpOYeHe, 0e3 yKa3aHHsI Olepalii, Mo3HaueHHs Z,"; SKIIO0 BHHUKAE MOXK-
JIUBICTH KOH(MIIKTY HO3HAYEHD, 3aCTOCOBYIOTH HA3ZBY «MYAbMUNAIKAMUCHA
epyna Z,"», 0 BKa3ye Ha Omepario «» (amuB. 3ayB. 6.5).

ITpukmaan 6.31. Hasenemo tabmuio Keni jist rpynu Zs* (tabi. 6.5).

Tabaunsa 6.5. Tabuunga Keni aisa mynapruiiikaruBHol rpynu Zs™

Wl =1 ol ol
DOl | ] eol| el
=1 NO| ol sl Wl

1 Wl Do |

Jlerko mepesipuru, 10 obepHEeH] eJIeMeHTH B Zs" MalOTh TAKUH BUTJIS:

(1)

=32, (1) =41

~1 — -1

- T? (2)

= -1

- g? (3)

6.5. IlorgarTa niarpynu. Kpurepiii miarpymnu

Hexaii (G, %) — poBiabHa rpyiua.

Osuauvenns 6.15. Iligrpynoro rpynu (G, *) Ha3WBAOTH IIiIMHOKUHY
H C G, ska € rpynoro 3a Ti€to camoro onepaiieo, 1mo i rpyna (G, ) (1o6ro
crpykrypa (H, ) € rpymnow).

Baypaxkennst 6.14. 1. Koqu posriasgaators rpyny (G, %), ciijg BKasaTu He
TLIbKKA MHOXKUHY (G, ajie i omepamiio «*»; KOJH K 0epyThb 10 PO3LVISLY IIij-
rpynny H C G, MOXKHa He BKa3yBaTH OIEPAII0 «¥», sKa, 33 O3HAYEHHSIM
miarpynu, Mae 30iratucs 3 onepariieio rpynu (G *).

2. B o3HaveHHi mMArynm He BUMATAEThC, OO HeHTpaIbHUN eJTeMeHT e
niarpymu H 36iraBcsa 3 HelTpagabHUM ejeMeHToM e rpynu (G, OCKIJIbKHU IIeif
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6.5. Iomarrs miarpynn. Kpurepiii niarpynun

daKT JIETKO BUTLIUBAE 3 BIacTUBOCTel rpymu. JificHo, 3adikcyBaBIH TOBITH-
Huit ejiement h € H, 3a goMoMorow npasuia ckopodenss (6.1) orpumyemo

(h=exh=e; xh)= (e=e).

ITpukaan 6.32. 1. Muoxkuna Z € niarpynowo rpynu (Q, +).
2. Muoxuuna Q e niarpynoro rpynu (R, +).

3. Muoxuna R ¢ miarpynoro rpynu (C, +).

4. Muoxwuna (0, +00) € miarpymnoto rpymu (R* ).

5. Muoxuua {—1,1} e nigrpynoro rpynu (R*, ).

6. MHOKIHA HEBUPOJZKEHUX HUKHIX TPUKYTHUX MATPHUIIb

a171 0
Da11,021,022 € R, ajjaz0 #0
Q21 A22

€ MArPYIOoI0 MYJIbTUILIIKATHBHOL rpynu MaTpuilb G L.
7. MuOoXWHa MaTPUIb 3 OMUHUIHAM BU3HATHUKOM

SL,={Ae€GL,: |A| =1}
€ MiArPyHo0 MYJIbTHUILLKATUBHOI rpynn marpuib GL,. lleit dakr Heraiino
BUILTHBAE 3 HOPMYJIH, BiOMOI 3 Kypcey JiHiiiHol airebpu (Hampukitas, [10]):
|AB| = [A] - |B], (6.6)
ne A, B € M,,«,.

Bopasa 6.11. Hexait Hy, Hy — nigrpynu rpynu (G, ). Josecrn, mo me-
perun HiN Hy Takox € miarpymoto rpynu (G, *). Y3araJbHUTH 1e TBePIZKeH-
H¥ HA JOBLIbHY (MOXKJ/IMBY HECKIHUEHHY) KiabKicTb miarpyn rpymu (G, *).

Ha mpakTuri a1 mepeBipku, UM € HEMOPOXKHS TiIMHOXKWHA TPYNH i
IPYIIOI0, 3PYYHO KOPUCTYBATUCH TAKOI TEOPEMOIO.

Teopema 6.7 (kpurepiit minrpynu). Hexat @ # H C G, mobmo H —
Henopostchsa niommoscuna 2pynu (G, x).

Jlas mozo, wob nidmnootcuna H 6yasa nidepynoro epynu (G, %), neobxidho
i docmamnbo 6UKOHAHHA 080T YMOB:

(a,b € H) = (axbeH) (3amrnenicmv H sidnocro onepayii «x» ); (6.7)

(a€ H) = (a~ ' € H) (3ammnenicmv H eidnocno szamma obeprenozo). (6.8)
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Josedenns. HeobxiaHicTh 04eBHUIHA, OCKIJIBKH YMOBH 3aMKHEHOCTI MHO-
kuau H BigHOCHO OGiHApHOI I'PYIOBOI olepaillii, a TakKo»K iCHyBaHHS 00ep-

HeHnx a © € H jana koxknoro a € H, HeraiiHo BUIIMBAIOTH 3 BH3HAUCHHS

I'PYIIH.
Jnsa moBeaeHHST JOCTATHOCTI 3ayBaXKUMO:

® 3aMKHEHICTh cTPYKTYpu (H, *) BiHOCHO omeparii «*» ¢ ymMoBOwO (6.7);

® ACOIIATUBHICTH CTPYKTYpH (H, *) BHUIUTMBAE 3 aCOIIaTUBHOCTI Olepa-
il «#» Ha Beiit Muokuui G (a orke, 1 Ha miamuoxkuni H C G);

® 3aMKHEHICTh CTPpYKTypu H BijgHOCHO oreparllii B3gaTTs 00epPHEHOIO €
ymoBoio (6.8).

Otxke, Tpeba JuIIe JOBECTH, MO CTPYKTYpa (H, *) MicTuTh HefTpa bHUIA
eseMeHT e € G BuxigHol rpyuu (G, *).

Badikcyemo goBiabHUI enemenT a € H (e MOxKHA 3pOOUTH, OCKLIBKH
H # @). Toai, sk nacainok ymos (6.7), (6.8), orpumyemo

(aeH)=(a'€H)= (e=axa ' € H).
TBepaKeHHST TEOpeMH TMOBHICTIO JTOBEIEHO. L]

Hacuinok. Ymosu (6.7) ma (6.8) 6 meopemi 6.7 mootcha 3aminumu 00-
HIEN YMOBOIN!

(a,b€ H) = (axb"' € H). (6.9)

Hosederna. iiicHo, 3adikcyBasmu a € H, oTrpuMyeMo

e=axa e H.
Hami nis noeiibHOrO b € H 01ep:KuMo

bl=exb'eH.
Haperri, gas gosinpaux a,b € H mictanemo

—1\—1
axb=ax(b"") €H,

Orxke, noBeseHo BukoHaHHA yMOB (6.7) Ta (6.8) ocroBnOi Teopemu. [
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6.6. I'omomopizmu rpyir: OCHOBHI BU3HAYEHHSI Ta TEOPEMU

IMpuknaanx 6.33. Hexait A, — MHOXKMHA TapHUX MiJCTAHOBOK Ha MHO-
wuui A = {1,2,...,n}. Muoxkuna A, € uigrpymnown cuMeTrpudHOl rpynu S,
OCKIJIbKH JIJISI JOBLIBHHUX IAPHUX 61,09 € S, OTPEMAHO HAPHICTH IiICTaHOB-
KA Gy 1 a morim i mapmicTs o7 * o, 1 (muB. pesyabrar Bupasu 6.9). ['pymy
(A, 0) HABUBAIOTDH 3HAKOSMIHHOW 2PYNOI0 CMENEHs 1.

OueBnsHo, MO Oyab-siKa Tpyna (G, %) 3aBXKAM MICTUTH TPUHAAMHI B
wigrpynu: Muoxuny {e} (e — Helirpanbuuii eqement y rpyni (G, %)) Ta ca-
My mMHOXKuHY G. Lli miarpynm Ha3uBalOTb MPueiaAbHUMUY; MATPYILY, IO He
€ TPUBIAILHOIO, HA3UBAIOTL 6Aachoto. Ilinrpyny {e} wacro HasmBawThL 00U-
HuyHot, marpyny H = G OymemMo Has3wBaTH no06HON0. 3ayBasKUMO, IO Y
BUIIAJIKY OJHOeeMeHTHOT rpyiu G = {e} Tpusiajbhi nigrpynu 36irarorbes.

6.6. I'omomMopdi3zmMu rpym: OCHOBHI BU3SHAYEHHS
Ta TeopeMu

Y 1poMy miapo3 i npaigosarumeMo 3 asoma rpynamu: (G, x) ta (Go, ®)
3 HeHTpaabHUMU ejieMeHTaMu e € (G1 Ta ey € Go.

Ospauvenns 6.16. Binoopaxkenns f : G; — (G Ha3MBAIOTHL TOMOMOD-
dbizmom, abo romomopdHUM BijmobpazkenusaM, rpynu (G, *) B rpyny (Ga, ®),
SAKIIO

flaxb) = f(a)® f(b) pns nosinbHUX a,b € Gj.

Iv’ekTuBHuit roMoMopdisM HA3UBAIOTL MOHOMOP(MDI3ZMOM, CIOP’€KTUBHUIL
roMoMopdisM — eniMopdizMoM, OieKTUBHHIT TOMOMOP@I3M — i30MOpdhi3ZMOM.
dxmo f: G — Gy — i3omopdism, to rpymu (G, *) i (G, ®) HA3UBAIOTDH
isomopduumu. st dpaxry isomopduocti rpyn (G, *) ta (G2, ®) BKUBAIOTH
O3HAYEHHS

<G1, >l<> ~ <G2, ®> .

BayBakernrst 6.15. 13 o3HavenHs OIEKTHBHOCTI BUIJIMBAE, 10 f € i30MOp-
dizmMom TOi 1 TIIBKK TOI, KOJIK f € OJHOYACHO MOHO- Ta emiMOpgi3MOM.

ITpukman 6.34. 1. Binoopaxkenns

f:R—=R* f(a)=2"
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e Moromopdizmom 3 rpymu (R, +) B rpyny (R*,-). TIpore f He € emimopdis-
MOM, a OTXKe, He € i30MOopdi3zMoM.
2. Binobpazkennst

f:R—(0,400), f(a)=2

e i3omopdizmom 3 rpymnn (R, +) B rpymy ((0, +00), ).
3. BigobpazkenHst

fiR—={zcC:2#0}, f(a)=¢e"

e romomopgizmom 3 rpynu (R, +) B rpyny (C*-), ne C* = C\ {0}. IIpore
f He € MoHO- abo emiMopdizMoM. Y IbOMY IPHKJIAII KOHCTAHTA € IO3HAYAE
OCHOBY HATYPaJIbLHOIO JIorapudMa, a IUCI0 ¢ — KOMILIEKCHY OIMHUILO.

3 romomopdi3zMOM I'PYII OB’ A3aHO Oararo IiKaBUX i BazKJIUBUX BJIACTH-
BOCTEeH. Y IBOMY IJAPO3Aiai Oyae pO3LJIAHYTO JBI BJACTHBOCTI TOMOMOPQ-
HOTO BigoOpasKeHHd TPYM; JedKi 1HTI BJACTUBOCTI OyAYTHh PO3TIAHYTI Y
miapo3a. 6.13.

Teopema 6.8. Hexat f: Gy — Gy — 2omomopdism epynu (G1, %) 6 epyny
<G2, @) Tooi:
1) f(er) = es (comomopdism epyn 36epicac HEUMPANOLHUT EACMEHM,

epynu);
2)Va e Gy: flat) = (f(a))™' (comomopdism epyn sbepicac onepayin
63AMMA 00EPHEH020 EAEMEHMNG,).

Josedennsa. 1. 3a o3HaYEHHAM HEHTPAJIHLHOTO €/1eMEHTA

fler) = flerxe1) = fler) ® fler).

Temep 3a mpaBuIOM JiBOTO cKOpoUents (6.2) oTpuMyeMo

(fler) ® fler) = fler)) =
= (fler) ® fler) = f(e1) ®ea) = (fle1) = ea).

2. Hexait a € (G1. 3a o3HaUeHHAM rOMOMOPQHOCTI BimoOpakeHHST OTPH-
MYEMO

fla™) ® f(a) = fla™" xa) = f(er) = ey,
seigku f(a™) = (f(a))t. ]
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6.7. Imukaivai rpynn

TComomopddiam i3 rpynu (G, *) B (G, %) (T06TO 3 rpynu B cebe) HA3UBAIOTH
endomopgpizmom rpyun (G, x). Muoxuny Beix engomopdismis rpynu (G, *)
nosHavaroTh 4epes End g .y abo npocro yepes Endg.

Bopasa 6.12. Jlosectu, mo (Endg, o) € MoHOIIOM.

6.7. HukaiuHi rpynm

Hexaii (G, *) — noBijbHa rpyna 3 HefiTpajbHUM ejleMeHToM € € G,
Badikcyemo jseskuii eemenT a € G 1 po3risiHEMO MHOXKHHY BCIX IILIHX
CTelleHIB eJleMeHTa a:

[a] :{a”:nEZ}:{...,a_",...,a_2,a_1,e,a,a2,...,a”,...}.

Bmpaga 6.13. Jlosecru, 1o MaOKuHA [a] € nigrpynoto rpymu (G, *).
BrasiBka. Cxopucrarucs KputepieM miarpynu (Teopema 6.7) Ta BaacTu-

BOCTSIMHU CTeIleHs eJieMeHTa rpynu (migapo3z. 6.2, 3 ypaxyBaHusaM 3ayB. 6.7).

[Tinrpyny [a] C G HA3UBAIOTH YUKAIUHOW NI02PYNOID, NOPOOHCEHON ene-
mernmom a € G. Enement a € G nazupaiorh meiproto nidepynu [a] C G.

CTOCOBHO MHOXKWHM IIJINX CTENeHiB ejeMmeHTa a € (G PO3TIsiHEMO Ba
BaXKJIMBI BUIIQJKW: ICHYE 49U He icHye moka3Huk n > 0, Takuii, mo a” = e.

1. Icaye mokazauk n > 0, Takwuii, mo a” = e.

Bubepemo naiimeHIunii 101aTHUE HOMED N, I 9KOro a’ = e:

n =min{k € N: a* = ¢}. (6.10)

Yucao n € N, Buznauene dopmynow (6.10), HA3BUBAIOTE Nopadkom ene-
mernma a € G Ta no3HavawTh depes |al: n = |al.

Bnopasa 6.14. /loBectn, 1Mo € IuHAM €J1eMEHTOM HOPAAKY 1 € HelTpaab-
uuii esement: (la| = 1) < (a = e).

Bupasa 6.15. Jlosectu pisnicrs: af ™°4" = gk,
Brkasiska. Ckopucraruchk ymosamu (6.3) i (6.4), 1o Buznagaors k£ mod n.

Jlema 6.6. a* # a*?, axuwo 0 <k <ko<n—1.
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Pozminr 6. EjgemenTn Teopii rpyn

Josedenna. Hexait 0 < ki < ko < n— 1. Ilpumycrimo, mo a** = a*2. Toni
OTPUMYEMO
akz—kl — akz % (akl)_l =e,
o cynepedntb yMosi (6.10), ockimbku 0 < ky — ky < n. O

VpaxoByoun pe3y/asrar jdemu 6.6 Ta piBricTs a* ™" = ¢* orpumyemo

ABHMN BUTJIS, MAKJIIYHOI MATPYIH, MOPOJZKEHOI ejeMenToM a € G
[a] = {a":0<k<n—-1}={e,a,d* ..., a" '}

Orxke, miarpymna [a] MicTUTH PIBHO N PI3HUX €JIEMEHTIB; CTeleHi 3 T0-
KazHuKaMu kK > n abo k < 0 36iratuMyrbcd 3 ogHuM 3i crenenis a”

(0<k<n-—1):
an = CLO = €, an—i—l = al = a, a_l — an_1’
(y 3arajbHOMY BHIAJIKY, K BzKe 3a3Hadal0Ch, a® = gPmedm),

Teopema 6.9. Hexati a € G — eaemenm nopsadky |a| = n. Todi epyna
([a], %) isomopPra adumueniti epyni Zi,:

(la], #) ~ (Zn, +) -

Jlosedenna. ykanuit isomopdism f: [a] — Z, BCTaHOBJIIOETHCS CIIiB-
Bl THOIIECHH M

fla"=keZ, 0<k<n-—1.

Bopasa 6.16. /Toecru, mo Beejene Bigobpaxenus f: [a] — Z, — i30-
Mopdism rpyn ([al, *) Ta Z,.

BkasziBka. 'omomMopdHY BIACTUBICTH 1 CIOP’€KTUBHICTH [ JIETKO BHBECTH
3 BU3HAUYEHHY Bigobparkenus f; iH’ekTuBHICTH [ BuIInBaE 3 jgemu 6.6. L]

2. He icuye nokaszumka n > 0, Takoro, mo a” = e. Y IbOMY BHOAJIKY
rOBOPATH, 1O eaeMenT a € G Mae Heckinuennul nopadok: |a| = oco.

Jlema 6.7. a* # a*2, axwo ki # k.

Tosedenna. Ipunycrivo, mo a® = a* npu k; # ko. Be3 BrpaTu 3arab-
HOCTI BBazKaTumeMmo, 110 ki < ky. Toai orpuMyemo

a?h = gk & (ak"l)_1 =e,

0 CYyIepeunTh yMOBi |a| = 0o, ockinbku ko — ki > 0. O
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6.7. Imukaivai rpynn

YpaxoByOUun pe3yabTaT JeMu 6.7, OTPUMYEMO SIBHUH BUTJISI MUKIITHOT
HiArPYITH, TOPOIKeHOI elemMenToM a € G-

[a] :{ak:kEZ}:{...,afn,...,a*2,a*1,e,a,a2,...,a”,...}.

Orxke, migrpyna [a] micturh HeckiHueHHY (3/i4YeHHY) KiLTbKIiCTh Pi3HUX
eJIeMeHTIB.

Teopema 6.10. Hexati a € G — easemenm HECKIHYEHH020 NOPAIKY
(la] = 00). Todi epyna ([a], *) isomopdna adumuenit epyni Z:

([a],#) ~ (2, +) .

Jlosedenns. lykanuit isomopdisam f: [a] — Z BCTaHOBIIOETHCS CIIIBBII-
HOIICHHAM

fla"y =k, keZ.

Bopasa 6.17. Jlosecru, mo BBejeHe Bigobpaxkenus f: [a] — Z € i30-
mopdizmom tpyn ([al, x) Ta (Z,+).

Brkasziska. ['omoMopdHy BIAaCTUBICTD 1 CIOP'€KTUBHICTH f JIETKO BUBECTH
3 BU3HAYEHHY BigoOpazkeHHs f; iH €KTWBHICTD [ BHILIUBaE 3 jemu 6.7. ]

Orke, yci MUKIIYHI TiATPYIH HiAJAI0THCA MOBHOMY OHHUCY (3 TOYHICTIO
10 i3oMopdizmy), mo BeTaHoBIeHO Teopemamu 6.9 Ta 6.10. Orpumanuii pe-
3yJIbTAT CHOPMYTIOEMO y BUTJISII TEOPEMU.

Teopema 6.11. Hezat (G, *) — dosiavha 2pyna. Todi yukaiuna nidepy-
na |a], nopodocena esemenmom a € G, izomoppna adumueniti epyni Z npu
la| = 00 abo adumuenitii epyni xaacie auwkie L, npu |a| = n:

1) la] ~(Zy,,~+), axwo |a| =n < oo;

2) la] ~ (Z,+), axuwo |a| = oo.

['pyny, sika 30ira€Tbcs 3 OJHIEID 3i CBOIX INMUKJIIYHUX APy, TOOTO
G = [a] ana geskoro a € G, HA3MBAOTHL YukAiunoto. Enement a € G, 1o
nopozkye rpyiy (G, *), € TBipHOMO TpynHn [a] = G.

Baypaxkennst 6.16. Teopema 6.11 Bcranosr0€ (3 TOYHICTIO 10 i30MOPQi3-
My) MOBHHUIl ONHUC NMUKTIYHUX I'PYI, OCKUIBKE MUKJIIYHY TPYILy MOYKHA BBa-
JKaTl OKpeMHUM BHIIQJIKOM MUKJIYHOI TIATPYIIN.
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IMpukaang 6.35. 1. AnurusHa rpyna Z, (n € N) — onun 3 HaliBazK/Iu-
BIINIX TPUKJIAIIB CKIHYEHHOI NUKJIYHOI miArpynu. Jlerko mepeiputu, 1o
TBIPHUMHU IMKJIIYHOI I'pylu Z, Ajd OyIb-siKOro n > 2 MOXKYyTb OyTH, 30Kpe-
Ma, ejtleMentn 1 ta — 1 =n — 1:

N =n-1=%2,, n>2

(v BUmanKy n = 2 Kaacu 1 Ta — 1 36iraloThes; BUIAI0K 1 = 1 € KOPEeKTHHM,
ajie HEIIKaBUM ). 3a3HAYNMO, 110 Jist Jesakux n € N (30kpema, sKimo n = 5)
iCHYIOTH iHIIN TBIpHI HMUKJIYHOI Tpynu Z,. Po3rjasHeMo IMUKJIYHI MACPYIIH
rpynu Z, gias n = 3,4,5,6:

Dn=3 Z3=[1]=[2];

)n=4. Z,=[1 = [: @ = {20}

Yn=s Z=0=@=@=

4)n=06. Z¢=[1]=[5]; [2] ={2,4,0}; [3] = {3,0}.

Enement 0 okpemo He po3risiiaBcst, OCKIIbKH 3a Bcix n € N BiH €
TBipHOIO TpHUBiaTbHOi (OAMHIMYHOI) MUKmiYHOI miarpymm, To6to [0] = {0}
(muB. BpaBy 6.14).

2. AnuruBHa rpyna Z € OCHOBHHM IIPHKJIAJ0M HECKIHYeHHOI IMUKJIITHOI
rpynu. Hukmiuna rpyna (Z, +) jgomyckae JaBi TBipHi:

7 =] =1l

Posrastnemo inmmni nukaivHi migrpynu rpynu (Z,+). s 10BLIBHOTO
k > 2 orpumyemo

K] = [~k] = {k-m:m € Z} = {0, k, —k, 2k, —2k,...} = kZ.

3ayBazkuMo, 1o nosuavdenus kZ (k € 7)) € 3arajJbHONPUITHITUM JIJIsl MHO-
Kuuu {k-m: m € Z} (30kpema, 27 € MHOKMHOIO HAPHUX [ITUX YHCEN).
Hapemri, 3a3naunmo, mo sunagok [0] = {0} € TpuBiaabauM BunAIKOM 011~
HUYHOI MIJTPYIU.

3. Posrisinemo nuk/tiuHi nigarpynu cumerpudHol rpynu Sz (s 1ijgcra-
HOBOK I'DyIH S3 BUKOPUCTAEMO MO3HAYCHH 3 MPUKJL. 6.14):

[Gl] = {617 8}7 [02] = {627 8}7 [03] = {G3a 8}7
[91] = [9a] = {1, pp €}, [e] = {e}.
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Otke, rpyma S3 — He IUKJIIYHA, OCKLIBKE He JOPIBHIOE YKOIHINA 31 CBOIX
mUKYHIX miarpyn (Brim rpyna Sz He Moryia OyTH IUK/IYHOK, OCKLJIbKH
BOHA He € KOMYTATHBHOIO, & OT:Ke, He i30MOpdHa YKOHIH 3 KOMYTaTUBHUX
rpytt Z, abo 7).

6.8. CymixkHIi KJjacm

Hexait H C G — migrpyna rpynu (G, ). [Ins ¢dikcoBaHoro esementa
g € G BBeIE€MO MMO3HAYEHHS:

gxH={g*xh:he H};
Hxg={hxg:he H}.

Muoxkuny ¢ * H Ha3uBaroTh Ai6um cymiscnum kaacom tpytmm (G, *) 3a
mijgrpynoo H, mo nopojzkenuit egemenToMm ¢g. Muoxuny H * g Ha3UBaOTh
npasum cymiscrum xaacom rpyuu (G, *) 3a miarpymnow H, mo mopoaKeHui
€JIEMEHTOM (.

IMpukaang 6.36. Cama miarpynma H € cyMi>KHEM KJI1acoM (K IIPABHM,
TaK 1 JIIBUM), HOPOJIZKEHUM HEHTPAJbHUM ejieMeHToM e € G

exH={exh:he H} ={h: he€ H} = H,;
Hxe={h+xe:he H} ={h:he H} = H.

Ilpukaan 6.37. Po3riagaeMo CyMiXKHI KJIACU 33 TPUBIAJBHUMY IATPY-
HaMU.
Hnsa opuananoi migrpynu H = {e} orpumyemo

ax{e} ={e} *a = {a} nna nosinbaoro a € G,

TOOTO i IpaBi, 1 JIiBl CyMiKHI KJIaCU BiJTHOCHO OJMHUYHOI HiI'Pyn 301rafoThest
i JOPIBHIOOTH OJHOEJIeMEeHTHIiT MHOKUHI {a}, 0 MICTUTH HOPOJIZKYBaJIbHUIA
ejqeMeHtT a € G.

Y Bunajaky moHol miarpynu H = G orpuMmyemo

axG =Gx*xa=G pana posiasaoro a € G,
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Pozminr 6. EjgemenTn Teopii rpyn

OCKIJIBKHU Oyab-akuit * € G MOXKHA 300pa3uTH SIK €JIeMEHT CYMiXKHOTO KJIACy
(sik mpaBoro, Tak i JiBoro):

r=ax* (a_l*a:) caxG, x= (x*a_l) xa € G *a.
OTxke, iCHY€ JHIIe OMH MpaBuil (BiH ¥Ke JIBHIA) CyMiKHII KJIaC BiTHOCHO
nosuol miarpynmu H = G — ne cama rpymna G.
BaysarkerHst 6.17. PiBricTb a * G = G * a = G 01pa3y BUILINBAE TAKOXK

1 3 HacTtynHol Teopemu 6.12.

Y KOMyTaTHBHHUX I'PylaxX, O9eBHHO, IIpaBuil i JIiBUil cymixKHI KJjacu 30i-
raforbest: ax H = Hxa ajs Beix a € G. Y HEKOMYTATUBHHUX I'PYIAX MOKJIABO

a*x H # H *a (yus. npuki. 6.38).

Teopema 6.12. Jlisi cymioicni kaacu epynu (G, *) sidnocro nidepynu H
abo we nepepizaromuvcsa, abo 3bizaromucs. Ilpasi cymioeni xaacu epynu (G, *)
gidnocro nidepynu H abo ne nepepizaromuca, abo 36i2aromuea.

Hosedennsa. TeepazKeHHs TeopeMu OYAEMO TOBOIUTH IS JIABUX CyMizK-
HUX KJIaCiB (BUMAOK MPABUX CYMIKHUX KJIACIB € cuMeTpudHuM ). PakKTHIHO
HaM JOCTaTHLO I a,b € (G 10BeCTH TaKe TBEPIKEHHS:

((axH)N(bxH)# @)= ((axH)=(bx H)).

Orxke, Hexait a,b € G 1a (ax H) N (bx H) # &, 10670 meperud
(ax H)N (b* H) micrurh npunaiivui onnn enement ¢ € (ax H) N (b* H).
Tomi oTpuMyeMO 3B SI30K MizK e1eMeHTaMu a Ta, b:

(c€axH) < (¢c=ax*hy s geskoro hy € H);
(cebx H) < (¢ =0 hy nisa nesxoro hy € H);
a=cxh{'=bxhyxh{'=bxh, neh=hy*xh;' € H.

Hapemrri, gias gosiibHOTO ¥ € G OTPUMYEMO

(r €axH)= (x =ax*h, nua gesxkoro h, € H) =
= (x=bx(hxhy)) = (xr€bxH).

Orxke, axH C bxH. Brknagenns bxH C axH MoxkHA 10BeCTH aHAJIOTIYHO:

(x €bx H) = (x =b* hy s gesikoro hy € H) =
= (r=ax(h'xh)) = (x €axH).

Taxum anaOM, @ * H = b* H, 1110 70BOAUTH TBEPIKEHHSI TEOPEMH. 0
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Jlerko 3po3ymiTu, 1Mo 00’eHaHHS BCIX JIBUX (AHAJIOTIYHO, YCiX MpPaBUX)
CYyMiZKHUX KJIaCiB 36iraeThbcst 3 MHOKHHOIO (5, OCKIJIbKYU KOXKeH ejieMenT a € G
000B’sI3KOBO BXOIUTD ¥ JIiBHii cyMikuuil Kitac a* H (anasoriuno, a € H *xa).
OtKe, OTpUMAHO JBa po30UTT MHOXKHKHA (G B 00’€THAHHSI JIBUX CYMiKHHUX
KJIACIB Ta MPaBUX CYMIiXKHUX KJIACIB 3a MArpymow H:

G:Ug*H:UH*g.

geG geG

3azHaunmo, 1o Jeski JiBi cymixkui kiracu a x H ta b H (anamoriuso,
npaBi cymixkui kiracu H % a ta H % b) MoxKyTb 36iratucst mis a # b. OpHak
mas H xa # H x b, 3a Teopemoro 6.12 kinacu H * a ta H x b He mepepizaioThes
(anasoriuno, ax H Nb*x H = @&, axmo a * H # b* H). 3ayBakuMo TakoxK,
o teopema 6.12 chopmyiboBaHa OKPEMO JIjisl IIPABHUX i OKPEMO JIjisl JIBUX
CYMI>KHHX KJIaciB, ToOTO JiBuit a*x H Ta mpaBuit H *b cyMixKHI KJ1acl MOXKYTh
He 30iraTncd Ta MaTH HEMOPOYXKHIN MepeTHH.

IIpukaan 6.38. 1. Po3rasgneMo J1iBi Ta mpaBi cyMixKHI KJIacH CAMETPHY-
HOl rpymu S3 3a miarpynoio [o1] = {o1,e} (BuKOpucTOBYI0OUN TTO3HAYEHHS 3
npuki. 6.14):

e of{o1,e} ={o1,e}, {o1,e}oe ={oy,c};
o10{o1,e} ={¢,01}, {o1,e}001={¢c,01};
o2 0{o1,e} = {¢y,02}, {o1,e} 002 ={g;,02};
o3 0 {o1,e} = {9,053}, {o1,e} 003 ={p,,03};
¢y 0{o1,e} ={os,9,}, {on,e}o¢, = {029 };
¢y 0{o1,e} ={02,9,}, {o1,e} 09, = {03,9,}.

BazHauumo, 1o cepe/l JiiBux (sik i cepej| paBux) CyMizKHUX KJIACIB € Taki,
110 301rafoThCd:

o o] =010(01], 020 [01] =, 0[01], 630 [01] =, 0[o4];
[01]oe =[o1] 061, [01] 009 = [61] 09y, [01] 003 =[01] 0, .

Omrke, MaeMo TpH pi3Hi JiBi (i Tpu pi3Hi mpasi) cyMizKHI KJACH, MO T10-
TAPHO He Tmepepi3aiThes. TakuM YUHOM, JIiBI Ta TpaBi CyMiXKHI K1acu 3a (o]
JAI0Th HAM JIBa Pi3HI po30uTTsa S3 HA TPU MHOKUHU:

Sy ={o1,e} U{9,,03} U{gy, 02} = {e,01} U{g,, 02} U{g,, 03}
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HapemrTi, 3ayBaknmo, TII0 OTpUMAaHO JTiBI Ta TpaBl CyMiKHI KIach, IKi He
30IrafoThCs, ajge MaOTh HEIIOPOXKHIN MepeTuH; TaKUMU, HAIPUKJIA/I, € JIBUi
Ta NpaBUil CYMizKHI KJaCH, IMOPOJIZKEH] eJIeMEHTOM O3:

02 0 [01] = {@,, 02} # [01] 0 02 = {9, 02}; (020 [01]) N ([61] 0 62) = {02}

2. Posrisgremo miBi Ta mpaBl CyMIXKHI KJIacH CHMETPUUYHOI rpymnn S3 3a
nigrpynoio [¢,] = {¢,, ¢y, }:

e ofp] =[p]oe ={p, 9y ¢};

610 (9] = [p,] 0o 61 = {061,02,03};
o3 0 [9,] = [9,] 0 62 = {01, 02,03 };
030 [p,] = [p,] 0 03 = {01, 09, 03};
@10, = o] o9, = {0, Py e}
By 0 [p1] = [@1] 09y = {9}, Py, €}

Y 1mpboMy BHIAJKY JiBl Ta MpaBl CyMIXKHI KJIaCH, TOPOJIZKEeH] CIJIbHUM
eJleMeHTOM, 30irmucst. TakuM 9HHOM, OTPUMAHO JBa Pi3ui JiBi (sKi 3apa3s
36ITTHCS 3 BIAMOBIIHUMY TIPABUMHI) CYMIXKHI KJIACH, 0 MONAPHO HE Tepepi-
3atoThest. OTke, JiBi Ta mpaBi cymixkHI Kaacn 1o [@,] 1ai0Th HAM ojHe i Te
caMe po30UTTs S3 Ha JIBI MHOXKUHM:

S3 = {9y, @y, €} U {01, 02,03}

6.9. Ckinuenni rpynu. Teopema Jlarpamzka

Y 1bOMY IIJIPO3iJIi OCHOBHIUM O0’€KTOM PO3IJIsay Oyje CKiHYeHHa I'Dy-
na (G, *), To6TO Tpyla, Mo MICTHTH JIAIIE CKIHYEHHY KiJIbKICTb €JeMEeHTIB.
Kingpkicrh eeMeHTiB y cKindenHiit rpymi (G, *) Ha3UBAOTh nopAdkom 2py-
nu (G,*) i noznadaiors yepes |G|:

|G| = card(G).
Hexait H C G — niarpyna rpynu (G, *).

Jlema 6.8. Bydo-axutl cymiocrul xaac (ax npasudl, mak i Ai6ul) cKin-
wennoi epynu (G, ) sa nidepynoro H micmumos |H| eremenmie.
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6.9. Ckingenni rpynn. Teopema Jlarpan>xa

osederna. TBepmKeHHs jieMu OyIeMO JOBOJWTH s JIBUX CYMiXKHHUX
KJIaCiB (BUNAJIOK NPABUX CYMIKHUX KJIACIB € CUMETPUIHUM ).

Hexait H = {hy,he,...,hp}, 0 h; # h; upu i # j, 106TO BCi esreMen-
ta h; (i = 1,2,...,m) nomapuo pi3ui, ta |H| = m. Toxi mist 10BiIBHOTO
dikcoBanoro a € G MaeMo

ax H={axhy,axhy,...;a%hy,}.
Hami 3 mpasua JiBoro ckopodenns (6.2) orpumyeMo
(axhi = axh;) = (hi = hy).

Orxe, axh; # axh; nnasi # j, Tobro Bei enementn axh; (i =1,2,...,m)
nonapHo pisHi, Ta card(a x H) = m. m

IMpukaazn 6.39. VY npuki. 6.38 6ysi0 Bulmcano Bei cyMizKai Kiacu (mpasi
Ta JiBi) rpynu S3 38 MUKIYHAME Hirpynamu [o1] Ta [¢,]. fx 6aanmo, KoxkeH
cyMizKHEH KJ1ac 3a miarpynow [o1] = {01, e} MicTurh 1Ba ejleMeHTH, 3 KOXKeH
cymixunit Kiaac 3a (@] = {@;, ¢y, €} — Tpu erementn.

Temep MoxkHa chopMyTIOBATH 1 IOBECTH OCHOBHY T€OpPEMY i IPO3TiTY.

Teopema 6.13 (Teopema Jlarpauxka' st ckinuennux rpym). [lo-
pador 6ydo-axoi nidepynu H crinvennoi epynu (G, *) € diavhurom nopadky
epynu (G, *).

Jlosedenns. Hexait H — uiarpyna ckindennol rpynu (G, *). Posrisme-
MO po36uTTs rpynu (G, *) B 00’ €IHAHHS JIBUX CYMIXKHUX KJIAaciB 3a MiArpy-
oo H:

G = U g* H.

geG

Hexaii muoxkuna {g* H: g € G} micrurh piBHO k PI3HUX JIIBUX CyMiZKHUX
KJIACiB, TOPOKennx meskumu exementamu g; (1 < j < k):

G=(gp*xH)U---U(gr*xH), ¢;*xHF*g;+Hupni#j.

! Tarpamx Kozed JIyi (1736-1813) — dpanmyspKuii MaTeMaTnK i MexaHik; apTop QyH-
JTAMEHTAJIbHUX Pe3yJIbTaTiB y BapialliifHOMY YHCJIE€HHI, MAaTeMaTHIHOMY aHaJi3i, aared-
pi Tomo; poboru 2K. JI. JlarpaHnxka 3 mMaTeMaTuK, MEXaHIKH Ta aCTPOHOMIl CKJIaJIaI0Th
14 Towmis.
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Pozminr 6. EjgemenTn Teopii rpyn

3a Teopemoro 6.12 JiBi cCyMizKHI KJIacH, 0 He 30iraloThes, MaloTh MOPOK-
Hill IepeTwH:

(gixH)N(gjxH)=2upni#j, 1<i<k, 1<j<k

Toui 3a TeopeMoIO PO HOTY2KHICTh 00’€THAHHS CKIHYeHHUX MHOXKHUH, 110
MIOMMAPHO He Tepepi3aioThCcs, OTPUMYEMO

k
card(G) = |G| = anrd(gj x H).

j=1

Hapemrri, 3a semoio 6.8 koxunit cymizxunit kiaac ¢g; * H (1 < j < k)
mictuth |H| eneMenTiB, 3BIIKH OTPUMYEMO TBEPJZKEHHS TEOPEMMU:

k k
card(G) =Y “card(g; x H) =Y |H| =k~ |H]|. (6.11)
j=1 j=1
TBep/KeHHST TeoOpeMH JTOBEJIeHO. L]

KisibkicTh JiiBux cymikHux KJjacis 3a nigrpynowo H (3a jemoro 6.8 36i-
Fa€ThCs 3 KUIBKICTIO MPABUX CYMI2KHUX KJaciB 3a H) Ha3uBaoOTh iHdexcom
nidzpynu H i nosnadators depes i(H). I[lepenucasiu pisuicts (6.11) 3 ypa-
XYBaHHSAM BU3HAUEHHS 1H/IEKCY MIATPYIU, OTPUMYEMO CIIBBIIHOIIEHHS

G| = i(H) - |H].

Ot:xe, y mporeci goBegeHHs: TeopeMu Jlarpamzka O0y/10 BCTAHOBJIEHO, IO
ingexc niarpynu H C G Takoxk € jiIbHUKOM 1opsky rpyiu (G *).

IMpukmaan 6.40. /Ins cumerpuanoi rpynu Sz (auB. npukii. 6.38) orpu-
MY€EMO:

i({o1,e}) =3, [{o1,e}| =2;
({9, 9s,}) =2, {9y, 95, = 3.
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6.10. Hacmigkm 3 Teopemn Jlarpam:ka

6.10. Hacaiaku 3 Teopemn Jlarpam>ka

1. Ppymna, nopsiiok Kol € MpoCcTUM YuCg0M (TaKi IPyIU 4aCcTO HA3UBAKOTH
npocmuMu), MiCTUTD JIAIIE TPUBIAJIbHI MiATDYIIN.

Josedenns. TBepazkenus ogpa3y BUILINBAE 3 Teopemnu Jlarpanzxka. L]

2. Topsanox Oymb-sakoro egementa ¢ € (G € TIJBHUKOM TMOPSAIKY Tpy-
(G, *).

Jlosedenns. Tlopsnok enementa a € G (o ais ckindennol rpymnu (G, *)
€ CKIHUEeHHUM ) 38 BU3HAYEHHSM JIOPIBHIOE MOPSAJIKY HUKJIIIHOT miarpynu [a] i
3a TeopeMoio JlarpaHzka € JLIbHUKOM IOpPsiIKy rpyim (G *). O

3. Hexait a € G. Toxi
alCl = e, Jie € — HedTpaJbHuil eqemMenT rpymu (G, *).

Jlosederna. 3a nacaigkom 2 icaye k € N, take, mo |G| = k - |a|. To-
JIl, BAKOPUCTOBYIOUHN BJIACTUBOCTI CTelleHs eJleMeHTa 1 BUSHAYEeHHs IOPAIKY
eJleMeHTa, OTPUMYEMO

% = gFlal = (glihk = ek = ¢, O

4. Mana Teopema @epwma.
Hexait n € Z. Toxi Oyab-gKe TpocTe YUCI0 P € JIIBHUKOM YHcaa nf — n.

Josederns. 3adikcyeMo MMPocTe YUCJIO P i PO3IVISIHEMO MYJIbTUILIIKATH-
BHY Tpyny Z," . Haramaemo, 1o

Z, = Z,\ {0} ={L.2,....p— 1},

3Bigkm |Z,"| =p — 1.

JloBemeHHs MPOBEIEMO Y JBa eTall.

1. PosryisiHeMo BUITaI0K, Kojiu wncao n € Z we kpathe p. Toxi n € Z,* i
33 BU3HAYEHHSIM Oneparii B Z," Ta HacJiAKOM 3 IiCTaHeMo

() =yt =T
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Pozminr 6. EjgemenTn Teopii rpyn

(Haramaemo, 1o 1 — HeHTpalpHI Vv MYJIBTHILIKATHBHIN TPy Z,"). O1xe,
gucaa NP~ Ta 1 gexxaTh B OIHOMY KJaci JIMIIKIB 3a MOLYJIEM P, TOOTO YHCIO
nP~1 — 1 xpaTtHe qncay p.

2. ¥V 3araabHOMY BUIIQJKY N € Z 3006pa3umo nP — n 9K JJ00YTOK:

n’ —n=mn-n""*-1).

fxmo n He KpaTHe p, TO, 33 MONEPEIHIM IMIYHKTOM JIOBEICHHSA, YUCJIO P
e miapHEKoM uncaa nP~! — 1. OTixe, mpUHANMHI OTHH 3 TBOX MHOYKHIKIB (n
a6o n?~! — 1) ginmurbes Ha p, i umciao nf — n KparHe p. 0

ITpuknan 6.41. 1. IIpocte unciao 3 € ginpaukoMm uucia 43 — 4 = 60.

2. IIpocte uncio 5 € ainbauxkoM uucia (—6)° — (—6) = —7770.

3. Yucsio 6 He € NPOCTUM, POTe € AIALHIKOM uncia 3% — 3 = 726.

4. Yucao 4 He € npocTuM i He € AiibHuKOM unciaa 6* — 6 = 1290. Orxe,
BUMOI'a, «IIPOCTOTU» YUCJA P € HeoOXiIHOIO Y (DOPMY/IIOBaHHI MaJjIol TeopeMu
DepmMa.

6.11. HopMmaabHi JiIbHUKNI

Y mpoMy miApo3mi i masi po3misaaruMeMo I0BLIbHI (He 000B’SI3KOBO
CKiHYeHmi) rpymu.

YaKe BiTOMO 3 mipo3,1. 6.8, Mo miaArpyna mopoIzKye IBA pO3OUTT TPYIIH —
Ha JIBI Ta Ha NpPaBi CyMixKHI KJacu, IPUYOMY IIi JBa PO3OUTTS MOXKYTh HE
36iratucs (opuki. 6.38). ¥V mpoMy MiAPO3Iiii PO3LJISHEMO MiATPYIH, s
SIKMX PO30UTTS Ha IPaBi Ta Ha JiBI CYMiKHI KJIach 30iraloThesl.

Osuauenns 6.17. Ilixrpyny H rpymnu (G, *) Ha3uBalOTh HOPMAJIbHUM
JIBHUKOM (HOPMAJIBHOO I AIPYIION0), SKIIO

ax H=H *a nna scix a € G.

Hnga daxry, mo H € HopMmaiabHuM AlibHUKOM Ipyin (G, %), 9acTo BAKU-
BaIOTh ITO3HAYECHHSI

H<«G.

OdeBuIHO, 1O Y KOMYTATUBHUX IPyMax Oy/b-gKa MArpyna € HOpMaJib-
HUAM JIJTBHUKOM. Y HEKOMYTATHUBHUX TPyHaxX MOXKYTh MICTHTHCS MiATPYIIH,
dK1 He € HOpMaJIbHUMU JTIJTbHUKAMU, OJHAK HEKOMYTATUBHI TPYIHN TaKOXK MO-
KYTh MICTUTHA HOPMAaJIbHI TATPYIIN.
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6.11. HopwmajapHi ALTbHUKHA

ITpukman 6.42. 1. TpusiaabHi TiATPYyTH OY/Ib-IKOI TPYTN 3aBAKIN € HOP-
MaJIbBHUMHU JiIbHUKAMHA (1uB. Tpuki. 6.37).

2. B aguruBHiil rpymi Z, sika € KoMyTaTUBHOW, BCi miarpymnu nZ (n € N)
HOpPMaJIbHI.

3. YV HekoMyTaTHBHIi cumerpudHiii rpyui Ss miarpyua {ci,€} He € HOp-
MAJIBHOIO, OHAK {¢, ¢,, €} € HOPMAJLHAM JIIHHUKOM (IUB. MpHKIIL. 6.38).

Hwxkdaenomana TeopemMa — 3pydHuil KpUTepiilt MepeBipKu, 9n € MArpymna
HOPMaJILHOIO.

Teopema 6.14 (kpurepiii HOpMaJIBLHOrO AINBHUKA). /laa mo2o, w00
nidepyna H epynu (G, %) 6ysa HOPMaALHONW, HeOOXIOH0 i docmammnbo 6uko-

HAHHSA YMOBU
Vhe HYge G: g 'xhxge H. (6.12)

osedernsa. Heobridnicms. Hexait migrpyna H — mopmasibaa. Toxi 3a
BU3HAYEHHSIM HOPMAJIBHOL HiArpYy N

VgeG:g«H =H *g.
Orxe, anast gosinpaux g € G, h € H maemo

(hxge Hxg) = (hxgeg+xH) =
= (3heH:hxg=g*h)= (g ' xhxg="h¢e H).

Jlocmammicme. Hexait H — niarpyna rpynu (G, *), Taka, 110
Vhe HVge G: g 'xhxg € H.

Badikcyemo g € G i moegemo piBHicTh ¢ * H = H % g mMomelbHEM
cI10c060M:

(r€Hx*g) e AMmeH: 2 =h*g9) e BmeH  x=(g*xg ') xh xg) &

S |IheH: o=gx(g ' xhi*xg)| ©BFho € H:x=g*hy € g% H).

A 7

~
hoeH

Ot:ke, TeOpeMy JIOBEJICHO. ]
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Pozminr 6. EjgemenTn Teopii rpyn

ITpukaasm 6.43. 1.V rpymi G Ly HEBUPOIZKEHNX MATPUIh PO3MIpOM 2 X 2
PO3IJITHEMO IATPYIY HEBUPOJKEHUX HUKHIX TPUKYTHUX MATPUILh:

a171 0
H = { < ) - a11,021,022 € R, 11022 7é 0} .

21 Q22

[Is migrpyma He € HOPMaJbHOI, OCKIJIbKHM MOYKHA BUOPATH HUYKHIO TPHU-
KyTHY MaTpuno Ay € H ta mesupomkeny A € G Lo, Taki, 10

A1 Ay AdH.

Tak, HanpuKIaI,

G 316 (DG §>=(_‘I’ _j‘)m.

2. Y rpyui GL, posrasaemo miarpyiy SL, MaTpumb 3 OAUHHIHUM BH3-
HAYHUKOM:

H=SL,={A€eGL,: |A| = 1}.

s miarpyna HOpMaJjbHA, OCKLIBKH I goBiibHux Ag € SL, = H Ta
A € GL,, BukopucroBytoun dbopmyiy (6.6) (obuuciieHHs BU3HAYHUKA [10-
OYTKY MATpHIIh), OTPUMYEMO

(A7 Ag - Al = [ATH - Aol - [A] = AT - Ao| - [A] = 1,

tobTo0 A™Y- Ay A€ SL, = H i, 3a reopemoro 6.14, SL,, << GL,,.
Baypaxkenns 6.18. Cuissimpomenns |A™'| = |A|™' Bumiusae 3 dop-
vyt (6.6):

L=[A- A7 =]A]-]A7].

3. Y cumerpuuHiil rpyii S, pO3IJISHEMO MAIPYIy MapHUX IiICTAHOBOK —
3HaKO3MiHHY Tpyny A, (muB. mpuki. 6.33). 3adikcyBasmm ¢ € S, T € A, i
BUKOPHUCTOBYIOUH pe3yabTaT BOpaBu 6.9, oTpuMyeMo

(o6 totoa)=x(c") ®x(t) Dx(c) =x(c) ®x(t) Dx(c) =x(t) =0

(maramaemo, o x(@) Mo3HAYAE MAPHICTH TMiJCTAHOBKHU ). TaKWM YHHOM,
6 lotoo € A,, a orxke, niarpynna A, € HOpMaJIbHUM [IIHHUKOM Y TPy Sy,

A, <85,.
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6.12. Ilousarrs paxkTop-rpynu

BayBazkerHst 6.19. 3actocoBytoun Teopemy 6.14, ciia 060B’I3K0BO Tepe-
Bipsitn, un € MHOkuHa H uniarpynotwo rpynu (G, *) (sax 1e i nepenbadeHo
TEOPEMOIO), OCKIIbKI yMOBa (6.12) MOKe BUKOHYBATHUCD 1 IS I IMHOKHHU
H C G, mo ue € nigrpynoto. Tak, y komyrarussiit rpyni (G, %) ymosa (6.12)
BUKOHYETHCS 11 Oyab-aKol mavmuoxuan H C G.

6.12. IloasaTrTa dpakTop-rpynn

6.12.1. Cymi>kHi KJjlacu 3a HOPMAaJILHOIO IIiATrPYyIIOI0

Hexaii H — nopmanbaa migrpyuna rpynu (G,x*). s ejementa a € G
BBEJEMO O3HATMCHHS

a=ax H=H xa.

MHOXKUHY @ HA3UBAIOTH CYMINCHUM Kaacom TpyTn (G, %) 33 HOPMAJTHHOIO
miarpyno H, akuil mopoKeHuii ejieMeHToM @ (Y ThOMY TiIPO3ILT PO3TIIs-
JIAEMO BHTIAJI0K HOpMAaJbHOI mijarpynu [, a orxke, npasi Ta JiBi cymixKHi
KJIacu 30iratoThes).

Yepes G/H MO3HAYNMO MHOXKUHY CYMiKHUX KjaciB rpynu (G, ) 3a H:

G/H = {a:a € G}.

Ak yxke Oyso 3a3HaveHo (nuB. npuk/. 6.38), mAesKi cyMmizxKHI Kjaacu Mo-
KyTh 30irarucs. 3asBudvaii, y mHokuHI G /H OJIHAKOBI CYMIZKHI KJacU He
PO3PI3HSAIOTH, TOOTO BBAXKAIOTH OJHUM €JIEMEHTOM.

Bnopasa 6.18. /losectu, mo g goBiabHEX a,b € G Mae Micle ekBiBa-
JIEHTHICTD:

(a€b) = (be€a)< (a=0D).

JI1st BUBYEHHST BJIACTUBOCTEM 1 MPAKTUYHOTO OOYUCTIeHHST MHOKUHN (G / I
3HAI00UTHCS TAKUW TTPOCTUI pe3yIbTar.

Jlema 6.9. Hexati a,b € G. Todi maec micue exsi8areHMHICTIDL

(@a=Db) < (axb e H).
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Pozminr 6. EjgemenTn Teopii rpyn

Josedennsa. 1. Hexait a = b. Tomi a € b (ockimbku a € a), a oTixe, a = hxb
s geskoro h € H. Orwxe, orpumyemo a bt = h € H.

2. Hexait axb™' € H. Toni ax b = h € H, a otixe, a = hxb € b,
Om:xe, cyMixKHI KJIacu @ Ta b MiCTSTD IpUHANMHI ONUH CHIJIBHUN €JIEMEHT a
i 32 Teopemoro 6.12 marors 36irarucs, To6TO o = b. 0]

Bupasa 6.19. /lng gosiibaux a,b € G 1oBecTn €KBiBaJEHTHICTH
(a=0b)< (b'*ac H).

Ockinbku MmuOkuHa G / 1 3371a€ po3ouTTa MHOKMHKM G B 00’ €IHAHHSA MHO-
KUH (CyMiKHUX KJIACIB), IO MOMAPHO He mepepizaiTbes, Ha G MOXKHA BBECTH
BITHOIIEHHS €KBIBAJICHTHOCTI

(a~b) e (a=5),

npudomy (IuB. pe3yabrar Bupasu 3.14) muoxnHa G / 7 30iraeThes 3 paxTop-
MHOKIUHOIO (G 32 BIJHOIIEHHAM €KBIBAJTEHTHOCTI «~o»:

Gl =G/

Bapasku jemi 6.9 (pasom 3 pesyiabrarom Bupasu 6.19) maemo 3pydHy
dopmy I BBEJEHOI'O BiJIHOIIEHHS €KBIBAJIE€HTHOCTI:

(a~b) e (a=b)< (axb ' cH)e (b'xac H).

Orxke, muokuHY G / ; MOxHa obuncmosatu gk dbakrop-muoxuny G /N,
3aCTOCOBYIOUH BiAMOBimHI MeToau (jiuB. miaposm. 3.6).

IMTpuknan 6.44. O6uucaumo muoxuny GL, /SL . Jns noBUIBHUX MaT-
punbs A, B € GL, maemo

(A=B)e (A~B)& (A-BY) e SL,) & (|A- B~ =1) & (|4 = |B]).

Orke, cyMizkHMIT Ki1ac, nopomkenuii marpuneio A € G L, 3 BU3BHAYHIKOM
|A| = o, micTuTh Ti i TIIBKE Ti MATPHIL, BUSHAYHUK SIKUX JIOPIBHIOE ol

A={X €GL,: |X|=|A|} = {X € GL,: |X| = a}.
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6.12. Ilousarrs paxkTop-rpynu

OTKe, KOXKeH KJIaC eKBIBATEHTHOCTI (BiH Ke CYMIXKHHH KJac) MICTHTH
MaTpuill 3 (PIKCOBAHUM 3HAYEHHSIM BU3HAYHUKA. Y PAXOBYIOUH, 110 JijIsd OY/1b-
akoro o # 0 icuye npunaiiMmui omna marpung A € GL, 3 BU3HAYHHKOM
|A| = o, MOYKEMO BUIIHCATH 3arajibHUN BUTJIsIT CyMixKHUX KiaaciB GL, 3a SL,:

A, ={X e GL,: |X|=0a}, a#0.

Tenep mokna Bunucatu MHOKUHY G L, / SL.
n

GL”/SLn = {A,: a # 0}.

[Ile pa3 Haroaocumo, 10 KoxkHa MHOKUHA A, (o > 0) € cymizkHUM KJia-
cOM, ¥ IHIMUX CyMIKHUX KJaciB HEMAE.

ITpuknan 6.45. O6UnCIMIMO MHOXKHUHY S, / 1 (0OMEKUMOCH HETPUBiaIb-
HUM BUNAJAKOM 1 > 2). JIjis JOBLIBHUX WiJACTAHOBOK G1, 02 € S, MaeMO

(61 = 82) = (01 ~ 02) = ((01 o 02_1) € An> =
& (x(01005") = 0) & (x(01) = x(02)).

Otke, CyMizKHUHN KJ1aC, TOPOZKEHUH 1M ACTAHOBKOI 6 € S, MICTHTH Ti i
TIIBKH Ti HiJICTAHOBKHU, HAPHICTH SIKUX 30Ira€ThCs 3 HAPHICTIO O:
— A,, 4KIIO ¢ apHa

c={t€S,:x(zx) =x(0)} = ’ ’
Sy \ Ay, 9KIIO 6 HeMapHA.

YpaxoBytoun, 1o opu n > 2 rpyna S, MICTUTh TpHHAWMHI OTHY Map-
HY 1 TpUHalMHI OJIHY HeMapHY MiJICTAHOBKY, OTPUMYEMO JIBa CYMIKHI KJIa-
CH — MHOXKHHY HAPHHUX IIACTAHOBOK A, Ta MHOXKHHY HEIapHHUX IIiJICTaHO-
BOK S, \ Ap:

S”/An ={A,, S, \ A.}.

Ak HACHIIOK, H0BejIeHO PAKT, AKUH IHTYITUBHO OYEBUJIHUI: 1ipu 1 > 2

KiJIbKICTD [TAPHUX ITIICTAHOBOK V S, JOPIBHIOE KiJIBKOCTI HEIIAPHUX, OCKIIbKI

3a Jiemoro 6.8 card(A,) = card(S, \ A,).

Ipuknaz 6.46. OGuucanmo muoxuny Z/  (n € N). lna gosinbnnx
ki, ko € 7, maemo

(El = Eg) = (kl ~ ]fg) ~ ((lﬁ + (]{72)_1’+> € HZ) =
& ((ky — ko) € nZ) < ((k; mod n) = (ko mod n)).
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Pozminr 6. EjgemenTn Teopii rpyn

OT:Ke, B OTHOMY CYMI?KHOMY KJIaCi MICTAThCS YHCJIA, IO Jal0Th OJHAKOBY
OCTady BiJ JJIEHHS HA M. Jlerko 3po3ymiTu, Mo MaeEMO 1 PI3HUX CYMIKHUX
KJIACIB:

7). =10,1,....k,....,n—1}, ne k = {km:m € Z}.

OT:Ke, MHOKMHA CYMIzKHUX KJIACIB Z /nZ 30iriacs 3 Bi1OMOIO HaM PaKTop-

MHOXKHHOIO Z, = Z/( mod n)°

6.12.2. BusHaueHnHsa (pakTop-rpynu

Hexait H — nopmasbaa niarpyna rpynu (G, *).
Ha muoxkuny cymikanx kjaacis G /H nepeneceMo OIHApHY OMEePalliio «*»,
BU3HAUYEHY HAa MHOXKUHI G

axb=axb, n1aa,bcG. (6.13)

Omrxke, crisBigaOmEeHHs (6.13) BUsHaUaEe a * b 1715 OY/Ib-AKOT TApU CyMiK-
HUX KJgaciB a,b € G / 47> OCKLIBKH Jj1g O0UUCIeHHS @ * b 10CTaTHDO:
e BUOpaTH JOBLIBHUX IIPEJICTABHUKIB a € a Ta b € b;

e 00UHCIUTHU a * b;
® BUKODHUCTOBYIOUH ciiBBigHomenus (6.13), orpumaru: a * b = a * b.

OyiHaK mOTPIGHO JOBECTH KODEKTHICTH BU3HAYEHOI omeparii, ToOTO He3a-

JIE2KHICTD pe3y/ibTaTy a * b Bij BUOOpPY ILpe/CcTaBHUKIB a € a, b € b.

Jlema 6.10 (kopekTHicTh omeparlii «+» Ha G /H) Hezati a = a,
by =0, de a,ay,b,b; € G. Todi

ai * b1 =ax*b.
osedenna. 3a gemoro 6.9 1J1s1 JI0BeIEHHST JTOCTATHLO IEPEBIPUTU BHKO-
HaHH" yMOBH (a1 * by) * (a * b)~! € H:

1

(ayx b)) *(axb) P=a; xbyxb ' xat=a; xhyxa ', ne hy =b xb '€ H;

a1 % hy €ayxH=a, = H*ay 3 hy % ay mas qesikoro hy € H;
(ay % b)) *(a*xb) ™ =ho*xay*xa ' =hyxhs € H nehs=a;+xa ' € H.

Jlemy MOBHICTIO JIOBEIEHO. L]
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6.12. Ilousarrs paxkTop-rpynu

Otke, omeparlliss «*» Ha MHOXHHI G /H BU3HAUEHA KOPEKTHO, 1 MaeMO
3aMKHEHY aJreOpudHy CTPYKTYPY <G / o >|<>

Teopema 6.15. Ancebpuuna cmpyxmypa <G/H, >|<> € 2pynoro.

Joseders. JInsg mepeBipKu TBepKEHHS TeOpeMU HeOOXiTHO JTOBECTH
ACOIIATUBHICTH CTPYKTYPHU <G / o >|<> HaHBHiCTb HeTpaJIbHOTO €IeEMEHTa Ta

nasBHicTh 06eprenoro (a)™ aus koxuoro (a) € G/,
AcormiaTuBHICTH Omeparmi «» Ha MHOKIHI G /,, BUILINBAE 3 ACOMIATHBHOC-

Ti «» Ha MHOXKHHI G Ta BU3HAYEHHS «*» HA G/H (cniBBigHOMEHHS (6.13)):

*(E*E) *(b*c):a*(b*c):
=(a*xb)xc=(axb)xc= (axb)*c

Hexaii e € G — neitrpaibuuii eement rpymu (G, *). Toxi enement e = H
¢ Hefirpanbanm y crpykrypi (G/,,, *):

T*ke=xx%xe=x aad JoBiasHOTO T € G.

st koxknoro (a) € G /H a € G) y crpykrypi (G /H, %) icHye obepHeHmuil

@ =a

alvxa=alvxa=e=H; axal=axal'=e=H. O

['pyny <G /H,*> HA3MBAIOTH pakrmop-zpynoto Tpynn G 3a HOPMAJIBHOIO
miarpynoio H. Y mporeci goBegeHHa TeopeMu 6.15 O0ya0 moka3aHo, IO Heii-
TPaJbHAM €eJIeMeHTOM (haKTOp-IPYIH € HOpMAaJIbHUN AiIbHUK H, 3a gxum
IIPOBOJAATH (PaKTOPU3ALIIIO.

i MpakTUYIHOIO 3HAXO/KEHHSI (paKTOP-I'PyIH <G / 0 >|<> HEOOX1IHO:

® 3HANTHU SIBHUI BULJIST MHOKUHU G / (v 6araThox BUTIAJIKAX JIJTS IBOTO
3PYYHO 3aCTOCOBYBATH METOAM, BUKOPUCTAHI y npuka. 6.44 — 6. 46)

e 3adikcyBaBmu Oy/Ib-9KNX NPEICTABHUKIB y CYMIKHUX KJIacax @ Ta b,
BU3HAYATH BULJIAJ CYMIZKHOTO KJIACy @ * b = a*b (ypaxoByioun jo-
BiIbHICTH BHOOPY TPEICTABHUKIB @ € a, b € b, X BUOHPAIOTH TaK, 100
MAaKCHMAJIBHO CIIPOCTHTH OGUMCJICHHS @ % b Ta a * b);
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Pozminr 6. EjgemenTn Teopii rpyn

e 3adiKCyBaBIIN 6VIb-IKOTO HPEICTABHIKA B CYMIKHOMY KJIACi 4, BH-
3HAMMTH BUL/Is 00EPHEHOro cyMmixkuOTO Kiaacy (a)™' = a~1 (maramae-
MO, IO HEUTPAJbHUM eJeMeHTOM (haKTOP-I'PYIU € HOPMAJIbHUIN JI1Tb-
HUK H, 3a SKUM TPOBOISITEH (DaKTOPHU3AILIO).

IMpuknaang 6.47. O6uncanmo daxkrtop-rpyny GL, /SL . DakTOp-MHOKH-
HY GL”/SLn OyJ10 3HadIeHo B MpuKJ. 6.44:

GL”/SLn = {A,: a # 0},

e A, ={X € GL,,: |X|=a}, a #0.
Y cymixuaux kaacax Ay, ta Ay, (a1, 0 # 0) Bubepemo Takux mnpejacran-
HUKIB:

(a1 0 0 ... 0 0) (a2 0 0 ... 0 0

010 ..00 0 10 ..0
1 1

0 0 0 0] ¢ q 0 0 00| ¢4
0 0 0 10 0 0 0 10

\0 0 0 0 1) \0 0 0 0 1)

Jlig BUOpaHUX MpeCTaBHUKIB HeBaXKKO obuncantu Ay, * A,,:

ol 0 0 0 Ao 0O 0 . 0 a1 - Ao 0 0 0
010 ..0/ [0o10..0 0 10 0
001 ..0[-]0 01 ol=| o o1 0
0 0 0 1/ \o 0o 1 0 00 1

Ay, % Ay, = {X €GL,: | X| =01 a0} = Ay -

Heitrpasabaum €JIEMEHTOM Y daxtop-rpym GL, /SLn, AK i B 3arajlbHOMY
BHIIQJIKY, € HOPMaJIbHUI AiMbHUK SL,. 3a3HAUNMO, IO B IBOMY KOHTEKCTIi
S L, 3pydHO PO3IISIATH 9K CYMiKHUI KJIAC, MOPOIZKEeHNNH OJMHUIHOIO MaT-
purieio I — HeliTpagabHuM eseMeHToM rpynu GL,.

Hapermrri, giaa cymizkaoro kjiacy A, obunciumo obepuenuii. Bubpasiiu

npeacraBHUKa
« 00 ...0
010 ..0
00 1 0| € A,
000 1
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6.12. Ilousarrs paxkTop-rpynu

OTPUMYEMO
« 00 ...0\ [faL 00 ..0
010 ...0 0 10 0
(A)t=1(0 0 1 o] =0 01 0] = Ayt
000 1 0 00 1

Orxe, nus daxrop-rpyuu GL, / SL. OiHapHa oreparllisg «-» Ta obepHeHu
eJJeMeHT BU3HAYAIOTh TaKl CHIBBIIHOIIEHHY:

Ay - Agy = Aoy (6.14)
(A) ' = Ay (6.15)

Haramaemo, mo HeiirpagabauM egeMenToM vy dakTop-rpymi G L, / op » AK 1
n
B 3ara/ilbHOMY BUIAJIKY, € HOPMaJbHUN TIbHUK S L.
CHIBBI,ZLH(?HIGHHH (614) BU3HaMae ISOMOpCleCTI? cbaKTop—rpyHI/I GL, /SL”
Ta MYJbTHILTIKATUBHOI rpynw jrificaux ancen R* 3 isomopdizmom

f: GL”/SLn — R, f(A) =

Baysaxkenuss 6.20. Izomopduicte GL, /SL” ~ R* TakoxK BHILIHBAE 3
OCHOBHOI TeopeMu 1mpo romoMopdizmu rpym (miaposa. 6.14).

Baypazkenns 6.21. lns orpumanus coissignormrens (6.14), (6.15) y cy-
MiKHUX KJIacax 0ys0 0OpaHO MpeCTaBHUKIB CIEIia bHOTO BUTISLY (J1iaro-
HastbHi MaTpuii). [Ipore ni cuiBBigHomenHs MoXKHA Oy/10 6 OTpUMAaTH, O0UpAa-
1090 JIOBIIBHUAX [PEJICTABHUKIB 1 nasi BukopucroByodn dhopmyry (6.6) mis
BU3HAYHWKA JOOYTKY MaTPHIIb.

ITpukaan 6.48. O6uucanMo haxkTop-rpyny Sn/A . MHOX)UuHY Sn/A oy-
JIO 3HaliJIeHO B MPUKJI. 6.45:

S”/An — {A07 "41}7
e .Ao = An, ./41 = Sn\An

Bubpasiu JoBLIbHEX IPeACTaBHUKIB 6o € Ag, 61 € A;, To6T0 BubpaBmn
B S, JedKy MapHy MiJICTAHOBKY Og Ta HemapHy o (e MOYKHA 3pOOUTH JIisI
OY/Ib-SIKOTO M. > 2), OTPUMYEMO:

cioo1 €Ay, opoocy€e Ay, opgoo; € A, o100 € A;.
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Pozminr 6. EjgemenTn Teopii rpyn

Otxke, MoxkeMmo TobyryBaTn Tadbauio Kemi mis omepariii y ¢pakTop-TpyIi
Sn/, (rabm. 6.6).

s Tabuisg BusHAYAE 130MOPQHICTH daKTOP-rpymu Sy, / 4 Ta aJIATUBHOIL
n
rpynu Zs 3 izoMopdizMom

f: S”/An - ZQ: f(AO)

(151 J10BeIeHHST JOCTaTHRO HOpiBHATH Tabu. 6.6 Ta 6.3).

0, f(A)=1

SayBarkerHst 6.22. I3omopdHicTs S, / 1~ Lz TaKOXK MOKHA JIOBECTH, KO-
PUCTYIOUNCH OCHOBHOIO TEOPEMOIO Mpo roMoMopdismu rpym (migposm. 6.14).

Tabmauns 6.6. Tabaumnga Keni gna dakrop-rpynu S, / A

o .Ao .Al
Ao | Ao Ay
A | A1 Ao

ITpuknang 6.49. Obuuciumo dakTop-rpyny Z /nZ (n € N). Muoxuny

Z /nZ OyJ10 3HalIeHO B IPUKJI. 6.46:
Z/TLZ :Zn:{G,I,...,E,...7n_1}, ﬂeE:{k‘mm€Z}

Omnepaiist y daxrop-rpymi Z /nZ BU3HAYAETHCS CHiBBigHOMEHHAM (6.13),
gKe JJIsl JIAHOTO BUIIAQIKY Ma€ BUIJIS

a+b=a+b.

Ot:xe, bakrop-rpyna Z /nZ 30ira€TbCs 3 aJIUTHBHOIO I'PYIIOI0 KJIACIB JIUIII-
KiB Zj, (mmposm. 6.4.2):
7 /nZ = Zon,.

6.13. 'omomMmopddizmu rpym: TeopeMu Ipo AApPO
Ta obpa3 romomMop@dizmy

[IpomoBXKUMO BUBUEHHS TOMOMOP(MHUX Bi0OpaKeHb TPYT, pPO3MOYaTe B
niapo3a. 6.6.

164



6.13. I'omomoppizmu rpyi: TeopeMu Mpo sijIpo Ta obpas3 roMoMopgpizMmy

OTke, y MpOMY TiApo37iii mpamoBaTuMemo 3 rpynamu (Gy, x) (He#T-
panbhuii egemeHT €1) 1a (G, ®) (HEATpaJIbHUIT €JIeMEHT €g), MiXK SKUMU
BCTaHOBJIEHO roMoMopdism f: G — Go.

OzHauenHd 6.18. apom romomopdismy f: G; — (G5 HA3UBAOTHL MHO-
xuny Kery C Gy, mo mictuts Ti i Tinekn 1i € Gy, nag akux f(z) = es:

Kery = {x € Gy: f(x) = e}

Haragysauusa. O6paszom romomopdismy (gK i 6yab-gKOro iHImoro i-
nobopaxenus) f: Gy — Gy nazuBaors Mooxuiy Imy C Gy, MO CKIA13€THCS
3 esementiB f(x) (x € Gy):

Ims = {f(z): x € Gy}

3a3HaYUMO, IO AP0 TOMOMOPQI3MY 3aBK/JIHM MICTUThL IPHHANMHI OAUH
esleMeHT — e (HedTpanbHuil eteMenT rpymu (1), OCKIIBKH, 38 TeopeMoio 6.8,
f(e1) = ey dnpo Kery, mo micturs jume oqun enement (Kery = {e1}),
HA3UBAIOTh MPUBTAALHUM.

ITpukmaan 6.50. 1. Po3risinemo BijoOparkeHHs

f:R—=R" f(a)=2%

[le BimoGpaxkennst € romomopdismom 3 rpymu (R, +) (ueiirpanbHuii
er = 0) B rpyny (R*,-) (mefirpaapuuit e; = 1). Obuncanmo fioro sapo Ta
obpa3s:

Kery ={z eR:2" =1} ={0};
Im; = {27: 2z € R} = (0, +00).
Otxke, aapo Ker; Tpusianabhe.
2. Posrngremo BimoOpaKeHHS

fiR—={zcC:|z|=1}, flx)=¢€"

(TyT e =~ 2,718 no3nauae ocHOBY HaTypaJbHOro Jorapudma). Ile Bimobpa-
KeHHsi € romoMopdizmom 3 rpynu (R, +) (mefirpanbauit e; = 0) y rpymy
({z € C: |z]| =1},-) (meirpanbauit e; = 1). O6uncaumo #oro sapo Ta 00-
pas:

Ker;={reR:e” =1} ={z=2nk: k€ Z};
Im; ={e”: 2 € R} ={2€C:|z| =1}.

Otxe, aapo Kery He € TpuBiaabHuM.
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Pozminr 6. EjgemenTn Teopii rpyn

3 saapoM Ta 006pa30M OB’ s3aHO OaraTo IMiKaBUX BJIACTUBOCTEH TOMOMOP-
¢izmiB rpym. Po3risgneMo Jieski 3 HUX.

Teopema 6.16. Iomomoppism f: Gi — Gy € monomopdizmom modi 1
minvku modi, xKoau aAdpo Kery mpusianvre.

Josedennsa. 1. Hexait f — moromopddizm. Toxi rpusBiagpHicTh sapa Bii-
pa3y BUILIMBAE 3 BU3HAYEHHSI iH €KTUBHOCTI:

(x € Kery) = (f(z) =e2) = (x = e1),

ockibkE f(e1) = es.
2. Hexait Kery — Tpusianbae. 3adikcyBasmm 10BiabHI 71, 22 € G 1 npu-
nycruim, mo f(x1) = f(xs2), orpumyemo

(f(z1) = f(z2)) = (f(z1) ® (f(22)) " =€) =

= (f(z1 *x;l) =) = (11 *acgl € Kery).

Otwxe, 11 %7, " € Kery. Ane sapo Ker — tpusiamsae, To6T0 Kery = {e;},
3BIJIKM OTPUMYEMO
(1 %25t = e1) = (11 = 33).

Orxke, 115 x1, 9 € (G1 Ma€ MicIe JIONIYHIH HACJI 0K

(f(z1) = fla2)) = (21 = 32),
[0 BU3HAYAE iH €EKTUBHICTH BimoOparkeHHs f. 0

Ilpukmaan 6.51. Posrisgnemo romomopdiszmu 3 npukJi. 6.50.

1. Bimobpaxkenns
f:R—=R" f(a)=2"

e romomopddizmom 3 rpynu (R, +) y rpyny (R*, ). dapo nporo romomopdizmy
Kery = {0} Tpusianbhe, i romomopdism f € morOMOpdizmMoM.
2. Binobpaxkenns

fiR—={zeC:lz|=1}, flz)=¢€"

e romomopdizmom 3 rpymu (R, +) y rpyny ({z € C:|z| = 1},-). Horo s-
po Kery = {z = 2nk: k € Z} ne € rpusiasbuum, i romomopdism f He €
MOHOMOP@I3MOM.
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6.13. I'omomoppizmu rpyi: TeopeMu Mpo sijIpo Ta obpas3 roMoMopgpizMmy

Teopema 6.17. Hexatii f: Gi — Gy — 2omomopdiam misic epynamu

(G4, %) ma (Go,®). Todi:

1) adpo Kery e nopmanvrum diavrurom y Gi;
2) obpas Imy e nidepynoto y Gs.

Josederna. 1. Posrnanemo aapo Kery C (. Cunodarky mosenemMo, 1o
Kery e miarpynotwo rpymnu (G, *):

1) muoxuna Ker; nenopoxkus, ockinbkn Kery 3 eq;

2) st oBibHUX o,y € Kery orpumyemo

flaxy ) =f@)@ fly) ' =e®e,' = e,

To6TO T * Yy~ € Kery.

OT:Ke, BUKOHYIOThCA YMOBH TeopeMH 6.7 3 ypaxyBaHHIM HACIIIKY, TOOTO
Kers e miarpynorwo rpymn (G, *).

Hosenemo, mo Kery € nHopmansoo niarpynowo rpymu (G, *). 3adikcy-
BaBIN JIOBUIBHI * € G, a € Kery, oTpumyemo

flaxaxz) = (f(2))" ® f(a) ® f(z) = (f(2)) " ®e2® f(2) = €2,

T06T0 ' *axx € Kery. Orwxe, miug niarpynu Kery C G BUKOHYeTHCS yMOBa

(6.12) Teopemn 6.14, To6To Ker; € nopmanbanm gisbaukoM rpymu (G, *).

2. Posrnauaemo obpas Imy C G Binobpaxkenns f: G; — Ga. Ilepesipumo
BUKOHAHHST YMOB Teopemu 6.7 (ypaxoByodn 11 HACTIIOK):

1) muoxkuna Imy Hemopoxkusi, ockinbku Imy 3 ex = f(ey);

2) 3adikcyemo noBibHI Y1, Y2 € Imy. YpaxoByoun BusHaueHHS 00pasy
BisloOparkeHHsT BBaxKatumemo, 1o y; = f(x1),y2 = f(x2), ne x1,29 € Gy.
[lepesipumo Bukonanns ymosu (6.9):

@y, = flar) ® (f(a2) ™ = f(zr*xa3") € Imy .

OTKe, BUKOHYIOTBHCS YMOBH TeopeMu 6.7 3 ypaxyBaHHIM HACJIIIKY, TOOTO
Im¢ € migrpynoio rpymu (Ga, ®). O

IMpukaan 6.52. Posragnemo rpynu (R, +) ta (C*, ), ne C* = C\ {0}.
Binobpazkenns .
fTR—=C* f(z)=¢€"
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Pozminr 6. EjgemenTn Teopii rpyn

BCTAHOBJTIOE TOMOMOP(I3M MixK JaHuMu rpynamu. Bummumemo sapo Ta obpas
BiIoOparkeHHs f:

Ker;={reR:e” =1} ={z=2nk: k€ Z};
Imy ={e”: 2 e R} = {2 € C:|z| =1}.

Jlerko nepesiputn, mo sapo Kery = {z = 2nk: k € Z} niiicno € nop-
MasbHOWO Tiarpynoo B (R, +), obpas Ims = {z € C: |2| = 1} € miarpynoro
rpynn (C*, -).

IIpuknaan 6.53. Posrusgmnemo romoMopdiszM MizK MYJIHTUILIIKATABHEMH
rpynamu G L, Ta R*:

f:GL, = R*, f(A)=4].
Ob6uncmMo gapo Ta 006pa3 BigoOparkeHHs f:

Kery ={A € GL,: |A| =1} = SL,;
Im; = {|A]: Ae GL,} =R".

Otxe, anpo Kery = SL, gificHo € HOpMabHOIO miarpynowo rpynu GL,,
obpas Imy € TpusiaabHOO HMiArpynoo0 rpynu R*.

Y npuki. 6.52 Ta 6.53 oopa3 romomopdizmy f: G7 — G5 BUSIBHBCS HOP-
MasibHOWO miArpynow B (Ga, ®). IIpore B 3arasbHOMy Bunajaky obpa3 Imy
— migrpyna (Gy, ®) i, gK MOKa3ye HACTYNHUHN MPUKJIAL, MOXKe He OyTH HOP-
MaJLHAM JITBHIKOM.

Ilpukgan 6.54. Po3ristHeMo MyabTUILIiKATHBHY rpyiy G HEBHPOIZKe-
HUX HUZKHIX TPUKYTHUX MaTPHUIb PO3MIpOM 2 X 2:

G = {(C;)l C(L)Q): 0,16L27é0}.

Pozristnemo BimoOpazkeHHsI
) [ 0 aq 0
pame (3 ) (n 0)
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6.13. I'omomoppizmu rpyi: TeopeMu Mpo sijIpo Ta obpas3 roMoMopgpizMmy

Binobpaxkenuss f € romomopdizmom i3 rpymu (G,:) y Ty camy rpy-

ny (G, -):
aq 0 ) C1 0 L ai1cy 0 .
b a9 d Co B bCl + dCLQ a9Co ’
f . a1y 0 . a1Cy 0 _ aq 0 ) (&1 0
) bCl + dCLQ a9Co 0 a9Co 0 a9 0 Co ’

O6pa3oM ycTaHOBJIEHOI'O TOMOMOP@I3MY, OUeBUIHO, € MHOYKMHA HEBUPO/I-
JKEHUX JIlarOHAJbHUX MATPHUIlL pO3MIpoM 2 X 2:

Im; = {(Cg c?2> D oajay # O} )

JIerko nepesipuTH, KOPUCTYIOYUCH Teopemolo 6.14, mo Imy He € HOpMaJIb-
HUM JITBHIKOM (X0U i € miarpymnow) B (G, +):

()ee (o )em
G (o) G Y)-(0s)¢m

Bnopasa 6.20. Kopucryounch Teopemoio 6.14, mepeBipuTu, Mo sapo

{1 e

JiHCHO € HOpMAJIbHUM JLILHUKOM B (G, ), aje He € HOPMAJIBHUM JLIbHUKOM
(x01 i € marpymnowo) B G Lo.

Hacrymnuit npukiaan ay:Ke BazKJIUBHI, OCKIJIBKH, ¥ TEBHOMY PO3YMIiHHI,
Jla€ TIOBHUIT OMUC YCIX HOPMAJIbHUX MIMHHUKIB JIAHOI TPYTIN.

IMpukmaazn 6.55. Hexaii (G, *) — goBiabHa rpyna 3 HefTpaJbHUM €/1eMeH-
ToM e € G, H < G. Po3rnsaemo BigoOparkeHHst

0:G—G/,, pla) =1
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Pozminr 6. EjgemenTn Teopii rpyn

Jlerko mepesiputh, 1o p € romomopdizmom 3 tpymu (G, *) y daxTop-
rpyny G / - AllliCHO, 3a Bu3HAMeHHAM onepanil Ha (akTop-rpymi (cuiBBiiHO-
menng (6.13)), orpuMyemo

o(zxy) =wry=w*y=p(x)*p(y).

Busnauenuii romoMopdisM g HA3UBAIOTb NPUPOOHUM, aDO KAHOHIMHUM.
O6uncanmo s#/1po Ta 00pa3 HPUPOTHOro roMoMopdisMy p:

Ker,={z €G:p(z)=e=H}={re€G.o=¢}={reG:x€ H} = H,;
Im, = {p(z): 2 € G} ={r:2 € G} =G/,

Otzke, anpo Ker, 36iraerbed 3 HopMaabHuM JiabHUKOM H . Takum uumnom,
Oy b-aKkuit HopMasibHuii JiabHuK H rpynu (G, %) € a1poM JessKoro roMOMOp-
dbizmy (mpunaiiMHi, 3 SPOM BiANOBIIHOTO TPUPOIHOTO TOMOMOP(dI3MY ),
BU3HaYeHOro Ha (G *).

3aznauumo, mo obpas Im, Bimobpaxenna p: G — G /H 30ira€rbes 3

dakrop-rpynoo G / 47> TOOTO npupoaHit roMomMopdism € eniMopdizMom.

6.14. Teopema nipo romoMop@i3zMu rpyn

Y mboMy TiAPO3MiJIl PO3TITHEMO BaXKJIUBY TeEOPEMYy, sIKa BCTAHOBJIIOE
3B’SI30K MixK roMomMopdizMaMu Ipyll, HOPMaJbHUMU ALIbHUKAMHU 1 PpaKTOP-
I'PyIAMHA.

Hexait f: Gy — G5 — romomopdism Mmixk rpynamu (G, %) (HeHTpaabHuii
esleMeHT e1) Ta (Go, ®) (HelTpaabHUil eleMeHT ey). Haramaemo:

e 1po Kery romomopdismy f € HopmanbuuM giabankoM y Tpymi (G, *),
a 0TKe, MOXKHa posriagaaru dpakrTop-rpyny Gi /Kerf;

e 00pa3 Im; romomopdismy f ¢ miarpynoro rpymnu (G, ®), a 0TKe, MOK-
ma posrisinary Imy gx rpyny (Imys, ®).

Teopema 6.18 (ocuoBHA Teopema mpo romomopdizmu rpyi).
1. Daxmop-2pyna Gl/Kerf aa adpom Kery izomoppra 0bpasy Imy:

Gl/Kerf ~ Imf’
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6.14. Teopema 1po roMmoMopizMu rpyir

2. Ienye marxutd 130mMopPiam @: Gl/Kerf — Imy, wo

pop=f, (6.16)

de p: G1 — Gl/Kerf — npupodnuti omomopdism (Vx € Gy: o(x) = ).

Jlosedenna. 3amamo BimodpaxkeHHsa ¢: Gy /Kerf — Imy TakuMm criBBigHO-
IIEeHHSM:

o(z) = f(x), x€G. (6.17)
Hosenemo, mo Bigobpaxenna ¢ : G /Kerf — Im; BU3HAYEHO KOPEKTHO 1
BCTAHOBJIIOE TIYKAHUil i30MopdisM Mixk rpymamn G /Kerf Ta Imy.

1. Busnavennsa Bimobpakennsa ¢ : Gy /Kerf — Imy 4gepes cHiBBiJIHOIIECHHA

(6.17) moTpebye 0Or pyHTYBaHHSI KOPEKTHOCTI, TOOTO HE3AIEIKHOCT] 3HAUEHHSI
o(z) = f(x) Big BUGOPY NpejcTaBHEKA T € Z.

Hexait ©1 = 1o (21,29 € G7), TOOTO €JIEMEHTU X1 Ta Ty HAJEIKATH OJI-
HOMY CYMI?KHOMY KJIacy. Y PaxoBYIOUH, IO HOPMAJIbHUM JITbHUKOM € Kery,
OTPUMYEMO

fx1) @ (f(z2)) ™ = fzrxag") = ey,

OCKITLKH, 3a Jemoto 6.9, 71 * x5 € Kery.
Orke, f(x1) ® (f(z2))™' = ez, 3BiAKE ompa3y BUILIMBAE PIBHICTDH

f(z1) = f(x2).
Takum umHOM,

f(xl) :f(xQ) opn x, ::C_Qa Ty, T2 ele

TOOTO Bimobpaxkenusa ¢: Gy /Kerf — Im; KOpeKTHO BU3HAYAETbCH CIIBBiIHO-

mentsm (6.17).
2. loenemo, mo BimoOpaxkenua ¢ : Gy /Kerf — Imy e romomopdizmom

MK rpymamu Gy /Kerf ta Imy (maramaemo, mo Im; posrnsnaerbes gk mif-

rpyna rpym (G, ®), To6To ax rpyna (Imy, ®)).
Jlng noBlIbHUX X1, Xo € G /Kerf (21,9 € G1) OTPUMYEMO

(1% 72) = @(r1 % 22) = f(x1 % 72) = f(21) ® f(72) = (1) ® p(72).

Otxke,

@(x1 % 22) = (1) ® (x2),
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Pozminr 6. EjgemenTn Teopii rpyn

TOOTO BioOpaxkenHda ¢ : Gy /Kerf — Im; € romomopdisMoM MiXK rpynamu
Gl/Kerf Ta Imf.

3. Hdosenemo, mo romomopdism ¢: Gy /Kerf — Imy € monomopdizmom.

Hexait = € Ker,, 10610 = € G4, ¢(x) = f(z) = es.

Ypaxosytoun, mo daxropusyemo G 3a aapom Kery i HeitTrpagbauM ee-
MeHTOM y daxTop-rpymi G /Kerf € HOpMaJIbHAI NIIbHUK Kery = e, orpumy-
€MO

(f(z) =e2) = (v € Kery) = (v = e; = Kery).

Or:Ke, €MHUM eIeMEeHTOM 2, 0 HAJIEXKUTD SLIPY Ker,, € cymizknunit ki1ac

Ker; = e; — nefiTpasbnuil ejleMenT paKTOP-rpynu Gl/Kerf:

Ker@:{a}:{@}-

€1

Ile o3nadae TPUBIAJBHICTH fAApa rOMOMODP(]IZMY ¢, a OTXKe, 3a Teope-
Moro 6.16, romomMopdism ¢ € MoHOMOP(DI3ZMOM.

4. Hosenemo, mo romoMopdism ¢: Gy /Kerf — Im; e enmimopdizmonm.

3adixkcyemo noBinbHEI eneMenT Yy € Imy. YpaxoBylodun BU3Ha4YeHHH OO-
pasy BijgoOpazkeHHs BBaxKaTuMeMo, o y = f(x), ne x € G1. 3a BUBHAYEHHSIM
BitoOpazkerns ¢ (coiBsignomenns (6.17)) orpumyemo

y= @)= 9@, T€Gifq,,

T06T0 Yy € Im,. OTKe, 1OBegeHO CIOP’€KTHBHICTDL ¢ : Gy /Kerf — Imy, ToOTO

romoMopdism ¢ € enimopdizMoM.

5. Hosememo criBsignornrenns (6.16).
Hns nosinsaoro x € G, 3a cuiBBignomenusam (6.17), Maemo

=
8
~—
I
.6
—~
S
I

9(p(7)) = (9 op)(x),

0 JOBOANUTH piBHiCTD (6.16).

OTxke, Bimobpaxenna ¢ : Gy /Kerf — Imy, Bu3Havene cmiBBigHOIIEH-
HaMm (6.17), € MoHO- Ta emimopdizmom (a oTke, it i3oMopdi3zMom), sruil 3a-
NoBOJIbHsIE YyMOBY (6.16).

TBepaKeHHSI TEOPEMH IOBHICTIO JTOBEJIEHO. U]
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6.14. Teopema 1po roMmoMopizMu rpyir

ITpuknan 6.56. 1. Posrigremo gpakrop-rpyny G L, / g7 - J1eTKO TepeKo-
HATHUCS, 1110 HOPMAaJIbHUI JIIJIBHIK

SL,={A€GL,:|A| =1}

e aapom romomopdismy f(A) = |A|, akuit xie 3 GL, 10 MyIbTUILTIKATHBHOL
rpynu JIHCHUX YHUCeI:

f:GL, = R*, f(A)=|A|, Ker;={A€GL,:|Al =1} = SL,.

O6uncaumo 06pa3 romoMmopdizmy f. YpaxoByoun, 110 I OYIb-IKOrO
o # 0 icaye npunaiimui ogua marpuns A € GL, 3 sBusnaunukom |A| = a,
OTPUMYEMO

Im; = {|A]: A€ GL,} = R".

Om:xe, 3a Teopemoio 6.18 1po roMmoMopdi3zMu IpyIir, OTPUMYEMO i30MOPd-
HICTH

GLa/y, ~R".

Taxkum YUHOM, TiATBEPIKEHO PE3yAbTaT, OTPUMAHWUI CKIQIHITIUMHI 00-
YUCJIEHHAMU B TPUKJI. 6.44.

2. Posrsgaemo dakrop-rpymy S, / A, O0OMEXKHBIINCh HETPHUBIAJILHUM BU-
magKoMm 1 > 2. JIerko nepekonaTucs, 1o HOpMaJbHUN TiIbHAK

A, ={c€S,:x(c) =0}
€ gaapom romoMopdismy x(6), mo aie 3 S, y rpyny ({0,1}, ®):

0, gKIO ¢ mapHa, Ker. — A
n -

1, gaxImo 6 HemapHa,

x: S, —{0,1}, x(o) = {

Ob6uncsimmo obpa3 romomopdizmy x:
Im, = {x(0): 6 € S,} ={0,1}.

(mpu n > 2 MHOXKHUHA S, MICTUTH MPUHAWMHI OJTHY TIAPHY Ta MTPUHANMHI OJHY
HenapHy IijgcraHoBky). Orxke, 3a Teopemoro 6.18 npo romomopdiszmu rpyi,
OTPUMYEMO i30MOP(MHICTH

Su/s ~ (10,1}, @)
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Pozminr 6. EjgemenTn Teopii rpyn

YV PpaxoBYIOUN OYE€BUIHY 130MOPQHICTH
(10,1}, @) ~ Zy, 00, 1+ 1,

TICTAHEMO
Sufs ~ ({0,1},@) ~ Zs.

OT2ke, NiATBEPIZKEHO Pe3y/IbTaT, OTPUMAHNN CKIAIHIITIME O0YUCICHHA-
MU B IpUKJI. 6.45.

3. Posrisnemo akrop-rpymy myasrumiikarusaol rpynmu C* = C \ {0}
3a HOpMaJ/IbHOW Higrpynow {z € C*: |z| = 1}. Jlerko nepekonarucs, mo
HOpMaJIbHUI JLIbHUK € siapoM romomopdismy f(z) = |z|, akuii gie 3 C* B
MYJIbTUILIIKATUBHY IPYIY JIACHAX 9HCEI:

[:C"—=R", f(z)=|z2], Kery={2z€C":|z| =1}
Ob6uncmmo obpa3 romomopdizmy f:
Imy ={]z]: 2 € C'} = (0, +00).

Ot:xe, 3a Teopemoio 6.18 11po romomMopdizMu I'pyll, OAEP:KUMO i30MOpPd-
HICTH

C /{ze(C*:|z|=1} ™~ <(07 +OO)7 > .

4. Posrsinemo dpakTop-rpyny MyabTuiLtikatuaol rpynun C* 3a Hopmaib-
Hoto nigrpynot (0, +00). Jlerko nepekoHaTucst, o HOpMaJIbHUil JIIJILHUK €
syipoM romomopdismy f(z) = ﬁ, saknii gie 3 C* B MyJIbTUILIIKATHBHY IPYILY
{zeC*:|z] =1}

z
[C—={zeC:|z| =1}, f(»)= B Kery = (0,400).
O6uuncumo 06pa3 romomopdizmy f:

Imf:{‘—;:zeC*}:{ZEC*:M:l}.

Orke, 3a Teopemoro 6.18 1rpo romoMopdi3Mu IPyIr, OTPUMYEMO 130MOPQHICTD

(C*/(O,+oo) ~{zeC:|z|=1},).
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6.14. Teopema 1po roMmoMopizMu rpyir

Teopema 6.18 mpo romomopdizvu rpyn y 6araTboX MpaKTHIHUX BI/IHag:L—
kax (auB. npukj. 6.56) jo3BoJste, He oOuncaYn hakrop-rpyiy (G, * /H
SBHO, BCTAHOBUTH i30MOpdisM MixK (G, * /H Ta JIeIKO0I0 JI00pe BUBYEHOIO
rpynotwo (G, ®).

[Tpore, K10 TOTPIGHO OTPUMATH ABHUN BUTJIsAL (pakTOp-TpyH (G, *) /H
(TOOTO ABHUIT BUTJISI, CyMIZKHUX KJIACIB Ta omeparlii «+» y rpymi G / 1), MOXK-
Ha TAKOXK CKOpucTaTucs reopemoto 6.18.

IMpukaanx 6.57. BukopucroBywoun crissigaotniennst (6.16), Bumumemo
SABHUN BUIVIAM 130MOPPIZMY @ GL”/SL — R*:

9(A) =g(p(4)) = |A|, Ae€GL,.

Hami, ypaxoBytoun OiexktusHicTb ¢ @ G L, /SL — R*, gicranemo sgBHU

BUTJIsAM, ejeMenTiB paktop-rpynu G L, / SL. TOOTO SBHUI BUIJISIL CYMizKHUX
kinacis A (A € GL,):
A={X€eGL,: XecA ={XeGL,: X=A} =
={X €GL,:9(X)=0(A)} ={X € GL,: | X| = |A|}.
YpaxoBytoun, 10 s Oyab-gakoro o # 0 icHye npuHaiiMHI OJHa MaTPHIIS

A € GL, 3 BusHaynuKkoM |A| = o, MOXKEMO BUIHMCATH 3arajJbHUHA BUTJIsII
cyMmixkanx kjaacis GL, 3a SL,:

— (X €GL,: |X|=a}, a0

Otzke, HIJATBEPI2KEHO Pe3y/bTaT, OTPUMAaHUI JIeI0 CKJIAIHIIIMUA 00YKC-
JIEHHSIMU B ITpUKJI. 6.44:

GL"/SLn = {A,: a # 0}.

Binapuy omnepaliifo Ta npaBujio 00YHCAEHHS 00ePHEHOTO Yy PaKTOP-TpyIIi
GL, / g7 JIErKO BCTAHOBUTH 4epes i30Mopdism ¢
n

cP(‘AOH 'AOLQ) - (‘P(Adl) ) (‘P(AOCQ) = O -2 = (P(Aoq-ocz)
J
Aal : Aocg = Aoclag;



Pozminr 6. EjgemenTn Teopii rpyn

OTtpumanuil pe3yabTar 30ira€Thcs 3 pe3yabTaToM MPUKJI. 6.47.
Otxke, 3aBAsKN BUKOPUCTAHHIO TeopeMu 6.18, MOBHICTIO IMiATBEDIZKEHO
pe3yJibTarn ¢TocoBHO pakTop-rpyuu G L, / s » OTpuMaHi B upuki1. 6.44 Ta 6.47.
n

7K 1moKa3ye HaBeleHU NMPUKJIaJ, V JeIKHX MPAKTHYHUX BUIIAIKAX BH-
KOPHUCTAHHSI TEOPEMHU IIPO IOMOMOPMI3MH I'PYI CHPOIILYE sIBHE OOYMCJICHHSI
daKTOP-IrpyIH, OCKIIBKA JT03BOJSIE YHUKHYTH Oe3I0cepeIHbOro 00UNCIeHHS
CYMIKHUX KJIaCIB.

Jesiki iHIII BaxKJIUBI T€OpPeMH IIPO IOMOMOPQI3MH I'PYII, FKi CIPOILYIOTH
obuucaentst (haKTOP-IPyI, MOKHA 3HANUTH, HATPHUKJIA, y pobori [10].
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Poznia 7

EjiemeHT Teopil Kijelb

7.1. Bu3znadyeHHs Ta ODpUKJIAaU KijJelb

Kinbie — ocHOBHUIT O0’€KT PO3IJILLY B IIbOMY PO3/ILIL — IPHKJIAJ aareo-
PUYHOI CTPYKTYPHU 3 ABOMA OIHAPHUMHU OIePallisiMHU.

Osuauvennd 7.1. Kiibnem Hasupaiorh aiarebpuuny crpykrypy (R, +, )
i3 3aMKHeHUME OIHADHUME OLIEPAIiSIME «—+» (JI0JaBaHHsT) Ta «-» (MHOYKEHHS ),
BU3HAYCHUME Ha MHOXKHUHI R # &, sKi 33/0BOJIBHAIOTH YMOBH:

1) Va,b,ce R: (a+0b) +c=a+ (b+ c) (aconiaTnBHiCTh 10IABAHHS);

2)Va,b€ R: a+ b =0+ a (KOMyTaruBHICTD J10JaBAHHA);

3) 30 € RVa € R: a+0 = a (icuyBanms HeiTpaabHOro 3a TOJABAHHIM);

4) YVa € R3—a € R : a+ (—a) = 0 (icuyBauus oOepHeHHX 3a
JOTABAHHSIM );

5)Va,b,c € R: (a-b)-c=a-(b-c) (aconiaruBHICTb MHOKEHHSI);

6) Va,b,ce R: (a+b)-c=(a-c)+(b-c), c-(a+b) = (c-a)+ (c-b)

(muCcTpUOYTUBHICTH MHOYKEHHSI BiTHOCHO JIO/IABAHHS ).

Enement 0 € R (mefirpaapHuil 3a [10JaBaHHSIM) HA3UBAIOTH HYAEM
KiAbUA. 3a3HAYUMO, IO E€JIUHICTH HYJS KiJAbId K HEHTPaabHOI'O 3a J0/a-
BaHHAM BUILIABaE 3 TeopeMu 6.1.

EsiemenT —a, obepHenuit 3a jiojlaBaHHdaM JI0 @ € R, Ha3UBaOTL NPOMU-
aeschum a B Kbl R. O4eBHAHO, 110 €IMHICTH IPOTHIEXKHOIO €JIeMEHTa
Jist (pikcoBaHoro a € R € mpocTUM HaCJiIKOM 3 TeopeMu 6.2.

YmoBu 1-4 o3padennsg 7.1 BH3HAYAIOTDH, IO KiJbIE € a0eJIEBOIO I'PYIOIO
3a JI0JIABAHHSAM; YMOBa 5 BU3HAUYAE, MO KIJIbIE € MBIPYIOI (MOYKINBO, HEKO-
MYTATHBHOIO) 38 MHOXKEHHSIM; yMOBa 6 BU3HAYAE 3B'SI30K MiXK JI0/IABAHHSIIM
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Pozain 7. EjnemenTu Teopii Kireinp

i MHOXKeHHsM. OT:Ke, yMOBH o3HadeHHs 7.1 s Kigbns (R, +,-) MoxKHa m0-
JaTH y BUTJISIII:

e 1-4 — anrebpuuna crpykrypa (R, +) € abesieBoto rpymnoio;
e 5 — airebpuuna crpykrypa (R,-) € miBrpymnoio;

e 6 — omepalis «-» IUCTPUOYTHUBHA CIPaBa 1 3JIiBa BIIHOCHO «—+».

Ilpukmaan 7.1. Taki anreOpudti CTPYKTYPHU € KiJIbIISIMHU:

1. Anrebpuuna crpykrypa (R, +,-) — Kijblie JificHUX YUCeT 3a TPUPO/I-
HUMHK OIEPaIisIMK J0AABAHHS T8 MHOYKEHHSI.

2. Anrebpudna cTpykrypa (Z, +, ) — KiJable HiIMX 9uce/ 3a HPUPOHUMU
omepanisiMu JI0JaBaHHS Ta MHOXKEHHSI.

3. Anrebpuuna crpykTypa (M sn, +, ) — KiJIbIle MATPHUIL 1 X 1 32 HPH-
POIHUMH OTEPAIISIMHI JTOJaBAHHS Ta MHOYKEHHSI.

4. Anrebpuuna crpykrypa (Z,,+, ) — Kijblie K/JIaCiB JIMIIKIB 32 MOJLY-
aem n € N (omeparii «+» ta «-» Ha Z, OyJ0 BBeJeHO B miapo3a. 6.4).

5. Anrebpuana crpykrypa (Rlz],+,-), ne Rlx] — Muoxkuma Muorowienis
CKIHYEHHOI'O CTeleHs HaJ 3MIHHOIO T 3 MIACHUMHI KOoediIeHTaMu:

Rlz] = {ao + a1z + asa® + -+ ap2": ap € R (1 <k <n), ne NU{0}}.

Oneparii «+» ta «» #a R[] BBoasITh MOTOYKOBO (4epe3 3HAUEHHS MHO-

n
rouaeHiB st KoxkHOro r € R), 10610 myist Muorowrenis a(x) = » a;a’,
i=0

m
b(z) = > bja? ansa dikcoBanoro x € R Busznagaemo:

7=0
max(n,m)
a(x) +b(x) = b(x) + a(x) = Z ca®, ne ¢ = ay + by;
k=0
n+m
a(x) - b(x) = b(x) - a(x) = Z e, ne ¢ = Z ab;,
k=0 ij: i+i=k

BBazkaioun a = 0 upu k > n, by = 0 upu k£ > m.

6. AnreOpuuna crpykrypa (S, A,N), xe S — Kigble MEHOKIH. Haramaemo
(muB. mimposa. 2.5), Mo KiTbIleM MHOYKIUH HA3WBAOTH HETOPOYKHIO CYKYTHICTh
MHOXKUH S, 3AMKHEHY BiJIHOCHO OTepaIliii CiMeTpUIHOT PI3HUIL Ta TEePETHHY.
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7.1. BuznadenHst Ta NpHUKJIaId KiJaeIb

3a momaBaHHS Ta MHOYKEHHSI B KLIbII MHOXKHUH S BHOMPAEMO BIIIOBIIHO
CHMETPUYHY PI3HUIIO Ta MePeTHH:

A+B=AAB, A-B=ANB, (A,BebS).
Jlerko mepesipuTu, mo HyJaeM y KiabIl (S, A, M) € TOPOXKHSI MHOKIHA:
AN =0NA=A (Ac?9).

Coijt 3a3Ha49nTH, IO €JIEMEeHT, TPpOTHIeKHNH A, 30iracThed i3 caMoio MHO-
JKUHOIO A:

ANA=2 (Ae€?f).

[Tepenumiemo st crpykrypu (S, A, N) yMOBH O3HaYeHHs 7.1:
1) (AAB)AC=ANA(BAC);
2) ANB=BAA;
3) AN =2 AN A=A (HyJIbOBUM €JIEMEHTOM € HOPOXKHSI MHOYKUHA);
4) AN A = @ (esement, nporuinexuuii A, 36iraerbes 3 A);
5) (ANB)NC =AN(BNC);
6) ( AAB)NC=(ANC)A(BNC), CN(AAB)=(CnA)A(CNB).
YKazaHi TOTOXKHOCTI HEBaXKKO JIoBeCTH 3acobaMu ajirebpu MHOMKHH.
[eit mpukJax OOIPYHTOBYE HA3BY «KiJbIE» /I KLIbIE MHOXKHH S SIK
JUI OKPEMOI0 BUIIAJIKY a0CTPAKTHOIrO Kbl (S; A, N).
7. Hexait (G,+) — nesika ajgurusHa abesieBa rpyna. st emgomopdismin
f1, fo € Endg BBememMo oToO4YKOBE J10aBaHHSI:

(fi+ f2)(x) = filz) + fo(z) (z€G).
Buopasa 7.1. Jlosectn, mo crpykrypa (Endg, +,0) — Kisbie.

Kinmbne (Endg, +, o) HasuBaioTh Kiavuem endomopdismic abeneBoi
rpynu (G, +).

Bayparxennst 7.1. Jljna xijneup (R, +,-), sKi 9acTo TPAILIAIOTHCS B Pi3-
HUX DO3JiIaXx MaTeMaTHKd (30KpeMa, e CTOCYETbCs KiJelb 3 IMpuKI. 7.1),
JacTO BKA3YIOTH JIMIIE MHOXKWHY R, He BKasylo4u SIBHO OIepallil 10/ aBaH-
Hd Ta MHOYKEHHsI. TaK, SIKIIO NOBOPATH PO KiJbIE MIHCHUX YUCEJ, KIIbIE
MaTpHUIlh, KiJIbIle KJACIB JUIIKIB, KLIbIle MHOTOYJIEHIB TOIIO, MalOTh Ha YBa3l
kjacuani (IpuposiHi) oneparii J0aBaHHs Ta MHOXKEHHsi. BapTo 3a3HaunT,
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Pozain 7. EjnemenTu Teopii Kireinp

0 I/ KLIBI MHOXKHWH S TPHPOTHUME JOJABAHHIM I MHOYKEHHSIM BBarKa-
I0Th BIIIOBIJIHO CUMETPUYHY PI3HUITIO Ta TEPETHH: Y MOJAEJTbHOMY JT0BEIeHH]
TOTOXKHOCTEi B a/ireOpi MHOXKUH CUMETPHUYHIil Pi3HUIL Ta IIepeTHHY BiIIIOBI-
JAIOTH JIOTTHI omeparii «@» ta «A», ki (Ko ororoykauTa Jorivai 0 ta 1
3 KyacaMu Jumkis 0 Ta 1 3a MOJTyJIeM 2) 30iraroThCsl 3 JOJABAHHSAM 1 MHO-
xennsM Ha Zy = {0,1}.

Kisbue (R, +,-) 3 KOMyTaTUBHOIO OIIEPAIIE€I0 MHOXKEHHS HA3UBAIOThH KO-
MYMAMUBHUM:

a-b=>b-a Va,b e R.

dxito onepartis MHOXKeHHS HEKOMYTATUBHA, KIJIbIe HA3WUBAIOTH HEKOMY-
MAMUSHUM.

Ilpuknan 7.2. Taki KiIbIg € KOMYTATUBHUMU:

1) xinbne (R, +, ) aificaux qucer,

2) kinbue (Z,,+, ) kiacis Jumikis 3a moaysiem n € N;

3) kimbre (Rlz], +,-) MHOTOWIEHIB 3 milicHuMu KoedillieHTaMu;

4) kimbie MEOKHUH (S, A, N).

HaitmpocTtimmuit mpukjial HeKOMYTaTUBHOTO KIJIbIS — KIJIbIE KBaJIPaTHUAX
mMarpunb (M, xn, +,) y BUIagKy n > 2.

Kisbue (R,+,:) Ha3sMBalOTh KiAbUeMm 3 00UHUUEN, AKIIO B CTPYKTYPI
(R,-) icuye HeiirpasbHuii eement 1 € R (HedTpasbHUil 3a MHOMXKEHHSM),
KU Y MLOMY BHNAJKY HA3UBAIOTL 00UHUUECIO KiAbUA. 3A3HAYAMO, IO €I11-
HICTh OJUHWIN KLIbIA 9K HEATPAIBLHOTO €JIEMEHTa 34, MHOXKCHHSM BUILIABAE
3 Teopemu 6.1.

Ilpukman 7.3. 1. Yci Kinblg, po3TJIgHYTI B TPUKA. 7.1, 38 BUHATKOM
KiJiblist MHOXKUH (S, A, M), € KUIbUSIME 3 OJMHUIIEIO.

2. Kinbue (nZ,+,-) y Bunagky n > 2 € KiabueMm 6e3 OJUMHMII, OCKiJb-
Ki 1 (HefTpaabHuit eeMeHT 3a MHOYKEHHSIM Ha MHOMKHHI TJIUX 9THCEJ) He
HaJIeKUTh MHOXKWHI nZ nipu n > 2.

Bopasa 7.2. Buswaunté ogmHHII Jjis Kijenb 3 mOpuka. 7.1 (Ok-
pim (S, A, N)Y).

Bnpasa 7.3. [loBectn, 1m0 Kijiblle MHOXKHH (S, A, M) € KiJbIleM 3 OJINHHU-
eI0 TOJI 1 TIIBKH TOJi, KO S € aarebpoio MHOXKWH, TTPUIOMY OJIMHUIIEIO B
Kisbii (S, A, N) (ko S — ajrebpa) € yHiBepcajbHA MHOKHUHA.
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7.2. OcHOBHI BJIACTUBOCTI KILJI€Lb

Kinpng 3 oguaumeio Oyae po3ragHyTo OLTBIT AeTaJbHO B MiApo3d. 7.4.

Baypaxkennst 7.2. Hynb Ta opuaung B abcrpakraomy kiabni (R, 4, ) no-
3HAYAI0Th, 9K OYyJIO 3a3Ha4eHO, BianoBiaHo depe3 0 ta 1. [Ipore B KOHKpEeTHO-
MY KIJIBII JIjIs HYJIS Ta OJMHUII BUKOPUCTOBYIOTH IIO3HAUYEHHS, K1 € 3aIaJib-
HONIPUHHATAMHA caMe JJId IHOT0 KIJIBIII i MOXKYTh 30iratucs abo He 30iraTucs
3 abcTpakTHnMu mo3HadeHHamu 0 ta 1. Tak, y Kiabmi gificHux 9mces Hy-
jieM Ta ogmHuIeo € unciaa 0 ta 1, ogHak y kiabii marpunb M, «, HyIeM Ta,
OJIMHUIICIO € BiAMOBITHO HYJIBOBA Ta OJUHUYHA MATPUI (sKi HE TPUAHSATO
no3nadatu gepes 0 ta 1).

BayBazkeHHsT 7.3. [I7s cIpoleHHs IMO3HAYEeHb BBayKaTHUMEMO, IO Olepa-
11isT MHOZKEHHS B KiJIbIIl Ma€ BUIIKI IPIOPUTET, HizK J0AABAHHS, TOOTO 1Y KKH
HaBKOJI0 100yTKy Oyaemo omyckaru: a + (b-¢) =a+b-c,

Baypazkenns 7.4. Kpim Toro, 3a aHaJIOTI€I0 10 6araTbox MYyJIbTHILIIKATHB-
HUX CTPYKTYP (yPaXOBYIOUH JIHCHI YUCIa Ta MATPUIL ), TO3HAYEHHSI OTI€PAIIil
«» B TOOYTKY 1HOJII omycKaTuMeMo: a - b = ab.

7.2. OCHOBHI BJIaCTHUBOCTI KlJellb

Po3risineMo HalOpOCTil BJACTUBOCTI JOBLILHOTO Kitbiist (R, +, ).

1.Vae R:0-a=a-0=0.

Jlosedenns. Jlosememo Toroxkuicts 0-a = 0 (Toroxuicts a-0 = 0 MoxkHa
JOBECTH 34 AHAJOTIE0). 3a O3HAYEHHSIM HYJIS Ta BJIACTHBICTIO TUCTPUOY THB-
HOCTI Ma€MO

0-a=(040)-a=0-a+0-a.

AJle KiJIbIle € IPYIOI0 34 OHEPAINEI0 «+», a OTKe, 33 IPABUJIOM JIBOTO
ckopouenHs (6.2) oTpuMyeMO MOTPIOHUI HACTITOK:

0-a+0-a=0-a=0-a+0-a=0-a+0=0-a=0. ]
2.Va,b€e R:a-(—=b) =(—a)-b=—(a-b).

Jlosedenns. Josenemo ToroxHicTh a - (—b) = —(a - b) (TOTOXKHICTS

(—a)-b = —(a-b) moxua noBecTu 3a anaJorier). s goBejeHHs j10CTaT-

HBO [EPEBIPUTH, IO ejieMeHT @ - (—b) € uporuiexxkuum a - b. Kopucrymouucs
BU3HAYEHHAM KIUJIBIE Ta JOBEJIEHOIO BJACTUBICTIO 1, OTPUMYEMO

a-b+a-(=b)=a-(=b)+a-b=a-(b+(=b)=a-0=0. O
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Pozain 7. EjnemenTu Teopii Kireinp

Bopasa 7.4. /loBecTn, 110 B KiJIBIN 3 OJUHHAIICIO MAa€ MICIle TOTOXKHICTD
—a=(-1)-a Va€R.
g enemenTiB a,b € R yBemeMo omepartiio pidHuyi:
a—b=a+ (-b).

Tak, 3 O3HAYEHHS IIPOTHIEZKHOIO €/1eMeHTa BUILIuBaE a—a=a+(—a) = 0.

7.3. Ilinkinbre. Kpurepiii miakijabIiidg
Hexait (R, +, ) — J0BiIbHE KiJbIIE.

Osnavennsa 7.2. Iligkinbuem kinbig (R, +,:) Ha3WBaIOTH IMiIMHOMKH-
Hy Ry C R, gxa € kimgbnem (R, +,-) 3a THMU CAaMUMH OTEPAIsIMEA «—+>» Ta,
«», 1o it Kiabie (R, +,-).

Ha npakTuni ajsg nepeBipkd, UM € HEMOPOXKHA TiJIMHOXKUHA KIJIBITA i1
KLIBIEM, 3PYYHO KOPUCTYBATHCh HUKYENOJAaHUM KPHUTEPIEM, aHAJOTTIHUM
KpuTepito miarpynu (Teopema 6.7 3 HACTIIKOM).

Teopema 7.1 (kpurepiii migkineus). Hexati & # Ry C R, mobmo
Ry — nenopootcna nidmmoscuna xiavus (R, +, ).

Jlas mozo, wob nidmmoscuna Ry 6yasa nidxisvuem kiavusa (R, +,-), ne-
0021010 | doCMamHbO BUKOHAHHA MAKUL YMOG:

(a,bERl) = (a+b€R1); (71)
(a,b € Ry) = (a-b€ Ry);
(CL € Rl) = (—CL € Rl) (72)

Hacaigok. Ymosu (7.1) ma (7.2) ¢ meopemi 7.1 mooicna 3aminumu o0-

HIEI0 YMOBOIO:
(a,b € Rl) = (CL—b € Rl)

Bopasa 7.5. /losectn Teopemy 7.1 i HaciIOK CAMOCTIHHO.

BayBakeHHsT 7.5. /loBeJeHHsI IIJIKOM aHAJIOTIYHE JOBEIEHHIO Teope-
M 6.7.
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7.4. Kiapis 3 oguHAIIEIO

IMpukaang 7.4. 1. Muoxkuna nZ (n € N) e miaxiabineMm Kiibist mioux
quces 2.

2. Muoxkuna Ry = {A € Myxn: Aij =0 mpu j > i} HUKHIX TPUKYTHHX
MaTPHUIL PO3MIPOM 1 X N € HiJIKLIbIEM KiIbIst MaTpuilb M, .

3. MuoK1Ha MHOTOWICHIB 3 HYJILOBUM BIILHAM YJIEHOM

n

R, = Zakxk: ar ER (1 <k<n),neN, =
k=1

= {f(z) € R[z]: f(0) =0}
€ 1iAKLIbIEeM Kibig MHOrOWIeHIB R[],

OueBuaHO, 0 Oyab-siKe Kijbie (R, 4, -) MiCTUTH MpusiasbHi N AKLIbI —
muokuHy {0} i MmuOKMHY R. IligKiaeIe, 1Mo He € TpuBiaJbHUM, HA3UBAIOThH
BAACHUM.

Kisbue, mo micturh juie ogua ejgevent (me mae Oyru () HA3UBAIOTH
nyavosum. Orxe, Oyab-ske Kijbie (R, 4, -) MicTuThb 1Ba TPUBiaIbHI Kbl —
uysaboBe Kiabie {0} i came xiabie R. O4eBUIHO, MO JJId HYJIBOBOTO KiJbIs
obuIBa TPUBIAJbHI HiIKIIBIE 30iral0ThCA.

7.4. Kiabpligd 3 oQguHUIIEIO

Y 1pomy 1miaposaiai 06’ekToM po3risiay Oyae Kiabie (R, +, +), o MicTuTh
onquHUYHU egeMmeHT 1 € R. /loBemeMo npoctuit paxT momg0 MOXKJIUBOCTI
30iry HYJId Ta OJMHUIN KiIbI.

Jlema 7.1. V uenyavosomy wiavyi 0 # 1.

Jlosedenns. Hexaii ibie 3 ogunuiero (R, +, ) € HeHYJIbOBUM, TOOTO Mic-
TUTH OprHaiiMHl onul egeMenT a # 0. Tomi orpumyemo

a-0=0#a=a-1,
IO YHEMOXK/IUBJIIO€ piBHICTH ) = 1. (]

Baypazkennss 7.6. O4eBHIHO, 1O B HYJIbOBOMY KiibIi egementu 0 ta 1
30iraloThCsa: HYJIbOBE KiJIbIE MICTHTHL JIMINE OAuH ejeMeHT 0, aKuil Ao Of-
HOeJIeMeHTHOI MHOXKUHY € HefATpaJIbHUM 33 OYIb-sIKOI0 OIHAPHOIO OIepPAaITi€lo

(0-0=0).
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Pozain 7. EjnemenTu Teopii Kireinp

O3navenna 7.3. Enement a¢ € R Ha3mBaioTh 0OOPOTHUM y Kijibii I,
ab0 IiIbHUKOM OJWHUIN, SKIIO iCHYE eJleMeHT a | — obepHeHuil 10 @ 33 MHO-
ZKEHHSIM:

JaleRat a=a-at=1

1

EnemenT a™" Ha3uBaOTh O0EpPHEHUM JI0 a B Kijibii R.

OTke, B KiJBIl 3 OJUHUTICIO ICHYIOTH HERTpAJIbHI eJIeMeHTH 71 000X Oi-
HapHuX omepaliii: 0 — HeiiTpaJabHHil 3a JoJaBaHHsM, | — HeliTpaJbHUil 3a
MHOKeHHSIM. fIK y2Ke 3a3HadaJiv, obepHeHuil 10 a € R 3a JoJaBaHHSIM Ha3H-
BAIOTh MPOTUJIEXKHIAM 1 MTO3HAYAIOTH 9epe3 —a, MO YHEMOXKJINBIIIOE KOHMIIKT
3 TepMiHOM «0bepHeHuit» (6e3 sBHOI HA3BU BiAMOBITHOT GiHAPHOI Omeparrii)
Ta, MO3HAYEHHAM @1 JJIs 0GEPHEHOTO 33, MHOXKEHHSM.

OGepHeHi ejleMeHTH MOXKYTb iICHyBaTuU He JJjisi BCix a € R. Biabiie To-
ro, y Oy/Ib-siKOMY HEHYJHOBOMY KLIbI 3 OJMHHUIEIO ICHYE IPUHANMHI OJHUH
HeODOPOTHUI eJIeMeHT — HY/Ib KiJIbITA:

0O-a=a-0=0#1 Va€R.

Onnak, y Oyab-sikomy Kijabii (R, 4+, -) (3 oqunaUIen) o6oOpoTHUME € eJie-
MeHTH 1 ta —1:
17t =1, (-=1)7' = -1,
ockimpku 1-1=(—1)-(—1) = 1.
MHuoxKuHY BCiX 060pOTHUX €jieMeHTiB Kiabig (R, -+, ) M03HAYA0TH ve-
pes R*.

IIpuknan 7.5. 1. VY kinabmi gidicanx umcea R Bci HeHYJIHOBI eTeMeHTH

000OpOTHI:

1
al==-€eR, a#0,
a

ro6ro R* = R\ {0}.

2. Y KuIbIl OiauX guces Z o0opoTHi Juiie eaqemenTa 1 ta —1:
1

1™'=1, (-1)'=-1, a'==¢7Z upulal #1,
a

tobro Z* = {1, —1}.
3. Y kinbui marpuinb M, 000POTHI BCi HEBUPOIKEH] MaTPHUIIL:

A-At=A1.A=1,
10610 (Mpxpn)™ = GL,,.
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7.4. Kiapis 3 oguHAIIEIO

4. ¥ kinbmi kiaacis ammkis Zg 060pOTHUMH € eJleMeHTH 1 Ta 5:
M =1 (6 =5
10610 Z6* = {1,5}.

5. ¥V KiabIll KJIaciB JHUIIKIB Zo OOOPOTHUM € JIMIIIE eJIeMeHT 1:

M =1
10610 Zo* = {1}.

Teopema 7.2. Mnootcuna R* obopommnuz esemenmic xisvus (R, +,-)
Ymeoproe 2pyny 3a ONEPGULEND MHONCEHHA.

Jlosedenns. Posrisimemo anarebpudany crpykTypy (R*,-).
1. Jlosememo 3amkHenicTb crpykrypu (R, -). Jna a,b € R* 6esnoce-
peinbo nepesipumo, mo (a-b)" ' =b"1-a"t:

(a-b)-b'-aH=a-b-b)-alt=1;
bt-at)-(a-b)=b"t-(at-a) b=1,

10610 @ - b € R* (esiement a - b oboporHuit).

2. Crpykrypa (R*,-) aconiaTuBHa (33 BU3HAYEHHSIM KiJIbIs).

3. Crpykrypa (R*,:) mMicTuTb HeHTpaJbHUN €JeMEHT — OJAMHUIIO KiJb-
I <R7 -+, > :

(17'=1)= (1€ R).

4. Joeeaemo, 10 y crpykrypi (R*,-) ais Oyab-sxoro a € R* icaye obep-

Henuii a~' € R*. Besnocepeauno nepesipumo, mo (a™1) = a:
al-a=1, a-a'=1,

TobTO 0~ € R*.

Omrxke, anrebpuvna crpykrypa (R*,-) € 3aMKHEHOI0, aCOIIATUBHOIO, Mic-
TUTH HedTpaJibHuil eeMenT 1 € R*, i mig KoxkHOro a € R* icHye obepHeHuit
a~! € R*. Takum uuHoM, 3a o3HauenHaM 6.5 crpykrypa (R*,-) € rpynoto. [

Auirebpuany crpykrypy (R*,-) HA3UBAIOTh MYALMUNAKAMUEHONW 2PY-
noto Kinbusg (R, +,-). Jjsg MyJbTHILIIKATUBHOI I'PYLH 3aaHOr0 KiIbIld
(R,+,+) BUKOPHCTOBYIOTH CKODOYEHe MO3HaueHHsi R* (He BKa3yl4u sBHO
IPYTIOBY OTEPAIliio, siKa 30ira€ThCs 3 OMEPAIiio MHOKEHHS B Kiibili R).

[TorsaTTst 06OPOTHOTO ejleMeHTa (JLTBHUKA OJMHUIN) TICHO TOB’S3aHE 3
MOHATTAM JIJIbHUKA HYJIsI, siKe Oy/ie PO3IVISHYTO B HACTYIHOMY ITiAPO3ILIi.
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Pozain 7. EjnemenTu Teopii Kireinp

7.5. linbauknu BHyada. IlouarTsa obsacrti
IT11JIICHOCTI

Hexaii (R, +,-) — n0BljabHE Kijble.
O3znauvenHnd 7.4. Enementu a, b€ R Ha3uBaloTh 0iAbHUKAMYU HYAL, AKITO
a0, b#0, ab=0.

EjieMeHT a B 1bOMY BHIIAQJIKy Ha3UBAIOTDH A16UM OLALHUKOM HYAL, €J1e-
MeHT b — npasum ALHUKOM HYAL.

O4eBHIHO, IO B KOMYTATUBHOMY KiJIbI[i HOHSTTS IIPABOI0 Ta JIBOT'O Jib-
HUKIB HYJIS 30iTal0ThCS.

Ilpukaan 7.6. 1. Kinbue gificaux guces R He MiCTUTH AiIBHUKIB HYJI:

(@#0)A(b#0) = (ab#0)

JIst noBLIbHUX a, b € R.
2. Kinbne Zg MicTUTH TpU JLTBHUKE HYII — eJeMeHTHn 2, 3 Ta 4:

2.3=3-4=0.
Jlerko mepesipurn, mo 1 Ta 5 = — 1 He € AUIPHIKAME HYJIS B Zg.
3. Kinbue Z4 MiCTUTH OAUH AIJILHUK HYJIS — €JIeMEeHT 2:

2-2=0.
Jlerko nmepesiputu, mo 1 1a 3 = — 1 He € AiIbHUKaAMU HYJIS B Zy.
4. Kiyibnie Z3 He MiCTUTD JIIJIbHUKIB HYJIS:

[.T=T40, 1.2=240, 2.3=1=1+40.

HactymnHa TeopeMa BCTAHOBJIIOE 3B SI30K MiXK MOHATTAMHI JIIbHUKA HYJISI
Ta, 0OOPOTHOI'O €JIEMEHTA, B KiJIbII 3 OJIMHHIIEIO.

Teopema 7.3. V xiavui (R, +,-) 3 odunuuero 1 € R scoden obopommud
enemenm He € JdIAbHUKOM HYAA.
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7.5. Jlinpaukwu vysis. [lowsirrst oby1acTi mijicHOCTI

Zosederna. Ilpunycrimo, mo a € R € ogHOYACHO JLIBHUKOM HYJIS i 000-
POTHUM ejieMeHTOM. Bakatumemo, mo a # 0 — jiiBuii giibHuK Hyss (Buia-
JOK [PABOTO JTiTBHUKA HYJIS PO3MJISIAECTHCS AHAJIOTTIHO), TOOTO

ab =0 gias geskoro b € R, b # 0.
Toxai orpumyemo
(ab=0)= (a -(a-b)=a"10)= ((a'a)-b=0)= (1-b=0) = (b=0),
o cynepedanTb ymMoBi b # 0. O

Omxke, 060poTHUIT esleMeHT (IiTbHUK OJMHUIL) He € TITBHUKOM HYJIsI, OJI-
HaK 3BOPOTHE TBEP/KeHHS B 3araJJbHOMY BHUIIAQJIKY HeNpaBUJbHE: eJIeMeHT,
IKWi He € TIMTHBHUKOM HYJIS, He 000B’ I3KOBO € 0OOPOTHUM.

Ipukgax 7.7. YV Kbl OLIUX Yuces 7 HeMa€ IJIbLHUKIB HYJIsI, OJTHAK
murie exementn 1 Ta (—1) € obopoTHIME.

3 AirbHUKaMu HYJIg (TOUHINTe, 3 IX BiCYTHICTIO) TOB’sI3aHO BUKOHAHHSI
3aKOHI6 CKOPOUEHH B JOBLIbHOMY Kiabii (R, +,-):
(ax =br) < (a=b) (npaBe CKOpOUEHH:); (7.3)
(xa = xb) < (a =b) (niBe ckOpOYEHHS:), (7.4)
e a,b,x € R, x # 0.

Teopema 7.4. 3axonu cropouenns (7.3) i (7.4) y dosiavHomy Kisvyi
(R,+, ") suxonyromoca modi i miavku modi, koau xisvue (R, +,-) ne mic-
MUMb HCOOH020 JIALHUKG HYAS.

Jlosedenns. 1. Hexait kinbne (R, +, ) He MicTuTh AiaibHUKIB Hy./14. JToBe-
JeMO, IO B MBOMY KiJIbIli BUKOHYEThCs 3akon (7.3) (3akon (7.4) posrisiia-
€ThCsT AHAJIOTIYHO). YPAXOBYIOUH, MO B KiJIbIl HEMAE JIJIbHUKIB HYJIS, JIJIsI
a,b,x € R (x # 0) orpumyemo

(az =bz)= ((a—b)-2=0)= (a—b=0)= (a =0b).

2. Hexait y xinbmi (R, +, -) BukouyoThes 3akonu (7.3) i (7.4). Jlosenemo,
o B Kijabii (R, +,-) HEMAE JIJIbHUKIB HYJIs.

Ilpunycrimo, mo a,b € R, a # 0, b # 0, ab = 0. Toxai aicraremo

(a-b=0)=(a-b=a-(b-0))=(b=b-0)= (b=0),

o cymnepednTsh ymMoBi b # 0. O
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Pozain 7. EjnemenTu Teopii Kireinp

BayBakeHHsT 7.7. ¥ 1. 2 JIoBeIeHHs TeopeMu 7.4 OyJI0 BUKOPUCTAHO JIUTIIE
3aKOH JIiBOro ckopouentst (7.4). Anajioriuno moxHa Oysi0 6 BuKOpucrarTu i
npaBuil 3aKOH CKOpodenHs (7.3), He KOpuCTyOUnuCh jgiBuM. OTKe, SKIIO B
KIJIBII CIIPABIXKYETHCsI X04a O OJIMH i3 3aKOHIB CKOPOYEHHS, TO TaKe KLIbIIEe He
MIiCTUTD »KOJHOTO JIJbHUKA HYJISA, 1 B IIbOMY KIJIBII CIPaBIKYIOTHCSI 00UIBA,

sakonu (7.3) 1 (7.4).

IMpukmaan 7.8. 1. Kisbue aiiicanx aucen (R, +, ) He MicTuTh AiIbHUKIB
HYJIsI, & OTZKe, JOMYCKAE 3aKOH CKOpoueHHs (7.3)

(ax = bx) = (a = b)

g Oynb-akux a,b,x € R, x # 0.
2. Kisbne marpuiib Moyo MiCTUTH JUIBHUKK HYJId. Tak, 30Kpema,

(0 0) (0 1)= (0 0):

Orxke, y Kisbiti Moyo KOmeH 3 JIBOX 3aKOHIB CKOPOYEHHSI HE CITPABIIKY-

€ThCSI:
1 0 . 00\ (20 . 00 1 0 y 2 0\
00/ \o1)"\oo/ \o1) ¥ \oo 00)
1 0y (0 0y_ (1 0y (00 0 0 2 0 0
00/ \o1)"\oo) \o2) o1 0 2)
Baypakennsi 7.8. MoxHa J0BeCTH, IO JIJIbHUKOM HYJdA B KLIbili M, «n,

(n € N) € Oy/ab-sika BUPOJZKEHA MATPHIIS.

Sk Gaunmo, B JoBiIbHOMY Kijblli (R, +, ) 3 OJUHAIEIO iICHYE TICHUH 3B’-
30K MiK TOHATTSIME JiIbHUKA HYJIs Ta ODOPOTHOTO ejeMeHTa (IiTbHUKA
omuauIi). Ileit 3B’430K cTae Iie TICHIMAM y BHIAAKY CKIHICHHOTO KiIbIls
(R,+,-), o610 KOJIM card R < oo.

Teopema 7.5. Hexati (R, 4+, ) — ckinuenne KiAbUue 3 00UHULEID, EAeMEHM,
a € R ne e dinvnuxom nwyan ma a # 0. Todi enemenm a obopommudi.

Jlosedenns. Hexaii card R = n > 2 (y HYyJTbOBOMY KiJIBII, TOOTO y BHUIIA/I-
Ky card R = 1, TBep/2KEHHsI TeOpeMHU OUEBUIHO BUKOHYEThCst ), a € R, a # 0.
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7.5. Jlinpaukwu vysis. [lowsirrst oby1acTi mijicHOCTI

J11g momryky esemMeHTa, 0OepHEHOTO JIO G, 3aCTOCYEMO METOJI, BUKOPUCTAHUTIA
y JoBedeHHl TeopeMu 6.6.

Posragnemo muoxkuny a - R = {a-b: b € R} nna dikcosanoro a € R.
CroyaTKy JI0BeJIeMO, 110 MHOXKHIHA @+ R MICTUTD 1 PI3HUX eJIeMEeHTIB BULJISI LY

a-b (b€ R), TobTO
a-by #a-byupu by #by (b1,b2 € R).
JlificHo, OCKITBKY @ He € MITBHUKOM HYJs Ta a 7 0, OTpuMyeMO
(@a-by=a-by) = (a-(by —by) =0) = (by — by =0) = (by = by).

Orxe, card(a- R) = card(R) = n; kpim Toro, oueBuano, a- R C R. 3iacu
BUILINBAE, 1110 MHOXKUHH a - R Ta R 30iraiorbes.
Ockinbku a- R = R > 1 (kinbie (R, +, ) MICTUTH OJIMHUIIO), OTPUMYEMO

(l€ea-R)= (3b, € R:a-b. =1).

Otke, Uit ejeMenTa a y cTpykTypi (R, -) icHye nmpaBuii obepHeHuit b,.
Awnanoriuno fosenemo icuyBanus jyst a € R (a # 0) niBoro obeprenoro by:

(leR=R-a={b-a:beR})= (T eR:b-a=1).

Orxke, i a € R (a # 0) y crpykrypi (R, ) icnye npasuii obepuenuii b,
Ta JiBuii obepuenuii b;. Hapermri, 3a Teopemoro 6.2, npaBuii Ta JiiBuit o0epHeHi
i pikcoBanoro a € R Maiorn 36iraTucs:

OTKe, TOBeJIEHO, IO eJeMeHT a € R € 000pOTHUM. O

IIpukaan 7.9. Kigbue xiacis JUIIKiB Z, y BUNAJKY IPOCTOrO p He Mic-
TUTh JIJIbHUKIB HYJI:

(B2 -Fa = 0) = (ks - ko) mod p = 0) =
= ((ky mod p = 0) V (ks mod p = 0)) = ((k; = 0) V (k3 = 0)).

OTKe, y BUIIQJKY IPOCTOTO p BCl HEHYJIBOBI €JIeMeHTHU Kiblid Z, 060pOTHI:

Zp* = Ly \ {6}
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fx HacmaioK 3 TeopemMu 7.5 OTpUMaHO TBepKeHHA Teopemn 6.6. Takmit
pe3yJabTaT IMIJIKOM BUIIPABJIOBYE MO3HAYECHHS

Z," =Z,\ {0} = {1,2,....p— 1},
BBeJIeHe 11 BUTNAJIKY MPOCTUX PV mijapo3m. 6.4.

Osznauvenng 7.5. O0/1aCTIO MIICHOCTI HA3WBAIOTh KOMYTATHBHE KiJIbIE
3 OJMHUIIELIO, dKEe He MICTUTDb JILIbHUKIB HYJIS.

IMpuknazn 7.10. 1. Kinbue niaux wucen (Z, +, ) € KOMyTaTUBHUM KiJib-
1IeM 3 OJAMHUIEI0, He MICTUTD JALIbHUKIB HYJISA, 8 OTXKe, € 00JIACTIO IiIICHOCTI.

2. Kinb1e Zs € KOMyTaTuBHAM KiJbIIeM 3 OJIMHUAIIECIO, He MICTUTD JIIJIbHUKIB
HYJIsI, & OT2Ke, € 00JIACTIO I[iJ1ICHOCTI.

3. Kinbie Z4 € KoMyTaTUBHUM KiJbIIEM 3 OJUHUIIEIO, aJie MICTUTD JTIJIbHUK
Hyas (egeMent 2), a OTKe, He € 06J1aCTIO MiTICHOCTI.

O3znavenHna 7.6. IlojieM Ha3UBalOTh HEHY/IbOBE KOMYTaTHBHE KiIbIE 3
OJIUHUIIECIO, BCI HEHYJIHOBI €JIEMEHTH STKOTO € 0OOPOTHUMM.

Ilpuknan 7.11. Taki KiJIbIg € MOJIAMMA:
1

Kiablle aificaux uncen R;

(\)

Kijble parmioHaabHux gncesn Q;

W

imbue ({a+0b-v2:a,b € Q}, +,);

)

)

) kimbie Kommrekcaux uncen C;

)

) kimbie ({a+b-i:a,b€ Q},+,-), ne i € C — KoMIIEKCHA OUHUAIIA.

5
Bnopasa 7.6. IlepesipuTtn, mo Bci Kijblg 3 npukJ. 7.11 € mogrsamu.

3 Teopemu 7.3 BUILIMBAE, IO OyIb-siKe IOJIe € 00JIACTIO ILIICHOCTI. 3BO-
POTHEe TBep/2KeHHS HellpaBUJIbHE — KLIbIE IIINX YUCesl € OAHUM 3 IPUKJIAIIB
obJracTi MTiCHOCTI, dKa He € moJieM. [IpoTe, 3 ypaxyBaHHIM T€OpeMHU 7.5, MO-
JKeMO chOPMYTIOBATH TaKWil pe3yJIbTaT.

Teopema 7.6. bydv-axa ckinuenHa 006aacmsd UYLACHOCTNL, WO MICTIUMD
He Mmenwe deox enemenmis (Mobmo He € HYADOBUM KiADUEM), € TOAEM.

Haitupocrimumm (i jyzke BaxKJIMBUM) IPUKJIAI0M CKIHUEHHUX TI0J1iB € 10,15
KJIaCiB JUIIKIB Zy,, Je p — NIPOCTe YUCIO. 3ayBazKuMoO, O Z, y BHIAJIKY
ckJiagerHoro n € N He € 1oJ1eM, OCKLJIbKI MiCTHTh JIJIbHUKHA HYJIsI:

(n=k-m, k#n, m#n)= (k#0, m#0, k-m =0).
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Ilpuknan 7.12. 1. Kineng Zsy, L3, Zs, Zg7 — TOJI.
2. Kinbug Zy, L, 715 He € NOJISIMHU, OCKLIbKIA MICTSITh JIJIbHUKNA HYJIS.

BzaraJii, My bTUILIIKATUBHA, IPyHa KiJIbIA JUAMIKIB Z, s JOBIJIBHOIO
n € N Mae 10cuTh TpPOCTy 1 IIKaBy CTPYKTYPY.

Bnopasa 7.7. [loecTu, o MyJIbTHILIIKATUBHA I'PyIa Kiabllsd Z, CKJajla-
€ThCs 13 KJIaciB JUIKIB k, e k — B3a€MHO IIPOCTe 3 N

2,.° = (k- HCI(n k) = 1},
ne HCJI(ky, ko) — HaiiOlibmuii ciyibHAil giabHUK dncen ki ta ko.

IMpuknan 7.13. 1) Z¢* = {1,5};

2) Zs" ={1,3,5,7};

3) Zg" ={1,2,4,5,7,8}.
JetanpHine mpo CTPYKTYPY MYJIBTUILIIKATUBHOI TPYNU KIJIbIE JIUATIKIB,
30KpemMa, opo yMOBY 11 MUKII9IHOCTI, MoyKHA mpodnTard B [10].

7.6. I1neas Kijapida

PosrisitHeMo creniaJibHA# KJac OiaKijaenb, sIKHA Iocigae B Teopil Kijaenb
MaitzKe Te caMe MicIie, 0 1 HOpMaJibHI AIJIbHUKA B TeOpil I'PyII.

Osnauvenns 7.7. [neanom kinbng (R, +, ) Ha3UBAIOTh HEIIOPOXKHIO TIiI-
MHOXKUHY J C R, Taky, 1mo:

e crpykrypa (J,+) — niarpyna rpynu (R, +);

o i OyIb-aKkuX 7 € R Tta j € J 100yTKHU 7j Ta jr MICTATHCI B J.

OdeBuiHO, MO B Oy/Ib-ssKOMY KijtbIli (R, +,-) Tpusianbui migkiaens {0}
ta R 3aBxku € ineanamu. [neanmu {0} ta R HaA3uBaOTH MPusiasvHuMu; 11eal,
0 HE € TPHUBiaJIbHUM, HA3UBAIOTH BAGCHUM.

IMpuknax 7.14. 1. Kinbue Z micturs ineanu nZ (n € NU{0}). OueBu-
a0, mo igeann 0Z = {0} ta 1Z = Z rpusianbhi, igeanmu nZ upu n > 2 —
BJIACHI.

2. Kinpne gificamx gmcenr R MicTUTBH JuIe TpHBiaJabHI i1eaau, OCKIJIbKH
s a € J (J — nestkuit igean kinbust R) orpumyemo

(a#0)=(NVreR:r=a-(r-a') €R),

10610 Oynb-akuii imean J # {0} mae micturu Bei piiichi yucaa r € R.
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Bupasa 7.8. JloBectu Taxi TBepKeHHs 11 imeasny J kiibis (R, +,-):
e (1€ J)= (J=R) (y upunyiensti, mo R MiCTUTbH OJUHUITO);

e (ae JNR*) = (J=R) (y npunymiensi, mo R MiCTUTH OJUHUITIO);

e OyIb-dKe T0Je MICTUTh JIUIEe TPUBIAIbHI iTeasn.

Barknusuii Kj1ac igeaJsriB CTAaHOBJAATD 1/1ea/n, TOPO/IzKeH] (PIKCOBAHUM eJIe-
MeHTOM KiTbIlgd. HafimpocTinty cTpyKTypy 1 itleann MaloTh ¥ KOMYTaTUBHUX
KLJIBIISIX 3 OJMHUIIEIO.

Jlema 7.2. Hexati (R,+,) — komymamuene Kiavue 3 odunuuero, a € R.
Todi muoorcuna aR = {ar: r € R} e ideanom y xisvyi (R, +,-).

Jlosederns. Bepydn 10 yBaru CrpyKTypy MHOXKUHE @R i KOPUCTYIOUHUCH

KOMYTaTUBHICTIO Kiablg (R, +, ), oTpuMyeMo:

xry=ary, 1 € R
(xl,xQEaR)i{ ! b = (x1 — 2 = a(r; — 1r2) € aR);
To =ary, 9 € R
(x €aR,rg € R) = (x =ar, r € R) = (rox = 2rg = arrg € aR). O

[nean aR Ha3sUBAIOTH 20406HUM 10€a.A0M, TTOPOJYKEHUM €JIeMEHTOM @, i
I03HAYAIOTH Yepes (a).

Bupasa 7.9. /losectu, mo rojiosuunii igeas (a) minimaiabauil (3a BigHO-
meHHsIM «C») igeas, aKuii MiCTUTh eJIeMeHT a, TOOTO

(J — igean kimbug (R, +,-), a € J) = ((a) C J).

IMpukmaamg 7.15. 1. Y 6yap-sskoMy KOMyTaTUBHOMY Kijibili (R, +, ) 3 01u-
HUIEeo 00uaBa TpuBiasibhi igeanu rosoeui: {0} = OR = (0), R = 1R = (1).
2. YV Kbl NUIUX Yucea Z s n € 7, OTpUMYEMO

(n) = (—n) = nZ.
3. Kinbre muorounenis R[x] micturh Taki ronosui ineann (p(z) € Rlx]):
(p(z)) = {p(x)q(z): q(z) € Rlz]},

TOOTO TOJIOBHUI ieast (p(x)) MICTHTH Ti i TIIBKH T1 MHOTOYIEHH, SIKi JTLISITHCS
6e3 ocraui Ha Muorowien p(x). Tak, izean (r—a) (a € R) micturs 1i i Tibku
Ti MHOTOYJIEHH, JIJIsl SKUX YUCJIO @ € KOPEHEM:

(z —a) = {(z —a)q(z): q(z) € Rlz]}.
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7.6. Ineas Kijibis

Bupasa 7.10. Hexaii (R, +, ) — obsacTh 1miicHocri, 11, 7o € R. JToBecTn:
o (r1=mra, a € R)= ((r) C (r2));
o (r1=ma, a € R*) = ((r) = (r2)).

OznavenHsd 7.8. Ob61acThb MiJIICHOCTI, sIKA MICTUTH JIKIIIE ['OJIOBHI 11eaJin,
Ha3UBAIOTh KIJILIIEM T'OJOBHUX 17T€aJIB.

Ilpuknan 7.16. 1. Kinpne nianx uncen 7 € KUIbIeM TOJIOBHHX 17ea-
jiB. [ificHo, kijibie Z — obJacthb niticaocti. JloBegemo, 1110 Z MIiCTUTH JIUIIE
I'OJIOBHI 171eaJin.

Hexaii J — feskuii HeHyJIbOBUH imeas Kiibiisd Z (9K yzKe 3a3HAYAU, HY-
awpoBuii iean {0} = 0Z e ronosunm). SadikcyemMo MiHiMaIbHE J0ATHE YUC-
JIO, IO MICTUThCI B J:

m = min{n € J:n > 0}. (7.5)
YpaxoByloun O3HaYeHHs i71easry, OTPUMYEMO
VkeZ:mkelJ)= ((m)CJ).

Haperri goBeemo, 110 KOXKeH eJleMeHT ijieay J MICTUTBhCS B TOJIOBHOMY
ineani (m). st moBiibHOrO N € J micTanemMo

(nmeJ)=NVkeZ:n+mkeJ)= ((nmodm)eJ).
3Bigcu, BpaxoByoun (7.5), OTpUMYEMO
(0<mmodm<m—1)= (nmodm=0)=(nec(m)).

Takum aunom, (m) C J C (m) = J = (m). Orxe, KoxkeH igean J Kiiblig
7, JificHO TOJIOBHHI, 1 KiJblle KX 4Yucea 7 € KLIbIEeM TI'OJIOBHUX i/IeaJIiB.

2. Kinbue R[z] MaOrouwIeHiB 3 AificHuME KoeDIIieHTaMu € KiJTbIleM IOJI0B-
uux imeasnis. Jlificuo, kinbie R[z] € obmactio mimicuocti. Josegemo, mo R|x]
MICTUTH JIMIIIE I'OJIOBHI 11eaJin.

Hexaii J — negxuit Heny/iboBuii inean kinbig R|x]. Hexait m — naiimenmmii
JIOJATHHUI CTEIlHb cepeJl CTelleHiB MHOTO4YIeHIB igeany J, Tob6To J MicTHTH
NpUHAKMHI OIWH MHOTOWJIEH CTeleHsd 1 1 He MICTUTH »KOJTHOTO MHOTOYJIe-
Ha JI0JaTHOrO crenens k < n. 3adikcyemo jesakuit muorodsnen p(x) € J
cTeleHs m:

p (I) = amxm + am—lxm_l + o+ a1 - ap, Am 7& 0.
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Pozain 7. EjnemenTu Teopii Kireinp

YpaxoByloun O3HAUEHHS i/1eaJTy, OTPIMAEMO

(Vq(x) € Rlz]: p(z)q(x) € J) = ((p(z)) C J).

JloBeaemo, 110 KOXKeH MHOTOUWIeH i1eaay J MiCTUTHCS B TOJIOBHOMY i1eaJti
(p(x)). Jdosinpuuit muorownen q(x) € J moxemo nojiauru Ha p(z):

q(z) = p(x)s(x) + r(x),

ne s(z),r(z) € R[z], npuaomy cremianb MHOTOWIEHA r'(2) — ocTadi Bif TiTeH-
Hs — € CTPOro MeHInow 3a m. OTxke, BpaxoByouu Bubip MHOrOUIeHa P(I),
Ma€eMO

(r(z) = q(z) = p(x)s(z) € J) = (r(z) = 0) =
= (q(x) = p(z)s(z) € (p(x)))-

Takum wunom, (p(z)) C J C (p(z)) = J = (p(x)). Orxe, KOXKenH imean J
kibist R[z] rosouuit, i kisbie R[x| € kigbiem rogoBHUX imealtis.
3. Posrmsinemo kimbie Rz, y| MHOrOUYIeHIB BiJ 3MIHHUX & Ta Y:

Rlz,y] = {ZZamacy a,; ER(0<i<n, 0<j<m), n,mZO}.

=0 5=0

Omepariii jo/jaBaHHsT Ta MHOYKeHHsT Ha R|[x,y| BBOJAATH MOTOYKOBO (aHa-
JIOTITHO omeparisaM y Kiabii Rz]).

Kisbue Rz, y] € obnacrio nigicHocti (me Jjierko nepesiputu), aje He €
KLJIbIIeM T'OJIOBHHX igeaJiB. Tak, MHOXKMHA MHOT'OYJIEHIB

J = {p(x,y) € R[z,y]: p(0,0) = 0}

€, 04eBHJIHO, i1eanom y Kiibii Rz, y]. JoBegemo, 1mo J — He roJI0BHUI i1eal.
dAxmo npunycruru, mo J = (p(x,y)) ans neakoro p(z,y) € Rlz,y|, To
OTPUMYEMO:

(z € J) = (z = plz,y)q(z,y)) (7.6)
g jeskoro qi(x,y) € Rlz, yl;
(yeJ)= (y=plx,y)q(zr,y)) (7.7)

ist esikoro go(x,y) € Rz, yl.
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7.7. ®akTop-KijabIie

Jlerko 3po3ymiT, 110 3 TBepzKeHHs (7.6) BUILTHBAaE He3aTeKHICTh MHO-
rounenis p(x,y) Ta ¢ (x,y) Big 3miuHOT y: MHOTOUWIEH T = p(T,y)q1 (T, y) Mae
3a 3MIHHOIO Y CTeIlHb 1. + m, e n Ta M — CTeleHl 3a 3MIHHOKI Y MHOIO-
wieHiB p(z,y) ta q(z,y) BiagnosigHo. Ane n + m = 0, 3BiaKH, BpaXoByOUN
HeBII €MHICTb 1 Ta M, oTpuMyemMo n = m = 0.

Awnajyioriuno, 3 (7.7) BuinBae Hes3ajexkHicrsb p(z, y) Bij 3minHOT  (MHO-
rowieH ¢o(x, y) TaKOK He MICTUTH T, aJie Iie 3apa3 HeBaxK/uBo). Orxe, p(x,y)
He MIiCTUTB Hi 3MIHHOI &, Hi 3MIHHOI ¥, TOOTO € KOHCTaHToI0: p(T,y) = . AJe
B TakoMmy pasi imean J = (p(x,y)) = (¢) € abo camum Kinbiem Rz, y| (aximo
c # 0), abo myaposuM migxiaeiem {0} (axmo ¢ = 0). Jlerko 3po3ymitu, 110
B 000X BUIAJKAX OTPUMYEMO CYHEPEUHICTh:

(J5240)= (J£{0); (+1€Rug\J)= (J £ Rl y)).
Orxke, J = {p(z,y) € Rz, y]: p(0,0) = 0} ailicHo He € TOJIOBHUM i1ea10M
y ximbmi Rz, y].
7.7. PakTOop-KiJblie

Hexaii J — igean xiabug (R, +,-). 3a BUHAUEHHSIM ijeaJ € HiArpynowo
rpyuu (R, +) i, BpaxoBywouu KomyraruBHicTs rpynu (R, +), 11 HOpMajibHUM
aiabHIKOM. OTKe, MOXKHA, PO3IJIsSIaT (paKTOP-T'PYILY <R/ 7 —|—>:

R/, ={a=a+J:a€R}, a+b=a+b=(a+b)+J
TTouupunmo Ha MHOXKHHY R/, ouepariio MHOKeHHSI:
0 B=a b (abeR)

Jlema 7.3. Onepauiro mHoocernts Ha R/J 66edeHo Kopekmmo, mobmo
dobYymok He 3asexrcums 610 6ubOPY NPEICMABHUKIE CYMIHCHUL KAGCIE!

a;-by=a-b, axwo 1:5,6_1:5.

Josedennsa. Hexait a1 = a, by = b. oenemo, mo a; - by = a - b, a1 9oro
CKOPHUCTAEMOCH J1eMOI0 6.9:

(125)@(6L1—GJEJ), (E B)@(bl—bEJ)
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3a BU3HAYEHHAM i/leal]y OTPUMYEMO
aj-bp—a-b=a;-by—a;-b+a;-b—a-b=a;-(by—b)+(a;—a)-be J

Ot:xe, 3a jemoro 6.9, micTanemo

(al-bl—a-beJ)<:>(a1-b1:a-b). U]

Taxkum 4uHOM, OOYJIOBAHO aAreOpHYHY CTPYKTYPY <R/ 5T ->, sIKa, ycC-
maJKOBy€e HaraTo BaacTUBOCTEN Kiabis (R, 4, ).

Bopasa 7.11. [oBectu, 10 ajreOpudHa CTPyKTypa <R / it > — K1JIbIIE.

[TobynoBane Kijabile <R / 5o > HA3UBAIOTH (Pakmop-kisvuem Kiibisg R 3a
imeasom J.

1 mpakTUIHOTO O00UYHCIeHHd (PaKTOP-KiJIenb 31eOLIBIIOT0 3PpYIHO BH-
KOPUCTOBYBaTH JeMy 6.9, gka 11d BUIAJIKY (paKTOp-ITPynH <R / 7 —|—> HaOyBae
BUILJISILY

(a=10b) < (a—beJ),
e a,b € R.

Ilpukaan 7.17. 1. QakTop-Kijable KiIbIg MIIAX YHACET 7 3a igeaioMm
nZ (n € N) 36iracTbcst 3 BiIMOBITHUM KiJIbIEM KJIACIB JIXIIKIB:

Z/ ., =Z,=A{0,...,n—1}.

Haramaemo, 110 omepaiiii «+» Ta «-» Ha MHOXKHHI Z /nZ = 7, 6yJ10 BBEJI€HO
B MPOIeCi BUBYEHHsI KJIaciB JumikiB (migposa. 6.4).

2. O6uncaumo hakTop-Kiibie Kigbig MEOTOUIeHIB R[x] 3a rotoBHIM i16-
anom J = (x). BusHauuMo BULJIslj CYMIKHUX KJIACIB, CKOPUCTABIIUCH Jie-
Moo 6.9:

(pi(z) = p2(x) ) & (p1(z) — p2(x) € (7)) & (P1(0) = p2(0)).

Omrxe, KOXKHIAM cyMmixKHII Kaac P, (hakTop-Kiablis R/(x) MICTHTH MHO-

rouiend, siki HaOyBaioTh y Touni 0 (dikcoBanoro (y mMexax JaHOTO KJacy)
3HAYEHHS O

P, = {p(z) € R[z]: p(0) =a}, ao€R.
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Orxe, myKane GaKTOP-KiIbIe MAE BUTIISL
]R/(x) ={P,: o € R},

Jlerko nepesipuTu, 110 onepaiii Ha dakTop-Kijabii R /(x) BU3HAYAIOTHCH

TAKUMU CIIBBLIHOIIEHHSIMHA:

'Pa + Pg = P(H_g; 'Pa : PB = ’Pa.g .

7.8. 'omomopdizmu Kijzenb

Y npoMy miZpo3aiai BBEJEMO 0 PO3MsAy JBa Kiabug: (Rp,+,-) Ta
(Ra,+, ). 3a3Haunmo, 10 J0JaBaHHS Ta MHOXKEHHsI Ha R BiAPI3HAIOTHCH
Bia BiamoBianmx omepaliit Ha Ry. [Ipore He BBoAMTUMEMO pi3HI MO3HAYEHHS
T omepartiii Ha Ry Ta Ry (Ha KIITAIT «+1» Ta «+9»), OCKLIBKH Ie 3HATHO
YCKJIQTHATh PO3YMIHHSI TEKCTY.

Oznauenna 7.9. Bigobpaxennss f : Ry — R, Ha3WBamOTh rOMOMOP-
dbizmom, abo romomopdHuM BigobpazkenHaMm, Kiablg (Ri,+,:) B Kijabue
(Ry, 4+, ), AKIIO

fla+0)=fla)+ f(b), [fla-b)=f(a)- (D)

JIIs TOBLIBHUX a,b € Ry.

[n’exkTuBHUN TOMOMOP@I3M HA3MBAIOTH MOHOMOPMIZMOM, CIOP €KTUBHUH —
ermimopdizmoM, OiekTuBHHI — izoMopdismom. dAxkmo f : Ry — Ry — i30-
Mopdism, Kinmbug (Ri,+,-) Ta (Rs,+,-) HasubaooTb i3oMopduumu. s
dbakry i3omopduocTi Kimenb (R, +,-) Ta (Ro,+,) BXKHUBAIOTH MO3HAYEHHS
(Ry,+,-) ~ (Rg,+, ) abo (sikio oneparii B:xke BusHadeni) Ry ~ R.

Otke, BU3HaYEHHsT TOMOMOPMDI3MY KiJIelhb IiJIKOM aHAJIOTTIHE BU3HAYEH-
HIO roMoMOpdi3My Ipyir: romomMopdi3zM Mae «30epiraTu» BiAIOBIIHI onepartii
anrebpuaHuX cTpyKTyp. OdeBnaHO, 1m0 romomMopdizm (MoroMopdism, erri-
mMopdism) f kinbnst (Ry,+,-) y Kinbie (Rg,+, ) € 0IHOYACHO TOMOMOPDI3-
MoM (BiOBiTHO MOHO- abo emiMopdizmom) rpymu (R, +) y rpymy (Ra, +),
10 A€ 3MOry ¢OpMYJ/II0BATH TaKi BJACTUBOCTI /I TOMOMOPQI3MY KiJIellb:

e f(0) = 0 (3a3maunmo, mo HyJTi B Kiibigx Ry ta Ry MOoXyTb OyTn
Pi3HUMH);
e f(—a)=—f(a) pa Gyub-sgxoro a € Ry.
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IMpuknanx 7.18. 1. Mixx Oyab-sskuMn Kiabisgyu (Ry, +,¢) S (Ra, +, )
MOKHA BCTAHOBUTH TOMOMOPQI3M, AKU HAZUBAIOTH HYAbOGUM:

O: Ry — Ry, VxeR:0(x)=0.

2. Hexait J — igean kinbusg (R, 4+, ). PosrisHemo Take BijgobpazkeHHs i3
Kbl Ry dpakrop-kijibie R / I

¢:R— R/, plx)=T

Jlerko nmepeBipuTH, 1110 1e BigobpakeHHsI € romoMopdizMoM. BusHaueHni
romomopdism p: R — R / , HA3WBAIOTh Npupodnum, abo KaHOHIYHUM.
a b
b o) @ b € R} 3 npupoganmu 101aBaH-

3. Marpuune kijibie Vi = { (

HAM 1 MHOXKEHHAM 130MopdHe KLIbIo KoMILiekcaux gnces C; 6esnocepeHno
epeBipIEThCs, O 130MOPdI3M MOKHA, 33IaTH TAKUM BiT0OpaKeHHSIM:

a

¢: Vi — C, cp:(_b Z)HcH—bi.

a
—b
HIM 1 MHOXKeHHSAM i3oMopdue Kinbmio Vi = {a + bi: a,b € Z} KOMIIEKCHUX
YHCeJI 3 IIJIMMHU JIACHOI0 Ta KOMILIEKCHOI YacTUHAMM; Oe310CepeHbO Iepe-
BipsI€THCH, 110 130MOP(dI3M MOKHA, 3a1aTH TAKUM Bi0OparkKeHHSIM:

: b
4. Marpuuane Kinpme V5 = { < a) ca,b € Z} 3 IPUPOJHUMU JTOTaBaH-

p: Vo — Vi, cp:<_ab 2>|—>a—|—bi.

a
2D

gME i3oMopdue ancIoBoMy Kitbio Vi = {a+bv/2: a,b € Z}; Gesnocepeaubo
ePEeBIPSIEThCs, 110 130MOP(dI3M MOKHA, 3a1aTH TAKUM BiT0OparkeHHSIM:

: b :
5. Marpuune kijibue V; = { ( a) ca,b e Z} 3 HPUPOJIHUMU OIlepPalli-

b
p: Vy — Vs, (P:(Qab a>r—>a+b\/§.
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Bnopasa 7.12. JloBectn, mo kitbig V3 Ta Vs HeizomopdHi.

Oznauennga 7.10. fapom romomopdismy f: Ry — Ry Ha3smBalOTh MHO-
xkuny Kery C Ry, mo mictuth Ti i Tinbku 11 @ € Ry, ans axux f(x) = 0:

Kery = {x € Ry: f(z) =0}.

3a3HauNMO, IO PO FOMOMOP(dI3MY Kijlellb 3aBK/I1 MICTUTh IpUHAKMHI
onnu erxement: 0 € Ry, ockinbkn f(0) = 0. dxpo Kery, mo micturs sure
onun enement (Kery = {0}), nasusaors mpusiasvrum.

[Tpoctum nacaigkoMm i3 Teopemu 6.16 € Teopema, 7.7.

Teopema 7.7. Tomomopdiszm wineusv f: Ri — Ro € monomopdizmom
modi i miavku modi, xKoau adpo Kery mpusiasvre.

IIpuknang 7.19. 1. Hexait O : Ry — Ry — HYJIbOBHIl TOMOMOp-
dbism i3 menysmboBoro Kinbig (R, +,-) v xiabne (Ry, +,-). OueBugno, 10
Kerp = Ry, 106TO 5/ip0 HE € TPUBIAJIBLHUM, i HYJIHOBUII TOMOMOPQI3M HE €
MOHOMOP(I3MOM.

2. Hexait J — werpusiainbhuii igean kinbus (R, +,-), BigobparkeHHs
c: R — R / , — BLAIOBLIHUI upupoaHuii romomopdism. Jlerko nepesipuru,
mo Ker, = J, To0T0 g1p0 He € TpuBiaJbHuM, i IPUPOIHUH roMoMopdism He
€ MOHOMOP®I3MOM.

3. Po3riisineMo BioOpazkeHHsI 13 KiJbIlsi MHOIOYJIEHIB 3 JificHEME Koedi-
IMEATAMH B KIJBIE MUCHUX YUCEJI, IO JI€ 3a 3aKOHOM:

f:Rlzl =R, f:pa) = p(0) (p(r) € Rlz]).
Jlerko nepesiputn, 1o f € roMoOMOpPdI3MOM, AP0 STKOTO Ma€ BULJIST
Kery = {p(x) € R[z]: p(0) = 0}.

Anpo Kery, oueBunno, e € TpusiaabHuM, 1 po3rianyTuii romoMopdizm
f He € MoHOMOpP(di3MOM.

Teopema 6.17 TakoK Ma€ aHaJaor y Teopil Kijemb.

Teopema 7.8. Hexati f: Ry — Ry — 20MoMOPPIZM MIHC KIADUAMU
(Ry,+,-) ma (Ra,+,-). Todi:
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1) adpo Kery ¢ ideasom y Ry;
2) obpas Imy e nidkirvuem y Ry.

Losedenna. 1. [osegemo, mo aapo Kery e ineamom y Ry:

e 3 reopemnu 6.17 ButumBae, mo Kery € nigrpynowo B (Ry, +);
e zadikcysasmu r € Iy, 7 € Kery, orpumyemo:

frg)=f@r)-f(G)=fr)-0=0; f(ir)=f() - fr)=0-f(r)=0.

Takum unnom, rj € Kery ta jr € Kery.

Otzxe, Kery 3amoBosibHsA€ 0011Bl BUMOT O3HAUYEeHHH i/1easly KlJIbIId.

2. lloBegemo, mo Imy e nigkinenem y Rp. 3 Teopemu 6.17 Bunjusae, mo
Imy e miarpymoio B (Rs,+). Ilepesipumo 3amkmenicts Imy Bimmocno mmo-
KeHHA. SadikcyeMo T0BUIbHI Y1, Y2 € Imy; BpaxoByoun Bu3HadeHHd 00pa3y
BijoOparkenHsi, BBaxkarumemo, mo vy, = f(z1),y2 = f(z2), ne x1,x2 € Ry.
g nobyrxy f(z1) - f(z2) orpumyemo

f(xl) : f(x2) = f($1 . ZEQ) - Imf .
Otke, 3a Teopemoro 7.1, Im; — miaxisnbne Kinbig . [l

Bopasa 7.13. IlepeBipuTn TBepzKeHHS TeopeMn 7.8 Ha ToMOMOpizmax
3 npuka. 7.19.

7.9. Teopema npo romomopdizmMu Kijierb

Y Teopii Kijenpb TaKOXK iCHY€e Teopema 1po ToOMOMOp@Ii3Mu — aHAJIOT BiJI-
HOBiIHOI TeopeMu B Teopil rpyn. 2K i B Teopil rpyi, TeopeMa PO TOMO-
MOpdIi3MH Kijlellb BCTAHOBJIIOE 3B SI30K MizK roMoMopdi3MaMu, igealaMia Ta,
PaKTOP-KIIBISIMA.

Hexait f: Ry — Ry — romomopdism mixk Kijabigmu (R, +, ) ta (Ry, +, -).
Haranaemo:

e sipo Kery romomopdismy f € imeamom y ximpmi (Rp,+,-), a oTxe,
MOYKHA, PO3TIIIaTH PaKTOP-Kiibie 7y /Kerf;

e o6pa3 Im; romomopdismy f € migkiibuem kiibig (Re, +,-), a oTxe,
MOKHa posmisiiard Imy sk xigbue (Img, +, ).
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7.9. Teopema 1po romomoppizmu Kijreipb

Teopema 7.9 (ocHoBHA Teopema mpo romomopdizmu Kijern).
1. @axmop-xKinvue Rl/Kerf aa adpom Kery isomopgne obpasy Imy:

Rl/Kerf ~ Imf .
2. Ienye marxutd 130mopPiam @: Rl/Kerf — Imy, wo
pop =1,
dep: Ry — Rl/Kerf — npupodnuti omomopdism (Vx € Ry: o(x) = ).

osedenna. 3amamo BimoOpazkeHHS ¢ ) /Kerf — Imy cniBBigHOMIEHHAM

o(T) = f(z), =€ Ry

Y mporieci T0BeJIeHHsT TeopeMu Tpo roMoMopdizmu rpym (Teopema 6.18)
OyJI0 JOBeJIeHO, MO BijoOOpaykeHHdA @ 33JaHO KOPEKTHO 1 € izomopdizmMom
MiK I'DyHIaM# <Rl/J, +> ta (Imy, +). Hapemri, pas qoBinbHux 1, Ty € Rl/J
OTPUMYEMO

¢(T1 - T2) = @(T1 - T2) = f(21- 22) = f(21) - f(22) = ¢(T1) - ¢(T2).
TeopeMy MOBHICTIO OBEIECHO. (]

IMpukmaazm 7.20. Y kinbui maorodienis R[x] posriagremo roaosHuii igeas
(x —a), a € R. JIng 3acrocyBanus reopemu 7.9 posriisHeMo roMoMopdism f
i3 kb R[z] y kigbne gificaux gucet:

f:Rlz] =R, f(p(-)) = pla)

(Bukopucranust cumpojy «» B 3amucy f(p(-)) o3Hadae, Mo aprymeHToM Bi-
nobpaxents f € mHorowied p € R[z], a He #ioro 3HaYeHHs B KOHKpPeTHiil
Tourti). Jlerko mepeBiputh, Mo sapo Ta 06pa3 romomMopdizmy f MaTh Ta-
KA BUTJIA:

Ker; = {p(z) € Rlz]: p(a) = 0} = (z — a);
Im; = {p(a): p(z) € Rlz]} =R.
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Pozain 7. EjnemenTu Teopii Kireinp

OT:xe, 3a TeopeMoio 7.9 OTPUMYEMO
R[x]/(x_a) ~ R.

fx i B Teopii rpymn, m. 2 TeopeMu 7.9 H03BOJIIE ABHO BKa3aTHU BUTJIS
cymizKHUX KJaciB dakrop-kiabig R[z] /(x_a). Bunumemo gaBauit BUTI,1 130-

mopdismy ¢ Rlz] /(x_a) — R:
o (p0)) = F(0() = (o)

Orke, KozkeH cymixuuil kiac A, gpakrop-kinbus R(z]/ (2—a) MICTHTD MHO-

FOYJIEHN 3 OJIHAKOBUM 3HAYEHHSAM 0L Y TOUIL A
]R[x]/(x_a) ={A,:a e R}, A, ={p(x) € R[z]: p(a) = a}.

IMpuknax 7.21. V kiabii muorowienis R|x| posrisinemo ronosauii igeasn
(22 + 1). dna sacrocyBanHs Teopemu 7.9 posriasHeMo romomopdizm [ i3
Kiabig R[z] y Kijabie KOMIJIEKCHUX 9UCeI:

f:Rlz] = C,  f(p(-)) = p(i)

(3ayBakumo, mo st p(z) € Rlz] maemo pisaicts: |p(i)| = |p(—i)|). Jlerko
IepeBipuTH, WO AAPO Ta 00pa3 roMoMopdismy [ MalOTh TaKWil BULISAL;

Kery = {p(-) € R[z]: p(i) = p(—i) = 0} = (2 + 1);
Imy = {p(i): p(-) € Rlz]} = C.

Ot:xe, 3a TeopeMoro 7.9 jicTaneMo
R[x]/(wQH) ~ C.
Baypakennsi 7.9. OrpuMaHuil pe3y/ibTaT MOXKHA y3araJJbHUTH Ha BHIIA-

IOK ToJ10BHOrO ineany (ax? + bx + ¢), ge a # 0 Ta muorouwnen ax? + bxr + c
He Mag€ JICHUX KOpeHiB:

R[JT] /(a:cQ—i—bm—i—c) ~C
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7.9. Teopema 1po romomoppizmu Kijreipb

IMpukaax 7.22. V kineni muorouaenis R[z] posrisremo romoumii ime-
an ((x —a)(x — b)), ne a,b € R, a # b. [Ina 3acrocyBanus treopemn 7.9
posriisiaeMo romomopdism f i3 kinbnsg R[z] y xiabie marpuiip:

Fiie = o fio(ron (G )):

n
ito muorounena p(x) = . apx® ma marpumo X € My, BH3HAYAIOTDL
k=0

CTaH/JaPTHO:
n

p(X) =) aXx* X'=1I
k=0

1106 cipocTuTn o6UUCIeHHS Aapa Ta 00pa3y BigoOpazKeHHs f, HAraIaeMO
MeTo obuncaeHHst PYHKINT BiJ JlarOHAJIbHOT MATPHIIL:

/(5 2)) =05 )
Terep JIerko J0BECTH, 1O spo Ta o6pa3s roMoMopdisMy f MaloTh Takuii
BULIIAL:

et D)4

:{ e (7 b) (8 8)}:

= {p() € Rlz]: p(a) = p(b) = 0} = ((z — a)(z — D));
Im; = {p (g 2)) p() € R[w]} =

{4 ) sorean)={(s Do)

Ot:xke, 3a Teopemoio 7.9, OTPUMYEMO

a1 0 .
x]/((g:—a)(x—b)) ~ {(0 a2) Fay, az € R}

(momaBaHHST Ta MHOXKEHHS B KiJIbIll JIArOHAJBHUX MATPHUIH BBAYKAEMO IMPH-
POJHUMH).
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Pozain 7. EjnemenTu Teopii Kireinp

IMpuknazx 7.23. V xiaemi muorowrenis R|x| posrisuemo rogosumit igeasn
((x — a)?), ne a € R. Jlna 3acrocyBanns TeopemMu 7.9 PO3IJISIHEMO TaKwuil
romomopdizm i3 Kinbug R[x] y Kinbie Marpuip:

fiR[z] = Maxa,  f:p(") HP((S Cll))

[M1o6 cupocTuT 0OUYKCIEHHS sipa Ta 00pal3y BigoOpazkeHHst [, HAraIae-
1

. . a
MO METO/, 00YNCAeHH MHOTOYJIEHIB Bl MaTpHOb THUILY 0 (TaK 3BaHUX
a

YKOPJAHOBUX MATPHUILb):

() R G

Baysazkennst 7.10. Y kypci ainiitaol anrebpu (qus. [16]) goBeaeno dbopmy-
ay tuny (7.8) mist GyHKIH B XKOPJTAHOBUX MATPHUI JOBITHHOTO MOPSIIKY.

Tenep, 3a gonomorow dopmyan (7.8), Jerko o6IUCIUTH SIPO Ta 00pa3
roMoMopdizmy f:

Ot:xe, 3a TeopeMoo 7.9, OTPUMYEMO

ayp az\ .
R[]/ yayp) ™~ {<0 a1> $ 1,02 € R}'
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7.10. MaxkcumaabHI i1eaan

7.10. MakcumaiabHi ineaan

Posrngnemo cremiaipHuil Kjaac ieasiB, sSKHid BiIirpae gyzKe BazKJIUBY
POJIb YV BUBYEHHI obJiacTeil MmiJIicCHOCTI.
Hexait (R, 4+, ) — 061acTh IUIICHOCTI.

OsHauenns 7.11. Herpusianbuuii izean J obiacri uigicaocri (R, +, )
HA3WBAIOTh MaKCUMAJIbLHUM, KO B (R, +, ) He icHye imeany Ji, Takoro, Imo

JG Ji#R.

Ilpukaan 7.24. 1. Kinbie mimx qucesa 7Z € KiIbIleM I'OJOBHHX i/ieaJiiB
(muB. mpuki. 7.16), a oTKe, MicTuTh Juiie igeanu (n), n € Z. Jlerko 3po3y-
MITH, 0 HeTpHUBIAIBHUN imean nZ (n > 2) € MAKCUMAJIBHUM TOJI 1 TLIBKH
TOJI, KOJMW 9UCJI0 N mpocte. Tax, imeanu 27, 37, 57 makcuMmaabHi, OTHAK
67 C 27 ta 67 C 37.

2. Kinbne R[z| muorowenis 3 miliciumu koedilieHTaMu € KiableM ro-
JIOBHUX iymeasiB (muB. mpuki. 7.16), a orke, micTurh Jjume imeaau (p(x)),
p(z) € R[z]. Jlerko 3posymitu, 110 imean (p(x)) MakcuMaabHURA TOMI 1 TIABKH
TOJIi, KOJIM MHOPOWIEH () Ma€ BUIJISIL:

o p(z) =ar1x + ap (a1 # 0);

o p(x) = ar? + a1 + ag (D = a? — 4asag < 0),

T00TO KO Pp(T) HE MOXKHA PO3KJIACTH B JOOYTOK MHOTOYJIEHIB HEHYJIHOBOIO
crenena. Tak, izeamu (x — 1), (z2 + 1), (* + 2z + 2) MaKcuMaJbHi, oTHAK
(=1 C(x—1)ma(z*—1)C (z+1).

Bayazkennst 7.11. Jlerko nepesipuru, mo B kijbui R[z] igeanu (p(x)) ta
(o-p(x)) 36iratoTbes ayst 6yab-akoro o # 0 (aus. Bupasy 7.10), 1m0 103BOJIsIE
JIJIs1 3aIIACY T'OJIOBHOIO ijieaJry oOMpaTh MHOIOUIEH 3 OJMHUYHUM KOeilieH-
TOM y WIEHI CTapIioro crenend. Tak, HAIpHUKJIaI,

(a1 + ao) = (93 + Z—;) (a2 + arx + ag) = (902 + g+ j—g) .
Pesynbpratn npukia. 7.24 € nacaiakoMm noganol Hmxk4de Teopemu 7.10.

Teopema 7.10. V kiavuyi 2onoehuz ideanris (R, +, ) nempusiarvhudi ide-
an (1) Maxcumarvrut modi i miavku modi, Koau esemenm r € R ne moscha
300pasumu Yy euzaadi dobymxy 080T HEOOOPOMHUL eAeMEHMIE (Mmakul ene-
MEHM T HA3UBAIOMb NPOCTUM).
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Pozain 7. EjnemenTu Teopii Kireinp

osedenna. 1. Hexait r € R — npoctuit esement. 3adikcyemo r € R i
npuiycrivo, mo (r) G (r1) # R. Toxi orpumyemo

(re(r)c(rn)=(re(r))=(3qe€ R:r=rq).

OCKITbKH €JIEMEHT T 3a MPUIMYIIEHHAM MMPOCTUi, OJIUH 3 JIBOX MHOMKHU-
KiB y J00yTKY 7 = 7r1q Ma€ 6yTu 0DOPOTHUM; B 0DOX BUIIQIKAX OTPUMYEMO
CyIepedHicTh (BUKOPHCTOBYEMO pe3yJibrar Bupasu 7.10):

(r € RY) = ((r) = R);
(g € RY) = ((r1) = (r)).

2. Hexait nerpusianbauii ijean (r) makcumasbuuii. [Tpunycrivo, mo 7
PO3KJIAIAEThCsl B JIOOYTOK JIBOX HEOOOPOTHHX €JIeMEHTIB: ' = 71 - ro. Toul,
3a pesysabraroMm Brpasu 7.10, orpumyemo (r) C (7). Ockinbku imean ()
MaKCUMAaJIBHUI, 118 i7eany (1) Mae Micie oJuH 3 1BOX BUNAKIB: (1) = ()
abo (r1) = R. B 060x BUIIaIKaX OTPUMYEMO CYIIEPEUHICTH 3 HEOOOPOTHICTIO T
Ta 1y (Y HepIIoMy BHUIAIKY KOPHCTYEMOCH 3aKOHOM CKOpodeHHs (7.4), axuii
BHKOHYETHCsI B 0OJIACTI MITICHOCT):

((r) =)= (n=rq, g€ R) = (r =m17129) = (1 =12¢) = (¢ =713 ");
(r)=R)=1cR=())=(1=rq qeR) = (g=r"). O

3a3HaYNMO, 110 B JOBLIbHINi 00J1aCTi IIJIICHOCTI IEePIInii IIyHKT MOHHO J10-
BEJCHOI TEOPEMHU 3aJHINAETHCA CIIPABEITMBUM, TOOTO TOJOBHUN MaKCHMaJIb-
HUi iean (a) Mo¥Ke MOPOZKYBATHUCH JIUIIE MPOCTHM €JIEMEHTOM G; OJTHAK Y
JIOBLIBHINA 00/1aCT1 IIJIICHOCTI HE BCAKUI IMPOCTUH €JIeMEHT G IOPOJIKYE T0-
JIOBHUI MakcuMaJbHUil inean (a).

IMpukmam 7.25. Y kinbni Rz, y| MHOrOWIEHIB Bi 3MIHHUX X Ta y MHOTO-
wied p(x,y) = & € UPOCTUM €JIEMEHTOM, OJIHAK ijeaJt () He MaKCUMaJIbHUI,
OCKLJIbKH € BJACHOIO IiIMHOXKHHOIO 1HIIOTO HEeTPUBIAJbHOIO i1easry:

(z) & J ={p(z,y) € Rlz,y]: p(0,0) = 0} # R.

Huxuenonana Teopema 7.11 AeMOHCTPYE BaXKIUBY POJIb MAKCUMAaJIbHHUX
imeasiB g pakTopmu3aliii 00/1acTi HiIiCHOCTI.
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Teopema 7.11. Paxmop-Kiavue 00AGCMIL ULAICHOCTE 30 MAKCUMANOHUM
1deanom € noaem.

losedennsa. Hexait J — neskuilt MakcuMaJibHHUI imeaa B obJacTi mijic-
nocri (R, 4+, ). g dakrop-kiabug R / , HOTPIOHO JIOBECTH KOMYTATUBHICTb,
HAasBHICTH OJUHMUIN, a TaKOXK OOOPOTHICTH YCiX HEHYJILOBUX eJIeMeHTIiB. Ko-
MYTATHBHICTE i HAABHICTE OJWHATI 1 0/Ipa3y BUIIMBAIOTE 3 Bi/ITOBITHIX Ba-
cruBocTeil Kbl [ Ta Bu3HavYeHus onepaiiiii Ha (pakTOp-KiJibIli:

@‘

b-a;

a-b=

a -
- a

i—‘l
I

—_
Q|

- =

OT:ke, 3aIHUIINIOCH A0BECTH OOOPOTHICTDH Il JOBLIBHOTO (PIKCOBAHOIO
Ge R/, a#0.

Crovarky 3a3mauumo, mo 0 = 0+ J = J (HyJn0BIM eJIeMEeHTOM Y 6y/Ihb-
AKOMY (DaKTOP-KiTbIi € ieas, 3a akuM Tie Kimbne dhakTopusyioTs). OTike,
st a # 0 orpumyemo ymoBy a & J.

1 momyKy ejaeMenTa, 00epHEHOro JI0 @, PO3LJITHEMO HOBHI i1eadt:

Ji=(a)+J={ar+j:reR, jeJ}
Jlerko nepesipuru, 1o J; jificHo € igeaaom y Kijibni R, npudoMmy:

VjedJ:j=a-0+5€ J1)=(J C Jy);
(a:a1+OEJ1):>(J7§J1)

Orxke, J € J; i, 32 MaKCUMAJIBHICTIO J, OTPUMYEMO
7 ¢ 7 b

(i=R)=(leJ)=(1=ar+j,r€ER j€J)= (1=ar+j).

Hapemrri, 3a semoro 6.9, 7 = 0, i ogepzxumMo obeprennit 10 a:
(=ar+0)=I=a7)=(r=(a)").

Takum YMHOM, JOBLIbHUI HEHYIbOBUI CyMiKHUH KJjiac @ € R / ; Mage 0bep-
HEHW, 10 3aBEPIIYE JTOBEJICHHS TEOPEMH. 0]
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Pozain 7. EjnemenTu Teopii Kireinp

IIpuknan 7.26. Ille pa3 moepHiMOca 10 pakTOpm3aIlil KiIbId IMIIAX
YHCeJI 1 KiJbIlg MHOIOYJIEHIB 3 JificHuMEU KoedilieHTaMu.

1. YV xigemi Z igean (p) = pZ (p € N) makcumanbHuit Tofi i TLIBKH TO/,
KOJIA YHUCJIO P IPOCTe, 1 BiIOBIAHI (PaKTOP-KIJIbIIS € HOJISIMU:

Z/,~T

p -

2.V kinbui R[z] makcumaabauMu € igeasn, mopoazkeHi HEPO3K/Ia HUMU
MHOT'OYJIEHAMH, 1 BLAIOBIIHI (DAKTOP-KIIbIlS € IOJISIMH:
o R|x] /(w_a) ~ R nasa posinbHOrO 0 € R;

o R[x ~ C, saxmo D = a? — 4ag < 0.

] /(:1:2—|—a1:c+a0)

Jokyaainm BiIOMOCTI PO POJIb MAaKCUMAJILHUX 11eajiB y KLIBIIX TO-
JIOBHUX iJIeajliB MOYKHa 3HAlTH, Hanpukaad, y [11, 13].

7.11. IToHATTHA PO 1IIEMIIOTEHTHI KiJIbIld

Y upomy miaposaiai posriagHemo Kijibie (R, @, ), jge onepaniio 101aBaH-
Hsl HO3HAYEHO CHMBOJIOM «@» (IOMITBHICTDH caMe TaKOrO MO3HAYEHHsI CTaHe
OYeBUTHOIO TIiJ 9aC TMOJAIBIIOT0 BUBYECHHS 1IEMIIOTEHTHUX KiJIEmb).

Osnauenns 7.12. Kinbue (R, ®, ) HA3UBAIOTH 1JIEMIIOTEHTHUM, SKIIO

a’ =a Ya € R.

Ilpukmaan 7.27. eski i1eMIIOTeHTHI KijbIlsl BxKe 0yJ10 PO3LVISHYTO.

. . . . . =\ 2 =
1. Kinpme kjaciB JuIMKIiB Zy € 1AeMIOTEeHTHHM, OCKLIbKHU (0) = 0,

=2 T .o : :
(1) = 1. 3a3Haummo, 110 B T€OPii iAEMITOTEHTHUX KiJIeIlb 3aMiCTh Zg 3pyd-
Hillle PO3IJIsLIATH 1HIIE JIBOeJeMeHTHEe Kijablie, i3oMopdHe Zs:

<{07 1}7 @7 > ~ Z27
ne «@» MO3HAYAE CYMy 34 MOIYJIeM 2.

2. Anrebpuuna crpykTypa (S, A,N), 1e S — Kilblle MHOXKHUH, € 1T1eMIIO0-
TEeHTHUM KijJbleM, ocKiibku AN A = A nas Oyab-skoro A € S.
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7.12. IlousirTst MOJLyIs1 Ta ajrebpu

Poaringremo aBi HAATIPOCTIINT BJACTUBOCTI iI€MIOTEHTHHX KiJIellh.

Hexaii (R, ®, ) — i1eMnoTeHTHE KiJIbIIE.

1. Va € R: —a = a, To0TO B iIeMIIOTEHTHOMY KLJIbII KOKE€H eJIeMEHT
30Ira€ThCs 31 CBOIM IPOTUJIEZKHUM.

Josederns. Posriasinemo enevent (—a)?. BUKOPUCTOBYIOUM BJIACTUBOCTI
KiJemb 1 O3HaUeHHs 1/IEMIOTEHTHOTO KLIbIA, OTPUMYEMO:

(—a)* = (=a) - (=a) = =(—(a-a)) =a’ =«

<_a>2 = —a,
3BIJIKM BUILJINBAE PIBHICTH 4 = —a. (]
2.Va,be R:ab= ba, ToOTO i1eMIIOTEHTHE KiJIbIle KOMYTATHBHE.

Josedenma. Posriasuemo enevent (a@b)?. BUKOPUCTOBYIOUH BIaCTUBOCTI
KLJIemb 1 O3HaYeHHs 1IeMIOTeHTHOTO KLIbIlH, JICTaHEMO:

(a®b)?=(a®b)-(aDb)=a*DabDbaDb*> =a® ab® ba D b;
(a®b)*=adb.

Otxe, a @ ab® ba ® b = a @ b, 3BiaKM 32 3aKoHaMU cKopodeHHs (6.1) i
(6.2) (xiable 3a onepamniero JojaBaHHs «D» € abe/IeBOI0 IPYIOI) MAEMO

(a@ab®ba®b=adb) = (ab®ba =0) = (ab= —ba) = (ab = ba).

Ha ocranaboMy JIOTiYHOMY mepexoii OyJI0O BUKOPHCTAHO BJIACTHBICTD
T = —x, 9Ky J0BeJIeHO BUIIIE. (]

Bropasa 7.14. IlepeBipuTu BUKOHAHHS JOBEICHUX BJIACTHBOCTEHl I

11eMIIOTeHTHAX KiJIelb 3 TPUKJI. 7.27.

7.12. IloasaTTa MOAyJisd Ta aaredopn

3 MOHATTSAM KiJbIII TiICHO OB’ s13aH1 OLIBINT CKJIAHI aJIreOpuydHi CTPYKTY-
pu — MOJLYJI Ta aaredpu.
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Pozain 7. EjnemenTu Teopii Kireinp

7.12.1. ITouarTa mMoayasi

Osnavennsa 7.13. Ajurusny abeseBy rpyny (M, +) Ha3HBaIOTh MOJY-
JeM (JTIBUM MOJIy/IeM) Ha I KiibiieM (R, -+, -), SKIO BU3HAYEHO OMEPAIliio MHO-
JKeHHs ejieMeHTiB i3 M 3i1iBa Ha ejiemenTH i3 R, T00TO JUIs1 OYIb-SKOI Iapn
(r,m) € R x M Busnageno no0yTok r-m € M, upu4oMy BUKOHYIOTbCH TaKi
YMOBH:

o r-(my+mo)=(r-my)+ (r-my);

o (ri+ry)-m=(ri-m)+ (ry-m);

e (ry-r)-m=ry-(rg-m),
ner,r,re € R, m,my,me € M.

SayBaskeHHst 7.12. B o3HaueHHI MO/y/isl BAKOPUCTAHO JIBI Pi3HI omepalrii
nonasanus (y Kiaemi (R, +,-) Ta B rpymi (M,+)) 1 nBa pi3Hi MHOXKeHHS
(y ximbui (R, +,-) ta Ha mHOkuHI R X M i3 3nauenusam y M). IIpore raka
«TaBTOJIOTiS IIO3HAUEHb» He IIPU3BOAUTH J0 HEIIOPO3YMiHb, OCKLIBKHI 00JIaCTh
i1 omepalil JJeTKO BU3HAYUTH 33, KOHTEKCTOM.

BayBakennsi 7.13. ZKino po3risaaoTb Moy b M Haj KijablieM 3 OJMHH-
e 1 € R, To, sIK IPaBUIO, BBOASTH H0JaTKOBY yMOBY Vm € M: 1-m = m.

BayBakenHst 7.14. AHaJIOTIYHO 0 HMOHATTS JIBOTO MOJIY/IS BBOASTH II0-
HATTS IPABOTO MOIYJIS Ta JBOCTOPOHHBOTO MOJYJIS.

IMpukmaan 7.28. 1. Josiabhe Kinbie (R, +,-) € MomyjaeM «Haj co600»,
T06TO abesea rpymna (R, +) € Mmoysem Haj KiabieMm (R, +, ).

2. I'pyna (R™, +) € MojyeM Haj MATPUYHUM KiabieM M, y,.

3. I'pyna (R™, +) € moaysiem Haj nojiem R jificaux wuces. Orxke, aiHiiHuii
npoctip R™ MOKHa BU3HAUUTHU K MOJLY/Ib auTuBHOI rpynu R™ Ha 1 mosem R,
Bszaraui, 6yab-axuii Mmogyab (M, +) wag noaem (P, +, ) HA3UBAIOTD AiHITHUM
nPOCMOPOM.

Bunpasa 7.15. Hexait (M, +) — moxyans nag kigbuem (R, +, ). Jas dik-
COBaHOIO ejieMenTa r € R nosectu, mo BigoOpaxkenna M > m—r-m e M
e engomopdismom rpymu (M, +).

Bopasa 7.16. Hexait (M,+) — nosinbaa abesneBa rpyna. Haragaemo
(muB. Bupasy 7.1), mo MHokuHa eHgoMopdizmis Endy, rpynu (M, +) € Kijb-
IeM 3a IMOTOYKOBHUM JOAaBAHHSIM Ta omneparieo Kommno3nmii. das f € Endy,
tam € M Busnauntu nod6yTok f-m = f(m). Josectu, mo (M, +) € Mmoynem
HaJ Kigbinem expoMmopdizmis End,y.
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7.12. IlousirTst MOJLyIs1 Ta ajrebpu

Ha monymi nmepeHocsTh 6araTo o3HavYeHb 1 TeOpeM 3 Teopil Kimenb. 30Kpe-
Ma, BBOJSTDH TaKi MOHATTS, IK TOMOMOPQI3M MOJIY/IIB 1 (paKTOP-MOYJIb, J10-
BOJATH TEOpeMy PO TOMOMODPMI3ME JiJIsi MOIYJIB TOIMIO (JAMUB., HAIPUKIA,

[T, 13]).

7.12.2. IlousiTTa anredpn

[TousarTda aﬂre6p1/1 € y3araJIbHEHHAM IIOHATTA Ki.HbL[ﬂ.

Osmauvennd 7.14. Anre6poro Haj nojem (P, +,-) Ha3MBalOTb KiJble
(A, +,+), Take, mo (A, +) € JgiHiiHEIM OTPOCTOPOM HaJ 10jeM P, npudomy
BUKOHYETBCH YMOBA:

(pl'p2)'a:p1'(p2'a):pz'(pl'@), ne p1,p2 € P, a€ A

BayBazkenHst 7.15. B o3nadenHi ajrebpu, K i B O3HaYEHHI MOJLYJIsI, IIPULi-
HATO 30epiraTv CTaHIapTHI MO3HAYCHHS «—+» Ta «-» g PI3HUX omepariit
JoJaBaHHA Ta MHOYKeHHs. TaK, mO3HAUeHHs «-» BUKOPHUCTOBYIOTH Telep s
TPHOX Pi3HUX JOOYTKIB — 100yTOK y 1osi (P, +, -), 100yToK y Kiabii (A, +, -)
Ta 700yTOK ejemenTa i3 P Ha egement i3 A. OnHak e He IPU3BOAUTH 10 He-
ITOPO3YMiHb, OCKIJIbKI 00J1aCTh BU3HAUCHHS ONEPAIIiil 3aBXK A1 MOXKHA BH3HA-
YUTH 13 KOHTEKCTY.

ITpukman 7.29. 1. bynas-axe none P € aarebporo HaJ c06010, TOOTO HAT
camum mosieMm P.
2. Kinbne marpuns M, «, € aaredbporo Ha 1 mojgeM R aificHHX duce.

Teopito anrebp meTajabHO POIJISHYTO, 30Kpema, B |[13].

Y Teopil Kijenp i ajredp 4acTo BiAMOBJSIOTHCS BiJl YMOBH acOIlaTUBHOC-
Ti, TOOTO PO3IJIsIA0Th TAK 3BaHI HeacolliaTuBHI Kbl Ta aaredopu. Tak, ay-
yKe BayK/JIMBIM BHIIAJIKOM HeaCONiaTHBHOI aredpu € airebpn JIi', me 3amicTs
ACOTIIATUBHOCTI BBOJSTH TaKi JBi yMOBH (06yTOK B anarebpax JIi mo3HauaoTh
gepes [a,b], ge a,b € A):

e aHTHCHMeTpHUHICTD: [a,a] =0 (a € A),

LJTi Mapiyc Codyc (1842-1899) — HOopBesbKuii MaTeMaTHK; PO3POOUB TEOpilo Herepep-
BHUX I'DYI, y HAIT Yac BigoMux gk rpymu JIi.
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Pozain 7. EjnemenTu Teopii Kireinp

® TOTOXKHICTH ZIK00i:
la, [b,c]] + [b, [c,a]] + [c, [a,b]] =0, (a,b,ce A).

IMpuknan 7.30. Jliniitnuit opoctip R? 3a omepaiiiio BeKTOPHOTO 100YT-
Ky, To6TO HeaconiarusHe Kiibie (R3, +, «[,|») ak iniiinuit npocrip nax R,
yrBOproe anrebpy JIi (aHTHCHMETPUIHICTD 1 TOTOXKHICTE KOOI M/Is 1HOTO
BUIIAJIKY JIOBEJIEHO B KypCi JiHiitHOT anarebpu).

Auire6pu JIi geranbHO po3riasiHyTO, 30Kpema, B [17, 18].
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Iloka>kunk TepMiHiB

Anrebpa 211

— JIi 211

— MHOXKHUH 30

— — OopeniBebka 31

AnrebpuvHa cTpyKTypa 3 OiHAPHOIO Omepa-
miero 107

————— komyTtatuBHa 107
————— HekoMmyTaTuBHa 107
Asroputm @mepi 80

Biekisi (B3a€MHO O/JHO3HAYHE
BimoOpazkenHnsi) 56

Binom Herorona (Ginomiasnbha dopmymna) 66
Binomianmsua dopmyna dus. Binom Huio-
TOHA,

BinomianbHi Koeditientn 62

Bepmuna izonboBana 72

— kopeneBa (KopiHb) 86

— HermapHa 72

— mapHa 72

Bepmmunu innuaentHi pebpy 71

— cymixknul 71

B3aemuo omHO3HaUHE BimoOpaykeHHsT due.
Biekiis

Bubipka 59

— 0e3 noBTOpeHb 59

— 3 TOBTOPEHHAMU 59

— HeBNOpsiAKOBaHa (KoMmOinarist) 59
— ynopsiakoBaHa (posMimients) 59
Bunanenns Bepmmn 73

— pebep 73

BucyioBnennsi 7

Butixk 104

Bignomenusa 33

— anrupediekcupue 42

— aHTHCHUMeTpu4dHe 42

— JOIOBHSIJIbHE 38

— ekBiBasileHTHOCTI (eKBiBaJIeHTHICTD) 45
— in’ekTHBHE 54

— imBepcue (obepuene) 39

— obepuene due. BimHomenus inBepcHe
— TOPOXKHE, TTOBHE 33

— mopsAKy (HECTporo JacTkoBoro) 47
— — miHiftHOTO 48

— — mecrpororo 49

— — crpororo 49

— pedaekcuBrae 41

— cuMmeTpuuHe 42

— ciop’ekTuBHe H4

— ToroxkHe 34

— Tpan3utuBHe 43

— yHapHe, OiHapHe, TepHapHe 33

— (dyskmionanbae 54

Binobpaxkennst 55

— romomvopdue rpyn  dus. 'omomopdizm
rpym

— — Kinens dues. Fomomopdizm Kinemnb

Tomomopdizm rpyn 141
— — KaHOHiuHHU# dJus. l'oMoMopdism rpyn
TPUPOSHTHI
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Iokaxkank TepMiHIB

— — npupoanuii 170
— Kijgenp 197

— — KaHOHIYHWH
JIelb TIPUPOTHUN

— — uyapoBuit 198
— — npupogaauit 198

I'pani cymixui 103

I'panp 92

— BHyTpimHA 93

— 30BHIMTHSA 93

I'padp 70

— k-xomipuauit 100

— raMmiabToHIB 81

— IBOJOJILHUI 85

— JOIOBHSLJILHUHN 75

— apyruit gyansauit 96

— nyanbHuil (mepmii gyanbauii) 95

— eiinepiB 77

— 3 ¢dapboBanumvu BeprmmHavMu 100

— 3B’ga3HMi 75

— mivenuii (Mepexa) 87

— HamiBramijabToHiB 81

— HamiBeiyepis 77

— mepmuit ayasapuuit dus. I'pad nyanbHmin
— mnaHapauii 91

— maockuit 91

— noBHUA 73

— IOpOXKHiH 73

— perynsapuuii 84

['padpu romeomopdui 88

— izomopdmui 87

I'pyna 110

— Zy, anuruHa dus. I'pymna KjaciB JIUIIKiB
aIUTUBHA

— Z," mynbrumiiikarusha due. I'pyna kia-
CiB JIMIIKIB MYJIbTUILTIKATABHA,

— abesieBa, 110

— agutusHa 110

— 3nako3minaa 141

— KJIACIB JUIIKIiB aguTuBHA, 135

— — — MyJAbTHILIIKaTUBHA 138

— MmyabTumiikatusaa 110

— — Kiablg 3 oguHUICIo 185

— migcraHoBok 116

dus. Tomomopdizm Ki-

— npocta 153

— cuMerpuvHa due. I'pymna migcTaHOBOK
— nukiaivaa 145

['pynu izomopdui 141

JekapriB 100yTOK MHOXKHH 28, 29
Hepeso 86

— KopeHneBe 68, 86

3 1OHKIIA BUCIOBIEHD 8

HinbHUK HOpMaabHU 154

— myna 186

— — jgiBuit 186

— — mipaBuit 186

— ommaMI  due. OOGOPOTHMIT ¥ KimbIl
JobyTok marpuinpb BigHomens 40

— mizgicranoBok 115
Hosxkuna nukay 118
JonoBuenHst 10 rpady
rpad) 75

— — MHOXWHHU 22

(TOTIOBHSITHHUI

ExsiBasienTricts due. Binnomennsa exsisa-
JIEHTHOCTI

— 3a MojayseM 2 45

—— —p 45

ExsiBasienmia suciiosnens 9

Enement nipoctuii 205

Enpovopdizm rpyn 143

Enimopdism rpyn 141

— Kinenp 197

3aKOH CKOpOYeHHsI B Kiabii 187
3anepeyeHHs1 BUCIOBJIEHHs &
3B’s131a KOMIIOHEHTa, (061aCTh 3B’13H0CTI) 75

Ineasn kinbma 191

— — Baacuuii 191

— — roJyioBHu# 192

— MakcuMmaJibHER 205

— TpuBianbauit 191
[3omopdism rpadis 87
— rpyn 141

— Kinens 197
Immnikaniss Buc/IOBIEHb 8
In’exmia 56
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Ilokazkauk TepMiHIB

IuBepcis 125

Inpexc miarpynun 152

Inteprperarnis dpopmynu anredbpu BUCIOB-
nens 10

Kinpme 177

— roJyioBHUX imeajis 193

— enjgoMopdi3miB abenepoi rpynu 179
— 3 onuHuIeio 180

— igemnorenTrae 208

— komyTtaruBHe 180

— MHOXKHH 32

— — OopeniBcbke 32

— HekoMyTaTuBHe 180

— HyJaboBe 183

Kinbus izomopdui 197

Kinac exsiBamerTHOCTI 50

— Jymmkis 132

— cymixknuwuit 157

— — giBuit 147

— — npasuit 147

KowmbGinartisi dus. Bubipka HeBHopsikoBaHa
Kowmnozuiia Biguomens 39
Kon’1oukI1ig BUCJIOBJIECHL &
Kopiub dus. Bepiuna KopeneBa
Kpurepiit miarpynm 139

— migkiapns 182

Jlekcukorpadiune BropsaakyBanusg 48
JIncroxk 86

Jlic 86

Jloriuna exksiBajseHTHIiCTL 11
Jloriunwmit macaigok 17

Marpuns cymixknocti rpady 89
Mexka rpani 92

Mepexa dus. I'pad mivennii

Micr 76

MuoxkrHa BHOPAIKOBaHA JiHITHO 48
— — YJacTKOBO 47

— mopoxkHa 19

— yHiBepcajibHa 22

Muoxunu exsiBasenTHi (pisui) 19
Monynp (aisuit Mmomysnn) 210

Momnoin 108
Monomopdizm rpymn 141
— Kinenp 197
Mynbsturpad 70
MysnbTupebpo 70

Hanvuoxkuma 20
«HaiBue» Bu3nadennd MHOXKUHU 19

Heiirpanbauii  (1BOCTOpOHHI# HeATpaTh-
uuit) 108

— giieuit 108

— omHOCTOPOHHINH 108

— mpasuit 108

Heopienroanuii rpad 70

Hynpb xinbug 177

O6’enannsa Bignomenn 37

— MHOxKMH 21

O6epuenwuit (1BocTOpOHHI 0GepHenuit) 109
— qisuit 109

— oxnocroponuiii 109

— mpaswuit 109

— y Kizgbmi 184

Ob6nacTp BU3HAUYEHHA OiHAPHOTO
BiZHOIIIEHHSI 53

— 3B’a3H0CTi due. 3B’sA3HA KOMIIOHEHTA,
— 3HatieHb (00pa3) 6iHApHOTO BiTHOIEHHST 53
— mijgicrocti 190

O6oporuuii y kinpmi 184

O6pa3 Ginaproro BigHomenuss dus. O6-
JIACTHb 3HAYEHDb OIHAPHOTO BiIHOIIEHHST

— romomopdizmy rpyn 165

Opmunnig Kigpisg 180

Omneparus 107

Omneparist n-apua 106

— acomiarusaa 106

— Oinapua 106

— 3amkHeHa 106

— xkomyTtaruBHa 106

— meacomiarusaa 107

— HekoMyTatuBHa 107

— Hyab-apHa 106

— yunapua 106
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Iokaxkank TepMiHIB

Oprpad dus. OpienroBanuii rpad
— moBuuii 104
Opienrosanwuii rpad (oprpad) 70

[TapuicTs nepecranoBku 125

— migcranosku 127

Ilepepis BigHOMMEHDb 37

— MHOXKuH 21

[Iepecranoska 113

— HemapHa 125

— mapHa 125

ITetna 70

[Mierpyma 107

[Tlinrpad 73

[Iinrpyma 138

— BjaacHa 141

— HOpMaJThbHa, dus. JliTbHUK HOpMAJILHUIMA
— onnununa 141

— moBHa, 141

— TpuBiagbHa 141

— mmkJivHa 143

Ilinkinpme 182

— Bnacae 183

— TpuBiaabHe 183

IIi mvaoxuma 20

— Bnacaa 20

[TIinpo3ourTsa pedbpa rpady 88
Ilincranoska 114

— memapua 127, 130

— obepraena 116

— mapua 127, 130

— ToTokHA 114

ITose 190

[Tominomianbua popmyna 67
[TopiBusnaHi enemenTn 48

[Topsimok rpymm 150

— eyleMeHTa Tpynu 143

— — — Heckindennnit 144
[ToryxHicTh cKiHYeHHOT MHOXKUHU 26
[IpaBuno me Moprana y3arajibaene 16
— JIIBOTO CKOpPOYeHHsd B rpymi 112
— TPABOTO CKOpO4YeHHs B rpymi 112
[Mpunmun dipixiie 58

— nobyTKy 57

— ayaabHocTi 14

— cyMu 58

[IpoGirema Kenircbep3bKux MocTiB 77
— 4YOTUPHOX KOJILOpiB 104

[Ipoctuit rpacd (mpocrorpad) 70
[Ipoctip minitinuit 210

[Ipocrorpad dus. Ilpoctuit rpad
[IpoTunexunit y Kiapmi 177

Pebpo innmpentre Bepmmaam 71

PiBenn BepimmHm KOpeHEBOTO JiepeBa 86
Pisaunga B xizpmi 182

— MHOXMWH 21

— — cuMmeTpuyHa 21

Po3burta muoxunu 49

— ynopsakoBane 64

Po3mimenns due. Bubipka ymopsiakoBaHa,

Creninb BepmmHu 72

— — 3a BuxomoMm 104

— — — BxomoMm 104

— rpani 97

— eJieMeHTa rpymm 112

Crik 104

Cywma BUCJIOBJIEHB 33 MOJyjeM 2 9
Cymnepeunicts 12

Crop’ekiisgs 56

Tabmuma Kemi 117

Tapromoriss  dus. @opmysa aarebpu BHUC-
JIOBJIEHD 3araJbHO3HAYYIIA

Tsipua nukaignol migarpynu 143

Teopema, /lipaka mpo raminbToHOBi rpacdu 83
— geaykmii 17

— Eiiepa (kpurepiii eitiieposocri rpady) 77
— Knonira (kpurepiit nBomonpHOCTI Tpa-
dby) 85

— Jlarpamxa 151

— Ope npo raMisbTOHOBI Tpacdu 83

— llouTparina — Kyparoscbkoro 92

— npo romomopdizmu rpyn 170

— — — kinens 200

— — cTeneHi BepmuH 74

— — — — nayia oprpadis 105
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Ilokazkauk TepMiHIB

— — — rpaneit 98
— ®epma Maga 153

O-rpad (rera-rpad) 82

Tera-rpad dus. O-rpad

ToroxkuicTs Axobi 212

Touka 3’egnanng 76

Tpamsurusae 3amukanns BigHomenns 43, 90
Tpaucrnozuriis 118

Tpukyrauk Ilackams 67

YnakoBaHa ajipecartisi 87

@akTop-rpyna 161

®axTop-kinbie 196

QakTop-MHOKHUHA 51

daxTopusaliid MHOXKUHA 51

Qapbysanus rpauneii rpady 103

®opwmysia anredpu BUCIOBICHD 9

— — — nyaabHa 14

— — — 3araJbHO3Ha4YIIA (TaBrosoris) 12

— — — III0 BUKOHY€ThCA 12
— Eitnepa ana niaockux rpadis 93

XapaKTepuCcTUIHA, BAACTUBICTh MHOKMHNA 20
Xpomaruane yucao 100

Huksn 72, 118
— ramiabToHIB 81
— eitepiB 77
— TpocTuii 72

Ilnax 71

— raMisibToHiB 81
— eilyepiB 77

— mpoctuii 72

Anpo romomopdizmy rpyn 165
— — — TpuBiajabHe 165

— — Kigerns 199

— — — Tpusiaabue 199

fApyc kopeneBoro jepesa 86
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