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disturbed parabolic equation
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Abstract

In present paper the parabolic equation solution is built. The construction is reduced to iterative
procedure. And convergence of the latter is proven.
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Résumé

Dans un travail presenté on a construit la solution d'equation parabolique. Cette construction est
reduite a procédé d’iteration. On demonstre la convergence de le dernier.
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1. Introduction

In presented work the problem of construction of fundamental solution e/(“+L1) of
equation

du
—=(L+L
a1 (L+Ly)u
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is considered, where L and L; are elliptic operators, and the properties of evolution
operator €'~ of a non-disturbed equation
du bol
— =Lu
dt
are assumed to be known

If the coefﬁcients L and L, are constant, then
f(L+L|) ellt,

intn

(h
the left part, that is,

For the non-constant coefficients, satisfying some set of restrictions, we will prove that
the right part of (1) under small 7 is quite good approximation for the evolution operator in

I(L+L|)=elLelL| +A(’), A(O):O, b 4

and for the construction of family of operators A(r) the iteration procedure will be
proposed. In this work two examples of parabolic equations are considered

1. L is the elliptic operator with constant coefficients

Lu—_—l jk au

2 Oxioxk’

sy, the perturbation Ly has a form

witedl
el posuh. solisps o A
3u
B B e

[aer (o tA I Tl 435 B
2 dxiaxk’

s ?_DL':D.!]).} AL e '1 WAL 32

2. L =1A, where A is Laplace-Beltrami operator on complete simply connected

-~ Riemann manifold M of non-positive curvature with dimension #, and metrics tensor
gjk(x), distance p and volume o, that is

l AT Ly Yl " eAFan s e -
Lu(x) = 3 div gradu(x),

and perturbation has a form

TAVEL SANET TR
Lo s ) ismisa edd Llelinsiy moinssnior S akicw
1.
Liu(x) = 5 divb(x) gradu(x). 57 zasied ot vav i | <onommeinsi S 85V adbs-acka
In the both examples

(e'Lf)(X)=[f(y)po(t.x.y)dy,

where pg is a fundamental solution of non-disturbed equation. The aim of presented paper
is to propose and to ground well a constructing of the function p, obtained from the equality

(et(L+L1)f)(X_)=ff(y)p(t,X,y)dy.

[SANA LT EERN
) uh
Above-mentioned function p(t, x, y) will be searched in the form +di= o
pt.x,y)=m(,x,y) +‘[ fm(t—r %) z)r(r,z ))dz,
ADAFIIBDNTO ¢ ) e, 2 A ga— Bty =

rone it Jpg o
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where the initial approximation

A ey
m(t.x.y)-—-/p(t.z.)’)pl(t.x,z)o(dZ)- A F \'\ (3)
SPTIT It | FLTR B .
the function p; is an approximation of the kernel of integral operator e'*!, and r(t, x, y) is
a function being subject to be obtained.
A procedure of constructing of fundamental solution is analogous to the same procedure
in parametrix method, namely: Eq. (2) is reduced to Volterra’s integral equation for the
function r

ewollor :: SEE g ol 1o 1o it € conttbnoo motd
Ao aocilsio? -
r{t,x,y)= M(t.x,y)+fdr/M(1 -1,x,2)r(t,z,y)dz, 4)
0 ~bary e e = (1,004

where an error M (¢, x,v)=(L + L;)m — %'-,'1. and solution r of Eq. (3) has a structure

r(t,x,y) = Zﬁo ro(t, x,y), and each iteration is calculated with respect to recurrent
formula:
)N i =2awRi)
’O(LX»}’):M(LX')’)v “ et f1eri
t

rn+1(t,x,>-')=fdrfM(t—r.x,z)rn(r,z,y)dz. SRR \ = (07, )8
0 *

Convergence of the last integral and the series ) _ r, is determined by properties of the
error M (t, x, y): it must have an integrable with respect to r singularity. Above-mentioned
property holds under some restrictions on coefficients of the operators L and L;.

Since the initial approximation m(f, x, y) (and hence, the error M (z, x, y) as well) is
defined as an integral, for transforming of the error and its estimating the integration by the
parts will be applied:

6 Ry pygras >
K"
f div V(z) pu(dz) = — / (A@), V(2)) u(da), ' sl
where the role of the measure y the relation pi (s, x. z)o(dz) has: ., ' . ., 20W
fdiv V(2)pi(t, x,2)o(dz) = — /(A(z), V(2))pi(t,x,2) 0(d2). (&)

[
Here a logarithmic derivative is A(f, x, z) = grad, In p| (t, x, 2). ESL. & e E)\, =1
g

1.1. Perturbation of the constant operator

fav = wiew fo

Let’s demonstrate the described method in particular case, considering a parabolic
equation et Tuan ot
ou | /" n Ll 2
===y (A + Bx))u", xeR", no (6)

where A is a constant operator in R", and a positive operator B(x) satisfies the conditions:
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(1) a positive operator K exists, such that
Kx)=A""?B(x)A"V2 < Ko <81, 8<1;

(2) BB~ (y)Il < Const; -

(3) the fist two derivatives of the operator B(x) are bounded:

| B'Co)n|| < crllhll, ‘ Ak

||B"(x)kh " < oollkll - 1A "_-uu!m) Is3auee

 Dooubst a1 (£) pa ¢lomen bodern zrusmsisng mi
oLl

Sig<f .

erwrel e
PRENIS

From condition 2 the boundedness of the ratio ge:ggx; follows.

The solution of non-disturbed equation is

| »i.\ BRI 2 % T GTRNE Y B
{ (A~ (x—v)x—v)

olt, x,y) =
P y (27rt)"/2~,/det 2t
Put B oesd bas .5 — wiid + A= (7. 4.0 Tons os ssdw
1 B —a—g)] =Tl
L% ¥) = expl — ‘ :slornoi
P XY = T JaeBG) p{ 2
then zero approximation is R
m(t, x \')—fp(t Z, ) B (D0 —2),x~2)
y Ay V)= 3 Loy \.-
’ . (Zm)"/’«/det B(~ 2t
Rn 0
From conditions 1 and 2 an estimate follows: " _
. SR TR { (H PT 3 I LR TR s ) O lu)
m(t,x,y) < A
det(/ + K(x)) s
e
X exp{E(A 12K (x)A™2(x — y), x — y)lpo(t.x,y)
1
< cexp{,)—t(A V2K\A™ 1/2()5—y),x-y)]po(t.x,y). :
- o R bl N b
Error e i
1 am Ao el ety
M(txy)_—tr(A+B(x)) N—E—h.‘.[z, sten el ey
Y
where (B 0 o ol -=Winiy L N b \

| api
I =f(§tf B(x)p\(t, x,z) — a—lz(t.x,z))po(t.z,y)dz, i simdineget s o19H

Rn
] ) st
L= f(itrAp’{(t.x.z) p(t,2,y) — %’-(t,z, y)m(t,x,z)) dz,
R™ s a hadieeah - 2 v |

and differentiation is done with respect to variable x. For the next transformations let’s
reduce /; to the form

' W
351 “uf iy 4 2t e

I _.
b=y f (tr AP/t x, D) polt, 2, y) =t Aplyy (b, 2. Y1t x, D)) dz, = 50

RA i8R aedw
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and integrate the second item twice by the parts, see (5):

1
—5ftr(Ap{)x(t,z,,\-'));pn(r-x.z)dz

R" '
”
1 P
="§/ divy (Apo, (1,2, )11, X, )2 gt - i Gewtd
R" B
l ,; I { ‘ N 1’ €
= 5/(P(')x(t,z.y).AA(t,x.z))m(f,x.z)dz RE O
R '
1 , |
=—;/[(AA(t,A',z)‘A(t,x,z))+d1vaA(t,x,Z)]P0(f‘Z,.V)Pl(lsxaZ)d1~
R"

Lemma 1. A logarithmic derivative A(t,x,z) of the measure pi(1,x,z)dz is defined by
the equality:

1 I m
(A, 2),h) = =S 0 B @B (@) + (B~ () =2).h). 1 7

Proof. From definition o )
1 1 s L
(A(t. X2 h) = _Edh Indet B(z) + —(B'l(x)(x - 2Z), h.), %

where dj, is a differential of function along vector # with respect to varlable 22
Differentiating of the equality xmphes

] G 0o 3y y g, ; )‘ i’?“,- & A
Indet B(z) =tr [ (B(z) - 1)(I + (B() - )" dr, h e
¢ By
and we get
1
dyIn dctB(‘.) tr B (~)/z(3(‘) 1) f (B(z) = I)(I + (B(z) — D) " dzx
SE 0 s

thus, the statement of the lemma follows from the fact that the relation under integral sign
equals

d B -1
-—E(I +1(Bx)-D)". O

1
¥

Corollary. ’ R W S

1 trAp (txz) :
= - e . A X, 2), 5 Y i A

x polt,z,y)pi(t, x,2)dz.
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Lemma 2. Error M(t, x, y) satisfies the following estimate:

4
M@, x, p)| < \/_/(1+ d )po(l . Y)pi(t.x,2)dz.

Proof. Differentiating p;, we reduce /; to the form ({ex} is an orthogonal basis in R"):

1 1 e L —1y!
L = E/Z[m((B h ek(x—z),x—z)((B 4 Bek(x-z).x'—z)

¢ oA
# b
kdi ¥ =i

(( )ek(x—z).x—z)(x—z.ek)

(( ) Ber(x —2),x —2)(B~ ' (x — 2), &)

1 ' '
2—(( YexBer(x —2),x —z) — 7((8_’) ex(x —z), Bey)
el
t

((B_l),Bek(-" = 2), ek)]po(t, z,y)pi(t, x,z) dz.

From lemma’s conditions the relation in brackets satisfies the estimate:

4 3 4
X —2 X—Z X —2 c X —2Z
o) l ngl zl +II dly . ¢ 1+ll 2cll :
t t Jt t

that is,

- 'l*.':\_";‘ L andnns sopnte sl

nr-vu“
L <— 1+—— polt,z, VIp1(t, x,2)dz.

For estimating /5 (see corollary to Lemma 1) we note that

oy IEPesTed i oo

div, AA(t, x,2) = rAA(t,x,2)

1
_ trA[--z-trB"(z)(')B_'(Z)
1
+§trB'(z)(~)B (4)3(2)()3 ](") —B l(x)]

= —-:— trAB~' (x) + ¢ (2),

where the item ¢ is bounded in lemma’s statement. The relation under integral sign in
L(AA(, x,z), A1, x, z)) allows a presentation:

(AA(t.x,2), A(t,x,2)) = 215(15'—l ()AB~ (x)(x —2),x —2) + ¥ (¢, x,2),

where

NP lx —z]
fw(t,x,a)i<\/?R[(l+—ﬁ )
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Calculating Ap{ (¢, x, z), we see that under integral sign in I, the relation satisfying desired
estimate, remains. [J

Lemma 3. For error M(t, x, y) the following estimate holds:

M, x, y)| < % explil;(A""zKoA"/z(x — )t — y)}po<r, X, 9).

Proof. Let’s use the equality

polt,x,y)=¢(t,z, x, y)p(t, x, y),

where .- ;v 1

. 1
¢(t,z,x.y)=e><p{ (A~ (y—x),~——)}GXPI—2—( -2z )}

= ¢t x, y, D)t x, 2).
From Lemma 2 the inequality follows:

Ix —z|)*
|M(t X y)l < —fpo(t X v)f(l-i——-t—)
RN

X ¢2(t, x, )P1(t, x. y, 2) pi(t, x, z) dz,

- 4 .
and from boundedness of the product l|J"7£”—¢>2(t, x, z) the estimate for error gets the form

Vi

Substituting z — u, u = -]J-{-B"l/z(x)(z —x), 2=x + /1 BY?(x)u, we get an inequality

c 1
M@t x,y)| < —po(r,x,y)feXp{;(A“(z —x),y —X)}m(t,x,z)dz.
Rﬂ

|Mt,x,y)| < %po(t.x,y)

det B(x
f exp{( 8 w0ato - ))} e ),

where p is a canonical Gaussmn measure in R”.
Calculation of the last integral (after estimating of the ratio of determinants) leads to an
inequality

__c_. ¥ _l- —1 —1 - )
M(t,x.y)<\/Epo(t,x.))explzt(A Bx)A  (y = x),) x)}

and the statement of lemma follows. [

Theorem 1. Fundamental solution p(t,x,y) of disturbed equation (6) for t € (0, T]

satisfies an inequality

(A12KA™" 2 (x — y),x — )
2t

plt,x,y) < cexp[ pol(t.x, y).
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Proof. Let us construct po(, x, y) as a solution of integral equation (2). Estimating an
iteration ry (¢, x, y) of Eq. (4):

[
Lad B
|ri x, v)| < fdrflM(r,z.y)M(r—r,x,z)ldz
O "

et
S

! f

o/ dt / (A~V2K0A™ V2 (2 —y), 2~ y)
< ¢ | ——— | ex
JTt—-1) P 2T
O Rn N \"xf_ Lo ’
(412K A2 ), 2= ) |
ey t—T x d
2(t—r) po(t, 2, ¥) po( z)dz.
__,.} = M < ’J "}-.‘ o IR R
We substitute 5 TR AR %) .}ﬁu R AP S 1)

4 T R Cottl g T8y e
A-1/2 \/ o \/ . ks
(Z (t —1) % t(t—1) Y i

and hence relations

— o -
j_l A”zu 2 - (y _.X)’. »
- r— 2 T .
Z y= T A]/t-u_*,i(x_y). S e ) s (7)
JT t
transform a space integral in form L
@ Ye (A~V2K0A 2z = y), 2 —y) /ex (Kou, u) (dw)
X ki il
polt, x, y)exp = N[ i
= : (t.x,y)ex [(A_'/ZKOA ”2(2—)’ e v)]
S BT =Ry R
and from this : .
) A_I/ZK A—l/2 —y),z—vV
|r1_(t,x,y)| < cepmpolt, x, y) exp ( 0 2t(z ¥).2 ')},
where ¢y = 1/+/det(] — Kp). AT UMERRT TS
It’s easy to get by induction that the following estimate is true:
Ir,,(r X5 \’)' sy ; P € :«‘“ FRP ERE g
fdr/|'n 1(‘5,4,))M(t—r X z)|dz o eas
R" aavrhan Yo
1/2 1/2¢4 _ _
L Jt(n+1)/2 (A KoA~ % (x v) X y) Yo
IR Y CES Ve 2 JogE3

VoL
SR ¢ &

¢ is a new constant, therefore
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o0
lre, x, 0| < ern(t.x. ]
n=0

; ATV2K0A 12z —y), x—y
<%e“expl( 0 21( ¥),x =) —

Estimating an integral in (2) by means plugging in (6), we get

(A-12R A2 (5 = 3Y, %' —
2t

q(r,x.y)<€(1+ff)exp{ ))]po(t e T i

and the statement of theorem follows. 0

Notation 1. In this example the well-known explicit form of solution py(z, x, y) of non-
disturbed equation was used for:

1) calculating of the function ¢ in relation po(t, z, y) = (1, x. 2, y) polt, x, ¥):

2) solving and then estimating the integrals by means substitution (7).

Under disturbing the equation with variable coefficients (on manifold) an explicit form
of po(r,x,y) is unknown, but the estimate of the function q) will be obtained and the
analogous substitution (7) will be presented. do-otiy R PSR

2. Scalar perturbation of variable operator :
aatiw

Let po(t. x, y) be a fundamental solution (heat kernel) of parabolic equation
du 1 !

where A is Laplace—Beltrami operator on complete simply connected Riemann manifold
of non-positive curvature M, dimM = n. Denote as y(s) geodezical, parametrized by
natural parameter (as a rule, ¥ (0) =y, y(p(x,y)) =x), and put e(x, y) = —p(x).

The equation on the Riemann manifold is studied in many papers, some of them are
[5,6].

Assume, that curvature tensor satisfies the following conditions:

2.1.Forarbitraryx e M, U,V € T, M:

Z|(R(x)(U, ex)V, ¢r)| < ey/Ric(x)(U, U)Ric(V, V), £ 329 .
k

where

Ric(x)(U, U) =Y (R(x)(U, eV, ex),
k

{ex}, {¢r} are arbitrary orthogonal basises in 7y M, and the constant ¢ doesn’t depend on x.
2.2. Along any geodezical the scalar curvature r(x) = trRic(x) decreases quite fast, that
is: f§° sr(y(s))ds < ¢, where ¢ doesn’t depend on y.
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2.3. Co-variant derivative of the curvature tensor satisfies estimates

1(Vx R (¥ () (Y (5), 7(x)) Z(s) |
<AlrO)X@|[r©[]zs];

(Vo VxR (v 9))(Y (), 7 () Z(s) |
<L@)[x©|lrellzo]ves].

where f1 and f; are such functions, that along any geodezical y: f0°° 5% fi(y(s))ds <c, ¢
doesn’t depend on y.
Let us define along y (s) an operator D on 7,y M

D(y())U =Vup(y,y(s))yx), y&) =y,

7 wels algin. é
and functions 3
a(x,y) =tr(D(x) —I),
2
g(t.x,y) = Qut)"? exp{——e—(gf’—y)}‘ (8)

As it was shown in [1—4], under satisfaction conditions 1-3, the following results hold:
1) heat kernel po(z, x, y) satisfies two-sided estimate

polt,x.y)
T s LY < B < la
exp{—¢(x,y) —kr} 2 x)

where
i p(x,y) B wiotn: 4 \hioyad
$(x,y) =7 f (p(x, y) — ) Ric(y (0))(y (1), ¥ (1)) d,
0
k is some constant.
2) the relation holds:
grad, In po(t, x, y) = i y)e(x, »+w, x,y),

where ||w(t,x, V)l <c,x,yeM,0<t<T.
3) the function a(x, y) satisfies the estimate

plx,y)
0<alx,y) < f sRic(y($))(7(5), v (s)) ds,
0

grad, a(x,y) <c, |Ax(x,y)| <c.
As a consequence of the relation for logarithmic gradient (condition 2) we have
Lemma 4. The following inequality is true:

po(t,z,y) < po(t, x, y)pi(t, x, y. 2)¢a(t, x, 2),

where
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¢ =exp{px. y)p(x, y)(e(x. y), e(x, )},

p%(x,2)
2t

¢z=eXP[ +cp(x, z)}

Proof. Let o (s) be geodezicals, connecting z and x, o (0) = x, 0 (p(x, 2)) = z. Integrating
equality (2), we have

L) { R REC AL N
S T px.z) o
po(t,z,y) = po(t,x,y){-}; f p(y.cr(s))(e(a(s),y).6(5))ds
0
saroflel «. p(x,2) : ‘ =7 = SETIESTER S 1107 o 4
4 [ (w(t,d(s))«c"f(s))dsl PR -
J .
Notice that T T et

NN L5
LR b

7P (\ a(®)), |

RO =

p(y,0(9))(elo(s), y).6(s)) =—
and, thus, we have an inequality
PA(x,y) = 0z, )
2t

We can make stronger, using cosines theorem for manifold of non-positive curvature
p2(y.2) = p2(x, y) +p*(x, 2) —2p(x, 2)p(x, y)(e(x, ¥), e(x, 2)), and this leads to desired
result,

po(t,z,¥) < po(t,x-y)CXPl +cp(x,z)}.

Let us consider a perturbation

1
Liu= Edivb(x) gradu,

where a scalar function b(x) satisfies conditions: o
10 <b <b(x)<by<l; G S

2) || gradb(x)|| < ¢, Vy gradb(x) < c||U]|. W Wi
Put

pi(t,x, y) = (2mtb(x)) " P{

P2 (x,2) af
2tb(x)
and define function m (¢, x, y) via equality (3). Then error of disturbed equation be

: d
M(t,x,y)= 3 div(l +b(x)) gradm(t, x,y) — E;m(t,x, y) =11+ I, ©)
where .
i api(t, x,z
I :/(5 divy b(x) grad, p1(t,x,2) — _PIT__))pO
M

and the item [ after applying of formula (5) and integrating by the parts has a form
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2 e T LT Vo T ST ey

I = /(Axpn(t,x,z)* |AG, x,2)|"pir, x,2) ot e e
M e
—div, A(t, x,2)pi(t, x, 2)) polt, z, ¥) 0 (d2).

Lemma 5. Functions m(t, x, y) and 1| are bounded by values

b(x)p*(x,y) ¢ b(x)p*(x. y)
cexp{-—p?t-—'—— polt,x,y) and -J-;exp _f;).t(__l_ po(t, x,y)
correspondingly. & i yovd

Proof. From the statement of Lemma 4 (since ¢ is negative) an estimate follows

mt,x,y) < cp(t,x,y‘)f(27ttb(x))"'/3 SRSVES \3 X
M

%
B oanioid

}a(dz) W
g5 2

I p(x, )px, z)(e(x, y), e(x,2)) p>(x,2)
X exp -
t T AL 21b(x)

b(x)p*(x, y)

= cexp{ 5

}p(r,x. y) f(2ﬂtb(z))"/2 guad ow 2u0i bos
M

“ exp{— llp(x, 2)e(x, z) — b(x)p(x, Ye(x, y)| ] alich o
»

2tb(x)
A substitution = R
U= p(x, 2)e(x,z) — b(x)p(x, ve(x,y) o tgem
Vib(x) , Ahpinbiteg n skt -au isd
2(U) =Exp {1b(x) U + b(x)p(x, y)e(x, ) e
transforms the last integral to BT 08 Yb 2 s g
b(x) "/2J Annn saftiit —;mfﬁl
f (b(z(U))) (2(U)) px (dU), B ) | I
S SOt o 8 o e e T4E

where 11, is canonical measure on 7y M, and boundedness of Jacobian J is proved in [6].
Thus, the estimate of m(z. x, y) is obtained. O

TLEY Y AR

For estimating of /; we transform the function under integral sign.

-
HUGSD Ln

api n  p*x,2)
L(t,x.z)=( il pit, x, 2); N RIRAT Y

at 2t 202b(x)

_ 1P ) gradb(x)  pP(x, )7 (p(x. ) I
grad, pi1(z,x,2) = > ( 252(x) &) )Pl(f~x.4.)‘
(Vyb(x)grad, p1(r,x.2),U) ‘ : S e

3 2 P (x,2)(gradb(x), U) (¥ (p). U)
= pl(t’x'Z)[ﬂb(x) (p (x,2)(y(0), U) o) _
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|-

plx.2) (95 G2) U)z) Lt ((vup2<x,z) gradb(x), U)
4 1 [

4b2(x) 2b(x)
2(x =~
S &);g;f:;(x)’ = 2_1— D(x)U)].
A summation with respect to orthogonal basis {ex} in T, M (e1 = y(p)) gives:
%divb(x)gradpl(t,x,z)— %p;(r,x\z) SUAEE SR 2 & Yot ;
5 : Acs 2 o
_ (p(xw;iiazcz)lz;xxy) P (A.é)t!g;?;l)b(x)ll _ %H(D(x) 1) 5
e B -+ ‘2)1(;;)) (gradb(x), y(p)) — Z:;;E;)) llgradb(x.) "2 )
Pl (x)) A b(x))m (t,x.2).

Obtained relation we estimate by the value < 7 (1 + 3—(’(—‘) 1 (1 x,2),and as (—(—‘:l)kq)z (¢,
X, z) 1s bounded, then L e e T A

‘ Yy

(1) < 22 poe.x,) [y amerDow.

The second statement of lemma follows.
We are coming to estimating of the item /;, containing a logarithmic derivative

! A Bk 1- > )‘ S8 ia E ﬁﬂi?ﬂm&’

neradb(z) p(x.2)y(p(x,2))

Alf,x,2)=—= £ c T M.
: & 2 0@ th(x) U kenront i 8 neroad T
Lemma 6. The following estimate is true: whein ifoa b _ ub
A S
¢ pe(x, y)b(x) _
h| € —expl ————= 1,%,y). T opa—
Proof. Note, that B8 1 i ‘ A e o
||A(t,x,2)||2+djvzA(t,x,z) e S
BRI o RO
B (f L2 lgradb)? | p2x,2) e
2 4 bz(_x) tzbz(x) : R CEAR 01 1

nAb(z) B tr D(2)
2b(z) th(x)

px,2)(y(p(x, 2), grad b(z))) —

W R

n
T BbE)
The second item under integral sign

. 2)llgrad b(x) |
Axpi(t,x,2) = [ﬂ(p (x )llI)42) )|
_ p3(x, 2)(grad b(x), ¥(p))  p*(x.z )
b3(x) b?.(x)
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+l(zp(.x,z)(gTadb(*%V(p)) p(x’”)Ab(X) *

t b%(x) i 2h%(x)

p?'(_x.Z) i | _
500) |lgrad b(x)]| ) trD(x))]Pl(Lx,d.

and difference
2 ..
Ax pi(tox.2) — prt, x, 2)(| A, x, )| +div; A, x,2))
is estimated by the value , _
4 i . BTRE . *
¢ p*(x,2) @A N /
== [ 1, Xx,2),
%( +—3 )pl( %2

which has integrable with respect to ¢ singularity. Desired statement is proved by the same ‘
way like in Lemma 5. O

Corollary 2. Error M (1, x, y), defined by (9), satisfies an estimate

¢ b(x)P(x, ) .
MLt X ¥) < —=egp] ———— W i 4 14 PR
(t,x.y) o pl o po(t.x,y). !
relan a5 8w Aty b LR R e e
Notation 3. Since the inequalities 3 Yy

b(x)<by<1 and p<gq

b(x)p*(x.y)
3

hold, the function exp{ }is integrable with respect to measure po(r, x, y) o (dy).

Theorem 2. Fundamental solution p(t, x, y) of disturbed equation

du 1 . " SCCUNRIY SO BN L.~ s S .
3 = Edlv(l + b(X)) gradu vty SUE PR R &2 aﬂ»_.k‘g;ﬁ,d‘
t %
¥ ‘ i oty g
satisfies the estimate: FURCR e bt
3 %2 i

byp*(x, y)
plt,x,y) < cexp[p—zty— q(t,x,y)
bap*(x,y)

2t

where functions q(t, x, y) and ¢(x, y) are determined by formulas (8) and (9) correspond-
ingly.

< cexp[ —I—(p(x,y)+krlp0(t,x,_v),'v

Proof. We will prove a convergence of ) 1° 7, under solution of Volterra’s equation,
estimating the items of series. From corollary of Lemmas 5 and 6 and the inequality p < ¢
an estimate follows:

t

[drfM(t—r,x,z)M(t,z,y)or(dz)
M

0

[ri(t. x, y)| =
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)—11/2

1

~ drt ”

2 2 (4gFr( —
<c0f z(:—ﬂl(ﬂ(t 7)

- 2/ 2 i
><€xp[_(1 bz)(p (.wc)+p (x-c))}a(dz)_

2 T I—T

Let us transform the inner integral by means substitution

1 f—
U= (,/ p(x.z)e(x,2) =/ = p(x, ye(x, _v))\/ 1 —by,  ewsmeean s
t(t—1) 1T

z(u)=Expx(\/3(;__;2))u+ t_trp(x,.v)e(x,y))- (10)

The argument of exponent equals here

R B

pA(x,y)
2t

+2p(x, y)p(x, z)(e(x, y).elx, Z)))’

b2)(

a-
(1 —b2) = —— P2 (¥, 2) — P2 (x, ) — p2(x, 2

—%uuu2 -

and the relation in brackets is non-negative because of curvature non-positivity. Thus,

0 35 T
/ (47r2t(t—-r))_"/2exp{—(l L (" Dy B ‘*’”))]o(dz)
M

2 T t=1

2 )
&1~ bz)—n/zexp{f’&z‘f'l]q@,x,y) f J(2)) 1 (du).
M

So, we have
byp?(x,
Ir(t.x, y)| < Zerm exp{ __21’%3’_) }4(1' X, ¥),
where ¢ = (1 — b2) ™2 sup, 4y J(2).

It’s easy to obtain an estimate
Cn+lc'lljr(n+l)/21(n— 1)/2

M+ D/2)

2
|r,,(t.x,y)‘ < expll-)igﬁ}q(t,x,y),

providing with absolute convergence of series Y - ;7 (t, x, ¥), 0 < 7 < T and for the sum
of series

¢ {bzpz(x, )

Ir(t,x, )| < 7 = }q(t,x,y).

Then
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p(t,x,y) = m(t,x,y)+ fdrfm(r - 7,x,2)r(t,2,y)o0(dz)
0o M pAs TR

A

bs 0> LV
i’;z(;{lz}q(r,x,)')(l + V1),

< cexp{

and this implies, finally, the statement of theorem. D

o e
i
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