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Abstract. This paper deals with control of partially observable discrete-time stochastic sys-
tems. It introduces and studies Markov Decision Processes with Incomplete Information and with
semiuniform Feller transition probabilities. The important feature of these models is that their
classic reduction to Completely Observable Markov Decision Processes with belief states preserves
semiuniform Feller continuity of transition probabilities. Under mild assumptions on cost functions,
optimal policies exist, optimality equations hold, and value iterations converge to optimal values for
these models. In particular, for Partially Observable Markov Decision Processes the results of this
paper imply new and generalize several known sufficient conditions on transition and observation
probabilities for weak continuity of transition probabilities for Markov Decision Processes with belief
states, the existence of optimal policies, validity of optimality equations defining optimal policies,
and convergence of value iterations to optimal values.
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1. Introduction. In many control problems the state of a controlled system
is not known, and decision makers know only some information about the state.
This takes place in many applications including signal processing, robotics, artificial
intelligence, and medicine. Except for lucky exceptions, and Kalman’s filtering is
among them, problems with incomplete information are known to be difficult [30].
The general approach to solving such problems was identified long ago in [1, 2, 9, 41],
and it is based on constructing a controlled system whose states are posterior state
distributions for the original system. These posterior distributions are often called
belief probabilities or belief states. Finding an optimal policy for a problem with
incomplete state observation consists of two steps: (i) finding an optimal policy for
the problem with belief states, and (ii) deriving from this policy an optimal policy for
the original problem. This approach was introduced in [1, 2, 9, 41] for problems with
finite state, observation, and action sets, and it holds for problems with Borel state,
observation, and action sets [34, 46]. If there is no optimal policy for the problem
with belief states, then there is no optimal policy for the original problem.

This paper deals with optimization of expected total discounted costs for discrete-
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time models. We describe a large class of problems, for which optimal policies exist,
satisfy optimality equations, which define optimal policies, and can be found by value
iterations. In particular, this paper provides sufficient conditions for weak continuity
of transition probabilities for models with belief states. For a particular model of Par-
tially Observable Markov Decision Process (POMDP), called POMDP;, in this paper,
the related studies are [19, 24, 28, 37]. As known for a long time, weak continuity
of transition and observation probabilities for problems with incomplete information
does not imply weak continuity of transition probabilities after the reduction to belief
states. Examples are provided in [19].

Weak continuity of transition probabilities for models with belief states is an
important property because these models are Markov Decision Processes (MDPs)
with infinite state spaces. Optimal policies minimizing expected total discounted and
undiscounted costs may not exist for such MDPs. According to [15, Theorem 2], for
MDPs with nonnegative costs and, if the discount factor is less than 1, with bounded
below costs, weak continuity of transition probabilities and K-inf-compactness of cost
functions imply the existence of Markov optimal policies for finite-horizon problems
and the existence of stationary optimal policies for infinite-horizon problems. Un-
der the mentioned two conditions, optimal policies satisfy optimality equations, and
they can be found by value iteration starting from a zero value. For MDPs with
belief states, K-inf-compactness of cost functions follows from K-inf-compactness of
original cost functions [19, Theorem 3.3], and verifying weak continuity of transition
probabilities is a nontrivial matter.

There are several models of controlled systems with incomplete state observations
in the literature. Here we mostly consider a contemporary version of the original
model introduced in [1, 2, 9, 41] and called a Markov Decision Process with Incom-
plete Information (MDPII). In this model the transitions are defined by transition
probabilities P(dwyy1, dyi+1|we, ye, ar), where vectors (wy,y:) represent states of the
system at times ¢ = 0,1,..., wy and y; are unobservable and observable components
of the state (wy,y:), and a; are actions. In more contemporary studies the research
focus switched to POMDPs. As was observed in [33], there are two different POMDP
models in the literature, which we call POMDP; and POMDP;. For problems with fi-
nite state, observation, and control states, Platzman [33] introduced a “plant” model,
which we adapt to problems with general state, observation, and control spaces and
call Platzman’s model. This model is more general than POMDP; and POMDP5; see
Figure 1.1.

Platzman’s model is a particular case of an MDPII when the transition proba-
bility does not depend on observations. In other words, the transition probability in
Platzman’s model is P(dwg11, dyiy1|wy, ar). POMDP;, ¢ = 1,2, are Platzman’s mod-
els whose transition probabilities have special structural properties. These proper-
ties are P(dwit1, dyit1|we, ar) = Q1(dyis1|we, ar) Pi(dwigr|we, ar) for POMDP; and
P(dwit,dys1|wy, ap) = Qa(dysy1l|ar, wiy1)Pa(dwitq|wy, ap) for POMDPy, where P,
and Q;, ¢ = 1,2, are transition and observation kernels, respectively. Figure 1.1
illustrates the relations between definitions of these four models based on the general-
ity of the transition probabilities P(dwiy1, dyi1|we, ys, ar). In particular, references
[29, 43, 44] considered POMDP1, and references [19, 24, 28] considered POMDPs.

Belief-MDPs for MDPIIs are called Markov Decision Processes with Complete
Information (MDPCISs) in this paper. As mentioned above, the reduction of an MDPII
with Borel state, action, and observation sets to an MDPCI was introduced in [34, 46].
The reduction of a POMDPs to a completely observable belief-MDP is described
in [24, Chapter 4]. The reduction of an MDPII to a POMDP; described in [19, section
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Platzman’s

Model

MDPII —

— POMDP:

Fic. 1.1. Relations between models of partially observable controlled Markov processes. Platz-
man’s model is defined as a particular case of an MDPII. POMDP and POMDPy are defined as
particular cases of Platzman’s model.

8.3] and the reduction of a POMDP5 to a completely observable belief-MDP described
in [24, Chapter 4] also imply the reduction of an MDPII to an MDPCI.

This paper introduces the class of MDPIIs with semiuniform Feller transition
probabilities. Theorem 6.2 states that an MDPII has a transition probability from
this class if and only if the transition probability of the corresponding MDPCI also
belongs to this class. Theorem 6.1 states similar results under more general condi-
tions, which imply weaker continuity properties of value functions than the properties
described in Theorem 6.2. In view of Lemma 4.2, semiuniform Feller transition prob-
abilities are weakly continuous. In addition, under mild conditions on cost functions
described in section 5, there are optimal policies for MDPs with semiuniform Feller
transition probabilities. This paper provides several sufficient conditions for the ex-
istence of optimal policies, validity of optimality equations, and convergence of value
iterations. In particular, the general theory implies the following sufficient conditions
for weak continuity of transition probabilities for completely observable belief-MDPs
corresponding to POMDPs: (i) P; is weakly continuous and Q; is continuous in total
variation for a POMDP;, i = 1,2 (for ¢ = 2 this result was established in [19]); (ii) P2
is continuous in total variation and (o is continuous in total variation in the control
parameter; sufficiency of continuity of P, in total variation was established in [28] for
uncontrolled observation kernels, that is, Qa2(ys+1|at, wry1) = Qa(Yrr1|wes1)-

Section 2 describes MDPIIs with expected total costs, and section 3 describes
their classic reduction to an MDPCI. Section 4 introduces semiuniform Feller sto-
chastic kernels and it provides the properties of semiuniform Feller stochastic kernels.
In particular, Lemma 4.2 states that semiuniform Feller stochastic kernels are weakly
continuous. Semiuniform Feller stochastic kernels were introduced and studied in [21],
and some of the statements of section 4 are taken from there. The basic known facts
regarding the reduction of MDPIIs to MDPCIs are that this reduction preserves Borel
measurability of transition probabilities [34, 46], but it does not preserve weak con-
tinuity of transition probabilities [19, Examples 4.1 and 4.3]. Section 5 describes the
theory of MDPs with the expected total costs and semiuniform Feller transition prob-
abilities. Theorem 5.3 establishes the validity of optimality equations, convergence
of value iterations to optimal values, existence of Markov optimal policies for finite
horizon problems, and existence of stationary optimal policies for infinite-horizon
problems. Related facts for MDPs with weakly and setwise continuous transition
probabilities are [15, Theorem 2| and [13, Theorem 3.1], respectively. MDPs with
weakly and setwise continuous transition probabilities and with compact action sets
were introduced and studied by Schél [38, 39, 40]. Balder [3] described a common
approach to these models. MDPs with weakly and setwise continuous transition
probabilities and possibly noncompact action sets were studied in [15] and [13, 25],
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respectively. Weak continuity of transition probabilities is broadly used for problems
with incomplete information, as described in this paper, and for inventory control [12].
Section 6 describes the results on the validity of optimality equations, convergence
of value iterations to optimal values, and the existence of optimal policies for belief-
MDPs corresponding to MDPIIs, Platzman’s model, and POMDPs. Proofs of several
statements are presented in Appendix A.

Platzman’s model in [33], references [19, 24, 43, 44] on POMDPs, and some pa-
pers on MDPIIs including [34] considered one-step costs depending only on the un-
observable states and actions. References [10, 19, 46] studied MDPIIs with one-step
costs depending on unobservable states, observations, and actions. In this paper we
consider one-step costs depending on unobservable states, observations, and actions.
Because of this, we consider in this paper more general POMDP models than are
usually considered in the literature. However, as shown in section 6, if one-step costs
do not depend on observations, our results imply the known and new results for the
classic Platzman’s model [33] and POMDPs [19, 24, 43, 44] with belief-MDPs having
smaller state spaces P(W) than state spaces P(W) x Y for MDPCIs corresponding
to Platzman’s models, to POMDPs with one-step costs depending on observations,
and to MDPIIs. In general, costs may depend on observations in applications. For
example, for healthcare decisions during pandemics, costs depend not only on the
health conditions of all the members of the population, which may be unknown, but
also on the numbers of people with detected infections and on their conditions.

2. Model description. For a metric space S = (S, ps), where pg is a metric, let
7(S) be the topology of S (the family of all open subsets of S), and let B(S) be its
Borel o-field, that is, the o-field generated by all open subsets of the metric space S.
For a subset S of S, let S denote the closure of S and S° the interior of S. Then
S° c S C S, S°is open, and S is closed. Let S := S\ S° denote the boundary
of S. We denote by P(S) the set of probability measures on (S, B(S)). A sequence
of probability measures {u(”)}nzl,gw from P(S) converges weakly to p € P(S) if for
every bounded continuous function f on S,

/f(s)p(")(ds) — /f(s)u(ds) as n — oo.

S S

A sequence of probability measures {u(")}nzl’gp_. from P(S) converges in total varia-
tion to p € P(S) if

(2.1) sup ™ (C) — u(C)] = 0 as n — oo;
CeB(s)

see [18, 20] for properties of these types of convergence of probability measures. Note
that P(S) is a separable metric space with respect to the topology of weak convergence
for probability measures, when S is a separable metric space; see [32, Chapter II].
Moreover, according to Bogachev [7, Theorem 8.3.2], if the metric space S is separable,
then the topology of weak convergence of probability measures on (S, B(S)) coincides
with the topology generated by the Kantorovich—Rubinshtein metric

(2.2) pr(s) (14 V)
s { [ fomtas)~ [ swtas) | 1 € Liny (@), suplre <1},

wu,v € P(S), where
Lip;(S) :={f : S=R, [f(s1) — f(s2)| < ps(s1,82) V51,82 € S}.
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For a Borel subset S of a metric space (S, ps), we always consider the metric space
(S, ps), where pg := p§|SXS. A subset B of S is called open (closed) in S if B is open
(resp., closed) in (S, ps). Of course, if S =S, we omit “in S.” Observe that, in general,
an open (closed) set in S may not be open (resp., closed). For S € B(S) we denote
by B(S) the Borel o-field on (5, ps). Observe that B(S) = {SNB: B € B(S)}.

For metric spaces S; and Sy, a (Borel measurable) stochastic kernel ¥(dsy|s2)
on Sy given Sy is a mapping U(-|-) : B(S;) x So—[0,1], such that ¥(-|s2) is a
probability measure on S; for any so € So, and U(B|-) is a Borel measurable function
on S, for any Borel set B € B(S1). Another name for a stochastic kernel is a transition
probability. A stochastic kernel U(ds;|s2) on S; given Sy defines a Borel measurable
mapping so — ¥(-|s2) of Sy to the metric space P(S;) endowed with the topology
of weak convergence. A stochastic kernel U(dsy|sz) on S; given Sy is called weakly
continuous (continuous in total variation) if W(-|s™) converges weakly (in total
variation) to W( - |s) whenever s converges to s in Sy. For one-point sets {s;} C Sy,
we sometimes write U(s;|s2) instead of ¥({s1}|s2). Sometimes a weakly continuous
stochastic kernel is called Feller, and a stochastic kernel continuous in total variation
is called uniformly Feller [31].

Let S1,S2, and S3 be Borel subsets of Polish spaces (a Polish space is a complete
separable metric space), and let ¥ on S; X Sy given S3 be a stochastic kernel. For
each A € B(Sy), B € B(S3), and s3 € S3, let

(2.3) U(A, Bls3) = U(A x Blss).

In particular, we consider marginal stochastic kernels U(Sq, -|-) on Sy given S3 and
U(-,Sy|-) on Sy given S;.

A Markov Decision Process with Incomplete Information (MDPII) (Dynkin and
Yushkevich [10, Chapter 8], Rhenius [34], Yushkevich [46]; see also Rieder [35] and
Béuerle and Rieder [4] for a version of this model with transition probabilities having
densities) is specified by a tuple (W x Y, A, P, ¢), where

(i) W x Y is the state space, where W and Y are Borel subsets of Polish spaces,

and for (w,y) € W x Y the unobservable component of the state (w,y) is w,
and the observable component is y;

(ii) A is the action space, which is assumed to be a Borel subset of a Polish space;

(iii) P is a stochastic kernel on W x Y given W x Y x A, which determines the
distribution P(-|w,y,a) on W x Y of the new state if (w,y) € W x Y is
the current state, and if @ € A is the current action, and it is assumed that
the stochastic kernel P on W x Y given W x Y x A is weakly continuous in
(w,y,a) € WxXY xA;

(iv) Py(-|w) is a stochastic kernel on Y given W, which determines the distribution
of the observable part g of the initial state, which may depend on the value
of unobservable component wy = w of the initial state;

(v) ¢: WxY x A=R, = [0,+00] is a Borel measurable one-step cost function.

The Markov decision process with incomplete information evolves as follows. At
time ¢t = 0, the unobservable component wqy of the initial state has a given prior
distribution p € P(W). Let yo be the observable part of the initial state. At each time
epoch t = 0,1,..., if the state of the system is (w;,y;) € W x Y and the decision-
maker chooses an action a; € A, then the cost c(ws, yt, a¢) is incurred and the system
moves to state (wiy1, yr+1) according to the transition law P(-|wy, ye, at).

Define the observable histories: hg := yo € Ho and h; := (yo, a0, Y1, 01, - - -, Yt—1,
a;—1,y;) € Hy for all ¢ = 1,2,..., where Hy := Y and H; := H;_; x A x Y if
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t =1,2,.... Then a policy for the MDPII is defined as a sequence m = {m;} such
that, for each ¢t = 0,1,..., 7 is a transition kernel on A given H;. Moreover, 7
is called nonrandomized if each probability measure (- |h¢) is concentrated at one
point. The set of all policies is denoted by II. The Tonescu Tulcea theorem (Bertsekas
and Shreve [5, pp. 140-141] or Herndndez-Lerma and Lasserre [26, p. 178]) implies
that a policy = € II, initial distribution p € P(W), and initial state yo together with
the transition kernel P determine a unique probability measure P on the set of all
trajectories Ho, = (W x Y x A)*> endowed with the product o-field defined by Borel
o-fields of W, Y, and A, respectively. The expectation with respect to this probability
measure is denoted by E7.

Let us specify the performance criterion. For a finite horizon T' = 0,1, ..., and
for a policy 7 € II, let the expected total discounted costs be

T-1
(24) U%,a(p) = ]E; atc(wt, Yt, at)7 pe P(W)a
t

I
=)

where a > 0 is the discount factor, v, (p) = 0.

When T = oo, (2.4) defines an infinite horizon expected total discounted cost,
and we denote it by v (p). For any function g™ (p), including ¢™(p) = v ,(p) and
g™ (p) = vZ(p), define the optimal value g(p) := inf e g™ (p), p € P(W). For a given
initial distribution p € P(W) of the initial unobservable component wy, a policy 7 is
called optimal for the respective criterion if g™ (p) = g(p) for all p € P(W). A policy
is called T'-horizon discount-optimal if g™ = UT o, and it is called discount-optimal if
g" =vy.

We remark that the standard assumptions on the discount factor are either o €
[0,1) or « € [0, 1]. However, since we assume that transition probabilities are weakly
continuous and one-step costs are K-inf-compact or satisfy a relaxed version of K-inf-
compactness stated in Definition 5.2, the same monotonicity and continuity arguments
apply to a > 0; see the proof of Theorem 3 in [15]. In addition, if o € [0,1), then
it is possible to assume that ¢ is bounded from below rather than nonnegative. This
remark also applies to MDPs with setwise continuous transition probabilities P and
measurable cost functions ¢(z,a), which are inf-compact in variable a; see [13]. Of
course, if @ > 1, then for many infinite-horizon problems the objective function is
equal to +oo. The literature on MDPs with discount factors greater than 1 exists [27].
In particular, discount factors are relevant to opportunity costs and interest rates.
Discount factors greater than 1 are relevant to negative interest rates, which are
offered by some banks in some countries.

We recall that an MDP is defined by its state space, action space, transition
probabilities, and one-step costs. An MDP is a particular case of an MDPII. Formally
speaking, an MDP (X, A, P, ¢) is an MDPII (W x Y, A, P, ¢) with W being a singelton
and Y = X, where we follow the convention that W x X = X in this case. In addition,
for an MDP an initial state is observable. For an MDP we consider an initial state x
instead of the initial pair (P, p), where p is the probability concentrated on a single
point of which W consists. For an MDP, a nonrandomized policy is called Markov if
all decisions depend only on the current state and time. A Markov policy is called
stationary if all decisions depend only on current states.

3. Reduction of MDPIIs to MDPCIs. In this section we formulate the well-
known reduction of an MDPII (W x Y, A, P, ¢) to a belief-MDP ([5, 10, 26, 34, 46]),
which is called an MDPCI. For epoch ¢ = 0,1,... consider the joint conditional
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probability R(dwi+1dyiy1|2t, Y, ar) on the next state (wit1,yrr1) given the current
state (z¢,y¢) and the current control action a; defined by

(3.1) R(B x Clz,y,a) :== /WP(B x Clw, y,a)z(dw),

B e B(W), C € B(Y), (z,y,a) € P(W) xY x A. According to Bertsekas and Shreve [5,
Proposition 7.27], there exists a stochastic kernel H(z,y,a,y’)[-] = H(-|z,y,a,y') on
W given P(W) x Y x A x Y such that

(3.2) R(B x C|z.y.a) = / H(Blzy,a,y)R(W, dy |2y, a),
C

B e B(W), C € B(Y), (z,y,a) € P(W) x Y x A. The stochastic kernel H(-|z,y,a,y")
introduced in (3.2) defines a measurable mapping H : P(W) x Y x A x Y—=P(W).
Moreover, the mapping y’' — H(z,y,a,y’) is defined R(W, -|z,y, a)-a.s. uniquely for
each triple (z,y,a) € P(W) x Y x A.

Let IB denote the indicator of an event B. The MDPCI is defined as an MDP
with parameters (P(W) x Y, A, ¢, ¢), where

(i) P(W) x Y is the state space;

(ii) A is the action set available at all states (z,y) € P(W) x Y;

(iii) the one-step cost function &: P(W) x Y x A—R is defined as

(3.3) e(z,y,a) = /Wc(w,y,a)z(dw)7 z2€P(W),ye Y, ach;

(iv) g on P(W) x Y given P(W) x Y x A is a stochastic kernel which determines
the distribution of the new state as follows: for (z,y,a) € P(W) x Y x A and
for D € B(P(W)) and C € B(Y),

(3.4) q(D x Clz,y,a) = / {H(z,y,a,y") € DYR(W,dy'|2,y,a);
C

see Yushkevich [46], Bertsekas and Shreve [5, Corollary 7.27.1, p. 139], or Dynkin
and Yushkevich [10, p. 215] for details. Note that a particular measurable choice of a
stochastic kernel H from (3.2) does not affect the definition of ¢ in (3.4).

There is a correspondence between the policies for an MDPII (W x Y, A, P, ¢) and
for the corresponding MDPCI (P(W) x Y, A, ¢, ¢) in the sense that for a policy in one
of these models there exists a policy in another model with the same expected total
costs; see [34, 46] or [24, section 4.3]. In section 6 we provide sufficient conditions for
the existence of an optimal policy in the MDPCI (P(W) x Y, A, ¢,¢) in terms of the
assumptions on the initial MDPII (W x Y, A, P, ¢) and apply the results to Platzman’s
model and POMDPs. In particular, under natural conditions the existence of optimal
policies and validity of optimality equations and value iterations for MDPCIs follow
from Theorem 5.3. For problems with finite and infinite horizons, if ¢ is a Markov
optimal policy for the MDPCI, then an optimal policy 7 for the MDPII can be defined
as a; = m(he) = ¢r(2¢,y¢), where z; is the posterior distribution of the unobservable
component w; of the state z; given the observations h; = (yo,ag, ..., Yt—1,at-1,Yt),
the initial distribution p of wg, and ¢ > 0. As discussed in section 6, for Platzman’s
models and, in particular, for POMDPs, the values of ¢;(z:,y:) can be selected in-
dependent of y; if one-step costs do not depend on observations. For infinite-horizon
MDPs usually there exist stationary optimal policies, and the described scheme ap-
plies to them since stationary policies are Markov.
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4. Semiuniform Feller stochastic kernels and their properties. In this
section we formulate the semiuniform Feller property for stochastic kernels and de-
scribe its basic properties. In particular, Theorem 4.6 provides its equivalent defini-
tions. Theorem 4.8 establishes a necessary and sufficient condition for a stochastic
kernel to be semiuniform Feller. This condition is Assumption 4.7, whose stronger
version was introduced in [18, Theorem 4.4]. Theorem 4.9 describes the preservation
of semiuniform Fellerness under the integration operation.

Let Sy, So, and S3 be Borel subsets of Polish spaces, and let ¥ on S; x So given
S3 be a stochastic kernel.

DEFINITION 4.1 (Feinberg, Kasyanov, and Zgurovsky [21]). A stochastic kernel

W on Sy X Sy given S3 is semiuniform Feller if, for each sequence {sgn)}nzl,l___ C S3
that converges to s3 in Sz and for each bounded continuous function f on Sy,

(4.1) lim sup
n—=00 BB(Sz)

F(s1)W(dsy, BIsJ) / f(51)¥(dsy, Blss)| = 0.
Sq S1

We recall that the marginal measure ¥(dsy, B|s3), s3 € S, is defined in (2.3).
The term “semiuniform” is used in Definition 4.1 because the uniform property holds
in (4.1) only with respect to the second coordinate. If the uniform property holds
with respect to both coordinates, then the stochastic kernel ¥ on S; x S, given S is
continuous in total variation, and it is sometimes called uniformly Feller [31].

LEMMA 4.2. A semiuniform Feller stochastic kernel ¥ on S1 X So given S3 is
weakly continuous.

Proof. Definition 4.1 implies that for each sequence {S:(;L)}nzl,Q’”_ C S5 that con-
verges to s3 in S3, for each bounded continuous function f on S;, and for each
Be B(Sg),

1i—>m f(sl)\lj(dshB'Si(%n)) = / f(81)\11(d81,B|s3),

n—oo [s, S1
and, in view of Schél [38, Theorem 3.7(iii,viii)], this property implies weak continuity
of ¥ on S; X Sy given S3. O

Let us consider some basic definitions.

DEFINITION 4.3. Let S be a metric space. A function f: S—R is called
(i) lower semicontinuous (l.s.c.) at a point s € S if iminf o4 f(s') > f(s);
(ii) upper semicontinuous at s € S if —f is l.s.c. at s;
iii) continuous at s € S if f is both lower and upper semicontinuous at s;
) lower / upper semicontinuous (resp., continuous) (on S) if f is lower/upper
semicontinuous (resp., continuous) at each s € S.

For a metric space S, let F(S), L(S), and C(S) be the spaces of all real-valued
functions, all real-valued l.s.c. functions, and all real-valued continuous functions,
respectively, defined on the metric space S. The following definitions are taken from
[14].

DEFINITION 4.4. A family F C F(S) of real-valued functions on a metric space S
is called

(i) lower semiequicontinuous at a point s € S if iminf o5 inf e (f(s")— f(s)) >

0;
(ii) upper semiequicontinuous at a point s € S if the family {—f : f € F} is lower
semiequicontinuous at s € S;

(
i

v
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(iii) equicontinuous at a point s € S, if F is both lower and upper semiequicontin-
uous at s € S, that is, limg s sup,ep | f(s') — f(s)] = 0;

(iv) lower/upper semiequicontinuous (resp., equicontinuous) (on S) if it is lower/
upper semiequicontinuous (resp., equicontinuous) at all s € S;

(v) uniformly bounded (on S) if there exists a constant M < +oo such that
|f(s)| < M for all s €S and for all f € F.

Obviously, if a family F C F(S) is lower semiequicontinuous, then F C L(S).
Moreover, if a family F C F(S) is equicontinuous, then F C C(S).

4.1. Basic properties of semiuniform Feller stochastic kernels. Let Sq, S,,
and S3 be Borel subsets of Polish spaces, and let ¥ on S; X So given S3 be a stochastic
kernel. For each set A € B(S;) consider the family of functions

(4.2) FY = {53 U(A x Blss) : B € B(S)}

mapping S3 into [0, 1]. Consider the following type of continuity for stochastic kernels
on S; X So given Ss.

DEFINITION 4.5. A stochastic kernel ¥ on S; X Sy given Sz is called WTV-
continuous if for each O € 7(S1) the family of functions Fg is lower semiequicon-
tinuous on Ss.

Definition 4.4 directly implies that the stochastic kernel ¥ on S; x S; given S3 is
WTV-continuous if and only if for each O € 7(S;)

(4.3) lim inf inf

(n) _ >
minf | nf (\p(o x Bls{™) — (O x B|53)) >0,

whenever sén) converges to s in S3.

Since @ € B(S2), (4.3) holds if and only if

. . (n) . _
(4.4) Jim it (xp(o x Bls{) — B(O x B\SS)) 0.

WTV-continuity of the stochastic kernel ¥ on S; X Sy given S3 implies continuity in
total variation of its marginal kernel ¥(Sy, - |-) on Sg given S3 because

lim  sup
n—=0 BeB(Ss)

= lim sup (W(S; x Bls{"”) — W(S: x Blsy)) =0,
n—00 BeR(S,)

U(S; x Bls{) — (S, x B|53)‘

where the second equality follows from equality (4.4) with O :=S; and from ¥(S; x
Sol-) =1

Similarly to Parthasarathy [32, Theorem II.6.1], where the necessary and suf-
ficient conditions for weakly convergent probability measures were considered, the
following theorem provides several useful equivalent definitions of the semiuniform
Feller stochastic kernels.

THEOREM 4.6 (Feinberg, Kasyanov, and Zgurovsky [21, Theorem 3]). For a
stochastic kernel W on S1 X S given S3 the following conditions are equivalent:

(a) the stochastic kernel ¥ on Sy X So given Sg is semiuniform Feller;

(b) the stochastic kernel ¥ on Sy x Sg given Sz is WTV-continuous;

(c) if sé”) converges to ss in Sg, then for each closed set C' in Sy
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(4.5) lim sup (W(C x Bls{") = W(C x Blsg)) = 0;
n—=00 BeR(S,)

(d) o sgn) converges to sz in Sg, then for each A € B(S1) such that U(0A,Sa|s3) =
0,

(4.6) lim  sup |¥(Ax B|s{Y) — W(A x Blss)| = 0;
n—o0 BeB(S2)

(e) ifsg") converges to s3 in Sgz, then, for each nonnegative bounded l.s.c. function
f on Slv

47 liminf inf v(d B(")—/ U(dsy, B = 0;
an it int ([ ewdsn B = [ g wian. Bls) ) <0
and each of these conditions implies continuity in total variation of the marginal kernel
U(Sy, |+) on Sy given Ss.

Note that, since @ € B(Sz), (4.5) holds if and only if

(4.8) limsup  sup (\I/(C X B|sé")) —U(C x B|83)) <0,
n—oo  BeB(S2)\{0}
and similar remarks are applicable to (4.6) and (4.7) with the inequality “>” taking
place in (4.7).
Let us consider the following assumption. According to Feinberg, Kasyanov, and
Zgurovsky [21, Example 1], Assumption 4.7 is weaker than combined assumptions (i)
and (ii) in [18, Theorem 4.4], where the base 7;°(S;) is the same for all s3 € Ss.

ASSUMPTION 4.7. Let ¥ be a stochastic kernel on S1 X So given S3, and let for
each s3 € Sg the topology on Si have a countable base 7,°(S1) such that
(i) Sy € 7,°(S1);

(ii) for each finite intersection O = NF_0;, k = 1,2,..., of sets O; € 7.73(Sy),
i=1,2,...,k, the family of functions Fy, defined in (4.2), is equicontinuous
at S3.

Note that Assumption 4.7(ii) holds if and only if for each finite intersection O =
NF_,0; of sets O; € 773(S1), i =1,2,... K,

(4.9) lim sup |¥(O x B|s§n)) —U(O x Bls3)| =0
n—00 BeB(Sy)

if sén) converges to s3 in Ss.

Theorem 4.8 shows that Assumption 4.7 is a necessary and sufficient condition
for semiuniform Feller continuity.

THEOREM 4.8 (Feinberg, Kasyanov, and Zgurovsky [21, Theorem 4]). The sto-
chastic kernel U on S; X Sy given Sz is semiuniform Feller if and only if it satisfies
Assumption 4.7.

Now let S4 be a Borel subset of a Polish space, and let = be a stochastic kernel on
S1 x So given S3 x Sy4. Consider the stochastic kernel Ef on S; X Sy given P(S3) x Sy
defined by

(4.10)

(1]

f(A X B|:u7 84)

= [ Z(A x Blss,s4)p(dss), A€ B(S1), B € B(Sz), u € P(S3), s4 € Sy.
S3
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We observe that (4.10) becomes (3.1) with Z; := R, Z:= P, §; := W, §; := Y,
S3 :=W, and S4 := Y x A. This is our main motivation for writing (4.10).

The following theorem establishes the preservation of semiuniform Fellerness of
the integration operation in (4.10).

THEOREM 4.9 (Feinberg, Kasyanov, and Zgurovsky [21, Theorem 5]). The sto-
chastic kernel = on Sy X Sy given P(S3) X Sy is semiuniform Feller if and only if =
on S1 X Sy given Sz X Sy is semiuniform Feller.

4.2. Continuity properties of posterior distributions. In this subsection
we describe sufficient conditions for semiuniform Feller continuity of posterior distri-
butions. The main result of this section is Theorem 4.11.

Let S1, S, and S5 be Borel subsets of Polish spaces, and let ¥ on S; X So given
S3 be a stochastic kernel. By Bertsekas and Shreve [5, Proposition 7.27], there exists
a stochastic kernel ® on S; given So X S3 such that

(411) \II(AXB|83) = / @(A|82,53)\I’(Sl,d82|53), A€ B(Sl), Be B(SQ), S3 € Sg.
B

The stochastic kernel ®( - |s2, s3) on Sy given So X S3 defines a measurable mapping
D : Sy x Sz — P(Sy), where ®(s2,535)(-) = ®(-|s2,83). According to Bertsekas and
Shreve [5, Corollary 7.27.1], for each s3 € S5 the mapping ®(-,s3) : So — P(S;) is
defined U(Sy, -|s3)-almost surely uniquely in sy € Sy. Let us consider the stochastic
kernel ¢ defined by

(4.12)  &(D x Blss)
Z:/ I{@(SQ,S:,)) S D}\IJ(Sl,d82|83), De B(]P)(Sl)), B e B(Sg), S3 € Sg,
B

where a particular choice of a stochastic kernel ® satisfying (4.11) does not affect the
definition of ¢ in (4.12).

In models for decision making with incomplete information, ¢ is the transition
probability between belief states, which are posterior distributions of states, (3.4).
Continuity properties of ¢ play the fundamental role in the studies of models with
incomplete information. Theorem 4.11 characterizes such properties, and this is the
reason for the title of this section. Let us consider the following assumption.

ASSUMPTION 4.10. For a stochastic kernel ¥ on S; X So given Ss, there exists
a stochastic kernel ® on Sy given So x S3 satisfying (4.11) such that if a sequence
{sgn)}n:m,m C S3 converges to s3 € S3 as n — oo, then there exist a subsequence
{Sénk)}k:LQ’m C {Sén)}nzl,z’,,, and a measurable subset B of Sy such that
(4.13)
U(S; x Blsz) =1 and @(sz,sgnk)) converges weakly to ®(sq,s3) for all s € B.

In other words, the convergence in (4.13) holds ¥(S1,-|s3)-almost surely.

According to Theorem 9.2.1 from [8] stating the relation between convergence in
probability and almost sure convergence, Assumption 4.10 holds if and only if the

following statement holds: if a sequence {Sgn)}nzl,z,,_ C S3 converges to s3 € S3 as
n — oo, then

(4.14) pes;) (P(s2, sé")), ®(sq,83)) — 0 in probability U(S;, dsa|ss),
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where pp,) is an arbitrary metric that induces the topology of weak convergence
of probability measures on S;, and, in particular, ppg,) can be the Kantorovich—
Rubinshtein metric defined in (2.2).

The following theorem, which is the main result of this section, provides necessary
and sufficient conditions for semiuniform Fellerness of a stochastic kernel ¢ in terms
of the properties of a given stochastic kernel W. This theorem and the results of
subsection 4.1 provide the necessary and sufficient conditions for the semiuniform
Feller property of the MDPCIs in terms of the conditions on the transition kernel in
the initial model for decision making with incomplete information.

THEOREM 4.11. For a stochastic kernel ¥ on S1 X So given Sz the following con-
ditions are equivalent:
(a) the stochastic kernel ¥ on Sy X So given Sg is semiuniform Feller;
(b) the marginal kernel ¥(Sy, -|-) on Sa given S3 is continuous in total variation
and Assumption 4.10 holds;
(c) the stochastic kernel ¢ on P(S1) X Sg given Sz is semiuniform Feller.

Proof. See Appendix A for the proof. 1]

5. Markov decision processes with semiuniform Feller kernels. Let Xy
and Xy be Borel subsets of Polish spaces. In this section we consider the special
class of MDPs with semiuniform Feller transition kernels, when the state space is
X := Xy x Xy. These results are important for MDPIIs with semiuniform Feller
transition kernels from section 6, where Xy := P(W) and Xy =Y.

For an R-valued function f, defined on a nonempty subset U of a metric space U,
consider the level sets

(5.1) DyMU)={y U : f(y) <A}, AeR.

We recall that a function f is inf-compact on U if all the level sets Dy(A\;U) are
compact.

For a metric space U, we denote by K(U) the family of all nonempty compact
subsets of U.

DEFINITION 5.1 (Feinberg, Kasyanov, and Zadoianchuk [16, Definition 1.1]). A
function u : S; X So—R is called K-inf-compact if this function is inf-compact on
K x Sq for each K € K(Sy).

The fundamental importance of K-inf-compactness is that Berge’s theorem stating
lower semicontinuity of the value function holds for possibly noncompact action sets;
see Feinberg, Kasyanov, and Zadoianchuk [16, Theorem 1.2]. In particular, this fact
allows us to consider the MDPII (W x Y, A, P, ¢) with a possibly noncompact action
space A and unbounded one-step cost ¢ and examine convergence of value iterations
for this model in Theorem 6.1, for Platzman’s model in Corollaries 6.6 and 6.12, and
for POMDPs in Corollaries 6.10 and 6.11.

DEFINITION 5.2. A Borel measurable function u : Sy X Sg X Ss—R is called mea-
surable K-inf-compact on (S; X S3,S2) or MK(S; x Ss,Ss)-inf-compact if for each
S92 € Sy the function (s1,s3) — u(s1,s2,s3) is K-inf-compact on S; x Ss.

Consider a discrete-time MDP (X, A, ¢,¢) with a state space X = Xy x Xy, an
action space A, one-step costs ¢, and transition probabilities g. Assume that Xy, Xy,
and A are Borel subsets of Polish spaces. Let LW (X) be the class of all nonnegative
Borel measurable functions ¢ : X — R such that w +— p(w, y) is L.s.c. on Xy for each
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y € Xy. For any a > 0 and u € LW (X), we consider

(5.2) e (x,a) = c(x,a) + a/xu(i)q(dﬂx, a), (z,a) e XxA.

The following theorem is the main result of this section. It states the validity of
optimality equations, convergence of value iterations, and existence of optimal policies
for MDPs with semiuniform Feller transition probabilities and MK(W x A, Y)-inf-
compact one-step cost functions, when the goal is to minimize expected total costs.
For MDPs with weakly continuous transition probabilities the similar result is [15,
Theorem 2|, and for MDPs with setwise continuous transition probabilities the similar
result is [13, Theorem 3.1]. Theorem 5.3 does not follow from these two results.
In particular, the cost function is lower semicontinuous in [15, Theorem 2]. The
corresponding assumption for Theorem 5.3 would be lower semicontinuity of the cost
function ¢, but the function c¢(w,y, a) may not be l.s.c. in y. Reference [13, Theorem
3.1] assumes setwise continuity of the transition probability ¢ in the control parameter,
which may not hold in this paper. Theorem 5.3 is applied in Theorem 6.1 to MDPCls
(P(W) x Y, A, q,¢).

THEOREM 5.3 (expected total discounted costs).  Let us consider an MDP
(X, A, q,c) with X = Xy x Xy, for each y € Xy the stochastic kernel q(-|-,y, -) on
X given Xy X A being semiuniform Feller, and the nonnegative function ¢ : X x A—»R
being MK(Xy x A, Xy )-inf-compact. Then

(i) the functions vy, t =0,1,..., and vy belong to LW (X), and v q(x) T va(z)

as t — +oo for all x € X

(i) vit1,a(2) = mingeany, (v,a), z € X, £ =0,1,..., where voo(z) = 0 for all
z € X, and the nonempty sets A o(z) == {a € A @ vip14(z) =05, (2,0)},
reX, t=0,1,..., satisfy the following properties: (a) the graph Gr(A; ) =
{(z,a) : z€X,a€ Ao(x)}, t=0,1,..., is a Borel subset of X x A, and (b)
if Vir1,0(x) = 400, then A o(x) = A and if viq1,0(x) < +00, then Ay o(x) is
compact;

(iii) for any T =1,2,..., there exists a Markov optimal T-horizon policy (¢o, - . .,
or-1), and if for a T-horizon Markov policy (¢o,...,dr—1) the inclusions
pr—1-t(x) € Apo(z), x € X, t =0,...,T — 1, hold, then this policy is T-
horizon optimal;

(iv) va(x) = mingeany (v,a), v € X, and the nonempty sets Ay () := {a € A :
va(z) = 0y (z,a)}, v € X, satisfy the following properties: (a) the graph
Gr(4,) ={(z,a) : z €X, a € Ay(x)} is a Borel subset of X x A, and (b) if
Vo (z) = Fo00, then Ay(z) = A and if va(z) < +00, then Ay () is compact;

(v) for an infinite-horizon T = oo there exists a stationary discount-optimal policy
Ga, and a stationary policy is optimal if and only if ¢o(x) € An(x) for all
z eX.

Proof. See Appendix A for the proof. 1]

Remark 5.4. Let us consider an MDP (X, A, ¢, ¢) with X = Xy x Xy, the stochas-
tic kernel ¢ on X given X x A being semiuniform Feller, and the nonnegative function
¢ : X x A—R being K-inf-compact. Then, Lemma 4.2 implies that the stochastic
kernel ¢ on X given X x A is weakly continuous. Therefore, [15, Theorem 2| implies
all assumptions and conclusions of Theorem 5.3 and, in addition, the functions v, o(+)
and v, (-) are Ls.c. for all t =0,1,... and a > 0.

We also remark that if the cost function ¢ is nonnegative, then optimality equa-
tions hold and stationary (Markov) optimal policies satisfy them for problems with an

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/30/22 to 128.230.233.154 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

DECISION PROCESSES WITH INCOMPLETE INFORMATION 2501

infinite (finite) horizons without any continuity assumptions on the transition prob-
abilities ¢ and cost function c¢; see, e.g., [5, Propositions 9.8 and 9.12 and Corollary
9.12.1] for o = 1. This is also true in the following two cases: (a) ¢, > 0, and (b)
¢> K > —oo and a € [0,1). However, if transition probabilities and costs do not
satisfy appropriate continuity assumptions, then min should be replaced with inf in
the optimality equations stated in statements (ii) and (iv) of Theorem 5.3, the sets
At.o(x) and A, (x) can be empty, optimal policies may not exist, and, though a limit
of value iterations with zero terminal costs exists, it may not be equal to the value
function; see Yu [45] and references therein on value iterations for infinite-state MDPs.

6. Total-cost optimal policies for MDPII and corollaries for Platzman’s
model and for POMDPs. In this section we formulate Theorems 6.1 and 6.2 stat-
ing the equivalences of semiuniform Feller continuities of the transition probability
P for an MDPII, stochastic kernel R defined in (3.1), and transition probability ¢
for the MDPCI defined in (3.4). These two theorems also provide other necessary
and sufficient conditions for semiuniform Feller continuity of the stochastic kernels
P, R, and q. The proofs of Theorems 6.1 and 6.2 use Theorems 4.9 and 4.11, the
reduction of MDPIIs to MDPCIs established in [34, 46] and described in section 3,
and [19, Theorem 3.3] stating that integration of cost functions with respect to prob-
ability measures in the argument corresponding to unobservable state variables pre-
serves K-inf-compactness of cost functions. Then we consider Platzman’s model and
POMDPs and describe sufficient conditions for weak continuity of transition kernels
in the reduced models, whose states are belief probabilities, and the validity of op-
timality equations, convergence of value iterations, and existence of optimal policies
for these models.

THEOREM 6.1. Let (W x Y, A, P,c) be an MDPIL, (P(W) x Y, A, q,) be its MD-
PCI, and y € Y. Then the following conditions are equivalent:
(a) Assumption 4.7 holds with S; := W, S := Y, S35 := W x A, and ¥ :=
P( : | Y, );
(b) the stochastic kernel P(-|-,y, ) on WxY given Wx A is semiuniform Feller;
(¢c) the stochastic kernel R(-|-,y, -) on W x Y given P(W) x A is semiuniform
Feller;
(d) the marginal kernel R(W, -|-,y, -) on Y given P(W) x A is continuous in
total variation, and the stochastic kernel H(-|-,y, -, -) on W given P(W) x
A XY defined in (3.2) satisfies Assumption 4.10;
(e) the stochastic kernel q(-|-,y, ) on P(W) xY given P(W) x A is semiuniform
Feller.
Moreover, if the nonnegative function ¢ is MK(W x A, Y)-inf-compact, and for each
y € Y anyone of the above conditions (a)—(e) holds, then all the assumptions and
conclusions of Theorem 5.3 hold for the MDPCI (P(W) x Y, A, g, ¢).

THEOREM 6.2. Let (W x Y, A, P,c) be an MDPII, and let (P(W) x Y, A, q,¢) be
its MDPCI. Then the following conditions are equivalent:
(a) Assumption 4.7 holds with S1 : =W, Sg :=Y, S3:=W x Y x A, and ¥ := P;

(b) the stochastic kernel P on W x Y given W x Y x A is semiuniform Feller;
(c) the stochastic kernel R on W xY given P(W) x Y x A is semiuniform Feller;
(d) the marginal kernel R(W, -|-) on Y given P(W) x Y x A is continuous in

total variation, and the stochastic kernel H on W given P(W) x Y x A x Y
defined in (3.2) satisfies Assumption 4.10;
(e) the stochastic kernel g on P(W)xY given P(W) xY x A is semiuniform Feller.
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Moreover, if the nonnegative function c is K-inf-compact, and any one of the above
conditions (a)—(e) holds, then all the assumptions and conclusions of Theorem 5.3
hold for the MDPCI (P(W) x Y, A, ¢,¢), and the functions vy, t = 0,1,..., and vy
are l.s.c. on X.

The proofs of Theorems 6.1 and 6.2 are provided in Appendix A. We recall that
¢, > 0 in Theorems 5.3 and 6.1. If 0 < a < 1 and the function ¢ is bounded below,
then all conclusions of Theorems 5.3 and 6.1 hold with the following minor modifica-
tions: (i) the functions v; o and v, are bounded below rather than nonnegative, and
(ii) ve,0(x) = vo(z) rather than vy o(x) T ve(z) as t — co. This is true for the function
¢ bounded below by —K > —oo because such MDPII can be converted into a model
with nonnegative costs by replacing costs ¢ with ¢ 4+ K see [19]. The suggestion to
fix y in assumptions of Theorems 5.3 and 6.1 was proposed by a referee.

According to [34, 46], for each optimal policy for the MDPCI (P(W) x Y, A, ¢, ¢)
there constructively exists an optimal policy in the original MDPII (W x Y, A, P, ¢).
Reference [18, Theorem 4.4] establishes weak continuity of the transition kernel in the
MDPCI under the more restrictive assumption than statement (a) of Theorem 6.1
when the countable base in Assumption 4.7 does not depend on the argument s3 =
(w,y,a); see also [21, Example 1]. Moreover, for any T = 1,2,... and a > 0, the
value functions VT,a(z,y), Va(z,y) in the MDPCI (P(W) x Y, A, ¢,&) are concave in
z € P(W). This is true because infimums of affine functions are concave functions.

The proof of Theorem 6.1 uses the following preservation property for MK(W x
A, Y)-inf-compactness.

THEOREM 6.3. Ifc: W x Y x A=Ry is an MK(W x A, Y)-inf-compact function,
then the function ¢ : P(W) x Y x A—R, defined in (3.3) is MK(P(W) x A,Y)-inf-
compact.

Proof. This theorem follows from [5, Proposition 7.29] on preservation of Borel
measurability and from [19, Theorem 3.3] on preservation of K-inf-compactness. 0O

The particular case of an MDPII is a probabilistic dynamical system considered
in Platzman [33].

DEFINITION 6.4. Platzman’s model is specified by an MDPII (W x Y, A, P, c),
where P is a stochastic kernel on W X Y given W x A.

Remark 6.5. Formally speaking, Platzman’s model is an MDPII with the transi-
tion kernel P(-|w,y, a) that does not depend on y. Therefore, Theorem 6.1 implies
certain corollaries for Platzman’s model.

COROLLARY 6.6. Let (W x Y, A, P,c) be Platzman’s model. Then the stochastic
kernel P on W x Y given W x A is semiuniform Feller if and only if one of the
equivalent conditions (a), (c), (d), or (e) of Theorem 6.1 holds. Moreover, if the
nonnegative function ¢ is MK(W x A, Y)-inf-compact and the stochastic kernel P on
W XY given W x A is semiuniform Feller, then all the assumptions and conclusions

of Theorem 6.1 hold.

Proof. According to Remark 6.5, Corollary 6.6 follows directly from Theorem
6.1. 0

For Platzman’s models we shall write P(B x C|w,a), R(Bx C|z,a), H(D|z,a,y"),
and ¢(D x C|z,a) instead of P(B x Clw,y,a), R(B x C|z,y,a), H(D|z,y,a,y"), and
q(D x C|z,y,a) since these stochastic kernels do not depend on the variable y. For
Platzman’s models we shall also consider the marginal kernel ¢(D|z, a) := ¢(D, Y|z, a)
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on P(W) given P(W) x A. In view of (3.4), for (z,a) € P(W) x A and for D € B(P(W)),
(6.1) 4(Dlz,a) == /YI{H(z,a, y') € D}R(W,dy' |z, a).

COROLLARY 6.7. Let (W x Y, A, P, c) be Platzman’s model, and let the stochastic
kernel P on W x Y given W x A be semiuniform Feller. Then the stochastic kernel ¢
on P(W) given P(W) x A is weakly continuous.

Proof. According to Corollary 6.6 and Lemma 4.2, the stochastic kernel ¢ on
P(W) x Y given P(W) x A is weakly continuous. Therefore, its marginal kernel ¢ on
P(W) given P(W) x A is also weakly continuous. |

As mentioned in [33], the special cases of Platzman’s model include two partially
observable MDPs which we denote as POMDP; and POMDP5; see Definitions 6.8
and 6.9 and Figure 1.1.

Let i = 1,2, let W, Y, and A be Borel subsets of Polish spaces, let P;(dw’|w,a)
be a stochastic kernel on W given W x A, let Q1 (dy|w, a) be a stochastic kernel on Y
given W x A, let Q2(dy|a, w) be a stochastic kernel on Y given A x W, let Qo ;(dy|w)
be a stochastic kernel on Y given W, and let p be a probability distribution on W.

DEFINITION 6.8. A POMDP; (W, Y, A, P1,Q1,c) is specified by Platzman’s model
(W x Y, A, P, c) with

(6.2) P(B x Clw,a) := Pi(Blw,a)Q:1(C|w, a),

BeBW),CeBY),weW,yeY,acA.

Let (W, Y, A, Pi,Q1,c) be a POMDP;. Then, the stochastic kernel R on W x Y
given P(W) x A, which is defined for MDPIIs in (3.1), takes the following form:

(6.3) R(B x Clz,a) := /WQl(C\w,a)Pl(B\w,a)z(dw),

B e BW), CeB(Y), zeP(W), acA.

DEFINITION 6.9. A POMDP, (W, Y, A, P5,Q2, ¢) is specified by Platzman’s model
(W x Y, A, P,c) with

(6.4) P(B x Clw,a) := /BQQ(C’|a,w')P2(dw'|w,a),

BeB(W),CeB(Y),weW, yeY, acA.

We recall that Figure 1.1 describes the relations between an MDPII, Platzman’s
model, POMDP;, and POMDP; based on the generality of transition probabilities
P. In addition, POMDP; and POMDP; are two different models. For example, for
a POMDP; the random variables w41 and 341 are conditionally independent given
the values w; and a;. This is not true for POMDP5.

Other relations between these models also take place. In particular, a reduction of
an MDPII to a POMDP;, is described in [18, section 6] and in [19, section 8.3]. There-
fore, in some sense an MDPII, Platzman’s model, and a POMDP5 can be viewed as
equivalent models. This reduction was used in [19] to prove Theorem 8.1 there stat-
ing sufficient conditions for weak continuity of transition probabilities for MDPClIs.
This reduction transforms an MDPII with a weakly continuous transition probabil-
ity into a POMDP, with weakly continuous transition and observation probabilities.
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Since weak continuity of transition and observation probabilities for POMDP; are not
sufficient for continuity of transition probabilities for the corresponding belief-MDP
(see [19, Example 4.1]), [19, Theorem 8.1] contains an additional assumption on the
transition probability P of the MDPII. This assumption is relaxed in [18, Theorem
6.2]. As shown in [21, Example 1], semiuniform Feller continuity of the transition
probability P assumed in this paper is a more general property than the assumption
on P in [18, Theorem 6.2].

For a POMDPy (W, Y, A, Ps, Q2, ¢) the stochastic kernel R on WxY given P(W) x
A, which is defined for MDPIIs in (3.1), takes the following form:

(6.5) R(B x C|z,a) := /W/BQQ(C|a,w')Pg(dw’|w,a)z(dw),

B e B(W),C e B(Y), zcP(W),a e A. APOMDP; is Platzman’s model with obser-
vations y;y1 being “random functions” of w; and a;, and a POMDP5 is Platzman’s
model with observations y;41 being “random functions” of a; and wyy. Let us apply
Theorem 6.1 to a POMDP; and POMDP-.

Corollary 6.6 establishes necessary and sufficient conditions for semiuniform Feller
continuity of the transition probabilities P for Platzman’s model (W x Y, A, P,¢) in
terms of the same property for the transition probabilities ¢ of the respective belief-
MDP (P(W) x Y, A, q,c). Since a POMDP;, i = 1,2, is a particular case of Platzman’s
model, Corollary 6.6 implies the necessary and sufficient conditions for semiuniform
Feller continuity of the stochastic kernel ¢ on P(W) x Y given W x A in terms of the
same property for the transition probability P defined in (6.2) for a POMDP; and in
(6.4) for a POMDPs5, respectively.

COROLLARY 6.10. For a POMDP; (W, Y, A, Pi,Q1,c¢), the following two condi-
tions hold together:
(a) the stochastic kernel Py on W given W x A is weakly continuous;
(b) the stochastic kernel Q1 on'Y given W x A is continuous in total variation;
is equivalent to semiuniform Feller continuity of the stochastic kernel P on W x Y
given W x A. Moreover, if these two conditions hold, then the following statements
are true:
(i) statements (a) and (c)—(e) of Theorem 6.1 hold;
(ii) if the nonnegative function ¢ : W x Y x A—R is MK(W x A, Y)-inf-compact,
then all the conclusions of Theorem 6.1 hold;
(iii) the stochastic kernel ¢ on P(W) given P(W) x A defined in (6.1) is weakly
continuous.

Proof. See Appendix A for the proof. 1]

COROLLARY 6.11. For a POMDPy (W, Y, A, Py, Q2,c¢) each of the conditions:

(a) the stochastic kernel Py on W given W x A is weakly continuous, and the
stochastic kernel Qs on Y given A X W is continuous in total variation;

(b) the stochastic kernel Py on W given W x A is continuous in total variation,
and the observation kernel Q2 on'Y given A x W is continuous in a in total
variation;

implies semiuniform Feller continuity of the stochastic kernel P on WxY given W x A.
Moreover, each of the conditions (a) and (b) implies the validity of conclusions (1)—(iii)

of Corollary 6.10 for the POMDPs5.
Proof. See Appendix A for the proof. ]
Regarding Corollary 6.11, weak continuity of the stochastic kernel ¢ on P(W) x A
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for a POMDP3 under condition (a) from Corollary 6.11 is stated in [19, Theorem 3.6],
and another proof of this statement is provided in [28, Theorem 1]. Weak continuity
of the stochastic kernel ¢ on P(W) x A for a POMDPs under condition (b) from
Corollary 6.11 is an extension of [28, Theorem 2], where this weak continuity is proved
under the assumption that the stochastic kernel P, on W given W x A is continuous
in total variation and the observation kernel (5 does not depend on actions.

Different sufficient conditions for weak continuity of the kernel ¢ for a POMDP,
are formulated in monographs [24, 37]. In both cases these conditions are stronger
than condition (a) from Corollary 6.11. In terms of the current paper, weak continuity
of the stochastic kernel § on P(W) given P(W) x A is stated in [24, p. 92] under
condition (a) from Corollary 6.11 and under the assumption that the observation space
Y is denumerable. The proof in [24, p. 93] is based on the existence of a transition
kernel H(z, a,y’), which is weakly continuous in (z, a,y’) and satisfies (6.1). However,
[19, Example 4] shows that such kernel may not exist even for a POMDP, with finite
sets X, Y and continuous in a functions Pa(2'|z,a) and Q2(y|a,z). A POMDPs is
considered in [37, Chapter 2] under additional assumptions that the state space X
is locally compact, observations y; belong to a Euclidean space, and the observation
kernel does not depend on actions and has a density, that is, Q(dy|z) = r(z,y)dy.
Weak continuity of the kernel § is stated in [37, Corollary 1.5] under four assumptions,
which taken together are stronger than condition (a) in Corollary 6.11.

Let us consider Platzman’s model (W x Y, A, P, ¢) with the cost function ¢ that
does not depend on observations y, that is, ¢(w,y,a) = c¢(w,a). In this case the
MDPCI (P(W) x Y,A,q,¢) can be reduced to a smaller MDP (P(W), A, §,¢) with
the state space P(W), action space A, transition probability ¢ defined in (6.1), and
one-step cost function ¢ : P(W) x A—R, defined for z € P(W) and a € A as

(6.6) é(z,a) ::/Wc(w,a)z(dw).

The reduction of an MDPCI (P(W) x Y, A, ¢, ¢) to the belief-MDP (P(W), A, ¢, ¢) holds
in view of [11, Theorem 2] because in the MDPCI transition probabilities from states
(zt,y1) € P(W) X Y to states z+1 € P(W) and costs ¢(z,a;) do not depend on y;.
If a Markov or stationary optimal policy is found for the belief-MDP (P(W), A, g, ¢),
it is possible, as described at the end of section 3, to construct an optimal policy for
Platzman’s models following the same procedures as constructing an optimal policy
for an MDPII given a Markov or stationary optimal policy for the corresponding
MDPCI.

COROLLARY 6.12. Let us consider Platzman’s model (WxY, A, P, ¢) with the one-
step cost function ¢ : W x A — R If the stochastic kernel P on W x Y given W x A is
semiuniform Feller, and the one-step cost function c is K-inf-compact on W x A, then
the transition kernel ¢ on P(W) given P(W) x A is weakly continuous, the one-step
cost function ¢ is K-inf-compact on P(W) x A, and all the conclusions of [19, Theorem
2.1] hold for the belief-MDP (P(W), A, §,¢), that is,

(i) optimality equations hold, and they define optimal policies;

(ii) wvalue iterations converge to optimal values if zero terminal costs are chosen;

(iii) Markov optimal policies exist for finite-horizon problems;

(iv) stationary optimal policies exist for infinite-horizon problems.

Moreover, all these conclusions hold for a POMDPy (W, Y, A, Py, Q1, ¢) with the tran-
sition and observation kernels Py and Q1 satisfying conditions (a) and (b) from Corol-
lary 6.10 and for a POMDPy (W, Y, A, Py, Q2, ¢) with the transition and observation
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kernels Py and Q2 satisfying either condition (a) or condition (b) from Corollary 6.11.

Proof. Weak continuity of the stochastic kernel § on P(W) given P(W) x A is
stated in Corollary 6.7. K-inf-compactness of the function ¢ on P(W) x A follows
from [19, Theorem 3.3]. The remaining statements of the corollary follow from [19,
Theorem 2.1]. The transition probability P for POMDP; (W, Y, A, P;, @1, ¢) defined
in (6.2) is semiuniform Feller according to Corollary 6.10, and the transition proba-
bility P for POMDPy (W, Y, A, P», Q2,c) defined in (6.4) is semiuniform Feller due
to Corollary 6.11. O

Appendix A. Proofs of Theorems 4.11, 5.3, and 6.1, and Corollaries 6.10
and 6.11. We use the following fact in the proofs of equalities (A.1) and (A.2)
below: if {G("), G}n=1,2,.. is a sequence of finite measures on a metric space S and
{g("), 9}n=12,.. is a uniformly bounded sequence of Borel measurable functions on S
such that

lim sup /g(”)(s)G(")(ds)—/ g™ (5)G(ds)| =0,
n= peB(S) /B B
then
lim sup /g(")(s)G(")(ds)—/ 9(s)G(ds)| =0
n—= Bep(S) |JB B
holds if and only if
lim sup /g(")(s)G(ds)—/ g(s)G(ds)| = 0.
N Bep(S) |/ B B

Proof of Theorem 4.11. (a) = (b). Since the stochastic kernel ¥ on S; x S,
given Sg is semiuniform Feller, the marginal kernel ¥(S;, -|-) is continuous in total
variation. Moreover, for each bounded continuous function f on S;, we have from
(4.1) and (4.11) that

lim  sup / f(51)<I>(d81|52,sg"))\I/(Sl,dsﬂs;;)
N0 BeB(S:) | /B JS,

(A1) —/ F(51)D(ds1 ]2, 53) W (Sy, dsasg)| = 0
B JS,

because the family of Borel measurable functions {sy fSl f(51)<1>(d81|52,sgn)) :
n = 1,2,...} is uniformly bounded on Sy by the same constant as f on S;. This is
equivalent to fgl f(sl)q)(dsl‘ Ty 8:(317)) — fSl f(Sl)(I)(d81| cy 83) in Ll(SQ, B(SQ), I/) with
v(-):=¥(Sy, -|s3). Therefore,

f(s1)®(dsq]| -, sgnk)) — / f(s1)®(dsy|-,s3) wv-almost surely, as k — oo,
Sl S1

for some sequence {nj}r=12,. (nx 1T 0o as k — o00). We apply the diagonalization
procedure to extract a subsequence {7y }r=12, .. (7g T 00 as k — o) such that

/ g(s1)®(dsq] -, séﬁ’“)) — / 9(s1)®(ds1]-,s3) v-almost surely, ask — oo,
Sl S1

for each ¢ € G, where G is a countable uniformly bounded family of continuous
functions on S, that determines weak convergence of probability measures on So
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according to Parthasarathy [32, Theorem 6.6, p. 47]. Thus, @(o,sgn")) converges
weakly to ®( -, s3) v-almost surely, and Assumption 4.10 holds.

(b) = (c). Let f be a bounded continuous function on P(S;). Since ¥(Sy, -|-) is
continuous in total variation, to prove that (4.1) holds for the stochastic kernel ¢, it
is sufficient to show that

(A.2)
lim sup /f 52753 YU (S1, dsa|ss) /f (s2,83))U(S1,dsa|ss)| =
N0 BB(Sz)

For the probability space ¥ := (Sa, B(S2), ) with u(-) := U(Sy, -|s3), the P(Sy)-
valued random variables ®( -, (n)) —H®(-,s3) as n — oo, according to Assump-
tion 4.10 and (4.14), where V(”) —HFy denotes the convergence in probability u, that
is, pp(s,)(¥™,v) = 0 in probability p. Then f(®(-, (n)))—>“ f(®(-,s3)) because
f is continuous on P(S;). In turn, since f is bounded on P(S;), this implies that
F@(-,s5)) = f(®(-,s3)) in Ly (X), from which the desired relation (A.2) follows.

(¢c) = (a). Let a sequence {s3n)}n:1,2w C S3 converge to s3 € Sz as n —
oo. Since the stochastic kernel ¢ on P(S;) x Sy given S5 is semiuniform Feller, for

every nonnegative bounded lower semicontinuous function f on P(S;), according to
Theorem 4.6(a,e),

n—oo BeB(S2)

(A3) liminf inf </P(S)f(u)¢(du,3|8§"))— /P(S)f(u)cb(du,BIs?,))—&

For each B € B(Ss3), formula (4.12) establishes the equality of two measures on
(P(S1), B(P(S1))). Therefore, for every Borel measurable nonnegative functions f on

B(Sy),
(A4) / F(®(52, 35)) ¥ (81, dss|35) = / F)o(di, BIgs), & € Sa.
B P(S1)

Let us fix an arbitrary open set O C S; and consider nonnegative bounded l.s.c.
function f(u) := w(O), u € P(S1). Then

liminf inf (/ ((’)|32,s3 ) (Sl7d82|8 )—/@(082753)\I/(Sl,d32|53)>
B

n—o00 BeB(S2)

= liminf inf (/f 52,33 (S1,d52|33 )

n—oo BEB(Sy)
_/ f(q)(82783))\11(81,d82|53)> = O7
B

where the first equality follows from the definition of f, and the second equality
follows from (A.4) and from (A.3). Thus, the stochastic kernel ¥ on S; x Sy given S3
is WTV-continuous, and therefore it is semiuniform Feller. 0

Remark A.1. Theorem 4.11 can be proved in multiple ways using equivalent char-
acterizations of semiuniform Feller kernels. The original proofs [22, Proof of Theo-
rem 5.10, pp. 16-20] were based on some of these characterizations, while the current
proofs of (a) = (b) = (c) were suggested by a referee.

The following lemma, Lemma A.2, is useful for establishing continuity properties
of the value functions v, o(z) and v, (z) in « € X stated in Theorem 5.3.
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LEMMA A.2. Let the MDP (X, A, q,c) satisfy the assumptions of Theorem 5.3,
and let o > 0. Then the function u*(x) := inf,cp n%(z,a), © € X, where the func-
tion nG is defined in (5.2), belongs to LW(X), and there exists a stationary pol-
icy f: X=A such that u*(x) := n2(z, f(x)), x € X. Moreover, the sets A.(x) =
{a € A : u*(x) =n%(z,a)}, x € X, which are nonempty, satisfy the following proper-
ties: (a) the graph Gr(A.) = {(z,a) : z € X, a € A.(x)} is a Borel subset of X x A;
(b) if u*(x) = +o0, then A(x) = A, and if u*(z) < 400, then A,(z) is compact.

Proof. The function (z,a) — n%(x,a) is nonnegative because ¢, u, and « are
nonnegative. Therefore, since u is a Borel measurable function, and ¢ is a stochastic
kernel, [5, Proposition 7.29] implies that the function (z,a) — [, u(Z)q(dZ|z,a) is
Borel measurable on X x A, which implies that the function (z, a) — n%(z, a) is Borel
measurable on X x A because c is Borel measurable.

Let us prove that the function (w,a) = [; u(Z)q(dZ|w,y, a) is Ls.c. on Xy x A for
each y € Xy. On the contrary, if this function is not L.s.c., then there exist a sequence
{(w™,a™)} 210, C Xy x A converging to some (w,a) € Xy x A and a constant
A such that for eachn =1,2,...

(A5) / W, §)g(dd x djlw ™.y, a™) < A < / w(@)q(dE|w,y,a).
Xw x Xy X

According to Theorem 4.11(a,b) applied to ¥ := ¢, S; := Xy, Sp := Xy, and S3 :=
Xw x {y} x A, there exists a stochastic kernel ® on Xy given Xy x Xy x {y} x A
such that (4.11) and Assumption 4.10 hold. In particular, (A.5) implies that for each
n=12,...

/ [ / u<w,g)@(dww,w@y,&“))} oKy, dlw™ 7, a™) < A,
Xy Xw

and there exist a subsequence {(w("’“),a(”’“))}k:u,_” - {(w(”),a(”))}n:m’”_ and a
Borel set Y € B(Xy) such that ¢(Xy x Y|w,y,a) = 1 and (7, w™,y,a™) converges
weakly to ®(7,w,y,a) in P(Xy) as k — oo for all § € Y. Therefore, since the function
w — u(w,y) is nonnegative and ls.c. for each § € Y, Fatou’s lemma for weakly
converging probabilities [17, Theorem 1.1] implies that for each § € Y,

(A.6) / (b, §)®(db|§, w, y, a) < lim inf / u(, §)®(di|j, w™),y, al"™)).
Xw k Xw

—00

For a fixed N = 1,2, ..., we set oY (§) := min{fxw u(w, §)®(db|g, w™) y,a™)), N}
and oV (g) := min{fxw w(w, §)®(dw|y,w,y,a), N}, where g € Y, k = 1,2,.... Note
that V() < liminf ;0 Y (§), § € Y, in view of (A.6). Therefore, uniform Fatou’s
lemma [20, Corollary 2.3] implies that for each N =1,2,...

/wN(z?)q(Xw,dz?\w,yﬂ)Sli]gninf/ ot (9)a(Xw, djlw™),y, a™)
Xy ©—>00 Xy
§li]£ninf/ U u(ﬁ;,gj)@(dﬁ)hj,w(”"‘),y,a(”’“))]q(XW,dgjw("’“),y,a(”’“))g)\.
—00 Xy X

Thus, the monotone convergence theorem implies

[ w@atdito.ya) = Jim [ @aChw.dilw.y.0) < A

— 00 Xy
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This is a contradiction with (A.5). Therefore, the function (w,a) — [, u(Z)q(dZ|w,y,a)
is L.s.c. on Xy x A for each y € Xy.

For an arbitrary fixed y € Xy the function (w,a) — n%(w,y, a) is K-inf-compact
on Xy X A as a sum of a K-inf-compact function (w, a) — ¢(w,y, a) and a nonnegative
Ls.c. function (w,a) — «a [y u(Z)q(dZ|w,y,a) on Xy x A. Moreover, Berge’s theorem
for noncompact image sets [16, Theorem 1.2] implies that for each (y,a) € Xy x A the
function w — u*(w,y) := infaep N (w,y;a) is Ls.c. on Xy, The Borel measurability
of the function u* on X and the existence of a stationary policy f : X—A such
that u*(z) := n%(z, f(x)), z € X, follow from [13, Theorem 2.2 and Corollary 2.3(i)]
because the function (z,a) — n%(z,a) is Borel measurable on X x A and it is inf-
compact in a on A. Property (a) for nonempty sets {A.(z)},ex follows from Borel
measurability of (z,a) — n$(x,a) on X x A and = — u*(z) on X. Property (b) for
{A.(x)}sex follows from inf-compactness of a — n%(x,a) on A for each z € X. d

Proof of Theorem 5.3. According to [5, Proposition 8.2], the functions v; o (z), t =
0,1,..., recursively satisfy the optimality equations with v (x) = 0 and vi41 o (x) =
infoea(a) U (z,a) for all z € X. So, Lemma A.2 sequentially applied to the functions
v0,0(2), v1,4(2), ... implies statement (i) for them. According to [5, Proposition 9.17],
V.0 () T vo(z) as t — +oo for each = € X. Therefore, v, € LW (X). Thus, statement
(i) is proved. In addition, [5, Lemma 8.7] implies that a Markov policy defined at
the first 7" steps by the mappings ¢g, ..., ¢T_;, which satisfy for all ¢ =1,...,T the
equations vy (z) = ng,_,  (z,¢7_,(z)) for each € X, is optimal for the horizon T.
According to [5, Propositions 9.8 and 9.12], v,, satisfies the discounted cost optimality
equation v, (x) = infoeam) Ny, (,a) for each x € X; and a stationary policy ¢, is
discount-optimal if and only if vy (2) = 75 (7, ¢a(x)) for each x € X. Statements
(ii)—(v) follow from these facts and Lemma A.2. O

Proof of Theorem 6.1. The equivalence of statements (a) and (b) follows directly
from Theorem 4.8 applied to S; :=W, S5 :=Y, S5:=W x A, and ¥ := P(-|-,y, - ).
According to (3.1), Theorem 4.9 applied to S; := W, Sy := Y, S3 = W, S := A,
and Z := P(-|-,y, -) implies that the stochastic kernel P(-|-,y, -) on W x Y given
W x A is semiuniform Feller if and only if the stochastic kernel R(-|-,y, -) on W x Y
given P(W) x A is semiuniform Feller. Therefore, statement (b) holds if and only if
the stochastic kernel R(-|-,y, - ) on Wx Y given P(W) x A is semiuniform Feller, that
is, statement (c) holds. Thus, the equivalence of statements (c¢)—(e) follows directly
from Theorem 4.11 applied to S; := W, Sy :=Y, S3:=P(W) x A, ¥ := R(-|-,y, -),
(I)::H('|'7y7 T ')7 and¢:ZQ('|'7yv )

Moreover, let the nonnegative function ¢ be MK(W x A, Y)-inf-compact, and
for each y € Y let one of the equivalent conditions (a)—(d) hold. Then, in view of
(3.3) and Theorem 6.3, ¢ is nonnegative and MK(P(W) x A, Y)-inf-compact. Thus,
the assumptions and conclusions of Theorem 5.3 hold for the MDPCI (P(W) x
Y, A, q,¢). O

Proof of Theorem 6.2. The equivalence of statements (a) and (b) follows directly
from Theorem 4.8 applied to S; := W, S ==Y, S3:= WxY x A, and ¥ := P.
According to (3.1), Theorem 4.9 applied to S; := W, S :=Y, S3 =W, Sy :=Y x A,
and = := P implies that the stochastic kernel P on W X Y given W x Y x A is
semiuniform Feller if and only if the stochastic kernel R on W x Y given P(W) x Y x A
is semiuniform Feller. Therefore, statement (b) holds if and only if the stochastic
kernel R on W x Y given P(W) x Y x A is semiuniform Feller, that is, statement (c)
holds. Thus, the equivalence of statements (c¢)—(e) follows directly from Theorem 4.11
applied to S; :=W, Sg :=Y, S3:=P(W)x Y x A, U:=R, &:= H, and ¢ :=q.
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Moreover, let the nonnegative function ¢ be K-inf-compact, and let one of the
equivalent conditions (a)-(d) hold. Then, in view of (3.3) and [19, Theorem 3.3]
on preservation of K-inf-compactness, ¢ is nonnegative and K-inf-compact. Thus,
according to Remark 5.4, the assumptions and conclusions of Theorem 5.3 hold for
the MDPCI (P(W) x Y, A, ¢, ¢), and the functions v, , t = 0,1, ..., and v, are Ls.c.0

Proof of Corollary 6.10. Let us prove that semiuniform Feller continuity of the
stochastic kernel P on W x Y given W x A implies conditions (a) and (b). Indeed,
Definition 4.1 implies weak continuity of the stochastic kernel P; on W given Wx A and
continuity in the total variation of the stochastic kernel @1 on Y given W x A because
Pi(-]-)=P(-,Y]|-) is weakly continuous and Q1(-|-) = P(W, -|-) is continuous in
total variation. Conversely, let us prove that conditions (a) and (b) imply semiuniform
Feller continuity of the stochastic kernel P on W xY given W x A. Indeed, P on W xY
given W x A is WTV-continuous since

liminf  inf ' )P 'al) — P
(w/i%li?w,a)cé%(y)(Ql(C|w’“) 1(Olw', a’) — Q1(Clw, a) P (Olw, a))

> liminf (P (OJw',d") — Pi(Olw,a))”

(w’a")—=(w,a)

— lim sup |Q1(Clw',ad") — Q1(Clw,a)| =0
(w’a’)—=(w,a) CeB(Y)

for each O € 7(W), where a~ := min{a, 0} for each a € R, the equality follows from
weak continuity of P; on W given W x A and continuity in the total variation of @} on
Y given A x W. Therefore, according to Theorem 4.6(a,b), conditions (a) and (b) from
Corollary 6.10 taken together are equivalent to semiuniform Feller continuity of the
stochastic kernel P on W x Y given W x A. Thus, Theorem 6.1 implies all statements
of Corollary 6.10. O

Proof of Corollary 6.11. For each B € B(W) consider the family of functions
G(B) := {(w,a) |—>/ Q2(Cla, ') Py(dw' jw,a) : C € B(Y)}.
B

Let condition (a) hold. Fix an arbitrary open set O € 7(W). Feinberg, Kasyanov,
and Zgurovsky [21, Theorem 1], applied to the lower semiequicontinuous and uni-
formly bounded family of functions {(w’,a) — I{w’ € O}Q2(Cla,w’) : C € B(Y)}
and weakly continuous stochastic kernel Py(dw'|w,a) on W given W x A, implies
that the family of functions G(Q) is lower semiequicontinuous at all the points
(w,a) € W x A, that is, the stochastic kernel P on W x Y given W x Y x A defined
in (6.4) is WT'V-continuous. Therefore, Theorem 4.6(a,b) applied to the stochastic
kernel P on W x Y given W x Y x A implies that this kernel is semiuniform Feller.
Thus, assumption (a) of Theorem 6.1 holds, and this conclusion and Theorem 6.1
imply all statements of Corollary 6.11 under condition (a).

Now let condition (b) hold. Let us prove that for each B € B(W) the family
of functions G(B) is equicontinuous at all the points (w,a) € W x A, which implies
condition (a) of Theorem 6.1. Indeed, for n =1,2,...,

sup ’/ Q2(0|a(”)7w’)Pg(dw’|w("),a("))—/ Q2(Cla,w") Pe(dw'|w, a)
(A.7) ceBw) !B B
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where (w™,a(™) - (w,a) as n — oo,

Il(n) ‘= sup / Q2(O|a(n)7w/)PQ(dw/‘w(n)aa(n)) _/ Q2(0|a(n)7w/)P2(dw/‘w7a)
ceB() |/ B B

™= sup / 1Q2(Cla™ W) — Qa(Cla, w')|Pa(dw'|w, a).
ceB(Y) /B

Let C™ € B(Y), n=1,2,..., be chosen to satisfy the inequality

1
A8 < / [Q2(C™at, w') — Qa(C™|a, w)| Pa(du'|w,a) + —.
B

Note that Iln) — 0 as n — oo because the family of measurable functions {w’ —
Q2(Cla™,w') : n =1,2,...and C € B(Y)} is uniformly bounded by 1, and the
stochastic kernel P, on W given W x A is continuous in total variation. Moreover,
the convergence 12(") — 0 as n — oo follows from (A.8) and Lebesgue’s dominated
convergence theorem because the family of functions {w’ + |Qo(C™|a™ w') —
Q2(C™|a,w")| : n =1,2,...} is uniformly bounded by 1 and pointwise convergent
to 0, according to (2.1). Therefore, the family of functions G(B) is equicontinuous
at all the points (w,a) € W x A. Thus, assumption (a) of Theorem 6.1 holds, and
this conclusion and Theorem 6.1 imply all statements of Corollary 6.11 under condi-
tion (b). |
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